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Summary

In this paper we give formulas for obtaining all equivalence and order relations on
a given set S. These formulas are
def
— For equivalence relations: xa y < (% #)(um X< umw, p)
def
— For order relations: xBy < (% w) (W, x o> Xxmu) > u=x) > ((UT,y > ym,u) > u=y))
(w,, ™, are arbitrary relations on S).

1. Proposition 1. Let S be a nonempty set. By formula

def
q8) yxaye (v uwunxSumny)

(m-an arbitrary binary relation of S) are determined dall equivalence relations of
the set S.

Proof. At first, we prove that each relalation o defined by the formula
(1) is an equivalence relation of the set S. The relation « is reflexive, symmet-
ric and transitive because the formulas

(Fw)(unxSurx)
Mwyurxouny)=(Fu)y@urySumnx)
(Mwurnxsury) AM(Vu)uryournz)= (Y wylurx S urz)

are, obviously, valid (for each binary relation = of S).

We next prove if « is an equivalence relation of S, then « may be ob-
tained by the formula (1) by means of some m. Precisely, we prove if o« Is
an equivalence, then the formula

(2) xayS (Y uw(uaxSuay)
is valid. Namely, according to transitivity of o, the following formulas are true

uax AN xoy suay, ULy \NYyoXx—uxx.
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Since o is symmetric, then applying the tautology (p A g=r)S (p=(g=1r))
the previous two formulas become

xay=>WMax=uay), xay=Way -—uax)

whence we obtain
xay=Uax <> uoy)

(applying the tautology (g=9) AN (p=q) =P =9 A q,))-

At last, by the valid formula (*¢ ¥)(A= B)= (4 = (¥ u) B) (u is not free in
formula 4), we obtain

(3) xay=(Fwy(uax<uay).
It remains to prove the following implication
4) (Fuw(uexcuayy=xay.

Suppose that the antecedent (M w)(max S wuay) is true. Setting u=x, we
obtain x« x < x«y. Since x o x is true, we conclude that xoy is true.

Consequently, the formula (4) is proved. By (3) and (4) follows the equi-
valence (2). This means that the equivalence relation o may be obtained from
formula (1), on choosing mw=c.

The proof is finished.

Corollary. If = is a reflexive and antisymmetric relation, then by formula
(1) is determined the relation “equality” in the set S.

Examples. The following formulas are valid
x=yo (v uwl=xsu=y)
x=yo(uwul xoul y),
x=yo®uWxCusyCu,

(x,y, u—sets),
x=yoS(Muu<xou<y),
X=yS R uwx <ucry<u

(x, y, u —real numbers ),
x=yp (U xsuly),
x=yo(vuxlueylu

(x,y, u — natural numbers).

2. Proposition 2. All order relations of the set S are determined by the

Jormula
del’

(6) Xays (Y wunx=uny)

where w is an arbitrary reflexive and antisymmetric relation of S.
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Proof. Let o be a relation defined by (6), providing = is reflexive and
antisymmetric. The relation o is reflexive and transitive because the formulas

(M w(unx=umwx)
(Fwurtx=un ) AV wurny=urnz)= (W wy(unx = umnz)

are valid.

To prove antisymmetry, i.e. the implication
Fwurx=unty) APty =unx)=x=y
suppose that its antecedent is true. Then replacing u in the formulas
(Fu)uryx=uny), (Vu)@ury=umnx)

respectively by x and y, we obtain (xmx=x7my) A(yTy=ymX).
Since 7 is symmetric the last formula becomes xmy A ymx, whence we obtain
x=y.

Let, now, o be an order relation of the set S. We prove that the equi-
valence

(7) xeyS (YU (Hax =uay)
is true. Similarly as in the proposition 1, the formula
(8 xay= (M uw(uox=uay)

is true. It follows from transitivity of «.

To establish the inverse implication of (8) suppose that (¢ ) (e x=u o y)
is true. Replacing # by x we conclude that xay is true. The proof of formula
(7) is finished. From formula (7) we conclude that o may be obtained by (6)
setting o instead of m. The proposition 2 is proved.

We next determine formula of reflexive and antisymmetric relations.

Proposition 3. By the formula
def
%) Yoy (xry=ymx)=x=y)

(= — an arbitrary relation of S) are determined all reflexive and antisymmetric
relations of the set S.

Proof. Obviously, a relation « defined by (9) is reflexive. To prove anti-
symmetry of «, suppose xay A yax, le.

(xmy=ymx) 5x=y) A (rTx= x7my)=y=x).

Hence it is easy to conclude that x =y.

Thus the formula (9) determines, for any relation =, reflexive and anti-
symmetric relation.

Let now « be a reflexive and antisymmetric relation of S. This relation
may be obtained by formula (9) setting o instead of =, becuse the formula
xey=s((xay=yax)=x=y)is true.

The proof is finished.
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Corollary. The formula

10)  xoye (v u) (@mx = xma) = u=x) = Uy = ymu) - u=))

(7 — an arbitrary relation of S) defines all order relation of the set S.

Examples. By proposition 2 the following formulas are true:
YCyeo(Wuulx=uly)
xCyeo®Wuwy@Cu=xCu?

(x, ¥y, u — sets)

x <y (U< x=ou<y)
x<ye My su=x <y

(x, y, u— real numbers)
xlyo W u)(u|x=uly)

xlyeowwulu=x|w

(x, y,u — natural numbers)

1 It is easy to prove that all order relations are also determined by the formula:

def
xay < (P u)(yru>xmu), where © is an arbitrary reflexive and antisymmetric relation.
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