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Summary

In this paper we give a method for solving equations of the form & (x)=0, where
T (x) is a polynomial over the finite field GF[p"]. The general solution is determined by
formula (2), providing the equation I (x)=0 is possible.

Let GF[p"] be a Galois field of order p?, and e a generator of cyclic
group of this field. Our main result is the following theorem.

Theorem. Let

(H F(x)=0

be an equation over GF [p™). If the equation (1) has at least one solu'ion, then
the general solution of (1) is determined by the formula

x =M+GUD" "1 +e(FTUNFZUT+ 1)"-1+2(FLUNFTT+ 1)L T+ 1 +))pr—1
(2) +. eI GEUNDGUT+D) . LT+ e ")) -1

+ &2+ (FUNG T+ 1) .. G+ 1+ - . . +ep"-3))p"—1
where n=2+3e+ ... +(p*—1)er"=3, and IT is an arbitrary element of the field.
In the proof we use:
1) If x=GF[p"], then xr"-t=1 (x#£0)

=0 (x=0)
(i) The elements
0, 1, l+e,..., IT+ec+...4er"-3
are all distinct.

The proposition (ii) may be proved as follows. Suppose that for some
natural numbers m, m’ the equality

l+e+. .- +e®=14c+... +e™ (0<m <m<pr—3)

holds. Hence we obtain: 1 +e+ ... +emm'-1=0,
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Further, multipying the last equality by e—1 we conclude that ¢m—m' =1, This is
not possible. because m —m’ <p»—3,

Similarly, it may be proved that 1, l+c,..., l+e+ ... +c¢"-3 are
different from 0.

The elements 1, 1+e,..., l4+e+ ... +er"=3 (their number is pn—2)
are roots of the equation x?"-1=1. Denote by n a root of this equation diffe-

rent from them. Then, by Viéte’s formula we have

L+ +e)+- - +(I+e+ .. +e"-3)+7—0,
therefore
N=2+3e+ ... +(pt—1)er'-3.

Consequence. If I1 is a fixed element of GF[p®), then the elements
I N+, O+1+e,..., H+14+e+ ... +eP"=3, T+

are all distinct. In other words, the set {II, T+, M+1+e,..., IT+1+¢
4o P73 IT+) is equal to the set GF[p").

Proof of theorem. Let /T be an element of the field GF[pr]. If II
is a solution of (1), then by formula (2) we obtain x=I7. It follows, immediately,
from the structure of formula (2) and proposition (i). In the case I7 is not a
solution of equation (1) we counsider the following sequence

3 o, nm+1, I+1+e,..., H+1+c+ ... +ep"3, [T47

and the first member of it being a solution of (1). Such member exists as
T (x)=0 is a possible equation.

Suppose, first, that this assumed solution is of the form

T+ 1+e4+ .. +em(m<pt—3),
According to

GUN#0, LT+ 1)£0, ..., LT +1+ - +em )0, FUT+14 .- +em)=0
and proposition (1), by formula (2) we obtain

x=I+1+e+... +em

In the case [7+7 is the first member of sequence (3) satisfying the con-
dition & (IT++)=0, the formula (2) becomes

x=I+(1+e+...+ect"-2) 4

Since 1, €,..., e?"-2 are all roots of the equation x¢"-1=1 their sum is O.
Consequently, in both cases formula (2) gives a solution of equation ().
The proof is finished.

Remark. In the case of Galois field GF [p] it may be, similarly, proved that
the general solution of the equation (1) is given by the following simple formula:

x = 1T+ G ()P~ + L UNP~ G ([T + 1)P1
+ .+ GFUNDPG T 1P T (T 4 p—2)PL,

(/I—an arbitrary element of GF [p])

(4)
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For instance, the general solution of the equation

x2+bx-+ec=0 XEGF[3)
is given by formula

x=cb+D QM2+ 2b+ 1T+ ¢?) (D3 p2 42 ¢)

providing D2=D.
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