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ON AN INEQUALITY CONCERNING CARTESIAN
MULTIPLICATION '

D. KUREPA
Zagrebd

1. YFor a family F of sets let DF be the supremum of the cardinal numbers of
disjointed subfamilies of F. Let F¥* be the set of all the cartesian products X x Y with
X, Ye F. Analogously, for any ordinal number r let Ir be the interval of the ordinals
< rand let F be the system of the cartesian products of all r-sequences of mem-
bers of F.

2. For a space S let GS be the system of all the gpen sets of G; we put DS =
= D(GS); DS = D(G(S™)); the number DS is called the cellularity or disjunction
degree of the space S.

The question arises to find the relations between the numbers DF (r =R]L2r )
for any set family ¥ and particularly for F = GS, S being any given topological
space.

3. Let (G, Q) be a binary graph i. e. G is a sel and ¢ is a binary reflexive and
symmetrical relation in G. Let f be a non void set and for every i eI let (G, ¢;) be
a binary graph; we define the product of the graphs (G, ¢;) as (G. ¢), where G = []G;
and where for x, y € G the relation xgy means Ax,0,y, 1. ¢. for every i eI one has

x;0;y; (let us remind that x € | [G, means that x is a mapping of I such that x; € G, for
every i eI). Let k (G, g} (resp. k:(G, o) or k,(G, 0} be the supremum of the cardinal
numbers of chains (resp. antichains) of (G, ).

The problem arises to find the connections between the numbers k,G" and k,G.

4. Theorem. For any set system F with infinite DF one has: (DF)" < DF™" < 2°F
for any natural number n. (11) For any ordinal « there is a system F, of sets such
that DF, = 8, DFI? = 2% and consequently DF, < D(FL?).

5. Theorem. For any binary graph (G, ¢) one has (k,G)" £ k,G"* < 2%a%; if

k,G = N, then k,G™ < 2%4% for every natural number n.

6. Theorem. For any metrical infinite space S and any positive integer n one
has k,S = k,5™.

7. Theorem. For totally ordered sets O the relation (1) k,0 = k,0"* is equival-
ent to the following reduction principle: Every infinite ramified set R of regular
cardinality kR contains a degenerated subset D of cardinality kR (any ordered set O
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in which every principal ideal O(., x) = {y; y < x; y € O} is a chain is said to be
ramified; O is degenerated if both: principal ideals and dual principal ideals of O
are chains). The relation (1) is connected to the well-known Suslin problem.

8. Problem. As yet one does not know any topological infinite space S satisfying
DS < DS™; the problem is to exhibit such a space.
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THE CARTESIAN MULTIPLICATION AND
THE CELLULARITY NUMBER

Duro Kurepa
(Received 11. 1T 1963)
1. Introduction

There are many guestions in connexion with the cartesian multiplications
of sets, structures etc. In particular, the question is to find how some property
of the cartesian product is induced by the analogous property of the factors.
Some classical facts show that big differences may occur between the factors
and the product. E. g. the problem of measure on the line R and in the
square (plane) R? are of a different kind then the problem of the measure in
the space R® or in spaces R” for m>>2. The problem whether the cardinality
k E* of infinite sets E equals k E is equivalent to the choice axiom,

In this article we shall examine a particular number — the cellularity number
¢ X (=cel X) where X is any family of sets, any topological space or structure
in order to see how the cellularity of product depends on the cellularity of
the factors. At the same time, we shall become aware how the complete answer
to the problem is connected with the tree hypothesis, and with the general
continuum hypothesis. At this opportunity it is interesting to observe that the
chain x antichain hypothesis holds for every square or hypersquare of every
tree or ramified set.

In the present first part of the paper main results are contained in theorems
34; 3.7; 410; 5.4; 5.6; 5.8 and 6.4. '

2. Cellularity of a system of sets

2.1. For any system S of sets we define the cellularity ¢=cS=rcelS
of § by the relation

1) ¢S =sup k®,
<@

@ consisting of pairwise disjoint sets belonging to S; &k ® means the cardi-
nality of @.

2.2, For any space E the cellularity ¢ E of E is defined as the cellular
number of the family of all open sets of the space E.
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2.3, For . any totally ordered set O the cellularity ¢ O of O is defined
as the cellular mumber of the system of sets of the form

Ofx, )={y x<y; {x, 5y} C 0O}
O(,x]1={y; y<x; {x,y} CO}

O (x,»)={z; x<<z<y or x<z<y; {x,y, 2z} CO}.

3. Cartesian multiplication of sets and of families of sets, respectively

3.1 Definition. Let 7 be any set of > 1 elements (the members of
I shall serve as indices) ; for any i& [ let X; be a nonvoid set; the cartesian

product of the seis X; is the set Y=1[ X; consisting of ail the single-valued

=y
Junctions f on I such thatr for every i &I one has f{i} & Xy
i e

v=11Xi={s; /: [=U X, [ X}

for f/, g & Y one defines f=g=f{D=g() ic ).
In particular, for any ordinal number « one defines the hypercube X+
as the set of all the w-sequences of members in X; X% means the empty set.
3.2. et T be a non void set and F a mapping on [ such that, for
every i< I, F; be a nonempty family of non void sets; the cartesian product
of the families F; is the family F7 of the products || X; where X; & F; (i = I).
i1
In particular, for any ordinal « and any family F of sets one defines
F'f:F"“z{H X XieF, i< a; I, means the set of all the ordinal num-
i

bers < a}.

"2 consists of all the products X, x X; where X,, X, run independently
through F. One proves readily the following lemma.

3. Lemma. For every disjoint (anfidisjoint) family F of sets one
has (¢ Fyelo= ¢ (F-19).

3.3, Definition A family of sets is called disjoint (antidisjoint),
provided its members are pairwise disjoint (nondisjoint).

3.4, Main theorem. (1) For any family F of sets and any natural
number n the relation ¢ F2 W, implies
(1 (c FY' <o (F ") <2,
(1) For any ordinal number « there exists a system F of sets such that

2) CFa= Ny, (cFH=2%
Therefore the evaluation in (1) is a best one.

3.5, Proof of the theorem 3.4. (I). 1. The first refation (1) is
obvious because for every disjoint system 4 of sets in F we have the system
d"in F7 that is disjoint and of a cardinality = kd. Therefore, we have still
to prove the second relation in (1). The proof will be carried out by induction
relative to a.
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First of all the relation (1) holds for »=2. The proof of this fact is
quite characteristic. We have io prove that every disjoint system D of setsin
F-12 i3 of a cardinality < 2¢F.

2. Now, let D be any disjoint system of the family F-72; this means that
X, YeD=>XNnY=@ or X=Y.

Now, X=X, xX,, Y=¥Y,xY,, X,, X1, ¥,, Y, being clements of F.
The relation

(X} X)Nn(¥yxY)=o
is equivalent to the disjunction
Xom Y0= =4 lenY1= .

Let (D; g) be the binary graph supported by D and where the relation Xp ¥
means that X,NY,= 2 holds. Thus if C is a p-chain in (D;p), then C,=

={X,; X&€C} is a disjointed system of F and therefore kC; < ¢F. If Cis an
antichain in (D, p), then {X, Y} € C implies the negation Xp'¥Y of Xp¥ i e.
that X,NY,# @ and comsequently X, NY,= @ this means that again C;=

={X;; X& E} is a disjointed system in F, Consequently, every chain as well
as every antichain of (D, p) is < ¢ F. In virtue of our graph theorem we have

kD <2 (cf. [4]. 3 Theorem 0.1 p. 82 and {4]. 4 Theorem 6.2.2).
This holding for every disjointed system D in F-* one has

sup kD <2¢F 1 e cF i 2F,
D

Consequently, the theorem holds for n=2.

3. Now, suppose that » be any natural number> 2 and the relation (1) holds
for any natural number n<r; let us prove that (1) holds for n=r too. Now,
let D be any disjoint system in /%; then for X=(X,xXix.. xX,_)EF
and ¥Y=(¥,x ¥i1x .. x ¥,_;) € F the disjonction X N ¥= @ means

(3 (XX XyX oo XX (Y)Y % . X sy = &

oy Xy‘ln Yr—lz .

With respect to the relation (3) the subset D of F-' is a binary graph; by an
argument like in 2 omne proves that the induction hypothesis implies that
every chain of this graph is <2 and that every antichain of the graph is
=< ¢F; in virtue of the graph theorem we infer that

kD < (2P)° = 20 this holding for every D, the operator sup yields (1).
And this was to be shown.

3.6. Proof of the theorem 3‘4{ (1I). Let « be any ordinal
number and let

M=Q(0q)

be the system of all the w, — sequences of rational numbers ordered by the
principle of the first differences: for any 2 different such sequences @, b let
i=i(a, b) be the ordinal such & =& for every ordinal i'<i and a;#b;;
we put a<<p# if and only if a;<&;.
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361 Lemma. kQ(wy)=8,(=2%)
3.6.2. M is a chain with respect to the relation < and every interval
of M has 2% points.

In fact let a={a), b=(b,), be 2 distinct elements of Af; hence i=
i{a, B) <w, and either a;< b; or &; > b;; if then ¢ is any element of M such
that ¢, Q(ay, b)), i{w, ¢)=i(h, ¢), one has ¢ E M (a b); in particular, the
3 -SEqUENCe iy, . . -5 Citw's, TRIght be any w.-sequence of rational numbers.

3.6.3, Lemma. Any increasing (decreasing) sequence in M is of a
cardinality << N..

First of all the set M contains a w,-sequence as well as an w*  -sequ-
ence; such are e. g. the sequences:

at= {1} {0} r40, (L<wy)
be= {0} i{l}ti0, (C<ou).

Further let us suppose that (M,<) contains a well-ordered subset W of cardi-
nality = N,. In particular we might suppose that the type of W be w,. (. Now,
every member x of W is a w,-sequence (x¢) with xc& Q; for any pair x, y
of distinet members of M let {(x,y) be the first ordinal v such that
Xy ¥,. The ordinal i (x, ) is like @ proximity degree (or dual distance) bet-
ween x, ¥ and one proves readily that

{H x<y<z=i{x, 2)=1nf {i (x, 1), i (¥, 2)}.

This relation is like triangular relation.

Consequently, for every member x& W we have the non decreasing
monotone sequence

2 i(x, y), (y €W (x,))
of ardinal numbers < em,; let g (x} be the first y>x in ¥ such that

i(x, gx) equals the infimoum of the numbers (2).
In other words

(3} i(x,g (x)=1nf i(x,p}, (¥EW (x,.))
The relations (1) and (3) yield the following relation
(4) ix,y)=ilx, g (x), PEWI(g(),))

Geometrically, the relation (4) means that the terminating interval W (gx,.)
of W is located on the ,sphere S(x,r*), the center and the dual radius
#* of which are x and »*=7(x, gx) respectively; at the same time, gx is the
first point of W (x,.) located on this sphere.

Now by induction procedure we shall prove that the space (W i} (or
ordered set (W, <)) would contain a subset K=(k,<k;<C ...} of cardinality
Not1 of points with a constant mutual proximity 8§ or there would be a
decreasing sequence of cardmahty 8.1 of ,,spheres® (or terminating infervals
of (W, <)) having no point in commun. None of these possibilities might
occur in the present case. For the last eventuality the thing is obvious; as



The cartesian multiplication and the cellularity number 125

to the first eventuality, the set K would be a well-ordered subset of (W, <)
and for every 2-point-set {x, y} CK one would have i(x, y)=3§; the set K
of all the 8§ coordinates x5 of members x of K would be a subset of (W, <)
isomorphic with (K, <)—absurdity.

To start with, let ko= Wy, put k=W, ey (cf. (3)); suppose that v be
an ordinal < e, and that the decreasing ,,spheres™ § (kg3 re) = Wigke, Y(E<v)
with ry—=1i{ke, gky) are defined; we put k, = Witk,_1, gky_yy O ky=5Uprey ki,
according as v—1 is limit or non limit ordinal. The construction of k, is

well determined for every v<Cwgy; and one sees by induction argument
that really

(3) S (ky, rf): Wigk, ) for every v <l @,y in other words
(6) i (ky, ¥) =1y =1 (ky, ghy) for every y& W(gk,, ).

The function v— r, is a monotone non decreasing function of I w,,, into
. &
Tw,. Let #* be the supremum of the ordinals r,. One has

@) o, .

Now, the relat.on r*=w, would imply that some w,-sequence of segments
Wigk®, ) would have a void intersection (take e. g. k% as the first k, satis-
fying 7 (k,, gk\,)=r£); in other words the w,-sequence gk® would be cofinal
with the w, . -sequence W—absurdity.

The relation
(8) ¥ <y

does not hold neither. Namely, if the number r* is isolated, there would be
o =rh =ik, gky) for a p<Cwogyr; if r* is non isolated, then for some
strictly increasing sequence ri, = i(k5, g (k%) of cardinality < N, there would
be r*=sup r;C; in either case one concludes that r*=r¥ for every v of the
final section S =K (z,.), where z=k, or z=sup k% According to (6) this means
that i(k,, y)=r*=1i(k,, gk,) for every ve&W [z,.). Therefore by (3) we infer
that all distinet points in W {z,.) have a same mutual proximity — the number
r*. This fact implies that the set Wz,.) we defined above is a subset of Q
isomorphic to W iz,.) and W — absurdity.?

3.6.4. 4 partial order associated to the linear order (M;<C).

Let x—ux{(x<c M) be a normal well-ordering uM of M i. e. such that
uM be nonequivalent to any of its proper initial portions; in other words
let u=ux be a one-to-one mapping of M onto the segment of ordinal numbers
corresponding to an initial ordinal g . Let then the partial order < in M
be defined as superposition of the orders < and u:

a=_b means a<b and wua<ub.

L. Every chain C in (M=) is of a cardinality < %q.
In fact C is a well-ordered subset in (M; <) and in virtue of 3.6.3
C 15 <N..

1 The foregoing proof of Lemma 3.6.1 represenis a space-theoretical wording (using
abstract distance or absiract proximity) of the theorem XIV in Hausdorff {I].
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2. Every antichain A in (M; <) is of a cardinality < ¥x.
As a matter of fact, 4 is a decreasing sequence in (M; <) and in virtue
of 363 4 is <¥..

3.6.5. Let x € M and (cf. Sierpinski [5])
Ex:{{x: X' xeEM, ¥<{x or x =< x'}.

The mapping x— E, is biunique.

For if y &M and e.g. x <y let then z € M(x,y) and uz > sup {ux uy;} one
has x—z and thus {x,z} € E,; on the contrary {x,z} non < E,, because
y non € {xz}.

3.6.6. Let F={E,; x= M}.

Then kF=kM=2Ra,

3.6.7. We consider the graph (F; 1), D being the disjunction relation.
Every antichain as well as every chain of the graph (F; D) is <¥N, .

In fact, let 4 be an antichain in (F; D); let E.. E, be two distinct ele-
ments of A; then {x,»}. CM and E,NE,# @; let {x,x}={y, '} be an
element of E, and E,; then x' =y, ' =x; consequently, the points x,y are
-{—comparable in M; and vice versa, if x, y are 2 distinct < —-comparable
points of (M; <), then E,NE, %= @. If E.NE,= @, then x, y are not <{—com-
parable;

xFy (<D= ENE,=g

x=y (<)o ENE, # &,

Consequently, to every = — chain C in (M; <) corresponds the 7-—chain
consisting of the elements £,{x < (); to every << — antichain A corresponds
the disjointed system E, (x € A).

As a consequence of 3.6.3. one has therefore 3.6.7.

368, The system G of sets.

For any x&M let G, ={{x,y}»; y is<— incomparable to x} i c.
(e ) A (ux > up)V (x >y A (ux < uy). Let G={G.: x < M}

1. Every chain and every antichain in (G; D) is <¥,. Again,
x#y ()= 6,67+ @ e x comp, p=G.nGr=g.

369, For-G=2 1. e. xEFAYEGExNy=@.

3.6.10. Family H. Let H=FUCG,; the family (H; D) is the required
Jamily: every D-chain and every D-antichain is < ¥,.

Now H72 contains a disjointed system of kM elements because the sets

Hi= EXGi(ie M)

are patrwise disjoint. As a matter of fact, let xs£y and x, p & M; then either
X,y are comparable or incomparable in M; if x,y are comparable, then
Gy, G, are disjoint and so are the sets H,, H,; if x,y are incomparable, the
sets K, E, are disjoint and so are also the sets H., H,. The theorem 3. 3. (II)
is proved.

37. Theorem For every family F of sets and every ordinal number
w we have: (1) cF=cFI? provided cF=1
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(2) (cFYrx<cF o<k FF if cF>1, then for some ordinal w,of cardinality
< kF we have

(3) (cFYex=cF 1= for every ordinal o.>u,.

The relation (1) is obvious; the first relation i (2) is a comnsequence
of the fact that the cartesian product of a disjoint system of sets is again a
disjoint system of sets. The sccond relation in (2) is obvious because the
cellularity of any family of sets is less than or equals to the cardinality of
the same family; on the other hand, the cardinality of F'/* equals (kF)k*.
Therefore, the relations (2) hold. Finally, if kF< ke, then kFk =2%  and
therefore according to (2) we have cF™«2%%; this relation joint with the
relation 2%« < (¢ FY** and the first relation in (2) vields the requested equality (3).

3.8. Theorem. For any ordered pair (a,b) of cardinal numbers a, b
there exists a family F of sets and some ordinal number o such that a=cF
and cF% > b.

As a matter of fact, we can consider any disjoint family F of cardinality a;
then for some o we have a**>b and consequently (cF)**»b.

39, Theorem. For any F and any sets A, B we have
kd=kB=cFA=c(F%) and
kAd<kBmeFA<co(FP).
As a matter of fact let ¢ be a ome-to-one mapping of 4 into B; and let D
be a disjoint system in F-4; for f< D we define ¢=¢(f) in this way
FiA —fA, where f A & F,
the antidomain ¢4 of ¢ is a part of B; to every mapping /14— F we define

the mapping v,: B—F as the one which equals f7-% in ¢4 and which, in
B\1t4, equals a constant 5= BN\t 4. Then v < F2

To every disjoint set D in F'4 corresponds an equivalent system vp=
= v fE D} in F5 If t4 =B, then the mapping f— v, is an isomorphism
from F4 onto F&

310. Theorem. Let A,B be any sets and F a family of sets; then

e FlauB < ', where s=sup {a, b}, i=inf {a, b}, a=cF4, b=cF2 If the
product ab is infinite, then ¢ FAV B 2 sup {a. b},

We shall consider the case that 4, B are non empty disjoint sets. Then
every member x & F-éU® js the set of the functions g|(4UB) where for
i€ AU B one has g, < x;, x; being a member of F. Let g4 be the correspond-
ing subfunction in A and let x,; be the set of all these subfunctions g,
analogously one has g and xz. For any set S C F4UB one has the ,,projections®

Sq={xq; x & FUUBL Sp—lxg; x & FUAUBY

In particular, for every disjoint set D in F AU we have D,, Dp For any
members X, ¥ of F-4uB the relation XNM¥Y= @ means

(].) XAP\YA=@ or xBny_B= & (2)

Let XY mean (1) i. e. that X,NY, = @. Then D is a graph relative to
the relation g. Let L be a p-chain in D; this means that

(3) (X, V). CL = (X, Y0 C L, and X,NY = o
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and that Ly is a disjoint system in D4. Now, the family D, is isomorphic
to a subsystem of the family F4, therefore

(4) kLy<a(=cF4

Because of the relations (3) the correspondence X&L-— X, < L, is onto
and one-to-one:

kL =kL, what jointly with (4) yields
kL <cA for every p-chain L in the graph (4; p).

Analogously, one proves that every antichain M of (D, ¢) yields disjointed
system My of cardinality kM; since kMp<cF# this means that every anti-
chain in (D, ¢) is of a cardinality <b=cF 5 Consequently, by the graph
-chain-antichain-theorem we have the requested relation.

3.11. Theorem. If ¢ is a natural number and F a set family then
(1) cFIF = 0CF =, o I (bny — o 17 (2)

for every integer n.

Proof. The proof is carried out by induction relative to n. Let D be a
disjointed system in F-70+D; then

{Xs Y}#‘.C“D =
(3 (g xXix . x X, Yy Yy . x Y=gV
vV XY, = 2. 4

Let X ¥ mean that (3) occurs; then to every g-chain L C D corresponds the
disjointed chain L;-projection of L into the product F-7; consequently
kLp<cF T and according to the assumption (1) we have k L5 < 2°; again
klL=kLp, and thus kL <2 Consequently, every chain of the graph (D, p)
i1s =X 2°F. Analogously, one proves that every antichain of (D, ) is < ¢F.
Hence kD < (2°F)F = 2°F,

The implication (1)=(2) is thus proved for every r and n=1; writing
in particular #+ 1,7+ 2, ... instead of r, the implication (1)=>(2) is proved
for n=1,2,3, ... i. e for every n.

3.12. Problem., Let F be a system of sets and n a natural pumber
satisfying W, < ¢ F*7" = c FU"+; is there one-to one mapping of F+1"+V into F1* which
conserves both disjointness and jointness of sets? In other words, is then the
digjonction graph (F-/@+D: DY isomorph to a subgraph of (F-1; D)?

§ 4. Disjoint systems in F,- x - F,.

4.1. Fy, F, being set families let A be a disjoint system (or D-chain)
in the product

O FLox-Fy={x X Xg; %1€ F A, F}.

Let priA=p, A and p,A be the first and the second projection of A respectiv-
ely. For any a; &pr A we have the following antiprojection of &, into A:
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pl‘lA(a,.):{(a, ), ¥yEF; (a, y) €A); for any subset 4 C F, we have the
corresponding first antiprojection of A into A defined by

priA(4, ) =u{p A (a, )}

a4

Analogously, one defines the second antiprojection of any B CF, in this way:

Py A, By=u{ps'A(., b)}, where
bEB :

{p7PA (., B ={(x, &); x€ Fp, (%, B) EA}.

By an argument we used in section 3 one proves readily the following items.

4.2. Lemma. For every a,€#, the first antiprojection p ' A(a, .)
in A yields the disjoint second projection p, p; ' A (ay, .); therefore the cardinality of
this set as well as that of pyla; is <cF,. The first antiprojection in A of
any jointed system C in Fj is a disjoint system in Fy; the p, — projection
of py!C is a one-to-one mapping vielding a disjoint system of cardinality
<clF, in Fy. '

43. Lemma. Let T=T(A;) be any tree or ramified table of the

family (F, 2); then every D-chain in 7' is <c¢fF, and every J-chain of T is
<cFy. If the number s=sup {cF,, cF,} is infinite, then one knows that

(1) kT < 5% where s¢< {s, st}; in particular the tree hypothesis yields
§sf=5=cF;-cF, and therefore

(2) kT<cF,-ch.

4.4. For every x;©A, let

(3) A (., x)s, denote the system of all the members of A;, each joint
with x; and none contained as a proper part of x;; then one has the star
number SA, (., x;] as the minimal number of chains in (3) exhausting (3).
Each J-chain in (3) being <c¢F, (Lemma 4.2}, we infer that

(3) kA (0, X)p=cFy SA (.. Xq)g, (x1 € 4y) and hence

4 kA (., xl,<cFy 5, F, where

(8 s M=supS(, x];; the number s, F, is called the left local star num-
XEF,

ber of the family (F1;2).

4,5, Now as consequence of the choice axiom it is easy to prove the
existence of a subtreer T=7(4;) in A, that is quasi-cofinal with Ay in the
sense that!

(6) ' A =UA (., Dz
rET

this means that to every xe A, corresponds some & 7T such that x meets ¢
but is not a proper part of {*. By induction the rows T,, 7,,... of sucha T
are defined in this way; 7, is any maximal disjoined system in A;; for every
t, €T, let fr, be any maximal disjoint system in Ay, each member of ft, being
a proper subset of 7,: one puts
Ty=ufty, (t, & T,) ete.
Putting for every ordinal «
Tr=\Jy Tr(E<a)

' This fact was found also by. 5. Mardedid.
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one sees that T* is a tree; If 7 is quasi-cofinal with A,, we put Te=T;
if T* is not quasi-cofinal to A,, we construct T, as Ufte_i(ta_ & Ty ) if
the ordinal « is of the first kind; if « is a limit ordinal >0, we consider
every jointed decreasing =— sequence C% of members of 7% and consider
any maximal disjoint system fC* of A U&(., )}, each being a proper part
of every member of C*. One puts then

T=yfC*

Ctx

(one sees that the construction for non limit « is reducible to this construction
using C*, because for every f,_ & T,_; the a—sequence of oversets of #,_,
in 7= is such that f#, ; serves as fC%.

4.6, This being done let T(A;) be any quasi-cofinal subtree of A,.
The decomposition (6) yields jointly with (4)

(7 : kA <kT-¢cFy 8 Fy.

The relation (7) by (1) yields _

{8) kA <cs-cFy-5 Pl

Going back from A, to A the relation (8) in virtue of Lemma 4.2. gives
(%) kA< eF -s¢ cFy- 8 FL.

This holding for every D—chain A of F=F,. x - F, one concludes that

(10,) cF(=sup kA)<cFy -5 cFy 51 Fy.
SCF

4.7. Analogously, considering the second projection A, of A one proves that
(10,) el X -Fy<ehy st cky-5 Fy

4.8. The relaiions (10,), (10y)yield by multiplication:
(an (eFY<(cFy - cFy)? (5% 2y Fyo5y Fo

4.9.-If s is infinite, then cF is infinite also and (¢FP=cF and the
exponents 2 in (11) could be dropped; we obtain

/ cF<s-s¢-5), where 5, =sup {5, F}, 5, Fy}.
Since s<s* we have s-5 =s° and consequently
CLS 85y
Since obviously ¢, ¢, = ¢ thus s<¢ and we have proved the following relation
(12) s<eF<s 5y

4.10. Theorem. (I} Let I be a finite index set (e.g. the interval In
of ordinals <. n, where n is a given finite ordinal); let F;, (i € 1I) be a finite
sequence of non void set systems such that at least one of the cellular numbers
cF; be infinite; then

s< ¢ H Fy <% -5y, where s=sup ¢F, s;=sup s, F;, and s {s, st}
i i i i
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In particular for any set system G and any natural number n one has
' Le(G=(cG)® -5
{II) One has s® = 5 if and only if the tree hypothesis

4 ke T<s and k. TSs > kT<k. T kT
is true or false.

Since the theorem (II) was proved else (G. Kurepa, [1] p. 106 theor. 1),
let us prove the theorem (1).

We just proved that the thecrem (I) holds if the index set 7 has 2
members; by induction argument one sees that the same conclusion holds
for any finite set /.

Let us prove the theorem (Ij if 7 has 3 membres 1,2,3. Let A be any
D-chainin F(=F x F;x F,) and Ay, and &, its projections into F,- % - Fy and Fy
respectively. For any tree T in Ay, that is quasi—cofinal with Ay, we have
(like in (7)):

(13) kBa<kT -cFy-5,(F)- x - Fp).
We have to evaluate the factors £ 7T, s, in (13). First of all,
(14 s (FL % FYy=s F -5 F

As a matter of fact, for any x € F) let 4, be a system of J-chains of sets
< F, exhausting Fy (., x;)o, analogously, for x,< F, one has a family 4,
of jointed systems of sets-members in F; (., d5)2, exhausting this family.
Then we have the element x; x x, & £, - x - F, and the system 4, - x - 4y; all ele-
ments of this system are J-chains, each quasi-containing x; x x; and the system
exhausts F,=F (., x; X X3) 2,; because if M, x M, is any member of ¥, g-con-
taining x, X x,, then M, g-contains x; and for some J; € 4, we have M, J,
and hence M x M, ESyxJ, © A;- x - 4, In this way we proved that

5 (FIXFﬂ) ( ] x1><xz)2q‘<=SF1 ( 3 xl)gq'SF2 ( ] ‘xZ)?_q;

from here allowing x;, x, to vary in F;, F, respectively and faking sup we
have the requested relation (14).

The relations (13), {14) yield
(15) kDA< kT -cFy 5, F -5, F;.

4.11. TLemma. Let 5,= sup {c¢Fy, cF,}; every chain and every antichain of
every tree TC Fy- x -Fy is < $}2; also kT <s1,.

In opposite case there would be a tree 7, in F of cardinality » s{7 ;
now obviously, wy(F,- X - Fo) <wy Fy-wy F,, where wy A for any family 4 of
sets denotes the supremum of cardinalities of strictly decreasing sequences of
sets in 4. Since kT, is greater than the cardinality of any tree in F; or in F,,
and since this fact is not due to J-subchains of trees, it should be due to
D-subchains, and the tree should contain an antichain > 5, in contradiction
with 4.3.

The relation (15) and the Lemma 4.11. imply
kAp<sta cFy-5, F -5, Fy.

9‘
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From here, going back to A:
(16) kA <(styeFy s Fos, Fa)-cFy.
Now, let §=sup oF; and §y=8up 5 Fy;then sy, <8, ¢Fy<s and therefore
shaf{eFt=5%; againl $1Fy -8 Fy<sy Iand the refation (16) yields
kA <s®s.

This proves the theorem for 7=1,2,3. By induction argument one
proves the theorem for every finite index set /. Q. E. D.

The foregoing theorem, by particularization implyes the following,

4.12. Theorem. Let I be a finite index set and F,(iS 1) a sequence
of non void set systems with sup cFi=s=o00; if s, Fi<s, then

s<sel [ Frast.
i

Such a case holds particularly if F; is a system of intervals of a totally
ordered set O;(i< I), in this case ore has s; F;< 2.

As a matter of fact amy system § of intervals overlapping a given
interval x of a given totally ordered set equals S;uUS,, where S; denotes
all the members of § containing the left extremity of x and where S, denotes
all the members of 5 each containing the right extremity of x; obviously,
S; 1s jointed.

§ 5. Cartestan multiplication of topological spaces

5.1. Definition of cartesian multiplication of spaces’. For every i< [f
let X; be a topological space; the cartesian product X of sets X, of points
of X, will be called the topological product of spaces X, provided for every
point x € X the neighbourhoods are defined in the fellowing way; let 7, be
a finite part of I for every i, I let O(i,) be a neighbourheod of the point
X in the space X;; for every i€ /7 let X be O(i) or X;, according as
i€ fyorie I\ [ the cartesian product of all the sets X[ is called neighbourhood
of the point x. This neighbourhood depends on finite set 7, CJ and on the
neigbourhkoods O (i,) in X, for iy © I,. The stress in the foregoing definition

is the finiteness of subsets £y of I

5.2. The neighbourhoods could be defined in this way also. For a point
x; on the i™* coordinate axis let p7'(x) be the i* antiprojection of x; into
the space i. e. the set of ail the peints x of the space, the i* coordinate of
which is just the point x; of the space X;. For a subset S; of the space X;
we define the i** antiprojection p;'S; as the union of all the sets p~lx(x; £ 8).
In other words, the set p/'S; is the anti-projection of §; in the direction of

the X;-axis. Then the foregoing neighbourhcod is the intersection of the open
sets like this

(D np,-jl (0x,) (ig & 1)

U We shall coosider topological T,.-spaces i. e, Fréchet’'s F-spaces satisfying the
Hausdorff’s T,-copdition of separation. The T,-separation condition means that for any
2-point set {a, b} there is a neighbourhood V (@) of a and a neighbourhood ¥ (&) of & such
that V@) NV ) =o.
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Marczewski-Szpilrajn [1] proved that if the topological spaces X; are of a
countable weight each, then the weight of the cartesian product X is countable
too. The phenomenon is a general one and we have the following.

53. Theorem. For every topological Tyspase S and every nom void
index set T the cellularity of ithe cartesian hyper-cube S' equals (¢S for
w. il < Ny i k1w = ¥, then sup{¥,, ¢St < ST <w, where the weight w (=wS)
of the space S is defined as the infimum of cardinal numbers of neighbourhood
bases of the space 5.

The theorem 5.3. is a special case of the following theorem (in the
wording of the theorem put X;=fixed space S for every i=I).

54. Theorem. Let I be a non void set and X;, for every i€1, a
topological space. Let wX; denote the weight number of the space X; and

w=sup wX;; then for the cellularity number c X of the cartesian product X = [ X;

one has:
(2) kIw<$y=>leXi=cX
(2) kl-w > W, = sup {8, sup cXi} <cX<w.

5.5. Proof of the theorem 5.4.
1. First case: The number of factors X; is finite and every X; is
finite. In this case, obviously cX;=kX;=wX; and ¢X=kX=wX; since kX =

:HkX i, the preceding relations yield the requested implication (2).

Second case: kI-w>N,. Now, it is obvious that if k[ is infinite
and every factor has at least 2 points, then the number ¢ (=c¢X) can not be
finite. Therefore we have still to consider the case that the weight of every
factor is infinite, irrespective what happens with &1

Let ¢ dencte the number ¢ X. First of all, e ¢ X, for every { &I and
hence ¢ = ¢, (=sup ¢ X;). As a matter of faci, let D; be any disjoint system
of open sets of the space X;; putting {i} =1, and taking O;€ D;, O;=X; for

JE€ IN{i}, one gets a system of cardinality kX D; of open sets H O, of the
space X; therefore ¢cZkD; and c2cX; (= sup kD;) for every i=1 The

DiC Xi
relations ¢ ¢ X; imply ¢ sup ¢; 1. ¢. ¢ 2 ¢, Therefore the requested relation
(2') will result of the impossibility of the relation ¢>w. Obviously we can
suppose also that w=§,.
5.5.2. Now, suppose on the contrary that ¢>w and that there exists a
disjoint system D of open sets of the space X such that

(2) k D>wz= N,

One might suppose that the members of D are of the form (1), where I, is
a (variable) finite subset of I (it is sufficient to choose an element of the
form (1) in each member of D and consider the system of the selected ele-
ments). For every i< I let B, be a basis of neighbourhoods of the space X;
such that

3 kBi=wX; (1 =w)

This being done, let n be any natural number and D, the system of all the
members {1} in £ such that kJ =n Obvicusly D=VU,D, (n<w) and since,
by (2), the system D is non countable there exists an integer m such that also

(4) L kD ow,
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553 Let x= H b el (ic ) be a particular member of D,,; then the set

I, of the points i< 7 such that X7+ X; is a well determined finite subset
of m points of I. The members of D, being pairwise disjoint one has in
particular xny= & for every y & D,\{x}; this means that for every such y
one has x;ny;= @ for some i=i() <1, because x;Ny;7*= g for every
i & I~J,, This mapping

(3 Fi D= 1om

is a single-valued mapping of the set D, of cardirality > &, into a finire
m-point set F,={i, iy ..., in}. Therefore for some j, &1, there exists a
subset D4 of D, in which the mapping (4) equals j, and so that kD, = kD,,.
Now, let us consider the p, -— projection of the set D, into the space Xj;;
this mapping is a single-valued mapping of the set Dy, of cardinality > w into
the basis B;; of w;, members of the space X;;. Since kDy>w > w;, one in-
fers that for some member Oy, < B;, and for some subset D, of D, one would have

FLES ‘Dml = Oj’| 5 ]CD,,,l W,

5.5.4. Substituing D,,, for D, and [I,,~{j} for I,. the argument of
4.4.3. shows that for: some point j, < Iom~\{ji}, some subset D,, of D, and
some neighbourhood Oy, € B;, one has:

lemzijz: prjstZZOj’sa kD= w.

The induction procedure would go on: there woud be a subset D,,; of D,,,,
a point jg € L,{J;, /o) and a Op, € B; such that

S Dws=Js, prjy,Dpg=0p,, kDy3>w; etc.

The m™ step of induction procedure would yield: a disjoint subset D,,, of
Diymey, & point Jo & Lom™{j1o Jo. - » Jm—1} and a member Oj', & Biy such that

(6) I D= jims pry, D= Oj’ma k Dy > w.

Now, for every index i< INJ,, we have pryD,,,=X;; therefore x<€ D, =
::>)(J$=0;au for w=1,2,.., m and Xt=X; for i I~ T,,; consequently
kD=1, in contradiction with the last relation in (6). This contradiction
proves the theorem. :

5.5.5. Remark. Let us consider the cellularity numbers ¢ 7= (F and «
being any system of sets, and any ordinal number) and the numbers ¢S™
(S being any topological space); in the first case, as « Is increasing so is
also the corresponding cellularity; on the contrary, in the case of hyper-cubes
of any topological space § the cellularity numbers are always less or equal
to the weight wS of S.

556. Corvollary. For any topological T,-space S satigfying ¢S=wS
one has ¢S'=cS for every non void set I In particular, cS*=c§ for any
positive ordinal o, irrespective whether « is finite or transfinite. In particular
this holds provided S is a metrical space or if S is a totally ordered space in
which the cellularity equals the separability number of the space.

A consequence of the corellary 5.5.6. for metrical spaces is this one:

5.5.7._ The hypercube MT of any metrical space M with kI>¥N, is a non
metrical space; in particular the real cube [0, 117¢) or {0,112 are non
metrical spaces.
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558. Corollarvy. For every topological space S the set consisting of
the cellularity numbers ¢ S* running through ordinal numbers is well determined
and has at most wS mumbers (cf. theorems 3.7; 3.8; 5.8 (ii}}.

5.6. Comparison between ¢S and ¢S” for any space S.

Theorem. (1). For any topological space S one has
cS<eS*<inf {2, (¢8)-58}; for every ordinal n<o.

(I1) For any ordered pair of topological spaces Sy, S, we have s < ¢ (S % 8,) < 27,
Tr(S) s, Sy Tr(Sy)- 5,8, where s=sup{cS;, ¢Sy} TrS,=infkT, T being
quasi-cofinal subset of the family of open sets of 8; (cf. § 4.4 and §4.5).

(IITy For any ordered pair of fotally ordered spaces Sy, S, owne has
s<e (8% Sp) < 5%, where 5¢ € {s,5T}; fhe relation s*=s is equivalent 1o the tree
hypothesis.

The proof is like the one of theorem 3.4. (1) in § 3.5.2; cf also § 3.10 and
§ 4.9; § 4.10.

5.7 In connexion with the results 3.4. (1), 4.4 and 4.6 let us indicate
that there are spaces Sy, satisfying ¢ S<wS; such a space is the cartesian
product [0,1]R: of ¥, real segments [0,1]; the cellularity and the weight of this
product ate ¥, N; respectivaly.

571 Theorem. For any ordered pair (a,b) of cardinal infinite
numbers there is a topological space S such that ¢S<a<b<wsS. SBuch a
space is the cartesian product of ka real segments [0,1] where « is any
ordinal of cardinality > b.

5.7.2. Here is also a space S satisfying ¢S < wS and which was given
by Inagaki as the solution of a problem in my doctoral thesis. Let R* be the
set of members of a one-to-one ©,— sequence x, (e<w,) of real numbers xy;
the set R* is topologized by considering for any « <, as neighbourhoods
of x, the sets of the form F*(x,)={xp: xS V(xy); a<B < 0}, VF(x,) being
any ordinary neighbourhood of x, The space (R*, ¥V*) so obtained has the
cellularity &, and the weight 8.

58. Main theorem (I). For any topological space Ssazzsfymg eS > 8,
»cmd every index set I the cellularity of the cube ST is «<2°% i e.

cel S<eel 87 < (cel §)! s

(1) The general continum hypothesis implies
cel §7¢€ {cel S, (cel $)+}.

5.8.1. Proof. First of all we proved that the theorem (1) holds
provided £l/=2, e. g. J={1, 2} and even for ki< o (cf theorem 3.11).

Now we shall prove the theorem (1) for every [,

58.2. Lemma. Let m be any positive integer 1 <m<klI and & any
disjoint system of open sets of SU satisfying ksx=m for every x< A, then
kA <2 here sx denotes the greatest subset I, of the index set I satisfying
x(N#SGEeL.

We shall prove the lemma by induction argument on ». Suppose that
the lemma holds for every natural number < m; let us prove that it holds
also for m. Assume on the contrary that there exists a disjoint system A of
cardinality =2° and such that ksx=m for every x < A, Since the set A is
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disjoint, the set of sx(x &£ A) is jointed;, namely, if x, yS A, xs#y, then
xny= @ what means that for some i< 7 one has x;Ny;= @, this means that

x;AS% v 1. e iE9xnsy, hence sxNsy== @.

Now, let e @ A; for every a & se let A(q) be the system of all the members
x of A satisfying a & sx. Then

A=UA (@) (acse).

Since the set se has just m members, one of the sets A(a) has £ A points;
let a, be such an element of se:

kA(ay=kA>2% and q,c se.

Let us consider the disjoint set system A(g)=4. Let us structurize 4 by
defining that for x, y &4 the relation xry means x;Ny;= @ for some
iesxnsy N\ {ap)

Let L be a r-chain in (d4; #); then L is a disjoint set in S7; moreover, let L;
be the system of sets x, where for every x € L one denotes by x, the set
obtained from x by substituing the a,factor of x by the space S. The mapping
x € L—Xx, is one-to-one; let Ly={x,; x <& L}. Then L, is disjointed system
of sets of S¥ such that

m ksxy=m-—1 (x,& L,). Namely, sx,=25x\{a,}.

Now, by induction hypothesis the relations (1) imply that kL, =5 2%, what
jointly with k L,=k L implics the requested relation k L << 2°. In other words
every r-chain L in (4, r) is = 2% therefore also the k-number of (4, r) is
£ 2% On the other hand every antichain L' in {4, r) Is = ¢.§ because if
x, yEL" and x =y, then

xNy;7# @ for iSsxNsy™{a, and therefore x,, Ny, = .

In other words to every antichain L' in (4, r} corresponds a well determined
disjoint system in S, of cardinality & L'.
In wvirtue of the chain-antichain theorem for graphs one concludes that
KA (299)S=2% j. e. KAK2S Q. E. D
583 Proof of the theorem (I). For any natural number » let
A,={x; x= A, ksx=n}.

Then the sets A, exhaust A; since by hypothesis k£ A>2%, then for some inte-
ger n one would have necessarily kA, >2%, in contradiction with the forve-
going lemma, because every member x of A, satisfies ks x=m.

5.8.4. The theorem 5.8. (ii) is an obvious consequence of the theorem
5.8. (1) and of the general centinuum hypothesis.

6. On the cartesian multiplication of ordered sets and graphs

6.1. Definttion. Let (1) (O, <;) (i€} be a family of ordered
sets; the cartesian product or the cardinal product of the sets (1) is the set

(0, <) Where; O:H O, (i€ l) and where for x, y € O one has

i
xspin Ooxs, yin O; i)
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Analogously one defines the carteslan product of any non empty family of
graphs (G, #;) on substituing in the preceding definition G; for O, and r; for
<C;; r; means any binary relation that i1s either symetrical (for symetrical
graphs) or antisymetrical (for oriented graphs).

One proves readily the following.

6.2, Theorem. The cartesian product of any system of ordered sets
is an ordered sei; if every factor is ramified (a tree, a chain), the product
need not be so.

We are especially interested to know the counnexiouns between the cellularity
number of the product and the cellularity numbers of the factors. In this
respect the notion of ramified sets and particularly of ramified tables or
trees is of special importance.

6.3, Definition of a node. Every maximal subset S of a rami-
fied set R such that '

(1) x, yesS=>80, =8,
is called a node of S.

6.4, Theorem. Let R be any ramified set ie. any ordered set (R; <)
in which R (., R) is a chain; let T be any non empty index set; let
fo g € R then f<g in Rimeans fi<{g;in R forevery i I; if f+#g and if the
set fI={f; i1} lays in a node of R as well as does g1 and if

kfI>1, kgl>1

then f g i. e neither f<<g nor f=g. The conclusion holds also provided R
contains a subset M such that fI lays in a node of M and that g1 lays in a
node of M.

Proof. Since by hypothesis the set /7 is located in a node of R, the
chain Ry=R{. , fi) is well determined and does not depend on an particular
choice of i in 7. Analogously, one has R,=R(. , g) for i/ Let

(2) ‘ C:Rfﬂ R,.
The set C is a chain in R and is an initial section of the chains Ry, R,.

Case (i). C is a proper subset of both R, and R,. Then there is an
e R and a,b< R such that

allb, C.<a<f; and C.<<b<g.

Hence fi||g:, for one has not e. g. fi<(g;, because the antichain {a, b} would
be < g;, contrary to the ramification condition on R. Thus f/g;, and
conseguently

fle:
Case (1i). C=Ry.
(ii). 1. Subcase: C7#R,. Then R,<g, for some i< [ and there exists one
(and only one) point &' € R satisfying
(3) a~f;, & <g:i(x~y means to be in a same node).
Namely, f; is in the node following € and the chain R, intersects this node.

I

Hence we have (3). Since kfI>1 we have f;d’ for some je I; thus fif|a
and fllg; (i€ 1); in particular f;|lg; i. e. f|g.
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{(ii) 2. Subcase; C=R, 1. ¢. Re=R,. Since [#g,fi#g for some 1¢& [,
thus f;ijg;.because fi, g; are 2 members of the same node of R; the relation
fillg: implies filg by definition. The theorem is proved.

6.4.1. Remark. By counterexamples one might prove that both condi-
tions: (i) R is ramified, (1) f/, g are not constant in [ are necessary: dropping
either of them, one could have f<{g or f>g.

64.2. Remark If R is any ramified subset of a ramified set (R, <2),
then again any two elements [, g of R’ such that f, g satisfy, with respect
to R, the conditions of the preceding theorem:

fIis a part of a node of R and kf7>1
. g] bR 33 LR 33 37 R L3 kg[>]

then f, g are incomparable both in Rf and in R

6.5. The applications of the preceding considerations concern particularly
ramified collections of sefs 1. ¢ collections of sets containing no pair of
interlaced sets (two sets A, B are interlaced, if both sets ANB and B>~ A4 are
nonempty).

6.6. We have in particular the following theorem as a particular case
of the preceding general theorem (consider 7 to have just 2 points):

Theorem. ZLet F be any family of sets; let F'2 be the set of the
cartesian products x,xx, where x,, x, € F. If R is any ramified subfamily of
Fliie. X, YER=XCYV XD YV (X¥NY= )] such that 1o every XER
corresponds an X'© R satisfying XNOX'= @ and that X, X' have the same
predecessors i. e. supersets in R, then the sets

X< X' (XER)

are mutudlly disjoint.

Direct proof. Suppose (3) (ANX)N{(¥NY) £z for some
X, X’ R and some Y, Y'"CR. ‘
Then X, ¥ are comparable; X', ¥’ as well.
Suppose the case X< ¥, hence X' < ¥ because X, X' have in R same pre-
decessors. Since ¥'NY= g then Y  is disjoint from X and X, contrary to
the hypothetical comparability of X, ¥'. The impossibility of other cases is
proved in an analogous way.

Corollary. Let R be a ramified set and N,R the set of nodes of R
each containig @t least 2 points. Then the system
UXx X\ diag (X< X)]  (XEN,R)

X
is an antichain in the cartesian square R* of R.

6.7. Theorem. For any square or hypersquare of any tree or ramified
set R the chain x antichain relation holds:

kT=>1 = kRI<k R kg R

First of all if R itself satisfies the chain x antichain relation, then so also
RIUIf R does not satisfy this relation then it contains a tree T of the same
cardinality (every 7 which is cofinal with R is such one); T contains (cf.
Kurepa) [1] p. 109) a subtree ¢ of the cardinality ¥ T (= k£ R) and such that every
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isolated node of f contains at least 2 points (cf. the ambiguous tables in
Kurepa (1)); according to theorems 6.4 and 6.6 some subtree ¢, of cardinality
ki of s ,normal“ i.e. satisfies the chain x antichain relation; since
t, CRI, kv=kR', R is normal too.

6.7.1. Remark of course, if for some index set I such that k7 > I,
every subtree of R’ satisfied the chain x antichain relation (R being any
ramified set), rhe tree hypothesis would hold; and vice versa.

6.8. For symmetrical graphs we have theorems that read like the ones
we formulated and proved for set systems (we define the cellularity ¢G of a
graph as the supremum of cardinalities of its antichains). E. g. it is legitimate
to substitute ,spmmetrical graph G instead of ., family F of sets® in the
wording of statements: 3.4, 3.8, 3.9, 3.10, 3.11, 4.10 etc.
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THEORIE DES ENSEMBLES. — Sur cerlains complétés des ensembles ordonnés
munts d'opérations : complétés de Dedekind et de Kurepa des ensembles

partiellement ordonnés, Note (*} de M. Lawsros Doxas, présentée par
M. Paul Montel.

M, G. Kurepa a défini, dans sa thése, un complété d’un ensemble totalement ordonné E
- différent de son complété par la méthode de Dedekind (qui consistait & remplir les
lacunes de E).
Cette complétion consistait & remplacer chaque e€E par :
— le triple e—, e, e~ si e est & la fols limite & gauche et a droite dans E;
-— la paire e, ¢, 5i ¢ est une limite & gauche dans E, sans I'étre & droite;
— la paire ¢, e*, si e est une limite 4 droite dans E, sans P’étre a4 gauche;
— par e, si e est un élément isolé de E,
et toute lacune I de E par une paire -, I~, tous ces ensembles de un, deux, irois éléments
- étant rangés les uns par rapport aux auftres selon un ordre évident, dérivant de celui
de E. M. Krasner a donné, dauns le cas particulier o E est la droite réelle W (ordonné
par son ordre habituel) une autre interprétation de ce complété (qu’il a appelé la droite
semi-réelle 5), en montrant qu’on peut interpréter a la maniére de complété des espaces
métriques en remplacant les suites de Cauchy par les suiles asymptotiquement mono-
tones et la condition d’équivalence métrigue par une autre, provenant de la relafion
d’ordre. En wvuae des applications aux espaces ultramétriques et aux corps valués, il a
étendu les opérations rationnelles de ¥ 4 certaines parties de & (ou de 5<% dans Ie
- cas des opérations binaires) en indiquant un principe général permettant de déterminer,
pour toute opération (de dimension quelconque) sur R le plus grand sous-ensemble
de 57, olt I'on peut raisonnablement 1’étendre, ainsi que la maniére dont cette extension
doit &tre faite, Il a d’ailleurs suggéré que ces méthodes s’appliquent, avec les modifications
évidentes, au eomplété de Kurepa de tout ensemble totalement ordonné,
J’ai pu généraliser les méthodes de Kurepa, et de Krasner aux ensembles partiellement
-ordonnés E ol ils donnent en général (contrairement au cas de l'ordre complet) deux

complétés différents de E, celui de Wm é¢tant, en général, plus fin que celui Exu
de Kurepa, Ex. pouvant étre considéré comme quotient de Bk, par une relation d’équi-

valence compatible avec l'ordre. D’autre part, si E est muni d’une opération (ou de
plusieurs opérations), j'ai pu déterminer, en me servant du méme principe, que dans le
cas totalement ordonné, le demaine maximal, oll cette opération (ou ces opérations)

peuvent étre étendues en tant que celle (ou celles) de Ex, ou Ex . ainsi que Ia maniére de
faire cette extension.

La présente Nofe est consacrée aun rappe! de la notion bien connue du complété de
Dedekind d’un ensemble partiellement ordonné E et définit son complété de Kurepa.

Soit E un ensemble (partiellement) ordonné. On sait qu'on appelle
coupure de I un couple (E,, E.) de sous-ensembles disjoints de E tels
-qu'un z € E est supérieur 4 tout y € E, si et seulementsiz€Es et quunaz €E
-est inférieur a4 tout y€E, si et seulement s1 x€E,. E, est dit la classe



(2)

inférieure de la coupure considérée et E, sa classe supériewre. 31 [ est

aun sous-ensemble de E, il existe toujours deux coupures sup E et inf I

définies comme suit

La classe supérieure B, de sup E est définie comme Vensemble 12, de
tous-les x€ K tels que pour tout y€E, x > vy, et sa classe inférienre est
Pensemble i, des z€E tels que pour tout y€E., & < y. Tnf K se définit
d’une maniére analogue, en renversant les réles de E,, E, par rapport a E.
On vérifie sans peine que Sup E et Inf E sont bien des coupures et que E est

contenu dans la classe inférieure de sup E et dans la classe supérieure

de inf E. On dit que e €L est un élément limite & gauche si la classe infé--

vieure de inf { e { n’a pas de dernier élément, et qu’il est un élément himite

& droite s1 la classe supérieure de sup{e{ n’a pas de premier élément.
Une coupure ¢ = (E,, E.) est dite une lacune st E, n’a pas de dernier
¢lément, mi £, de premier ¢lément. On dit qu'une classe d'une coupure
est définie par un e € si elle est la classe inférieure de sup {e ! (ce qui a

lieu si et seulement si ¢ est son dernier élément) ou la classe supérieure-
de inf e} (ce qui a lieu si et seulement si e cst son premier élément).

D’ailleurs,
supiet=— (jzek; x=el, SIS e o )]
et
e S = Rl D Nl
Complété de Dedelind. — Soit € D'ensemble des classes imnféricures et

supérieures non vides de toutes les coupures de I (o1, dans le cas on deux
classes de coupures différentes coincident en tant qu’ensembles, il v a lieu
de les distinguer; ce cas se produit pour It dans les coupures (¢, E) et (I5, &),

Soit d la relation d’équivalence telle que 1/, E”€ € tels que B’ 3£ E”
solent congrues (mod d), si et seulement si :

1° ou bien ils sont deux classes d’une méme coupure qui n’est pas un

saul, ¢’est-a-dire telle que, au moins une de ces classes ne soit engendrée:

par aucun e€ E;

20 ou bien les deux classes sont engendrées par un méme élément e€E
{donc sont les classes des coupures différentes inf [ e letsupfe ). Une€E
sera identifié avec la classe (mod d ) contenant les classes qu’il engendre,
et une lacune [ avec 'ensemble de ses classes.

I’ensemble £ = €/d qui est ainsi identifié & la réunion de E et de
I'ensemble L (E) de ses lacunes est ordonné comme suit : chaque classe

(mod d ) dans € contient au moins une (quelquefois deux) classes supé-

rieures de coupures, et 'on posera v << y (2, yeﬁ"/c’lw, x == y) si une classe
supérieure E,€x contient forcément au sens strict une classe supé-
ricure B, €y on vérifie sans peine que c’est un ordre partiel prolongeant.
celut de L),
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Complété de Kurepa. — Soit ~v la rvelation d’équivalence dans €, telle
que B, B"€ €, E/ = E7, soient équivalentes {mod ~) si et seulement si
ils sont les classes {de inf{e! et de supie| engendrées par un méme e
ce qui montre que ~ est plus fine que gf)

On posera E/ <2 E” s1 et seulement si :

a. ou bien chacun des E’ et E” est la classe inférieure d’une coupure
et B'CRE”,

b. ou bien chacun des E’, 7 est la classe supérieure d’une coupure
et E'DE”;

c. ou bien E’ est Ja classe inférieure d’une coupure et E” la classe supé-
rieure d’une coupure {(pouvant étre identique 4 la précédente ou différente
d’elle), et E'NE” = . On vérifie sans peine que cette relation est un
ordre partiel préservé par ~v, donc induit un ordre dans &/~ Le complété
de Kurepa est I, = @/~ organisé par 'ovdre précédent, et Pon applique E
dans Ey, avec préservation d’ordre en appliquant e € £ sur la classe d’équi-
valence dans € (mod ~) formée de la classe supérieure de inf{e| et la
classe inférieure de sup{el, cetle application sera considérée comme
une identification. Soit e€ K, s1 (E,, E.) = inf { e}, e est le premier élément
de E. et s1 E; n’a pas de dernier élément, autrement dit s1 e est un élément
hmite a gauche, E, (qui est & la fois, dans ce cas, élément de €
et de By, = T/~) sera noté ¢ [dans le cas contraire, si ¢’ est le plus grand
élément de E,, E, est bien un élément de & mais non de B.. et sa classe
(mod ~}, qul contient encore la classe supérieure de inf{e’ | est notée,
par identification précédente, e’]. De méme, s1 e est un élément himite 4
droite, la classe supérieure de sup {e! n’a pas de plus petit élément et
sera notée . Enfin, s1 [ est une lacune [ = (E,, E.), E, sera notée I et E.
sera notée [*. '

SMMax—=e,e e oul, " eoul [qui est Ta classe (mod d ) contenant la
classe & (mod ~)] sera dite la valeur de Dedekind de z; et & — —, o,
s’appelle Uespéce de Kurepa (ou le signe d’espace) de e* (o 'on pose e = e")
ou de {*. Visiblement, si E est le complété de Dedekind avec son ordre,
E‘;K“ peut s’1dentifier avec un sous-ensemble de B x i—, o, 1} dont la
projection sur It est E et dont I'ordre se déduit lexicographiquement de
celui de E et de Vordre — << o < - de f—, 0, + L

(*) Séance du 11 mars 1963,
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PUBLICATIONS DE L’ INSTITUT MATHEMATIQUE
Nouvelle série, tome 4 (18), 1964, p. 101—106.

SOME REFLEXIONS ON SETS AND NON-SETS

Djuro Kurepa
(Presented January 24, 1964)

1. Membership relation, 1.0. The relation & meaning ‘“fo be an element
of”” was introduced as late as at the end of the 19% century (G. Peano)

1.1. The relation € is not characteristic for sets.

1.1.1. One could call granular structure G any thing consisting of mem-
bers i.e. satisfying the identity

G={x; x € G}.

The solution x of x & G may be of a very various character and complexity.

1.1.2. There are sets S such that x © S has no solution x; such a set
is the empty set @; one convenes that @ is unique; but one might consider
a theory of sets in which there are many void sets.

1.1.3. There are non-sets X counsisting of all the x satisfying x € X;
such a thing are e.g.: the class O of all ordinal numbers, the class KO of all
cardinal-ordinal numbers ie. of all ordinals < © and of all ordinal numbers
of the form o, (€ 0), the class K of all the cardinal numbers, the class of
all sets, the hypertree (P, ) consisting of all the sequences

St 8gy S1a -y Sary e (' <Ca, aE0)
such that 5., is an ordinal number satisfying
Szz-'<m[:x’]; m[a']

denotes the first ordinal number such that the cardinal numbers which
are < kg form a well ordered set of type «'; for sequences s, ¢ one deno-
tes s=—|7, provided s be an initial section of ¢; if s=|¢ and s+ one wri-
tes a4 h. The hypertree (P, -) is connected to permutations of sets and of
numbers.

1.2, For sets the binary e-relation is antireflexive, antisymmetric and
antitransitive. In this sense the relation ¢ is complete negation of equivalence
relations (which are: reflexive, symmetric and transitive). Consequently, the
theory of sets being based on the theory of e-relation, is in a par.cular con-
nexion to the theory of equivalence relations in the frame of the theory of
sets itself.

1.3. The property of being a member (element), or class is of a relative
character.
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t.4. It is interesting that for any thing » — no matter whether 4 is a
set or a non set -- one might let correspond the set {b} consisting of &
as the unique member (cf. § 7.3).

1.5. Repetition sets or spectra.

1.5.1. For any set § and any member s of S one does not allow the
relation s S\ {s}. Therefore e.g. {2,3,3,3,4,4)\ {3} {2,4}.

1.5.2. On the other hand, there are structures in which it is relevant
whether a member occurs once, twice or several times. E.g. for an algebraic
polynomial a(x)=ay+ax-+a,x*+ - - - +agx" a,70, one considers not only
the set a, of zeros of a but also the unordered sequence

Sa a(]‘), a(g), o e B CI(")
of all the zeros of a(x), each with the corresponding frequency and such that

a(x)=(x—ag)(x—ag)- - (X—aw) dn,
where n is the degree of a(x).

1.5.3. The whole theory of “‘sets with repetition” or of R-sets could be
built; where R-set or spectrum is any ordered pair (S, /) of a set § and a
mapping f:5— K such that for every x& 8 the symbol fx denotes a cardinal
number 3> 0 indicating the frequency of x in 5. In such R-sers the relation
xESN{x} is well allowed.

2. On the i-operators, 2.1. For every object & let {b} or ib denote the
cef consisting of b as its unique term {(cf. 1.4). 2.2. The opposite operator:
the anti i-operator or —i-operator, associates to every set S all the members
of §; thus —i{b}=b, —i{l,2}=1,2 etc. The anti — i — operator is a multi-
valued function defined on every system of sets, granular structures etc,

2.2. The i-operator by iteration yields the i*-operator:

PP=ii ie. i*h=iib.
For any object b one could set
%= b, i*h=ib={b}, itV b i(i*b), Pb= .. .ii-.-iib

for every limit ordinal A.
2.2.1. Example. We have thc entities:

Loal={1}, #i= {{1}}, .o 00"l = - {{{1}}}- -

The first term 1 is not a set; the last one neither. While 1 has no elements”
and no structure — 1 is an atom — the entity ¢—i®" 1 has a structure; in
particular ¢ is a kind of infinitely complex unity.

2.3. Obviously, the objects b; {b}=ib, *b={{b}} are mutually related.
We shall say that & is in c*relation to i#b and write h&2i2b. More generally,
we shall write bE2S, provided iHE S; and for any ordinal number « we shall
write hEM®S, provided (@-D"HE S or "€ S, according as = is of the first or
of the second kind. We get in this way the s-relations:

<Y meaning L e UL
for every ordinal number «.

2.4. Sub-element relation. The ““logical sum™ of these relations might be
called the sub-element relation and denoted by E; xEy is read: x is a sub-
element of y; in particular case that £ means &, x is an element of y. It is
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to be observed that a set § can contain a thing x as its element or subele-
ment of various degrees, as it is shown by considering the set

{LilL 2L, ...}
2.5. For sets S the objects
8=5, i8S, 2S5, ..., *S§, ... (for any ordinal «)

are pairwise different. For nown-sets S, it is conceivable that the foregoing
objects are not all pairwise different.

2.6. It is interesting to observe that there are sets S such that if x&2§
then x &8, such are the sets

S={0,i0, 20},

10,i@,%e, ...},
where @ is the empty set.

2.7. For every object & we have the hypersequence
Bh=4b, i'h, .. *h, ...

of sets i*'h for «~ < « and of non sets i*"h for a—=ua; as to %4 =5H, b might be
a set as well as a non set.

3. Granuiar structures and non granular structures,

3.0. In every granular structure G the elements of G are differentiated;
there are granular structures which are nonsets. Such structure is every class
which 15 ““too extensive” to be a set, e.g. the class of all ordinal numbers
or the class of all sets.

3.2. A new kind of non-set structure /s obtained by considering things
with non differentiated elements, the ‘elements” having no individuality (in
atomic physics, in biology and in the theory of big molecules one is dealing
with such non-differentiated non granular structures).

3.3. Another kind of non-set structures is obtained, when the ‘‘evolu-
tion” of S is too much put forward in such a way that the constituents of
S need not be elements of S. Such one is the structure i®* 1=---{{{1}}}--:
too many shells are present and we are not able to reach from outside any
constituent. In this example there is a unique constituent; it is ready to form
more complicated structures with many constituents, tied and quite nonsepa-
rable mutually.

3.4. The notion of structure — granular or non granular -— is very gene-
ral and multivalent. The study of various structures is the very object of many
haman activitities. Every science is a structure. Every machine is a structure.
Language is a structure. Mental structures are of vital importance; mathe-
matical structures are reflecting some special observed structures. The
classification of various structures, the interconnections between them are
very important topics. It is very importani to examine the transitions and
mutations of a structure moving from a domain in another domain. As example
let us mention the following structures: relation, group, system, family, ope-
ration etc. which generated in biology but are transplanted in other fields,
particularly into mathematics.

4. Vacuous or void set. All-sets.



104 Djuro Kurepa

4.1. We assume the existence of a set without elements or proper parts
and being part of every set; it is called the vacuous or empty set and denoted
by © or v or A or @. Consequently, v is a set but the relation x €v does
not hold. We assume that v is unique. The relation v C § for every S is really
a definition of v.

The comsequence of the convention vC S is v € PS for every set S (as
usually, PS denotes the set of all the parts of S§).

The set {v} is not empty: {v} consists of v as its single element.

The philosophical aspect of the distinction of v from {v} is evident. The
mathematical implications of this distinction are very far-reaching. Is it really
non-contradictory to form {v} and to distinguish {v} and »?

v consists of nothing on the one hand, and on the other hand v is a
part of every set S and even an effective element of every P-ser PS. Hence,
S being any set the vacuous set v is an element and a part of PS i.e.v
€ PSNPPS.

The void set is connected to a number — with 0%,

The notion of void set is a useful convention and presents a magistral
dialectical unification of two different items: void and non void. It is to be
observed that void sets were introduced as late as the beginning of this cen-
tury. There is a unique void set, although by provenience one could classify
the veld sets in very various ways. The properties, conventions, terminology
concerning vacuous set might be very various and in mutual contradiction.
For instance, the set (space) v is considered as dense, non dense, nowhere
dense, finite, ete.

The considerations about the number 0 form a chapter of the theory
of void sets; dynamic theory of 0 is the very basis of infinitesimal processes.

4.2. The logical counterpart of void set — the ‘‘all-set” is not concei-
vable as a ser because such an idea would lead to contradictions. The non-
vacuous sets are either finite or transfinite. The theory of transfinite sets is
of great philosophical importance, and closely tied to logical quantors and
hierarchy types. The theory of void set(s) on the one hand and that one of
transfinite sets on the other hand are two aspects of human mathematical
and philosophical activity.

4.3. The void set and atoms. The void set v is to be distinguished from
general “atoms”. Atoms have no elements; e.g. such are the points in the sense of
Euclid. Various points are elements of sets. Since the points are distinguishable,
we are able to adjoin every individual point p to every set § — the result
1s again a set, the set {p}uUS; in general, this set differs from S; what is to
be compared with the identity SUv=S for every set S.

5. On the operator xU{x}=ux for every thing x.

5.1. Definition: ub is obtained by adjoining to b the thing b as an
element i.e. ub consists of the elements of » and of » as a member;:

¢)) xCubox=byxch.

5.2. Value of ub for any set b. If b is a set, then ub is a set containing
as well £ as an element as well as all the elements of b; since &b (b being

a

* The role of the number 0 is tremendous. How the role of 0 might be of a rela-
tive character, let us remember that 0 assumes the role of neutral element in a group.

If we are dealing with single-valued fonctions f on a set S, we could realize [ as
changing every x of § into fx; by idealization, we consider the identity mapping too as a
“changing”, although thee is no changing at all. Similarly, the resting is called a moving
with the speed 0.
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a set), we see that both wbDb and wb>b and more precisely ub\{b}>6.
In particular, ub+*b and moreover, b=ub+ {b} for every non void set 5.
One has wv=yU{v}={v}. .

5.3. Ub for any non set d, Let us consider the case when 5. is not a set.

53.1. Case: b has no element(s): the relation x € b is not possible.
In this case ub=={b}. In fact, since the relation x & b has no solution x, then
xEub=>x=>b and consequently ub={b}.

5.3.2. Case: b is a non-set containing at least one element: xS b is
possible for some x (this case occurse.g. if & contains very many elements—~b
is a class, a superset). In this case again, ub contains as elements all the elements
of & as well as b itself. Only, in this case the relation b & & is not excluded.
If b€ H, then wb=0b and b ub. If b b, then ub> b and ub™\ b= b; conse-
quently, ub=b, {b}. In particular, for every non void set & we have bt b
and therefore ub+#b, {b}, as stated already in § 5.2.

54. Theorem. The sysiem
(1) ub={b}, bnonc b

is characteristic for atoms or points ie. for things containing no element; in
particular, for the vacuous set © one has u®= {9} (the vacuous set is consider-
ed also as an atom). In other words, if (1) holds, then 4 is an atom; and
conversely, if & is an atom then (1) holds.

First, if » is an atom, then (1) holds, as was shown in 5.3.1. Let us
prove the converse: (1) implies that & is an atom. In virtue of 5.2. b is not
a non vacuous set; consequently, b is either vacuous set @ or b is a non-set;
in the last case, there is no x satisfying x €4 ie. b is an atom. Suppose on
the contrary that the relation x €5 be possible. Since & non € 4, then b and
x would be two different elements of ub, in contradiction to the hypothesis (1)
stating that ub is a single-pointset {b}.

The theorem 5.4. may be expressed in the following form.

5.5. Theorem. The relation x € b holds for at least one x if and only
if ub#{b} or b= b.

Let us prove this theorem directly.

1. First, if xE b is possible, » is either a non empty set or a superset;
if & is a non vacuous set, then bztubz={b}; if b is a superset, then ub also
is a superset and might not be equal to the set {b} consisting of the single
member b. Consequently, x € b = ub# {b}.

2. Conversely, let us prove that wb# {b} = x € b for some x. We have
to distinguish two cases.

The implication being obvious for the case b€ b, let us suppose that
bnon€bh.

First case: b is a set; since u@— {0}, one has necessarily b~ 0 and
hence x < b for some x.

Second case: b is a norn set; b is not an atom because every atom
satisfies ub={b}. Consequently, b is a superset and consequently, one ha
x=b for some x.

56. Theorem. If
(1) bu{b}=b, then bEb; and conversely,

(2) bEb implies (1); consequently (3) bU {bj=b=bE b,

First, by definition S ub i.e. b&bU{h} and hence by (1) one has b&b.

This means that (2) < (1).
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Secondly, if b€, then {b}Cb and bU{b}=0b; in other words (2) = (1).
6. Operator u, for any ordinal «.

6.1. Definition. Let « be any ordinal =0; for every thing & we
set wyb=1i%=b
uyb— b}~ i%bUith
uah = bU{bYU{{b}} = "Dt HU2h

ux b= i%b, (&' < =) for every ordinal o > 0.

One could say that

In the foregoing sections we considered the operator u,; the index «
in u, indicates the order type of summands in the definition of u,.

6.2. Of course, it is a particular problem to study the foregoing func-
tions u, as well as other ones connected to i*-operators.

6.2.1. It should be particularly interesting to study the function (®Ui* i.e.
to form b\ {{h}} for any object b.

6.3 Theorem. bEbu,b=5b as well as i*bEb for any positive
ordinal o,

As a matter of fact, we have the following chain of implications:

bEb=> B Cb=ibCih=itb CibCi%b=ibEh;
from here, by iteration one gets i*h S h, 3h& b, ...
Therefore we have the following
tph = ugb Vb= b (b} = b
uzh = bBU{BYI{{b}} = b
ush - b and
Uob=bUibJRHU. . . = p.

7. The foregoing considerations show a particular and very important
role of the relation

(D be b
and of the mapping
2) b {b}).

The simplest standpoint is the following one:
7.1. No set satisfies b < b;
7.2. No non-set satisfies b {b}.

7.3. 1t is a special task to consider axiomatically also such theories of
sets in which one of the propositions 7.1, 7.2 or both are not accepted.

BIBLIOGRAPHY

P. Bernays — A. A. Fraenkel, Axiomatic Set Theory, Amsterdam [958,
VIIL + 226;

A. A, Fraenkel, Absiract Set Theory, Amsterdam 1953, XII + 479;

b. Kurepa, Some philosophical aspects of the set theory (Atti XII Congres inten.
Filosophia, Venezia 1958, Vol. 5, Fi.enze 1960, 323—326.



GLASNIK MATEMATICKO-FIZICKI I ASTRONOMSKI
PERIODICUM MATHEMATICO - PHYSICUM ET ASTRONOMICUM

Serija II. Zagreb 1965 T. 20/No 1—2

ON TRIANGULAR MATRICES
Pure Kurepa, Zagreb

0. Introduction!

0.0. Since triangular matrices are much simpler than general
maftrices it is obvious that the study of a matrix which is represen-
table as a product of triangular matrices is easier to be effectuated
than if no such factorization is known or possible. This is so in
particular if a matrix a is the product of triangular matrices x, ¥
such that the last factor y is not only triangular but also such that
its diagonal is the constant 1. One has this situation e. g. in the
method of solving systems of linear equations by means of Bana-
chiewicz’s method.

0.1. Something analogous could be said for determinants.

0.2. Now, the question arises as to whether a triangular factori-
zation of a given (finite-size) square matrix is or is not possible.

We shall indicate a class of matrices which consists exactly
of products of ordered pairs of regular matrices (7.1; G-matrices);
consequently, it will be easy to indicate finite-size matrices with
are not products of any two triangular matrices.

0.3. Since every finite-size square matrix g is representable as
a product of triangular matrices, it is natural to associate with a
the minimal cardinal number K(a) such that a be the product of a
series of K(a) triangular matrices (K is the field or the ring over
which the matrix a is defined). For finite-size matrices a over the
field R of real numbers or over the field of complex numbers one
has Ka <3 (cf. 8).

0.4. The matrices we shall consider have values in a given ring
A with unit?; we shall suppose that A has no zero-divisors, i e.
that the product of two non zero elements of A is a non-zero ele-

! Some results of this paper were presented at the Colloguium of
the Society of Mathematicians and Physicists of Croatia on 27. 03. 1963.

2 Every ordered triplet (A,+,-) consisting of a set A and of the
operations +, . such that (A, +) be a commutative group and that (4, ')
be a groupoid such that operation .- is left and right distributive on
+ is called a ring; ring will be supposed to be associative, i. e, (ab)c =
= a (bc) holds good. 4 unit of R is such an element 1< R thatx.1=
=1-x=ux for every x< R.

Ovaj rad je financirao Savezni fond za nau¢éni rad i Republi¢ki fond za
nauéni rad SRH.
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ment of A3, There is a great difference hetween the case when the
multiplication in the ring is commutative and the case when it is
not commutative; in particular, in a commutative and associative
ring with division one has a theory of determinants and one of linear
equations the same as for the ring of real or complex numbers.

1. Triangular matrices

1.1 A (n, n)-triangular lower or L-matrixz or d-matrix is such
a matrix that all the elements above the main diagonal are 0. The
transpose of a d-matrix is an upper matrix or a g-matrix. Conse-
guently, if @ = xy is a triangular 2-factorization of e (two factors!),
then theoretically one has the following possibilities of multipli-
cation:

dd,dg, gg gd.

1.2, Left (right) triangular matrices. Analogously, one defines

left and right triangular matrices 1 and ». Instead of the main

diagonal d one could consider also the second diagonal d', consisting
of the values

Ain, A2, n -1, -5 Ef,ne1-dy+-.,8n1}
if all elements below (above) of d' are 0 the matrix is said to be a
right (resp. left) triangular matrix.
1.3. Four forms triangular matrices. Consequently, we have
the following definitions concerning any (n, n)-matrix a = [aiz]ix:
1.3.1. a is a d-matrix (=) lower-triangular matrix (=)
(= i<<k=app=0;
1.3.2. « is a g-matric {=) upper-triangular matrix (=)
{(=)izk=ap=0;
1.3.3. a is a l-matrix {=) left triangular matrix (=)
. (=)yi+k>n+1l1=ar=0;
1.3.4. a is a r-matriz (<) right triangular matrix (=)
(=i+tk<<n+1=a;=0.
1.3.5. Consequently, one has four forms of triangular matrices:
2 forms d, g of the first kind and two forms 1, + of the second kind.

1.3.6. The symmetry with respect to the vertical (horizontal)
median of the square carries the matrices of the first (second) kind
onto the matrices of the second (first) kind.

3 An element ¢ of R is regular provided that for some x € R, one
has ax = 1 = xa; x is denoted a—1,
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2. Some kinds of transposition of matrices

For an (n, 8)~matrix a-regardless whether of size n =35 or nis
we define the following four transposes:

2.1, a7 ;5 (@M, = ayy (symmetry with respect to the
(n, 8) first diagonal);

22 aly 5 (6% = Gpay v, s+1-¢ {symmetry with respect to the
second diagonal);

23 alT; @My =ai541-y (symmetry with respect to the
(n, s) vertical median);

24, a1 (0N = paioi» (symmetry with respect to the
(n, 8) horizontal median).

In particular, for finite-size (n, n)-matrices o one has

T,
aik‘ =Upei-kn+tl-4,

|
Qip = Qi,n+1-k>

-7
@ =qn+i-i k-

25. Remark. For finite-size non-square (n, s)-matrices one
could try to define two transposes more: as symmetric mappings
with respect to the diagonal issuing from the lower left corner and
from the lower right corner (observe that every {finite-size non-
square matrix has four diagonals, one corresponding to its own cor-
ner). But one sees that the first operation yields a: and that the
second operation yields a7 .

2.6. Central transpose of a finite-size matrix ¢ is defined as the
matrix a¢ obtained from a by the central symmetry mapping:

(@) ir = Guii-i, s+4-v-
2.7. One verifies readily that
e =N = @n'T.
2.8. Every kind of the foregoing transposes is idempotent: its
first iteration yields the original matriz from which we started.
2.9. For any diagonal square matrix a one has
Qin

. . e
al” == g7 = the second diagonal matrix = L Fen

Ant .
in which all elements outside the second dicgonal vanish.
2.10. In particular, we consider the matrix
1 -T 1
1’ = 1’ ('n,) = 1 -, =

1 1
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2.11. Several kinds of symmetries. In connexion with every
preceding transpose one defines the corresponding symmetry and
skew symmetry, respectively; e. g. a is centrally symetric (skew
symmetric) provided

a¢ = a (resp. a° = —a).

In a particular case that the values a;, belong to the field of
complex numbers or to some other field with conjugation z— z one
defines not only the scalar symmetry (skew symmetry) but also the
hermitian symmetry and hermitian skew symmetry by the equa-
lities

af = @ and a’ = —d, respectively.
E. g. o is horizontelly hermitian Skew symmetric provided

aT =—q.
3. Square root unit 1’ (n) and various transposes

For any n we defined the vertical transpose 1'(n) of the unit
{n, n}-matrix 1(n):

1

1'(n) = - L , T rOWSs,

et
3.1. For any positive integer n one has 1'(r)> = 1(n) or shorter

12 == }. Therefore, the matrix 1'(n) is called the square root unit
matric of order n.

32. Theorem. 321 a-1'(s)=al”, i e

n.s»
ie
t11 Oqp Q15 1 Ars 0151 €11
L
Qay Gpa ... Opg 1 Qps Gns—1 --. Ont
(1,8) {s,3)
322. U'(n)- @ =a 7, i e
(n,s)
00...1 Gy ... Qg Apy ... das
l —_—
1 Tng -+ Ang a1y ... Q15
323 «° =1{n)cl(s).

(n,s)
3.24. al= {(@))T = alTIT = (a1'(9)7) 1'(n) =
=1 (s)a’ 1'(n), i. e. aTe=1"(8) aT 1" (n}.
325 ali= {(a 7)) ",
3.2.8. a¥ = ((o7)T)'T = ((a~T)7:) 7.
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3.27 (ab)r=bTraly, i e. the second diagonal transposition
follows the same rule as the first dingonal transposition.

328. (@b =aTblT, (ab)=ab®; in particular, if a, b are
square finite-size matrices, then (ab)® = a® bt. In other words, the
central transposition is distributive with respect to the multiplica-
tion of matrices.

329. Corollary.

dl=r, 'd=1,
gl =1, I'g=r,
rl'=d, r=4d,
i11'=g, 1"l =d.

The proof of Theorems 3.2. is easy. Let us prove e. g, Theorem
3.24. ((('Ty7)1T); (going from outside, in the order as the opera-
tors | T, T, | T act) equals

((GIT)T,)i,n+1~j == (aIT)n-LI-)‘,t = Qpir-j s+1-4
Or, in this way:
@l ("' (n) = Q' (s)Ta") 1" (n)=1"(s) a” 1'(n) .
Let us prove the formula concerning the second diagonal trans-
position:
eb)l: =)@ ' =180 a1l m = 1Hbd1sna 1" n) =
=(I'(t) BT I'(s)) (1'(s) a¥ 1" (n)) = b= a2,
because of 1({s}=1"(s) 1'(s).
Analogously,
(ab)® = 1"(n) (ab) 1'(t) == (1" (n) a 1'(s)) (1" (s) b V' (t)) = a* b°.
3.3. Theorem. af = ¢ is equivalent to U'(n)e=a1'(s); if n =35,
then for every positive integer m
(a??l)(,‘ _ aﬂ? ,
if moreover, g is regular, then for every integer m the preceding
equation holds,
For every polynomial f one has af = a =) (f (@))° = f(a).

Proof. One has a° =1"(»)al’(s). From here, multiplying on
(n,5)
the right side by 1°(s), one obtains the requested equality, because

UE2=1(s).
Let a be a square finite-size centrally symmetric matrix; then
C=ca=1mel' @I ®Mel'R)=1Mn (@l Ml nael ()=
=1m{alnya)'(n) =1(n)a21 (n),

i. e. ¢? ig centrally symmetric.
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Analogously one proves by an induction argument that a3, a4,...
are centrally symmetric:

amtl = g g = (1'(n) am 1'(7&)) (1' nal (n)=1 (n)a™ a 1'(,n) =
=1 (n)a™11' (n), i. e. 1I'(n)a”"1 1 (n) = a”*1,

34. Theorem. The set of all centrally symmetric matrices
over a given ring R of a given size (n,s) forms an additive group;
if n = 5, they form a ring, in which for any member a the set (a’«, )
is a multiplicative semi-group; a/® = {a”; n < Iw = the set of all non
negative integers}; if n =s and if ¢ is regular, then o¢? = {a%;2 <
< D, D =set of all rational integers} is a multiplicative group; in
particular ¢! is centrally symmetric and one has

(@) = (@)1 (1)

For every finite-size (n, n)-matrix ¢ one has the unique decom-

position

a¢=2"1(a+a+ 21 (a—af)
into a centrally symmetric part and a skew centrally symmetrie
part, By definition of ¢—!, we have

gal-=qala=1, 2)

The premultiplication by 1'(n) and the postmultiplication by 1'(n)
and the intercallation of 1=1"-1" yield

(UFal)'e 21N =01 el)=1,
and since by hypothesis 1’a 1’ = a, one has
ef@ ) =()a=1,
which together with (2) yields
a{c ) =aat.

The premultiplication by a—! yields the requested central symmetry
(e—1)° = a¢~1, Now, from (2) we have

fea)f=1=1,
which in virtue of Theorem 3.2. yields
alay¥ =1, i, e (@) = (a).

Analogously, one proves that (a™)¢ = (a%)™, for every rational inte-
ger m.

35. Remark. If g” is centrally symmetrie, the matrix ¢ need
not be centrally symmetric.

3.6. A particular set of matrices s that consisting of power
centrally symmetric matrices (a matrix x is power centrally sym-
metric if for some positive integer »n the power x* is centrally sym-
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metric); all nilpotent matrices belong to the set (it is not difficult
to indicate a square matrix e such that no o™ is centrally symmetric,

m being a positive integer). Such a matrix is a= [1 1], because
. 01

QM = [1 m] and l’a”‘—ot‘"l':'m,[—'1 0]4:0.
01 01

4. Products of two triangular matrices

If x,y are triangular matrices, then the product xy need not
"be triangular (cf course, one supposes that the conformahbility con-
ditiont D, x = D,y for the existence of xy is fulfilled). One proves
readilly the following theorem.

41 Theorem. For any finite-size matrix (n, n) one has the
following table of multiplication of matrices:

x/y[d'gl'r
d|d 10O~
g |0g t O
L1 009
r O r d0

In particular, for reguler triangular matrices x,y one has the
following table:

NLTT_J

[ T
T‘[ﬁ TD—TJ' Tl_—a ! IDT
IRalsink
T, LT

N

If the matrices x and y are regular, then the T-veriex of the
product xy is & 0.

s For a matrix o we denote by Dia (resp. Doa), the cardinal nuinber
of all the rows (columns) of a.
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A T-vertex of the product xy is such a one that the correspond-
ing value of the product xy is the product of one hypothenuse value
of the factor x and of one hypothenuse value of the factor y.

42 Corollary. No regular square matriz the corners of
which are 0 is the product of two triangular matrices.

E. g. the regular (4,4)-matrix

(=2 ]
DD = L e
(LSl o
SoMNO

is not of the form xy, where x, ¥ are triangular.

The statement holds for matrices over any ring having no zero
divisors.

5. Regular triangular matrices

5.1.. A square -matrix a is termed regular provided there exists
at least one matrix x such thatax=1==xa.

One proves that this solution x is unique; it is denoted by a—'.

5.2. Non-regular square matrices are said to be singular.

53 Lemma. For any positive integer n the matrices 1(n),
1'(n) = 1(n)~7 are regular.

As a matter of fact, they both satisfy the equation xx = 1(n).

54. Theorem. (0). The product of two regular matrices of
size (n, n) is regular.

(00). The product of a regular (singular) and a singular (regu-
lar) matrix, both of size (n, n), is singular.

(000). For finite-size (n, n)-matrices over a field K, the product
of two singular matrices is singular.

(0000). There are singular not finite-size squave matrices a, b
over the field R of reals such that ab be regular.

(00000). Schematically one has the following multiplication
table:

| 1

d

_
5% | 2

oio{

where 1 means the property to be a regular matriz and 0 means
the property to be a singular matriz.

Let us prove the case (00}: if x is regular and if y is singular,
then xy is singular,
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In the other case, the product xzy would be regular and one
would have a matrix z such that

(xy)z=1=z(xy).

From here, the premultiplication by z—! would yield yz =x—,
which (post) multiplied by x yields yzax =1 and thus, since 1=
= zxy,

ylzx) =1 = (zx)y;

in other words, ¥ would be regular and y—!= zx, contrary to the
hypothesis that y is singular.

The proof of the case (000), for any commutative K, runs as
for the case of real-valued or complex-valued matrices, because inr
K one has a theory of determinants like in the case K =R (field of
reals) or K = R (i) (field of complex numbers).

Proof of (000). For any K (regardless of whether commuta-
tive or non commutative) the proof runs like this.

Suppose on the contrary that for some integer n 2> 0 and some
singular (n, n}-matrices x, ¥ the product xy = a be regular. In any
case there is a regular matrix p such that px = d (the proof is like
in real and commutative K). Hence, (pxly =dy, 1. e. pa=dy; as
a product of regular matrices p and ¢ the product (pa =) dy is a
regular matrix, say b:

dy = b (regular);
hence,
d (yb—1) =1 (n).

The product yb—' as product of the singular matrix y and of the
regular matrix b1 is singular; for the same reason, the matrix d
should be singular, which is in contradiction with the following
lemma.

54.1. Lemma, If dx = 1(n), then d is regular.

The lemma is a consequence of Lemma 5.6.1.1 and of Lemma
5.6.2.

In order to prove (0000), let us consider the following infinite
shift matrices S), S.; (¢f. Mac Duffee [1], p. 108):

01
01
01 -

Si=0dis1,6=

= characteristic function of the first upper diagonal,;

S*l:é’l—l.k: . .10

= characteristic function of the first lower diagonal.
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One sees readily that

S1 S .1 = 1(w) = infinite unit matrix, (1)

[Sflsl]u:()v ' (2)
otherwise

(S_1 815 =i

Now, S; is singular; otherwise, if S, was regular, the rela-
tion (1) would imply S;—! = Sy—1(S; S 1) = S_;, which jointly with
Si—18;=1 would yield S_; S;=1, contradicting (2). In the same
way one sees that S_; is singular. Consequently, S;, S_ are two
singular matrices and their product is the regular matrix 1 (w).

54.2, Remark. In the foregoing example of an ordered pair
of singular matrices with a regular product the matrices are of
infinite domain but over a commutative field; this fact is to be
compared with the statement 5.4 (000).

55. Theorem. (0). If a triangular matriz is regular, then
all of its hypothenuse values are regular; and vice versa; more
explicitly:

d is regular (= d,.,=F0 (v <n);
g is regular (=) g, F0 (» < n);
7 is regular (&) 1. 01 F 0 @< n);
1 is ’reQular (:’> ll',n+1—v:’:0 (""gﬂ)

(00). In any regular triangular matrix all corresponding prin-
cipal corner square matrices are regular.

551. Definition For a finite-size (m, s)-matrix we have
the following four corners of the matrix:

(1,1, (1, 8), (n, 1), (n, 9).

For a given corner V of a matrix a, any submatrix whose domain
is a subrectangle of Dom ¢ containing V as its corner is called a
principal submatrix of a, relative to the corner V.

55.2. Examples. For the matrix

1 2 3 4 5
¢=16 178 9 10]
11 12 13 14 15
the principal matrices corresponding to the top left corner (1,1) are:
[11] [1 2] 1 273
6 71, 6 7T 81
11 12 13

the principal matrices corresponding to the corner {1,5) (top right
corner) are:
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56. Proof of Theorem 55. If one deals with matrices
over the field of reals or over the field of complex numbers Theo-
rem 5.5 is obvious: the theorem is an easy consequence of the
theory of determinants.

56.1. Lemma. If d is regular, then the inverse d—! of d is
of the same form and (&1, =(d.) '3F=0F+d,.; i e dieg d~1=

= (diag d)~! = diag [di™, dee™ !, ..., dra Y]
Let x be the inverse of d which is of size (n,n):
dx=1=xd.

We have dy.x , = d;; in particular
di.x.s=1 i e dyyx;;=1, hence, x =d;!
and the value dy; is regular. For » > 1 we have
S =0=4dj 21+
{(because di; =0, for j > 0); hence,
x, =0, for » > 1.
Let 1 <Cj<n and suppose that for every ¢ < j one has proved

ri=dy Y, xp=0, for v>i. (3)
We have -
=4y =djrms; +...+djjcxi-1; T dyxis,

i. e, (because of (3))
1=dj; x5, xj5 = d~!

and, therefore, d;; 0. Thus, if j <n and j<k <+, one has

, djp = 0 = dyj xjr, for k>3,
and since d;; =0,
i =0, for j<k.

This proves the lemma. The foregoing proof yields a}lso the follow-
ing lemma. .

5.6.1.1. Lemma. If for finite-size (n,n)-matrides d,xr over o
untt ring without zero-divisors, one has d x = 1(n), then the diago-
nal values of d arve regular and one huas x,, =d ,I=|=0, for v =
=12,...,n.

56.2. Lemm a. If in a lower triangular matrix| d the elements
on the hypothenuse are regular, then d is regular.

As a matter of fact, as in 5.6.1 one proves that the equation
dx =1 has a solution of the d-form d and that the same solution
x satisfies xd = 1; therefore, the solution x of dx =1 is precisely
a1t ’

5.6.3. Theorem 5.5. (00), for a = d, is a consequence of Lemmas
5.6.1 and 5.6.2. |
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5.6.4. Theorem 5.6. holds for other three forms of triangular
matrices.

5.6.5. E. g. if 7 is regular, then r1'(n)=d is regular too; in
virtue of Theorem 5.5. (0) applied to d, the elements d,, are 3=0;
now dy» = ¥yn+1-», and we have r,,.1_,30; in other words, the
regularity of r implies the regularity of every element on the
hypothenuse of . And vice versa:

Tens1-»F0 =71, 0 = d is regular = d 1'(n) is regular = r is
regular.

Hence, Theorem 5.5. (0) holds for r-matrices too.

5.6.6. Considering the relation 1'(n)r=g, one proves, as in
5.6.5 for r, that Theorem 5.5. (0) holds for g-matrices too.

Finally, the substitutions g— 1, d = g in the reasonning 5.6.5.
yields as a result that Theorem 5.5. (0) can be applied to l-matrices
too. Hence, Theorem 5.5.(0) is completely proved.

Theorem 5.5.(00) being a consequence of Theorem 5.5.(0),
Theorem 5.6. (00) also holds; consequently, Theorem 5.6 is comple-
tely proved.

567 Theorem. The inverse of any triangular regular
matrix is of the same form as the matrix itself; the elements on
the hypothenuse of the inverse matrix are the inverses of the ele-
ments on the hypothenuse of the matrix:

a being triangular and regular, then a—! is triangular aend of
the same form and

(hypothenuse of a)—! = hypothenuse of a—!.

The proof is the same as the proof for the d-matrices.

6. Product of two regular triangular matrices

Of course, such a product is regular (cf. 5.4. (0)) but the specific
fact that both facfors are triangular matrices implies much more,
as is seen from the following.

6.1. Theorem. (0. If @, y are triangular regular matrices of
finite size (n, n) both, then the product x y has at least one com-
plete sequence of regular corner principal square submatrices.

(00). Let us agree that:

NW means any matriz in which all principal square submatri-
ces issuing from the left top or North-West corner (1, 1) are regular;

SE means any matrix in which all principal square submatri-
ces issuing from the right bottom or South-East corner are regular;

NE means any matriz in which all principael square submatri-
ces issuing from the right top or Nerth-East corner are regular;
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SW means any matrix in which all principal square submatri-
ces issuing from the left bottom or South-West corner are regular;

(000). Then for regular triangular matrices one has

dd=NW,
dg=NE,
dl = NE etc.

(0000). One has the following table

l d ol 1 T
d NW ASE| NW NE NE A SW
g SE ‘NW/\SE SE SW

I | NEASW SwW SE A SWINWASE
T | NE

NE AN SW NW/\SE'I NW

Here the symbol S denotes the conjunction.
The theorem is a consequence of the multiplication of block
matrices and of the results of 5.

A'O A
62. E. g dg— [u_] [_
clo 0

B’ [AA’] AR
p| | car cB +DD )’

here A (resp. A) denotes the (v¥)-left principal submatrix of
d (resp. of y); D (resp. D) denotes the right botiom principal square
submatrices of size (n—», n—v); B (resp. B) denotes (», n—v»)-sub-~
matrices issuing from the right top corner; B, B’ néed not be square
matrices. In the product d g the matrix AA’ is a left top block, a
principal square block; as product of regular matrices A, A" the
block AA’ is regular; this holding for every »< {1,2,...,n}, the
theorem d g =NW is proved.

6.3. Analogously, onte proves all other 15 theorems of the state-
ment 6.1. (0000).

E.g_gd=[m15 _ WO']= AA’—i—BC’],BD’]_
0[D] crip] bc’ Dol |

DD’ is a square principal submatrix issuing from the South-East
corner [n, n). Therefore, gd = SE as is indicated in the table.

6.4. Some matrix might have all four complete series of regular

principal square corner submatrices. Such a matrix is [; 2] ;
4

probably so is also the matrix of any consecutive positive integers
having the from
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in other words the diagonals of a(k,n) are k+1,k+2,...,k+n
and k+n+1,k+n+2,...,k+2n, respectively; the values out-
side the diagonals are 0.

7. G-matrices

7.1. Definition. Every matrix having at least one complete
sequence of reguler principal square corner submatrices is called a
G-matrix;’

In the particular case, when the corner of all members of this
complete sequence is (1, s), one speaks of a Gy, s-matrix. So e. g. if
a square G-matrix is infinite, then it is necessarily a Gii-matrix.
An infinite matrix might have at most two corners and, therefore,
also at most two complete series of regular principal square sub-
matrices.

Theorem 6.1 might now be stated also in this form:

7.2. Theorem. The product of any two triangular G-matrices
of the same size is a G-matrix,

7.2.1. Remark, In the wording 7.2 it is not allowed to delefe
the word striangulare as it is easy to show by counterexamples. The
product of two G-matrices need not be a G-matrix.

We shall need the following

73. Lemm a. The product of a lower regular matrix d and
of @ Gy-matrix a i8 a G, -matrix.

The proof is visible from the following diagram:

[ATo jA’|B _  AA" | AB’

CID  ¢|D CA'+DC'|CB +DD
d

the involved principal corner matrices are put in square brackets [ ].

7.4.(0). Every transpose of a G-matrix is a G-matrix. In par-
ticular,

(00) NW 1 = NE; more explicitly

[;:«r;a ].[i_@j]=[3_ci@j]-
C|D c'lo pc' ¢cB’ ]’

{000) 1I'NW = SW; more explicitly
o fB[] [Ta7s ] _[BC BD'Y
c v ¢ ip | | l€AICB |

5 The denomination is connected with the fact that to any G-matrix
a the classical Gauss algorithm is appliguable yielding a factorization of
a into two triangular matrices.
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(0000) 1'NW 1 = SE; more explicitly

o18il fTan : P10 [ R
[elo I c7] - ca B |-

The proof of Theorems (00), (000), (0000) is visible from the
diagram of block multiplications; in either case a principal regular
corner square matrix is put into a square bracket [ ].

75. Theorem. Every Gy-matrix a of finite size (n, n) is the
product of triangular matrices d, .

One might request that the hypothenuse of one factor be the
constant 1 (ordinarilly, one requests that the hypothenuse of the
second factor be the constant 1; then the determination of d, g
from ¢ = d g is performed by means of the Banachiewicz's method).

751 Proof. We are going to prove that the common Gauss
algorithm may be applied on the Gp-matrix a of size (n, n).

The matrix a being G);, one has a;; &= 0; therefore, we can
consider the lower d-matrix

1
—azi a1
d(l) = | —asay-t 1 ;

the hypothenuse of the matrix d (1) being a constant 3= 0, the matrix
d (1) is regular and even a G -matrix; let us consider the product

adl=d()-a;
one has
alv(l) =y,
a0 =0, for every 1 <<i<m,

In virtue of Lemma 7.3. the matrix ail) is a Gi-matrix; in parti-
cular, the second member of the (1, 1)-series is regular, i. e.

[all a12 ]
0 a2}

is regular; this matrix being triangular, its hypothenuse values are
= 0; in particular, ax® 3=0. Therefore, we might consider the
(n, n)-matrix d(2), for which d{2)iz = dir, kF 2, and for i <2 =L,
a2y, = a;, W a,, MW= for i>>2; let a® =d(2) a®; then ¢; @ =
=d@)i, =—a, V=00 for i=1,2;6® =0, for i>»<{1,2).
Reasoning as in the case of the matrix a{!), one sees that a® ig a
G, ,-matrix for which the (3, 3}-top left principal matrix is upper
triangular, regular, and therefore, in particular a,,® =0,

The procedure continues. One defines the matrix d (3) obtained
from the unit matrix 1 (n) in such a way that the part of the column
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1(n}.s is replaced by the corresponding part of the column-vector

o, 3@ agg®-1,
The matrix
a=D=din—1)dn—2)...d{2) - d(l)-a

is an upper d-matrix, say y. Now, the coefficient of ¢ as a product
of lower matrices is a lower triangular matrix, say b; since the
matrices d (i) were regular, b is regular too, and one has

ba=1y;
hence,
a=bly,

Since the inverse of a lower matrix b is a lower matrix, the
requested factorization of ¢ is obtained: ¢ = x y, where x =b—"
75.2. Remark. In case that the matrix is over a commutative
field (or over a commutative division ring) the foregoing procedure
might be directly described by determinants: ¢ = d g implies

D D,
d11911= DI: d5.’2= ‘25---: dﬂl'gl'x': ST Silsant (1":1$21'--sn)y
Dl Dv~1
where
a div
D,=det[.?1.....‘.]
Ayl Qyy
and
12--.4—114 12:-2j—11]
det @ / det a : :
D; D;
one puts

(cf. F. P. Gantmaher [1], p. 37, Theorem 1).
7.6. Theorem 7.5. might be written in the following way:

NW=dg.
Now, 1'(n)® = 1; therefore,
dg=da{l'(n) 'm)g=@@1l' () I'(r)g=rr,
and one obtains the following relation
NW=rr,

saying that every Gy-matrix is a product of two right triangular
matrices.



On triangular matrices 19

77 Theorem. Every square G-matriz of finite size is a

product of two triangular matrices; in particular one has the fol-
lowing factorizations:

(0 NW=dg, NW=rr,
(00) NE —=rd, NE =gl,
(000) SW =1lg, SW =gr,
(0000) SE =11, SE =gd.

The two factorizations 7.7. (0) were proved and yield Theorems
7.5, 7.6. The other factorizations (00}, {000), (0000) are obtained from
{0) by premultiplications and/or postmultiplications with 1'(n) and
then by intercallation, between the triangular factors, of the term
1{(n)=1"(n) 1{(n) as in the proof of 7.6.

E. g. the premultiplication of (0) by 1'(n) yields

I'NW=14dg,
SW=1g;

and this is the first equality in (000). The other equality in (000) is
proved in the following way:

SW=1(1'1Yg=01){I"g)=gr.

78. Main theorem. In order that a regular finite-size square
matric be the product of two triangular matrices it is necessary and
sufficient that it be a G-matrixz. In other words, the set of all
G-matrices of o given finite-size (n, n) coincides with the products
ry, where x, ¥y mean trigngular regular matrices of size (n,n).

781 Corollary. If a finite-size regular square (n, n)-matrix
o contains at least one singular principal corner square submatriz
in each of the four sequences of principal corner matrices, then the
matrix ¢ is not a product of two triangular matrices; such a situa-
tion occurs if all four vertices of a are singular (cf. 4.2.).

8. Factorization of any square finite-size matrix info two or more
triangular matrices

8.1. One knows that any square matrix o of finite domain is
transformable into a g-matrix g (or d-matrix) using only:

I. permutations of rows (columns),
II. adding to a row (column) of a any scalar multiple of another
row {(column) of a,

III. multiplication of a row (column) of @ by a scalar :i: 0.

8.2. On the other hand, addition of the row 1 u;. (of the column
Za. ;) to the row a;. (to the column a ;) is equivalent to the pas-
sage a— 1+ Ade(if)a(resp.a—a (1 +2e(ij), where e(i,J) means
the square matrix equals 1 in (i, §) and is 0 elsewhere.
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8.3. If A==0 and if a matrix b is such that b, . =a,. for any
vFi<[l,n] and b;. =1a; , then

b=(1(n)+@—1)e(i)a.
8.4. Now, the matrices 1(n) + i e (i, j) are triangular of the first
kind; they are lower for i > j, and upper for i <{j.
8.5. If alh# resp. ay j means the matrix obtained from the

matrix ¢ by permuting the rows (columns) { and j one has this
sequence of transformations (of columns):

d=Ja ja o .. '@ i@ sl 006 g R ey L @ s
-[L..a;j—f@;ta)...a;ta ;.. ]J=>[..—aj...a;+
+a;;..]=>L..—aj...—a jt+(aita .. ]
—[..—aj...ei..]J=>[..a;a .. ]=a4p.

To every transition — corresponds a multiplication on the
right. Hence,

a(l(n) te(i,j) (1(n)—e(j ) (1n)+ ()
+ e (‘t, J) (1 —2e (11 1')) = Qi i .

Analogously one gets ali: i

Since all the matrices (1) are triangular, we conclude that all
thre types I, II, III of elementary transformations are equivalent to
multiplications with special regular triangular matrices. Conse-
quently, there is a sequence of triangular transformations of the
type 1(n) + Ar e (i, jz) such that the matrix

m
a kH (1 (n) + Zx (i Jx)) = 95
-1
hence
a=g (1(n) T+ An(n Jn)) o (L) + A (&, 3L

8.6. Theorem. Any matrix is the product of triangular ma-
trices of the first kind. ‘

8.7. Operator K{a). Let K be the set of complex or real num-
bers and ¢ any square matrix over K of finite size: leté K (a) denote
the minimal number of triangular matrices of the first kind the

¢ The number K (a) depends on the matrix ¢ and on the division
ring K; analogous considerations could be done substituting for K any
division ring and particularly any field F; of course, the boundary 3 of
the theorem might vary with F. So far the present author did not succeed
in determining

sup Gy (a) D
a

where G, is the abbreviation for the p-point-field; a is running through
the set of all finite-size square matrices over the field G,; p denotes any
prime number,
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product of which equals a. We saw (4.2) that for some regular
matrix a one has not K(a) <2, Is necessarily
K(a)<3? (2)

Yes, as will be shown in another paper!
E. g. the matrix 1’ (2) is not of the form d g, but one has

[0 a]=0 8 6 =l [ 3] )
therefore, also (premultiplication of (3) by [g;g gﬂ]);

[0 012]:[612 0 } [1 1] [ 1 0]
Gp1 Ogp agettiay an] O —1) [—1 1]
Since, for a;1 £ 0,

[ﬂu a:z] — [flu 0 ] [1 a1 012]
- —_— »
Gs1  COag Goy floz-— oy Q11— 1t Gy [0 1

the relation holds for any ¢ of size (2,2).

Institute of Mathemaotics
University of Zagreb
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0 TROKUTNIM MATRICAMA

Duro Kurepa, Zagreb
Sadrzaj

Trokutne matrice su s jedne strane jednostavnije od opéih ma-
trica, a s druge strane sluZe kao materijal u izgradnji opéih matrica.

1.3. Imamo &etiri oblika trokutnih matrica: d-matrice, g-matri-
ce {prva vrst), te I-matrice, r-matrice (druga vrst); definicije su im
ul3l—1.34,
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2. Transpozicije matrice ¢. U 2.1.—2.4 dane su 4 vrsti transpo-
zicija zadane matrice a.

2.6. Centralne transpozicija a — a® definira se kao u 2.6, a vri-
jedi i obrazac 2.7.

2.10. Vazna je matrica 1'(n) kojoj je kvadrat 1(n).

3.2. Teorem. Razabire se iz napisanih obrazaca.

4, Produkt trokutnih matrice konadna formata. MnoZenje je pri-
kazano tablicom 4.1.

42, Korolar. Regularna kvadratna konaéna matrica kojoj su
uglovi 0 nije produkt od dvije trokutne matrice. Takva je npr. nu-
pisana matrica a.

5. Regularne trokutne matrice. Produkt para matricd vlada se
po shemi (00000); pri ¢emu 1 {odn.0) znaéi svojstvo biti regularan
{singularan); posebno produkt singularnih matrica moZe biti i regu-
laran.

6.1. (0). Produkt regularnih trokutnih matrica sadr?i bar jedan
glavni niz regularnih kvadratnih podmatrica; veé prema tome da
i taj niz podinje u sjeverozapadnom vrhu NW, sjeveroistoZnom
vrhu NE, jugozapadnom vrhu SW ili jugoistoénom vrhu SE govori
se o NW-matrici, o NE-matrici, SW-matrici, SE-matrici. Tablica
(00000) pokazuje pravilnosti koje tu postoje.

7. G-matrice jesu one koje posjeduju bar jedan potpun niz
regularnih glavnih podmatrica.

7.2. Skup svih trokutnih (n, n)-G-matrica ¢ini mnoZidben gru-
poid.

7. 7. Teorem o faktorizaciji G-matrica u trokutne matrice vidi
se iz obrazaca (0)—(0000).

78 Glavni teorem. Ako je matrica G-matrica, onda je
ona produkt dvojke regularnih trokutnih matrica; i obraute.

8.7. K(a) naznafuje minimalan broj trokutnih matrica prve
vrste kojima je produkt matrica ¢. Npr. K [(1) é] =3.

Uopce je K(a) << 3 za svaku kvadratnu realnu ili kompleksnu ma-
tricu konaéna formata.

(Primljeno 1. 11 1964.)
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ON ORDER-ISOMORFHISM OF TREES
DPuro Kurepa, Zagreb

1. Theorem. Let
(T» <): (Ts <’) (O)
be trees satisfying the following two conditions:

1. Every maximal chain of one tree is isomorph to every maxi-
mal subchain of the other tree (therefore, in particular, all maximal
chaing in (T, <) as well as in (T", <) are isomorph).

2. In (T, <{) as well as in (T", <} the cardinality of every node
N depends uniguely of the order type t(-,N) of the chain, the
points of which preceed the set N ; in other words if N is a node
in (T, <), and if N” is a node in (T', <)), then

tT(-,N)=tT(-,N)=>kN=kN". (1

Then the trees (T, <), (T", <) are isomorph, i. e. there exists «
one-to-one mapping i of T onto T such that

{8,0} < S (T, <= {ia, ib}, S(T, ). )

If v is the order-type of every maximal chain of (T, <<) as well
as of (T, <) and if for every y’' <y one denotes by k,» the cardinality
of every node N (resp. N') of (T, <) (resp. of (T", <)) satisfying
tT(-,N)=y% =tT'(-,N'), then the rank yT of (T, <) equals y:

(T, <[ =y=p(T,<) (3)
and
kT=2 I ky=kT. (4)
Lt 8- 2% o

1.1. Rem ar k. Obviously, any isomorphism i from (T, <) onto
(T’, <{') carries the set of all maximal chains (antichains) of (T, <)
onto the set of all maximal chains (antichains) of (TV, <).

12. Proof 0f the theorem 1. The sets T,T" are both
either empty or both non empty. The isomorphism i:T—T is
defined by induction argument involving the ordinal numbers < y.

At first, let Ry T, Ry T’ be the first row of (T, <), and of (T", <)
respectively; since t € R, T, x' < R, T imply T(-,x)=T"(-,2") =g,
the node Ry T has the same candmahty ko as the node N’ in (T, <<);
according to the condition (1), there exists a one-to-one mapping i,

Ovaj rad je financirao Savezni fond za nauéni rad i Republitki fond za
nauéni rad SRH.
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of R,T onto R;T". Now, suppose that « is an ordinal such that
0 <a<{yT and that a strongly increasing sequence

ig (@ < a)
of isomorphisms
ia’ :T(-,a')—-%T'(',a')
be defined such that

o << @y < it = iy | DOm iy = day | Dom iy, .

We define
T(',G):: “L) RE,T(',G]:T(',Q) L RaT-
<o
We extend iy into i, in the following way.

If ¢a—1 exists, we consider for every x< R..1T the node
Ny =Ry T(x,-) consisting of all the immediate followers of x in
(T, <) as well as the corresponding node N’z =R, T" ({s-1,"). The
sets Ny N’y being of the same cardinality, let y < N.— f-y be an
isomorphism between N; and N'p; then we extend i,_; into i, by
putting 4,y = f; ¥ for every £ < R..1T and for every y< N..

If ¢~ = a, we consider the set C, of all the a-chains C of type
a each and such that C contains a single point of every R: T (& << a).
‘We consider the node N¢ consisting of all the points x < T satisfying
T(-,x)=C; the chain C has no last element and for every ordinal
& <o the isomorphism i is defined for every {-section of C; we
denote by f, = sup i; the mapping, the domain of which is the union

<&

of the doma;in.sgDom ig, i. e, the set T (-, ). Consequently, we have
the chain

C' =f.C = {fac;c<C} and the node
Ng={z)2<T;T(,z)=C).

The mapping f. is an isomorphism between T(-,a) and T'(-, a).
Now we define i, on T(-,a] as extension of f.|T(-, @) such that
i« | N¢ be any one-to-one mapping of N¢ onto N'¢: for every C < C,.
Obviously, i, is an isomorphism between T (-, ] and T'(-, a]. This
being true for every a <y, this means in particular that sup i: =1

E<y
is an isomorphism between T(-,») =T and T'(-,9)=17", what
proves the first part of the theorem,
1.3. Let us prove the equality (4). For this, let us consider the
y-sequence
kOrkI""rkfy--- (£<?) (1)

of cardinals and for every £ <y a set S: of cardinality k: (e. g. S:
might be the smallest initial section of cardinality k: of ordinal
rumbers); we form the set T =(ko,k;,...) of all the sequences
S, 51, 82, ...,8,... of length a+ 1, under conditions that ¢ <y and
s; < S;; then we order T by means of the relation :I meaning »to
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be an initial section of«; then one verifies readily that (T,=!) is a
tree satisfying all the conditions of the theorem 1; consequently,
this tree is isormorph to any tree (T, <) occuring in the wording of
the theorem 1.

1.3.1. The sequence (1) is called the characteristic sequence of
the tree T'; therefore the tree T might be denoted

Tikor, . key ) zer )

5

1.3.2. Now, the cardinality of the tree (2) is not difficult to

determine. Namely the set of all the (¢ + 1)-sequences equals II ks
E<iy

according to the definition of product of cardinal numbers. There-

fore, the formula (4) of the theorem 1 holds true and the theorem

is completely proved.
1.4. Some particular cases.

1.4.1. Characteristic sequence ky, ky,... is a constant b, e. g.
2 or 3 or any finite natural number; '

1.4.2. If a—~ =g, then ky=1; if « <{q, then k, is a constant b
(the constant number b might be finite or transfinite); such a case
is obtained if one considers all the initial sections of the set kiv of
all the y-sequences of ordinal numbers <C w), where wq denotes
the smallest ordinal number of cardinality b. The study of subtrees
of such a tree for y = ws and ke = kw;s- is particularly interesting
{more particularly for the case d— <4},

143 I ¢~ =0a = k. =1 and if the sequence ks+ for § <y is
just the increasing sequence of the initial y-section of positive car-
dinals, then the T,-tree is closely connected to the factorial num-
bers; in particular, kT, =!'n=2k!..., k<n provided more-

ke

over that every maximal subchain of the tree equals n— (cf. [6!
§ 6.1).

2. Chain-cover preserving isomorphisms.

2.1. In connexion with the theorem 1. let us remark that the
property of a family to be a chain-cover (resp. an antichain-cover)
of an ordered set is preserved by order-isomorphisms. In other
words, let (0, <0), (O° <) be any ordered sets (partially or totally);
if F is a family of chains (antichains) exhausting (O, <) and if { is
any isomorphism of (0,<C) onto (0, <), then iF:={iX ;X <F}
is a family of chains (antichains) of (0", <U) exhausting this set.

2.2. A problem. Now the following question arises: If (O, <)),
{07, <) are isomonphic and if F, F’ is a mintmal family of maximal
chains (antichains) exhausting O, O’ respectively, does there exist
an isomorphism from (Q, <) onto (O, <) transforming the cover
F of O onto the cover F¥ of O'? In general, there is no such isomor-
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phism. But there are cases in which for chain-covers there are such
isomorphisms. In particular we have the following.
23. Theorem. (0) Let

kg,kl,...,k“,...(n<l’l)0) (1)
be any w,-sequence of positive cardinals <k w,=%,; let
(T, <), (T, <) (2)

be any trees satisfying the following two conditions:
Condition I. Every maximal chain is of the type w,;
Condition II. Every mnode belonging to the n'* row has ki
members.
Let S, § respectively be any set of s(T, <), s(T", <<')! mazximal
chains of the sets (2) respectively satisfying
J X=T, R o1 i (3)
Xes x'es’
‘Then there exists an isomorphism I from (T, <) onto (T, <) carry-
. ing the chain-cover S of (T, <) onto the chain-cover §" of (T, <{):
IS =28 ({of course the mapping I:5— S is one-to-one and
onto).
(00) If w, is a regular initial number such that

a<<ko; =20<wn,, 4)

then in the wording of theorem (0) it is legitime to replace w,, N
by ws, ¥, respectively.

(000) The general continuum hypothesis implies the proposition
obtaired from (0) by replacing w,, ¥, by any regular initial numbers
e, W, respectively.

23.1. Remark. The foregoing theorem 2.3.(0) for the case
that the sequence (1) is a constant sequence r,r,...,r being some
positive integer is due to M. Dolcher (v. [2], theorem 3); the
present proof is different.

232 Proof of the statement (0). Let us normally well-
order the set S as well as the set S':

Q

S=SG,81,...,35,...($<;~) (5)
§'= S’g,S’],...,S’;,...(E<},}. (5’)
We well-order normally every node of (T, <{) as well as every node
of (T7, <.
One has necessarily

S(T, <) <<kT=¥w, and 4 < w,. (6)

! The star number s(0, <) of any ordered set means the least
number of (0, <) exhausting O (cf. [5]).
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A requested isomorphism I will be now defined ag supremum of an
increasing sequence of order-isomorphisms I:

I= sup Ig. (7)

E <A

To start with let I, be the isomorphism from s, onto &, (let us
remark that every s:< S is a strictly increasing w -sequence of
members of T); we put v =0 and thus Ips)=5,. Let 0 <Ja<{1
and let us assume that the increasing sequence of isomorphisms

LIl st .50l Ducr (7<) (8)
as well as the numbers r, be defined such that
I;t s,u = S';- " (}u' < '1") , (6)

We define now I, as the extension of the isomorphism sup I, on
Mo
defining I.| s, in the following way.

It e=ap,a,... and b=bg, by,... are distinct sequences or
well-ordered sets we denote by i(a, b) the first index n such that
[ :,: bf; .

Now, we consider the numbers i(s,, S} (»<¢) and its supremum

B = sup ifs,, sa). (10)

v
Then f <Twpy; therefore, for some % <Ta we have f=1i(8,,5).
Consequently we have the point 5., <T and the point x' =
=l 18 < T; in the assumed well-order of the corresponding
node T'(x) of (T <') we consider the first point ¥y < TN\ U &, ;

A §
the first member of (5°) which contains the point y is the requested

§’-,- The construction is uniquely determined for every a« <1 and
one proves readily that {rs; e <A} =1[0,2), i. e. {#r0< Ay =8=
=15, where I =supl;. In virtue of (3) the theorem (0) is proved.
£<a

233 Proofofthestatement 2.3.(00). Under the hypo-
thesis (4) we have again relations like (5), (59, (6) (7) (replacing
wo by w,). The definition of I, for 0<Ca <1 is slightly modified.
By induction, we define two sequences pe(£ <Ca) and r: (£ << 0)
of ordinals <{A1. Putting po=0=1p, let 0 <Ca <1 such that for
& < o the numbers pg, rs are defined. If ¢ is odd we denote by p, the
first ordinal of [0,4) \{p,;» <<a} and consider: the chain s, , the
number sup i(sp,,8p ) =:48 and the chain {s, ,;y <{f}; we have

Vo

also the chain {s',-.v; y<<f} = : (" Since C is not maximal (the type
of C" is &, thus <{i= w,) the node n” of all the points ¥y <T"
comming immediately after the chain C’ is non empty; we consider:
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the first point ¥ in the well-order w n’ which is not contained

in “'f:)a s’,E and denote by s’ the first member of (5" containing the
S

point y¥'o; we define I.|s, by putting I.s, =5 . If « is even (in

particular if &~ = o) the numbers p,, r, are defined in a similar way

reversing the roles of p,,7.: we define r, as the first number

of [0,2)\{r;»<<a}; we consider: the chain s, , the number

sup i(sr, 8’ ) =, the chain C = {s, ; y <<}, the node n of (T, <)

v<o :

in which are immediate followers of C, the first point y, < wn™\

N Spg and the first member s» of (5) containing the point wy;
L

we define Ia—1|s’,m by putting I.1s, =s, . Consequently, for

every a<</1 the isomorphisms I,, I, are defined; putting [ = sup I.,
o<k

one obtains a requested isomorphism I of the theorem 2.3.(00).

2.3.4. The statement 2.3.(000) is implied by the statement
2.3.(00).

235 Remark on the theorem 23.(0). In some cases
the theorem 2.3. is implied by the theorem 1.1, in particular, if
the sequence k, k,,... is almost the comstant sequence 1,1,... .
If up to m we have k:=1(m < { < a,), then

ERo(T, <) =k R, (T" <)
and necessarily

S={T[a]l;a<R.T} S ={T{a];a €RaT'};

the sets S, coincide with the set of all the maximal chains of
(T, <), (T, <) respectively, and consequently the theorem 2.3 is
implied by 1.1 and the corollary 1.2,

23.6. Theorem. If the sequence (1) in 2.3.(0) is constant, it
is legitimate to drop, in the wording of the theorem 2.3.(0), the
conditions

T S k(-UO =¥y "

The proof is like the one in the section 2.3.3 of the theorem 2.3.(00).

3. On equality of order types.
3.1. If (O, <), (O, <) are ordered sets, we write
(0, <) <O, <)

provided (0, <) is order-imbeddable into (O, <), i. e. provided
(0, <) is similar to a subset of (O, <'). One defines

t{0, <) = t (O, <) (=) t{0, <) < t (O, <) A (O, <) << (O, <0).
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32 . Theorem. Let w, be any regular initial number and
(T, <), (T, <) any trees in which every maximal chain is of the
type w,; if for every x < T and every ¥’ < T the sequences

kR,Tix, -} (e < ) {1
kR, T'(x',") (& < wa) 2

are confinal in the sense that for every a<C w, there is some f=
= f(a, £} << w, such that

a<<Blax)and k Ry Tix, ) <k Rs T (', ), (3)

and for every o < w, there is some ' = # (¢, ") such that

@ < fia,x) and KRy T (2", ) <k RpT(x,); (3"
if
kRyT <<k RpT for some a < w, (4)
and
kR, T" <k R,T for some o< w,, (5
then
YT, <) =t(T", <. (6

In general, the trees (T, <J), (T", <) are not isomorph but there are
decompositions

T=T1JTe, T1 " Te=0 (7y
T=T{JTs, T ' Te=2 {8)

such that
HT<)=t(T, <) (i=1,2),. 8

Proof Let us prove that
t(T, <) < ¢(T", <. (10}

By induction, we shall imbed (T, <) into (T, <{). Now, to start with,
we define f,|R,T as any one-to-one mapping of R,T into Ro T,
where o' is assured by the condition (4). For every point a € R, T
we transform biuniquely, by some f,, the antichain R, T (a,-) into
a row of T'(f,q,); the cofinality condition of the theorem applied
for x = a, o’ = f, & guarantees the existence of f, | R,T(a, ) and
hence also of
LI W R T(,-);
acRIT

we extend f, also on R,T by putting f, {R,T = f, | R, T. Now, let
0 <<»<w, and let a strictly increasing »-sequence of isomorphisms
f;] U R.T, (£<<%) Dbe defined with antidomain C (T",<<). We

deflne also f,| U R.T as extension of every f:(£ <(»); on R, T we
[P

define §, in the following way.
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If »— <I» we consider every a <R, T, the row R, T (g, ), the
point f,_1a< T and a number f(a) > yf.-1 such that

kRﬂ(U)T’(fu—ia:')2kRUT(al')'

The existence of such a number §(a) << w, is assured by the cofina-
lity condition. Then for every a < R,_1T wé define f,|RoT(a,-) as
any one-to-one mapping into Rpwy T (fac1a,+). If »w—=»2>0, i e
if » is a limit ordinal, let C be any maximal chain of T(-,%) =
= (J R:T; necessarily tC =» because every maximal chain of

E<a
(T, <0) is of the type w, > ». Let then n(C) be the set of all points
of R, T succeeding to every point of C. If C = {f:Cs; £ <{»}, then
we have also the chain C" = {f;C:; ¢ <<»} and the node n(C")
consisting of all points of T' comming immediately after the set C".
Let then o’ < n (C7); let S(C) be an ordinal number such that

kn(C) <k Rgey T' (@', ).

The existence of §(C) < w, is a consequence of the cofinality condi-
tion because if ¢ < C, then n(C) is in some row R,T(a,-); by
the cofinality condition there is some ordinal x<Cw, such that
kR,T(a,-)<kR,T (a',-). The existence of f§(C) being proved
we define f, on n(C) as any one-to-one mapping of n(C) into
Rey T'(¢,+). Doing so for every chain C= {e;;c: < R: T, E<<»}
one defines f, on R, T'; we define f, also on every R: T as the func-
tion f | Re T (§ <<»).

Putting f= sup f,, we obtain a requested order-isomorphism
v < g

of (T, <0) into (T¥, <C) : the relation (10) is proved.
Permuting in the preceding proof T{—)T’, <{{—)<{ one obtains
HT', <) < H(T, <). (10)
The relations (10), (10') mean that (6) holds. The relations (7), (8),

(9) are a consequence of a known Banach’s theorem (v. [1]).
33. Corollary. Let o, be any regular number and (T, <J),
{T", <) trees in which every maximal chain is of the type w,; if
for ¥ < o, satisfying v— = » every node of the »* row has a single
point, and if for every x < T,x" < T the w,-sequences (1), (2) are
cofingl, then t(T, <) =t(T", <.
- 4. Sequences of numbers and cofinal increasing subsequences.
In theorems 1.1, 2.3 occur sequences of (cardinal) numbers; the
question arises as whether such a sequence contains a cofinal
increasing sequence.
41. Theorem. Let w, be any initial number; let

S0, 8,00 88,00 (§<a)0)' (1)

be any w,-sequence of ordinal numbers (of cardinal numbers); then
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the sequence (1) contains a cofinal increasing subsequence; in other
words, there exists a set S of ordinals such that sup = w, and that

a<<BN{e, B} T8 =5, <sp.

42. Corwllary, Every w,-sequence of ordinals (cardinals)
contains an increasing w-subsequence.

43. Proof 43.1. First case: the sequence (1) is one-to-one,
Le f<<n<<Tw,=>s:Fs,;. Let O= {s:;¢& < w,}; we put

km‘ < kn <:> (km < kn) /\ (T!’L < 'n) for m, 1 < We.

We obtain the ranged set (O, ) in which every chain is finite.
As a matter of fact, if O contained an infinite antichain A, then A
determines an infinite subsequence

%ay, Sug , - - . of (1) such that

@< ag<ay< and $p, =Sy, >S4y = ... -contradiction, because every
regression of ordinal (cardinal}l numbers is finite. Since every
antichain of O is finite and since kO = X, >> 8¢ the ordered set
{0, <) has the same power as some subchain C of (O, <) (ef.
Dushnik-Miller [3], theorem 5.25); and D. Kurepa [4] §
1.1}; the elements of C form a subsequence of (1) of cardinality
W,-it 1s cofinal with the sequence (1) itself.

4.3.2. Analogously, one proves the theorem for every sequence
(1) containing %, distinct members.

4.3.3. The thecrem is obvious also provided the sequence (1) is
cofinal with a constant subsequence.

434, There remains the case that the Irequency of every
mermber of (1) is <Iw%, and that there is no constant subsequence
of (1) which is eofinal with (1). By induction argument one proves
readily that there is then a cofinal one-to-one subsequence S of (1);
we might suppose that the order-type of S be regular initial number
;. Substituing (1) by S in reasoning of the first case one sees that
‘there exists a strictly increasing subsequence s of (1) which is cofinal
to S and consequently to (1) too.
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0 IZOMORFIZMU DRVETA
Puro Kurepa, Zagreb
Sadriaj

1. Teorem. Neka drveta (T, <), (T", <) iz (0) zadovoljavaju
ovim uslovima:

1. Svaki maksimalni lanac jednog drveta je izomorfan svakom
maksimalnom lancu drugog drveta;

2. I w jednom i u drugom drvetu kardinalni broj svakeg cvora
zavisi jedino od skupa svih prethodnika toga ¢vora; drugim rije-
éima, za sveki évor N w (T, <) i svaki évor N’ u (T, <) vrijedi (1).

Tada su drvete (0) izomorfna,

Za glavni broj kT vrijedi (4), pri ¢emu je k, broj ¢lanovae sva-
kog &vora N iz R, T. ?

23. Teorem (0). Neka (1) oznaduje proizvoljun e, -niz pozi-
tionih glavnih brojeva < kw,=N,; neka drveta (2) zadovoljavaju
uslovima:

01

I Swvaki meksimalni lanac je tipa w,;

II Swvaki dvor iz n-tog sloja ima k, ¢lanova.

Neka su 8,8 proizvoljne obitelji po s(T, <) odnosno s{T', <)
maksimalnih lanace iz (2) za koje vrijedi (3).1

Tada postoji izomorfizam I od (T, <) na (T, <) koji prevodi
S na S

{00). Ako je w, regularan podetan broj sa svojstvom (4), tade
je dopusteno u iskazu (0) zamijeniti w, sa ¥, te ¥, Sa ¥,

{000). Opéa hipoteza o kontinuumu daje sud koji se iz suda (0)
dobije zamjenjujuéi wp sa w, a ¥ Sa N,.

(Primljeno 18, T 1965.)

L' Pri tom s(0, <) (za ureden skup (0, <)) oznaduje najmanji broj
lanaca koji iscrpljuju O.
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IMBEDDING OF ORDERED SETS IN MINIMAL LATTICES
Dure Kurepa
(Communicated 4. February 1966)

1. Let
(1) (0,<)

be any ordered set; it is known that the set (1) is imbeddable into a
complete lattice L(0) (Mac Neille; cf. Birkhoff, p. 58; Szasz p. 73). In general
case, the cardinality k©Q of O is less than the cardinality & L(0) of L(O);
now the question arises as whether the imbedding of (@,<) into a lattice
(Or,<<g) is feasible under the condition that O and Oy be of same cardinality.

We are going to prove that for any infinite O the answer is by affir-
mative, for any finite ordered set (0,<C) which is not a lattice the answer is
by negative.

2. Let us consider the following problem:

Problem. Let n be any cardinal number; consider the minimal number m (n)
such that every ordered set of a cardinality n be isomorph fo a subset of a
lattice of cardinality < m(n).

The existence of m(n) for any given n is obvious: the question is to
determine m(n) as function of n. E. g. m(0)=0,m(1)=1 (the empty set as
well as every one-point set are considered as lattices); m(2)=4.

3, Theorem. For every cardinal number n>1 one has
{H m{n)< 2"
If n>=¥%,, then m(n)=n.

In particular, every infinite ordered set (0,<) is imbeddable into a lattice
{Ogr, <<g) of the cardinality k O.

4 Proof. 4.1. The first step in the transition (€, <7) — (Og, << x) consists
to adjoin to O: a first member, 0, provided it is not present in (G,<) and
to adjoin a last member, 1, provided it is not present in (O, <2).

The relation (1) is an immediate consequence of the forming of L (Q)
by means of subseis of O, all these subsets formlng the partitive set PO of
cardinality 2"

4.2 As to the existence of (O, <{g), at first we define O, as the family
of all the sets of the form

01X,(XC0,kX<¥X)
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where | X={y,y€0,X<y}
 0X={xxE0,x<X)
01X=0(1X).
Then (O,;S)is a lattice.

4.3 If for every x & O we substitute x for O (.,x) and < for S, then
0, vyields a set, say Oz and Or20; the set (0,<) is imbedded in (Og,<Cg).

4.4 l-extension of (O, <<). Moreover, the set (O, <) is an [-extension
of (0, <) in the sense that not only Op2 0 and

a<bin O=a<ybh in Oy
but also that for {a, b} SO one has
infy {a,b} €0 = inf, {a,b}=infoy {a,b}.
sup, {&,b} & O = sup, {a, b} =supop {a, b).
4.5. The cardinality of O, is such that
kO<kO,<k0+k02+k0*+ ...

4.6. Consequently, assuming the axiom of choice one has Kk 0"=4& O for
every natural integer r and every infinite O. Therefore Kk 0,=k0 and also
k0p=k0 because k0,=k0p.

4.7. For another proof of the theorem 3 <f. section 8.

5. Extension of the validity of relations inf {a,b} € O and sup {a,b} < O.

5.1 Sometimes it is interesting to imbed (O, <2) in a (minimal) l-extension
(M,p) of (O, <) in such a way that for a given

set EE(2)={X;XEO,JCX:2}, one has

xS E>infyx<c M or
x € E = supayrx © Mor both.

In general, the ordered set (M,¢) is not a lattice. The simplest case is
that E consists of a single 2-point-subset of O.

5.2. We are going to indicate a construction of M= M (F) leaving aside
the question whether the construction of M (E) is as economical as possible
in the sense to introduce in M (E) as many comparable elements as possible.

53, Lemma. Let (O, <) be an ordered set; let {a,b} = O and
i=inf {a, b} € 0;

let (M,p) be an ordered set extending (0, <) by adjoining to the set O a single
member x & O,

Then we have the following equivalence (1)< (2) where

(N illox,” xp{a,b)

%} i|le x means that neither ipx nor xpi (i. e. that i, x are p incomparable
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(2) infur{a, by € M.

The implication (1) = (2) is obvious, because (1) and the relation i € O
imply that the set of all predecessors of a,b in (M, p) consists of x and of
O[i,.) and has 2 initial points i, x.

Conversely, (2) = (1). At first, from (2) we infer that

(3) M, alnM(,bl=0(,al~0(,b]Ulx} and thus xp {a, b}

One has neither xp/ nor ipx because these relations would imply that
infy; {a, b} equals x and i respectively, in contradiction with (2).

The dual of 5.3 reads as follows.

S4. Lemma. Let (0, <) be an ordered set; let (M,p) be an order
extension of (0, <) obtained from (0, <) by adjoining a single point y; if {ab} S O
and s=sup, {a, b} € O, then the following conditions (4), (5) are logically equivalent:

(4) silay, {a,b}py
(5) supys {a, b} &€ M.

5.5. Lemma. Let (O, <) be any ordered set; if u,v<S Qand if inf
{u,v} does not exist, let x=x (u,v) be an object which is neither a member
nor a part of O: let locate the object x immediately before a and before &
and immediately after the set

{nH O(.,ulO(.,v]; in particular w—x—v;
for any other point ¢ of O we consider {, x to be incomparable.

If the set (I} is empty we define x to follow to every point of (0, <<).
The ordered set (M=0WU{x}; <) so obtained is an extension of the given
ordered set (0, <¢) leaving invariant supremum as well as infimum of any
2-point-subset {a, b} of O; i. e. if {a,b} S O, then

(2) i=infy {a, b} &€ O = inf, {a, b} = infy, la, bY:
(3 s—=supg {a, b} € O = supy (a, b} =supx {a, b}.
Let us prove the implication (2).

First infar{a, b} exists and is a member t of M; in opposite case, the
implication (2) = (1) in the lemma 5.3. would yield

(4) xp{a, b} and i, x.

In particular, xg{a,b} implies u < {a,b},v< {a,b} and from here, by
the definition of i=inf, {a, b}, one would have {#,v} < i, and from here
xpi, contradicting the second relation of (4).

Hence < Q. Therefore ipr. We say that t+ € O i. e, i=r and that (2)
holds. In opposite case, one would have r=x, thus ipx, and i< {u,v}. Now
x (=18 =infy {a, b}; therefore xp {a, b} and u < {@,b},v < {a,b}; thus {u,v} < i
and xpi, contradicting i{px, i+ x.
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Analogously, (3) is holding.

First, supar{a, b} exists and is a member z of M. Otherwise one would
apply the implication (5) => (4) in the lemma 5.4 and consequently one would have

(5) S“pxﬂ {a, b} ox.

The last relation implies {a,b} < u, {a,b} < v, hence by the definition of
s=supp {a,b}, s < {u,v} and therefore spx, contradicting (5).

On the other hand, z= M = zps. If moreover z € O, then necessarily
s=z and the requested implication (3) is proved. Now, suppose by contradiction
that z= M\ O, 1. e. z=x. Thenxps, x#sand {u,v} <s. Further, x=z=
=supys {a, b} implies {a, b} o x; from here by the definition of g we have {a, b}
< u,{a,b} < v and therefore also s < {u,v}, hence s < x contradicting the
assumption xp s, x 7 §.

Since the last sentence in the lemma is obvious, the proof of the lemma
is completed.

The dual of the lemma 5.5. reads as follows.

56. Lemma. Let (O, <) be any ordered set; if {w, v}S O and
supp {w,v} € O, then adjeining to O an object y =y (u, v) which is neither a mem-
ber nor a part of 0 and defining in M =0 U {y} the extension p of < in such a
way that u* =y=v*+ and that every member of the set O[u,.) O[v,.) precedes
immediately to y, while else y is incomparable to every other point of O then
for any {a,b} SO cne has the implications:

infp {4, b} € O = infig,<y{a, b} = infss. {a, b},
supo {a, b} © O = sup(o.<) {@, b} = Sups, {4, )

Y =8UPaap) {t, v}
The proof runs dually to that of the Lemma 5.5.

6. Theorem. Let (0, <) be any ordered set and E < (8) any set of
2-point-subsets of O; there exists an ordered set (O (E), <. (E)) extending the
orderzd set (O, <) such that {u,v] € E = infoy, {u,v) € O (E): moreover, if
k0 < N, then kQ=k0(E).

And dually for the supremum for every {x,y} S F where FC (8) is given.

Proof. Let

Gy, 8y, .y, ... (<)

be any normal well-order of E; for every ¢<<¥" we have
ay={agy, a4} £ O, Ay 7 gy
6.1. We define

o PE={(i, x); x € E};i is the first character of the word infimum; s is the
initial character of supremum; obviously, the sets E,iFE, are disjoint.

6.2. Let us consider the following ordered sets

(O < o1) (@<<F)
extending (0, <).
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If inf g, € (0, <) we put (0,5, <,6)=(0, <); if
inf a, € (0, <), then 0,,=0U {ia,} and we define <, by
intercalling in (0, <) the element (i @,) between g, and the set

4 O(, apln O (., a]

By the lemma 5.5, in the set (0, <) the infimum of a;= {a,, a4}
exists: if sup {x,y} exists in (0,<) so also in (0, <) and is the same.
6.3. One defines (0,,, < ;) substituting in the foregoing consideration 5.5, 5.6

020, < > <y, a,—>a; if

0<vy<¥ and if the set (0,5, <, is defined for every P < vy, we define
also (0, <,v) as previously on substituting

O—-u0, < =>U<, q—a
<y 16 By 1y

By definition

x(U < g) y means x << gy for at least one B<Cy.
B<y

6.4. The ordered set (0,,, <<,,) being defined for every ¢ < ¥ we define

g(0, <)=(0,,=<,) def (U Oy, sup <o)
— e=<y¢ @<l

6.5. The ordered set (0,,<{,) is an extension of (0,<) and one sees readily
that for {x, y} €F one has
inf {x, ¥} € (0,,<);
moreover, if x, ¥y € O have its infimum in (0,<) so do they the same in
(0,,<C,) with the same value.
6.6. One has k0,=k0 because k0<<k 0, <k 0 kiEZ
kO+k02=k0.

The proof for the dual form runs analogously on considering instead of
the set { E the set s E=(sx),x € F; s is the initial of the word supremum.
Of course, the sets 0, { E, s E are pairwise disjoint.

7. Theorem. Let (0,<) be any ordered set and ES(3), F<S(3); there
exists an l-order extension {M,<(p) of (0,<) such that

e E=infyy e o (M,<p) and f€ F = supnuf€ (M, < ).
The theorem 7 is an easy consequence of the theorem 6 for E=F=(3).
8. Another proof of the theorem 3.
Put in the foregoing proof E=(3)= F.
Then putting g(0,<<)=g, (0,<) and defining

g (g (O,-ﬂ)) = &1+ (0,<)= (01+rs‘-<= 1+r)
the requested ordered set (Og,<p) is defined in the following way:

0x=U0, <z=U<,, (0<r<w).

rar r
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One proves readily that the ordered set (Og,<p) is a lattice of cardinality
k0 and that (Op, <p) is an l-extension of (0,<).
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DENDRITY OF SPACES AND OF ORDERED SETS
Duro Kurepa, Beograd

The aim of this paper is to examine the supremum of cardina-
lities of some sets connected with a topological space. Especially,
we want to know the supremum of cardinalities of trees, of increas-
ing P-sets, G-sets, and analogous numbers for decreasing trees. In
order to examine the situation for the most general V-spaces, i. e.
spaces defined by neighborhoods, or equivalently by closure satis-
fying the isctonity condition and the condition that the closure
of the empty set is empty, we consider systems of sets, well-ordered
by inclusion, which are not necessarily closed, but in simple cases
are connected with closed sets (cf. the definition of the number F¢
in § 42.2 and of Fp in § 4.3.1).

The main results are confained in Theorems 1.1 (equality of
dr M, dr* M, cel M, w M for metric spaces), 2.2 (the same for pseudo-
metric spaces), 3.6 (equality of sep, w, dr, dr* for R-spaces), 4¢.2.4 (i)
(equality of dr, Sep, k.{F} for idempotent V-spaces), 4.3.4 (equality
dr* V =dp V = kg (FV).

0. Dendrity of ordered sets and spaces. Definitions

0.1. Definition of dr. For any ordered set (O, <} we define the
dendrity dr (O, <) of (O, <) as the supremum of cardinalities kT
of trees T! contained in (O, <), i. e dr (0, <) = sup kT, T being
any subtree of (O, <); instead of dr (O, <} we shall write also dr O.

0.1.1. In particular, for every family H of sets we have the
ordered sets (H, 2), (H, C) and the corresponding numbers dr
(H, 2), dr (H, ©).

0.2 Definition of dual dendrity dr*. We put
dr* (0, <) =dr (0, =).

Obviously, for any tree T we have drT = kT (= cardinality
of T). For any ordered set (O, <) the number dr(0, <) is well-
determined. ’

* Recall that a tree is any ordered set (O, <) such that for every
a € O the set O (-,a)={x;2 < 0,x < a} is a well-ordered subset of
(O, <.

Ovaj rad je financirac Savezn] fond za naudni rad i Republitkl fond za
nau¢ni rad SRH.
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0.3. Dendrity dr S of a space S. For any space S we denote by
G S the systemn of all open sets of the space; the dendrity of S is,

by definition, the number dr Sdifdr (GS, 2).
We shall see that dr S = Sep S (we distinguish Sep S from sep S; ef.
2.2, 2.3, 2.4 (ii)).

0.4. Dual dendrity dr* S of a space is defined by

dr* S = dr (GS, ).

We shall see that dr* S = dp S (cf. 4.3.2, 4.3.3, 434 (ii)).

0.5. S being a space, let FS be the system of all closed sets
of S; the numbers dr (FS, 2), dr (FS, C) are well-defined and easily
evaluated to be 1+ kS for every V-space satisfying {:?}= {x}-

068. Problem. Is there a space S for which (one of) the
numbers dr S, dr* S (is) are not reached?

The corresponding problem for ordered sets or general set
systems is answered in the affirmative. E. g., for every infinite
well-ordered set (W, <) we have dr* (W <) =dr(W, =) =¥, alt-
hough there is no infinite increasing sequence in (W, >)2

For the corresponding ordered space W (interval topology) one
has dr W =dr* W, as it is easily shown.

1. Metric spaces

M shall denote any metric space.
1.1. Theorem. For every metric space M we have

cel M=sepM=wM=drM=dr*M(cf. § 1.2).
The equality cel M = wM was proved by K. Haratomi [1]. The-

refore, it is sufficient to prove the equality wM = dr M.
1.2. At first, wM < dr M. As a matter of fact, let

S0, St1y.. .38, ... (n <)
be a system of wM disjoint open sets. If for any n» <@ we put

Gp=USn (m<n)

one obtains a strictly decreasing g-sequence of G-sets; this sequence
being a tree (T, 2) one has dr M >kn=wM, i. e. dr M > wM.

2 FEach time a supremum of ordinal (cardinal) numbers is involved,
one has to examine whether this supremum is reached under given
conditions (¢f. the wording of the ramification hypothesis stating that
for every tree (T, <) the number bT is reached in (T, <); bT is the
supremum of cardinalities of degenerated frees < (T, <); (an ordered
set is degenerated provided the comparability relation is transitive).
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Assume the contrary that dv M > wM and that consequently there
exists some tree (T, D) of open sets of M satisfying

KT > wM. )

1.3. Every row R, T being a system of disjoint open sets the
cardinality of R, T is <C cel M; the disjoint partition of T into rows
RyT(n<CyT), yT denoting the ordinal height or rank of T, we
infer that

kT =k yT and that consequently (2}

yT = wys1 provided ko, = wM. 3

1.4. The relation T > w,.; does not hold, because otherwise
one would have some X < Rle T; now, all members ¥ of T such
that Y = X would constitute a subchain of (T, 32) of cardinality
¥..1, in contradiction with the Baire statement that every strictly
decreasing sequence of G-sets in M has << wM members.

1.5. The relation yT = wy,; does not hold neither.

As a matter of fact, let B be any set everywhere dense (B = M) and
such that kB =sep M = ¥.(= wM). For every b< B there exists
some index n(b) < w,.1(=yT) such that b belongs to no member
of Ry T (in the opposite case, ail members of T containing b would
form a chain of cardinality k yT = %,.1, contrary to Baire’s state-
ment). Let

n = sup n(b).

beB
Since, for b < B, we have n(b) < w,+; and since kB = ®,, we infer
that n < w,+1. If then yT = w4, 1, the row Ru,1T would contain a
member X which is an open set of the space M; therefore, there
would be some b, < B M X; consequently nib))=n+1, i. e. n(b,)
would be greater than the supremum of all the numbers n(b), for
b < B, which is absurd.

1.6. The number dr* M equals wM.

As a matter of fact, every inereasing tree (T, &) of sets is composed
of a family of chains T[X, })={Y;Y<T, XC Y}, (X<R,1);
these chains are mutually incomparable, i. e. every member of
one chain is disjoint with every member of another chain. Since
kRo T < cel M << wM and since kT [X,-)<,wM (Baire’s theorem),
we infer that kKT << wM - -wM = wM, i. e. kT < wM; consequently,
sup kT <<whM, i. e. dr* M << wM. To prove the dual relation dr* M =
> wM, it is sufficient to consider any isolated set I = {ij,4,,...} of
cardinality wM and to assoclate with every n < w, 2 neighborhood
Oy (xp) having no other point of I but x, in common and, for every

1 < g to put Gp= |J Op {xm) in order to obtain a strictly increa-
m<n '
sing wg-sequence of G-sets.
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2. The case of pseudo-metric spaces

21. Theorem. If M is any metric or pseudo-metric space,
then
sep M =wM=cel M (1)

(for pseudo-metric spaces, see D. Kurepa [1], [8], [10] and P. Papi¢
[31)-

2.1.1. If M is metric, the relation (1) was proved earlier. There-
fore, let us assume that M < (D,) for some regular initial number w,.

2.1.2, Then the space M is definable by means of neighborhoods
forming a decreasing tree (T, D) of sets of rank @, each nonisola-
ted point x of M yielding the intersection {x} of the w.-sequence
of decreasing sets < T (cf. P. Papié¢ [3], théoréme 2, p. 218). Conse-
quently, if M is not isolated, there is some non isclated point x
of M and the w,-sequence of all members X, < T such that
€ Xp(n<yM = w,). Now, for n < w, we have X, D Xpn,1; on the
other hand, the set X;\Xn.1= X, M C X, is open, the members
of T being closed and open (cf. Papié¢ [1], p. 31). Therefore, one has
R, disjoint open sets

XuNXnit (n<<wg)

and consequently, cel M > k w, for every M < (D,).

On the other hand, T is a basis of neighborhoods and kT = wM.
Since kT'<Sup k R, T -y T <{cel M-¥, = cel M, we obtain the re-
lation wlM = kT < cel M and thus

wM = cel M, (2)

the inequality wM < cel M being absurd.
Relation (2) is the main part in relation (1) in the theorem, because
obviously, cel M < sep M << wM.

2.2. Theorem. For every regular w, and every pseudo-metric
space M < (D,) the dendrity number dr M equals cel M:

celM=sepM=wM=dr M =dr* M (cf. Theorem 1.1).

At first, let us prove the following generalizations of Baire’s
theorems concerning well-ordered decreasing (increasing) systems
of G-sets of metric spaces.

221 Theorem. The number sep M equals the supremum of
cardinalities of increasing sequences of F-sets:

(1) sep M =sup kF, F being any increasing sequence of F-sets
in the space.

Proof We have to prove that in (1) the symbol = means <
and >.

At first, let F,CF, c...C€F,<...(#<<0) be any strictly
increasing sequence of closed sets in the space M of separability
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sep M; then ko<{sep M; otherwise, ko> sep M; now, the sets
F,.1NF,(v <<0) being non empty disjoint sets, one would have a
o-sequence ¢, of pairwise distinct point a, < F.,1\F,(» < 0). Now,
the set F, being closed, there would be a neighborhood O, of a,
such that O, 1\ F, = ; therefore, the members of the o-sequence
0, (v <{g) would be pairwise distinct sets. Since obviously, it is
permitted to assume the sets O, to be members of a neighborhood
basis B of minimal cardinality wS, and since wS = sep § for every
pseudo-metric space S, the cardinality kB of B would be > ko>
>sep §, i.e. w8 > sep S, which is absurd.

On the other hand, let ag, ay,...,a, ... (» <<wg) be a normally
well-ordered set of sep M points, which is everywhere dense. We
say that kws = (1)». As a matter of fact, we have the increasing
sequence

F;.=Cl{an,a1,...,ag,...}g.(\,

of closed sets containing necessarily sep M distinet members; in
other words, there is a strictly increasing sequence of sep M closed
sets; this means that in (1) the symbol = is replaceable by <.

Analogous considerations lead to the following

222 Theorem. For every pseudo-metric space M, < (D)
the number sep M, equals the supremum of cardinalities of all
strictly decreasing sequences of closed sets.

2.3. The proof of Theorem 2.2.2 runs like the one of the
Theorem 2.2.1.

3. R-spaces and the corresponding numbers w, sep, cel and dr

3.1. Every R-space R is defined by neighborhoods which are
comparable or disjoint (as concerns R-spaces, see D. Kurepa [4], [7],
[10] and P. Papi¢ [1]—[5]). According to P. Papi¢ ([1], théoréme 3)
every R is definable by a decreasing tree of sets.

3.2, The question of relations between the numbers cel R, wR
is connected with the ramification hypothesis.

3.3. We shall assume that Fréchet's T -separation axiom holds
for R; therefore, we shall deal with T4-R-spaces R, defined by some
trees T of sets such that for every x< R the intersection of all
members of T containing x is the one-point set {x}.

3.4, Since every member of T is clopen (closed and open) we
infer that for any A, B< T the set ANB is clopen too. Therefore,
if 442 A.1D2...D4,D...(n<j) is any well-ordered decreasing
system of members of T, then the sets 4, 4.1 (n<{pf) are open
and disjoint. Therefore, k. R <{celR, kaR < celR. On the other
hand, the sets of rows R, T being pairwise disjoint, the decomposi-
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tion of T into rows R, T (n <y [I') yields

kT <<ecelT kyT,i. e,
wR <{celR-kyT.
Now, the number kT is either cel R or (cel R)"; therefore

cel R << wR < (cel R)*, i.e. we have the following
35. Theorem. For every Ty R-space R we have
WR < {cel R, cel "R}.

3.6. Theorem. For any T; R-space R we have cel R <_sep R =
=wR=drR=dr*R.

Proof The first relation cel R < sep R is obvious.

3.6.1. If wR=celR, then sepR=cel R =wR.

3.6.2. If wR = cel 'R, then R is definable by a tree T of neigh-
borhoods, such that yT be an initial ordinal number and kR, T <
< kyT for every »<CyT. Then kT =k »T.

3.6.3. Assume yT regular. Then kT = sep R because if B is a set
of sep R points, such that B = R, then to every point b < B corres-
ponds some index n(b) such that no member of R, T contains the

point b, If kB <k 3T, then the number n=supn(b) would be
beB
< 9T, and no member X of R,,1T would contain any point of B,

which is absurd, because X as an open set should contain some
point of B. Consequently, kB = k 4T.

3.6.4. If T is singular, again the relation kB < k»T does not
hold, because this relation would imply the existence of some
ordinal number § such that

kB < kd <<kyT,

the number 3T being initial. Now, let X< R;T; then the chain
T(,X) is of cardinality ké > kB and would yield a disjoint system
of open sets X\ X:.1 (£<74), where X;:D X and X;<R:T. In
either case kB =kT, i. e. sep R = wR.

3.6.5. There remains still to prove wR =drR.

Now, let T(G) be any decreasing tree of open sets of the space
R; we have to prove that

kT (Q) < wR, i. e, that the inequality
kT(G) > wR

does not hold. First of all, every row of T(G) is < cel R, the
members of R: T(G) being disjoint G-sets.

3.6.6. Every decreasing sequence S
Gi2G12...2GD... (£§<p

in any R-space R has << wR members.
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As a matter of fact, since every G is a union of a subsystem
of the basis B of neighborhoods of the space R, let us define for
every £ <{§ a member ¢ < G\ Gg,q and 2 member V:< B such
that a; < V¢ and V: © G: We obtain a mapping §: S— B, fG: = Vy;
the mapping f being one-to-one, we infer that kS <wR (= kB).

Similarly one proceeds for every increasing sequence of G-sets.

3.6.7. Let wR =kwg; since every chain from (T(G), 2) is
< kwg one has (%) yT(G) < wg.1.

If the sign < in (*) means < all is proved, because kR, T(G) <
< cel R < wR, and therefore, kT (G) << wR kyT(G) = %z = WR. The-
refore, let us assume

yT(G)= w1,
This equality is not possible neither, as is readily shown by the

argument like the one in section 3.6.3.

3.6.8. The proof of the equality dr* R=wR runs like the
corresponding proof in § 1.6 for metric spaces M.

37. Theorem. For every Ty R-space R one has
dr R=dr*R and dr R < {cel R, cel *R}.

Theorem 3.7 is a consequence of Theorems 3.5 and 3.6. The question
whether necessarily dr R = cel R is connected with the ramification
hypothesis, or rather with the rectangle hypothesis stating that for
every tree T, one has kT <k, T X keT (kT is the supremum of
cardinalities of all antichains © T).

38. Corollary. For every Ty R-space, in particular for every
pseudo-metric and for every metric space, one has dr = dr*.

4. V-spaces

4.1. According to Fréchet, every V-space V is definable either
by neighborhoods or by any isofone closure, such that g=g.

Let F V{resp. G V] be the system of all closed [open] sets in
the space. Then we have the ordered sets

FV,2), FV,)
(Gv,2), (GV,9)

and the corresponding dendrite numbers.

We shall see how the numbers drV=dr(GV, 3), dr*V =
=dr(GV, ) depend on density and dispersity properties of sub-
spaces of V (ef. 4.2.4. (i), 4.3.4 (ii). See also 0.5).

4.2, Functions Sep end F¢ for spaces. The main aim of this
section shall be to establish the equality 4.2.4. (ii).

421 Definition. Sep V = infyn, n being such a cardinal
that every subspace S of V be n-separable in the sense that for
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some X C S, one has kX <{n and }?2 S; in other words Sep V =
= Sup, sep S, S designating any subspace of V. The spaces satis-
fying ®,=sep S =Sep S are called hereditarily N.-separable.

4211 Problem. Is the number Sep S reached for every
space S7?

422 Definition FcV =sup kfW, W= {Wa},<. being any
strictly increasing well-ordered system of sets, such that n<<(yW)—
=" (W, 2 W) for some ordinal fa satisfying n < frn < (yW)—.

423. Theorem. For every topological V-space for which

SepV+FoV > (0)
we have
SepV=FcV. (1)
Proof We shall prove that neither
Sep < F¢ )
nor
Sep > Fg. (3)

According to the assumption (0) the number SepV -+ F¢V is infinite.
Then one of the relations Sep V > ¥y, Feg V > % holds.

2. Case Sep V > k wy; put Sep V = N,

2.1. Assume that (2) holds, i. e, that kw, < F¢V and that con-
sequently there exists some w,.1-sequence of increasing sets

FiCRc..FrC... (n<ws) and

some ordinal function f mapping every n < w,.1 into some fn bet-
ween 1 and w,.1 such that

1 (Fa 2 Fm) (n<<wa.1); consequently

Fu\FnoF g, for every n <<w,.1. @

2.2. We define a set P= {po,P1,...,Pn,---y (0 < wasy) in the
following way. Let pp be a point in Fp\Fp. Let n<Iw,.; and
suppose that a strictly increasing n-sequence ¢y, (m < n) of ordinals
< w,.+1 as well as a one-to-one n-sequence of points p, be defined,
such that 0, < Fi \Fn; let fn be the first ordinal such that
PmE Frn (m<m), and n<fn, Fiy \Fa3F 8. We define p, as any
point satisfying

Pn < Frotm \Fom) .

The number w,.1 being regular the construction of p, for every
n < we+1 i5 secured in virtue of (4). The points p, being pairwise
distinct, we have
kP=k Wael
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2.3. The subspace P of V is not ¥,-separable, because for any
subset X of P auch that kX <U¥W,,; there exists some r < @,,1 such
that

X CFy, paETFa.

These relations would imply

XCF,
and thus.
FpoN\NX DF,\F;;

consequently, since p € Fy \F,, we have p, < F;,\ X, and this
means exactly that the subset X of P would not be everywhere
dense in the subspace P of V; thus, sep P 2> Sep V, which is absurd.
The relation (3) holds neither.

2.4. On the contrary, we have
F.V>8epV. (5)

As a matter of fact, let X be any subspace of V. We define a
most extensive sequence W= {XOCXl .. } of subsets of X in the
following way. Let pp< X and Xp= {po}; by induction let X,=

= {Py,Di,-..,Pms+- - }men, Where Ppn<XN\Pn, Ppn={po,p1,...,
De, - - - Jewm. Putting fn = n + 1, for every n < (W)™, the sets W, fW
are of the same cardinality and have > sep X members each. Since
for every n << (yW)— we have

Pr+1 < Xm-i\im

i. e. the conditions of the definition 4.2.2 are satisfied for X, =F,,
fr=n-+1 and we infer that

FoeX >k yW (> sep X).
The negation of (2) and the relation (5} yield the reguested equa-
lity (1).

424 Theorem. For every idempotent® V-spece V such that
the number

SepV + F,V is infinite, one has
Q) SepV=FV=k(FV,C)=ka(GV, 2).
(i) sep V<drV=SepV=k(FV,C)ZwV.

Relations (i) are direct consequences of Theorem 4.2.3 and of
the fact that for any idempotent space the members of W in Defini-
tion 4.2.2 may be assumed to be closed sets (thus also fr=n -+ 1).

3 The space is idempotent provided ~f=§, for every subset X of
the space.
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As to the relation (ii) the question arises on kT for any subtree
of (GV, 2); since every chain in T is < Sep V (this is the content
of Theorem 3), and since obviously every antichain of T is < Sep T,
the question is to decide that kT = Sep* S does not hold. The
disproof of the last equality is like the argument in § 1.5.

4.3. Functions Fp and dp for spaces.

431. Definition. FpS=Sup kfW; W= (W,DW;...D
DWrpD... )neyw denotes any strictly decreasing well-ordered
family of sets, such that for any n <(yW)~ one has some frn such
that n < fn <yW and

T (W, C Wln); (1)
one puts
fW={fz; c<W} (cf. T. Inagaki [2], p. 198).

For idempotent spaces (condition X = J?) the conditions on members
of W are equivalent to the condition that they are closed (in the
notation for Fp, F stands for closed (fermé) and p for decrease).

4.3.2. Definition of dispersity dp S of S.

We put dp S = sup kX, X being any dispersed set in the space,
i. e. such one in which the empty set is the unique dense subset.

433. Theorem. For any topological V-space V we have

dpV=FpV. (2
We shall prove that neither

dpV<FpV mnor (3)
dpV>FpV. 4
4.2.3.1 Let us prove that (3) does not hold. Assume, by contra-
diction, that (3) holds, and that for some V we have dp V = kw, and
that there exists some w,,-sequence W of sets W, (n << w..1) and
a mapping ® << wa.1—> fa < (n, wee1) satisfying (1). ‘Since yW is
regular, one has kfW = kW (= #,+1).
Let us define a set

P= {pO) Pls---;pm---}n<wd+1 (5)

in the following way. Let pp be any point of the non void set

Wo\ Wy. Let 0<<n< w,.; and assume that the set {po, . - ->
Dm, . - -ym<n Of cardinality kn be defined such that

Pm = Wom ™\ ngm

for some strictly increasing n-sequence go<<g;<<...<gp<<... of
ordinals < w,,1. Let

s = Sup fgm.
m<n
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Then 1, <wg.1 because fgm < w,.; for every m <n and because
n < @Wy+1. We consider the number fr, > rn, and the non empty set
W, \W;rn; we denote by p. any point such that p, < W,, \V_Vf,n_
By induction, the set P is defined. At the same time we see that

Pn < Pa, (6)

where Pn= {ps; n<_s_ < wa+1} because, by construction, one has
P, C Wy, and pn§ Wpa.
Therefore, the set P would be dispersed, i. e. if X is any set
satisfying

XCc P, XC Der X, then X=0. (7

In the opposite case, there would be some non void X satisfying
(7); let then p, be the first member of X in the well-ordered set (5);
then the relations (7) would imply pr < Der X, and consequently
Pr € P,, which contradicts (6). Consequently, the assumption (3) would
yield a dispersed set X of cardinality ¥,.1>> ¥%.=dp V, and this is
contradiction. Therefore, (3) does not hold.

4.3.3.2, Let us prove that (4) holds neither. Let V be any space;
put Fn V = kw,. Assume, by absurdity, that the space V contains a
dispersed set X of cardinality > w,. Without loss of generality we
may suppose kX =¥,,1. Let

X={:cu<:a:1<...<:r:,,<...},,,.q,,a_t_1 (8)

be a well-ordering of X.

4.3.3.3. There should be a kX-limit point in X; i. e. there
exists some a < X such that for every neighborhood O (g) of «

one has
kO(@) M X =kX (= Na.1). 9)

In the opposite case, to every x, < X there would correspond some
Oy (xy) such that
k(ou (xz) M X) <kX. (10}

This would enable us to form a w,.1-sequence Fr (n < w,.1) in the
following way.

At first, let Fg= X ; assume 0 <7 <Zw,+; and assume Fp (m <<
<Zn) be defined; let 7, be the first member in (8) of the set
XNU Oy, (xr,,); putting Fo=XN U Oy (%r5), the set F, would

m<n m<n
be defined for every n<Cwg.1. One sees that F, (n <<w,.1) should
be a strictly decreased sequence of sets such that Fy\ Fp..15¥ g,
contradicting the assumed equality Fp V==x,.

4.3.3.4. Let X,, be the set of all the kX-limit points belonging
to X. According to 4.3.3.3 the set X,, is not empty. We say that X,
is dense in itself.

As a matter of fact, let R=X\ X,,.
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43.3.5. Then kR <C¥,; the proof is indirect and runs like the
one in 4.3.3.3.

4.3.36. Now, let b< X,,; every O (b) contains kX points of
X=RiU Xp; i€
k [O(b) M (R U Xm)] =¥Was1
k[O(b) N R] + Kk [O(b) Mt Xm] = Maut
k [0 (B) M Xm] = Mes1—k [O(B) N R] and thus
according to 3.3.5. one should infer that
KIO(b) N Xp) = Nas1 =k X for every b X,

and every neighborhood O(b) of b; in other words, X,, would be
non void dense-in-itself subset of the dispersed set X, which is
absurd. This finishes the proof of Theorem 4.3.3.

434. Theorem. For every idempotent V-space V one has
(@) dpV=FpV=ka(FV, 2)=ke(GV, ©),
(i) dr*V=dpV=ka(FV,C)=k (GV, )< wV.
The relations are direct consequences of Theorem 3.3. and of the
fact that for any idempotent space the members of W in Definition
3.1 may be assumed to be closed sets (and also to have frn =n + 1).
Concerning the relations (ii), one has to evalute kT for every subtree
T of (GV, C); since every chain in T is << dp V (cf Theorem 3.3.},
and since every antichain of T and particularly RoT is < dp V we
infer that kT <{dp V -dp V = dp V; therefore, also supr kT < dp V;
the sign of equality holding here in virtue of Theorem 3.3. for the

simplest case, that T is a chain, i. e. without non comparable
members,

43.5. Corollary. For every idempotent V-space, the equality
drV=dr*V
is equivalent to the equality
SepV=dpV (cf. 42.1, 43.2).
The corollary is implied by Theorems 4.2.4. (ii), 4.3.4 (ii).
4.4, Systems @GV, C), (¢GV, D).

4.4.1. p-operator. For any set E in the V-space V let ¢ E be the
family of components of E (every member of ¢ E is a most extensive
connected subset of E). For a family H of sets, let

9pH=UgeE (E<H).

In particular, for the family GV of all the open sets in V we have
the system @ GV = H and the numbers dr (H, 2), dr (H, =).
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Earlier we proved the following theorem and the following
corollary:

442 Theorem. (a) For every infinite locally connected
space V one has

ke (GV, CY=k, (@pGV, C)+celpGV.
{b) For every infinite locally connected V-space V we have
(GV, 2) > kaigGV +celpGV.

(c) In order that for every infinite locally conneted V-space V
one has kaGV =kqa@GV + cel ¢ GV, it is necessary and sufficient
that every infinite tree T satisfies kT = bT (D. Kurepa [5], Theorem
2, p. 468). '

4421 Corollary. Every infinite locally connected V-space
V satisfying ke GV < cel G satisfies ko GV = cel V (Ibidem, Coro-
llary 2, p. 469).% Now, using these results, we shall prove the follo-
wing.

443. Theorem. Every infinite locally connected V-space
satisfying

ke GV < cel V (03
satisfies
dr*V =celV 1
and
SepV=drV_>kepGV +celV. (2)

As a matter of fact, let T be any increasing tree of G-gets of
V; then
T= U TIX, ); M
XER,T
for every X << RyT the system T (X, ‘) is a chain; and according
to the Corollary 5.2.1. we have kT'[X, -} <cel V. Since RyT is a
digjoint system of G-sets, k Ry T < cel V and the partition (1) yields
kT <<kR¢T -cel V=rcelV, i.e. kT <celV. Therefore, also

supr kT < cel V(T € (GV, ©))

and consequently
dr(GV, S)<cel V.

The dual relation of the last one being obvious, the requested
equality (1) is established. The relations (2) are implied by the
Theorem 4.2.4. and the Theorem 4.4.2. b.

* The paper was written before World War II and was printed
during the War; because of the War, I had no opportunity to read the
paper. Therefore, the paper contains many misprints as well as some
material errors. E. g, the wording of Theorem 1, p. 464 is false for
increasing trees ¢ because some member X < ¢z may contain also
incomparable members of @ r; this error does not affect the implications
involved.
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444, On the condition ke GV < cel V (Mardedié’s example).
This condition arose in the Corollary 5.2.1; then I added »Je ne
connais aucun espace localement connexe vérifiant p.w G > ps Ge
(i.e. ke G > cel G, D. Kurepa [5], p. 469, footnote!®). Now here is
an example of such a space exhibited by S. MardeSi¢ in 1962.

Let I=R[0,1] be the real unit interval and

X=1IIL({I,=1a<w)

for some £ > 0. Then X is a locally connected continuum. One has
cel X = w, (Marczewski [1], [2]; cf. also P. Kurepa [5] 5.5.6). On
the other hand, let

Fa=( O 0)X( I L) 0,=0<I,.
0psn n<v<og
Then Fp is closed and obviously F,, n < we, is a strictly decreasing
we-sequence of closed sets; therefore, the complements U, =X\ F,
yvield an wgsequence of strictly increasing G-sets, and one sees
that U, is connected. Thus U, < ¢ G. Consequently

ke GX = Ng > Ny=cel X,

4.5. The relation between sep and Sep. Function Is. Obviously,
sep < Sep, 1. e. for every space S we have

sep S < Sep § and (1)
sep S <LIs S < Sep S, where (2)

45.1. Definition. Is = Sup; kI, I being any isolated set in
the space S.

4.5.2. There are spaces S for which the sign < in (1) means =
(such are metric spaces, pseudo-metric spaces, R-spaces, etc.); but
there are spaces S for which sep § <X Sep 8. Such is the space of
Kuratowski [1] consisting of real numbers and for which the closure
operator K is defined by

KX = Der(—X) U X.

This space (R ; K) is separable but Is(R, K) = Sep (R, K) = ¢ because,
e. g, the set of all positive numbers is isolated.

453 Theorem. For every totally ordered space C we have
sepC=IsC=SepC.

As a matter of fact, let S be any subspace of C. If B is any
subset of C, such that k B=3sep C and B = C, we shall prove that
S contains a subset S) of cardinality <<kB and such that S, be
everywhere dense in S, in the sense that every open non void inter-
val of S contains a point of S;. Now, let I1(S) be the set of all the
isolated points of S; then to every x < I(S) we associate an open
interval I. of S, such that x be no extremal point of I, and x < I,
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and that the intervals I, (x < I($)} be pairwise disjoint (cf. D.
Kurepa [6], Theorem 1.1). Every corresponding coextensive interval
C (I;) of C contains a point of B; B satisfying B = C; this can be
done in such a way that the intervals Cl.(x < I(S)) be pairwise
disjoint. Therefore,

KIS)<k@®BMN U CL). (3)

XEers

On the other hand, let us consider the remaining set SNI(S)=R;
every ¥ < R is non isolated in S; therefore, it is possible to agsociate
with ¥ an interval Op(y) with extremal points in B; again, it is
possible to associate with Og (%) some element s(Op(y)) < Oz(y) M S.
Let

So = I{S) s UR {s(Os)}; (4)
yE,

Sy is a subset of § everywhere dense in § and, as a consequence
of (3), (4), one proves readily that kX Sy <k B.

5. Totally ordered spaces

51. Theorem.

(i) Every totally ordered spaces C satisfies
drC< {celC, cel* C}, dr*C=celC, drC=sepC; (1)

(#) The identity (2) dr = dr* for totally ordered spaces is equi-
valent to the tree rectangle hypothesis stating that

kT <kyT  kgT, for every tree T. (3)
1. Let us consider the case that C is connected and consequently
also locally connected. Since in this case kegp GC < cel C, Theorem
4.4.3. implies (4) dr*V =cel C.
2, On the other hand, sep C =Sep C (cf. Theorem 4.5.3); the-
refore, by Theorem 4.4.3 we infer that

sepC=drC. (%)
3. Now, by successive éubpartitions of C one proves that
sep C < {cel C, cel” C} (6)

(cf. . Kurepa, Thése 2, p. 121, Theorem 2). From (5), (6) we obtain
the first relation of (1).

4, In our Thesis we proved that (3) is equivalent to cel C =sep C
for chains (cf. P2 (—)P5s in Théoréme fondamental, p. 132). In virtue
of (1), this means exactly that the identity (2) for chains and the
identity (3) for {rees are equivalent.
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5. If the chain C is not connected, the filling of holes of C and
of gaps of C by single points and sets of type A=tR respectively

yields a connected chain C for which the numbers occuring in the

theorem are the same as for C'; the theorem being proved for C one
concludes that the proof of Theorem 5.1 is finished.
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DRVNI BROJ PROSTORA 1 UREDENIH SEUPOVA
Dure Kurepa, Beograd
Sadriaj

0.1. Droni broj dr. Za uredeni skup (0O, <) drvni broj dr (0O, <)
definira se kao suprem glavnih brojeva poddrveta toga skupa.

0.2. Dualni droni broj dr* (O, <) definira se kao dr (0O, >).

0.3. Dronost prostorea S definira se ovako: dr § =dr (G S, D),
pri ¢emu G S zna®i skup svih otvorenih skupova prostora.

0.4, dr* S2eidr (G S, ©).

0.6. Problem. Ima li koji prostor S za koji dr S, dr* S ne bi
bili dostignuti?

11. Teorem. Za svaki metriéki prostor M stoje jednakosti
ispisane u engleskom tekstu.

21 Teorem. Za svaki metri¢ki ili pseudometritki prostor
stoje jednakosti (1).

35. Teorem. Za svaki T, R-prostor R vaZe odnosi ispisani
u engleskom tekstu.

4. V-prostori V. Neka je V proizvoljan V-prostor, tj. topoloski
prostor s izotonim zatvorenjem i da je O = 9.

421 Definicija Sep V je infimum glavnih brojeva n tako
da svaki potprostor od V bude nr-separabilan.

422 FoV =supe kfW; W ={W.}rc. oznaluje dobro ure-
den sistem skupova s ispisanim svojstwom za bar neki redni broj
fn za koji je n<Tfn <(y W)~.

423. Teorem. Uz uslov (0) vredi (1).

4.3.1. Definicija od Fp S se razabire iz engleskog teksta.

4.3.2. Rasprienost dp S prostora S je supremum glavnih bro-
jeva raspr3enih podskupova (skup je rasprSsen ako mu je prazan
skup jedini u sebi gust podskup).

433. Teorem. Vredi (2).

434. Teorem. Ako je V-prostor idempotentan (tj. X = X za
svako X © V), tada vredi (3) i (if).

4.4.1. p— operator. Za svaki skup E iz V neka @ E zna¢i skup
svih svezanih komponenata od E; ako je H obitelj skupova iz V,
tada @ H zna&i uniju od ¢ E pri E < H.
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Nadovezujuéi na neke prethodne rezultate (Kurepa [5], Theo-
rem 2, p. 468, str. 2, p. 469) dokazuje se

443. Teorem. Svaki beskonadan lokalno svezan V-prostor
za koji vredi (0) zadovoljava (1) i (2).

4.4.4. Navodi se primer 5. MardeS§i¢a iz 1962, prostora V koji
je lokalno svezan i za koji je ko GV >cel V.

4.5. sep, Sep, Is.

45.1. Is V je supremum glavnih brojeva izoliranih skupova
prostora V.

45.2. Teorem. Za svaki landasto ureden prostor C imamo
sepC =1IsC = Sep C.

5. Potpuno uredeni prostori.

5.1. (i) Svaki lanéasto ureden prostor C zadovoljava (1);

(ii) Identitet (2) ekvivalentan je s hipotezom (3); pri femu

T oznaduje drvo.
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ON THE CATEGORY NUMBER OF TOPOLOGICAL SPACES
Puro Kurepa (Beograd)
(Communicated February 9, 1966)

Introduction. René Baire introduced the notion of category of a space
S and defined that S is of the first or of the second category, according as
the space § is or is not a unjon of <N, nowhere dense sets. In this con-
nexion we consider the minimal number of nowhere dense sets exhausting
the derivative DS of the space S. Also we were lead to consider the minimal
number of nowhere dense sets the unjon of which should be everywheie
dense in DS.

We shall examine how these notions are connected with some other
properties of space. We consider also the class of all corresponding category
numbers for some classes of spaces.

1.1. Definition of the category number c:S of S, Let be: S a topological
space, IS the set of all isolated points and DS the derivative of § (i. e.
DS =8~1S). The minimal number n such that there are » nowhere dense
sets the union of which coincides with DS is called the category (number) of
S and is denoted by ¢tS; in other words

ctS=inf kY, | X=DS, XcY > §=CX.
XeY

In particular we put ct@=20.

1.2. Definition of the subcategoricity sctS of S. The infimum of cardi-
nalities of set systems Y of nowhere dense sets, the union of which yields
an everywhere dense set on DS is called the subcategory number of S and is
denoted by estS.

For example, if S is the real line or any complete dense metrical space
then sctS=¥, and ctS>¥y; if 2% =, then ctR=¥,.
If sS denotes the separability of § (i. e. s§ is the infimum of cardina-
lities of everywhere dense sets) then obviously
sctS<5S.

We shall now exhibit a class of totally ordered spaces showing that
sct S, crS might be ¥,, while kS, s§ are arbitrarily high.

2. Transition (0, <)—> (¢ 0, =) for any ordered set (O, <).
2.1. We define o0 as the set of all well ordered subsets X of (O, <)
such that Y<{y for some y=0. For a, b6 O we denote a=|b the fact that

149



150 Puro Kurepa

a is an initial section of &. If L is any ordered chain we extend the partial
order of (¢ L, =|) into a total order <, defining a<,b to mean a—b or
a,<b, in (L, <) for any a, & (c L, =!); here a={a,, a,, ...}, b=1{b,, b, .. .},
a,<b,, e:=ef(a, b) denoting the first ordinal number £ such that a:s£5:.

2.2. We proved (D. Kurepa [2] that (oL, <{,) is a linearly ord.red set.
Consequently, for any totally ordered set (L, <)we have also the ordered
space (o L, <C,) defined by the interval topology on (s L, <,).

2.3. Let us consider the particular example of the ordered set (Q,=)
of rational numbers and of its order type 7,. We use a similar termino-
logy for any ordered set and for its order type.

2.4. Lemma. Let x&v,; then the totally ordered subset

¢))] (e (-5 X))
is nowhere dense in the chain
(2) (ony; <), i.e.

every non void interval I of the chain (2) contains an interval I, disjoint from
the chain (1).

Proof. First (cf. B. Kurepa [3] p. 91 Lemma 4.2 and [4] L. 4.2.
p. 41) there exists some c& om, such that

(onele, )=DEL

Since for every ¢ —¢'=om, we have also av,[¢, - ) [ we might suppose
that the set ¢ contains at least one point ¢, such that x<t¢, and e={¢;l:cv; ve
denotes the order type of the well ordered set c.

Now, let aSa{n(-, x)). Then e(a, ¢)<<v. According asa<,coraz=,¢
we have a<,on,le, -) or a>,on[c, -) and never aSo(nle, () )=4.
Since 4 is a non empty section of the chain (5%, <,), every interval it
contains is disjoint from (om,(-, x), <,) what was to be proved.

.25. Theorem. Let (L, <) be any dense ordered chain; then the category
ct(o(L, <) <) and the cofinality number cf (L, <) satisfy the relation

ct(o(L, <) <Y<cf(L, <).

As a matter of fact, let W be any well ordered subset of (L, <) such
that kW =cfL and that (W, <) should be cofinal to (L, <{). Then (¢ L, <C,)
is the union of kW nowhere dense sets s L (-, x) (xEW).

2.6. Theorem. (i) The category number of the chain (1) c(ny=<,) is Ny. If L
is any ordered chain cofinal with w,, then the category number of the ordered
space (owg, <) equals N,.

(ii). The chain (1) is not a union of ¥, special nowhere dense sets, each
being an antichain in the tree (sn,, —|).

The first part (i) is implied by the theorem 2.5. As to the second
part (ii) we refer to the theorem 4.1 p. 37 of the paper D. Kurepa [4].
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2.77. Corollary. There are spaces of the categoricity ¥y, of any high cardi-
nality za and of any separability degree s=¥N,.

As a matter of fact, it is sufficient to consider any ordered chain L
such that ¢fL=¥,, kL=a; then ¢f(cL, <)=N;, kolza Of course, we
might suppose also that sep LZ=s; this with sep o LZzsep L implies all re-
quested conditions,

3. By an analogous argument one proves the following,

3.01. Theorem. If (L, ) is any dense ordered chain cofinal to a regular
initial number wg, then the categoricity of the natuyral order

M (O (L, ) €,) s < N
@) et (o (L, <), <)< N,
in particular if S is any subset of L cofinal to S and to wg, then the sets
) (6 (S(-, <) ES)

are nowhere dense in (3) and exhaust the chain (1).
3.2, Corollary. For every regular ordinal number ws one has
Ct(GYJSa ‘-<-‘rr) QNS

4. Some propositions concerning the category numbers.

4.1. Theotrem. For a given infinite number c1S=n and any infinite cardinal
number m>>n there exists a space X satisfying ctX =n, kX =m.

As a matter of fact, 1t suffices to consider a family F of cardinality m
of replicas of § and the union U of all the members of F topologysed in
such a way that every member X of F be the subspace in U identical with
the given space X. Then ctlU =ctS, kU=mkS=m n=m.

4.2, Theorem. For every nfinite number b there exists a metrical space M,
satisfving ctM =b.

As a matter of fact, let R(b) be the set of all the w-sequences of ordi-
nals <<w(b), each of which is almost the constant sequence 0, 0. .; we metrisize

. I
R (b) by the funciion p(a, b)=——
l+eo(a b)

b=(by, b,, ...) of distinct members of R (b); ¢(a, b) is the first index n at
which a,#b,.

Then the space (R (b), p} Is metrical. dense in itself and satisfies
sep R(B)y=b=kR(H)=ctR (D).
4.2.1. Corollary. M running through the class of metrical spaces the class
{ctM .. .}y is not a set, because it contains every infinite cardinal number b,

4.3. Problem. Let S be any topological space; if ¢tS>§, and if r is any
cardinal number satisfying N,<n<CctS, is there a subspace S’ of § satisfying
¢i8'=n?. In other words, do the numbers ¢tX, (¥ CS) fill the cardinal
interval [sep S, ¢t S]?

4.3.1. For metrical spaces, the general continuum hypothesis implies a posi-
tive answer.

for every pair a=(agy, a,, ...),

4.3.2. The question arises to establish the result 4.3.1. without assuming the
continuum hypothesis.
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1. Introduction.

1.1. At several opportunities (c¢f. the bibliography at the end of the
article; in particular see my memory [8] written in 1937) one was lead to
consider trees A=A, having the following properties:

Y. The height vy A of A is an initial ordinal number w,;

2. Every row RgA:={x; xEA4, type of A(-, x)=E} is of a cardinality
<k, and sup; kRy A=k, (for an ordinal v we define v— to be v—1 or v,
according as v—1 exists or does not exist; in particular 0~ =0).

3. The cardinality of every chain in A is < kA.

4, For every xS A the height v [a] of all the points of A each of which is
comparable to a equals y A.

5. For every x&A the node | x|, ={x; XCA, A(-, x)=A(-, a)} has |
or kv x points, according as (Y Xy =vyx or (yx)~<<yx; here vx is the ordinal
satisfying x -R, . 4.

1.2, If w, is cofinal to ey, 4, does not exist; 4; does exist (N. Aronszajn,
v. [5], p. 96) as well as 4,4, for every ordinal «; in this paper we shall prove
it without continuum hypothesis; the proof is analogous as it was done for
the case =0 in P. Kurepa [8] and is based purely on order considerations
(cf. also [1}, {15]). i

The problem of the existence of A, for inaccessible v, remains open.

1.3, In the section 2 we define an ordered set H=RY; the properties
of R* and of o R” shall yield in § 3 a requested set A,;,. In § 5 we shall
prove that every A,,, obtained in § 4 contains an antichain of cardinality
kA,., — a property closely connected with the author’s ramification hypo-
thesis (cf. [6], [12]).

1. The set D,. Let w, be any initial ordinal number; we denote by D,
the ordered set

{.ovy —oty ooy, =2, —1,0, 1,2, ..., & ...} (x<w,).

The order type of D, equals e +w,; . e (D,, <) is coinitial with oy
and cofinal with &,. The members of D, might be called w,-integers.
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2. The sets R*, R'(<,).

2.1. Let R¥ be the set of all finite sequences of members of D,.

2.2. Set H=(R*, <«,). We order R* by putting for members a-
=(ay, a,...a,), b=(b;, b,, ..., by) of R’ that a<,b means either that a
is an initial portion of b (i. e. «<{p and g;=b; for i<e) or, that a;=5
(i<ig), a,<b,, where o=¢(a, b) is the first index at which the sequences
a, b differ (ratural ordering of complexes). One sees that

(2.1) H=(R", <,)
is a totally ordered set.

2.3. The cardinality of H equals keo,, 1. e. kR*=N,.

As a matter of fact, kR“:xv+&3+Nz+ e =N N =N

2.4 Theorem (i). The set H=(R', <) is totally ordered and dense.

(i) The ordered set H is order-imbeddable into every of its intervals I,
even so that I contains a subinterval similar with H (quasihomogeneity of R*).

(iii) Every gap X|Y of (R, <,) is of the type (g, wo) i. e. X is cofi-
nal to w, and ¥Y=RN\Y is coinitial to wo. Every interval of H contains gaps,
i. e. the gaps of H are everywhere dense in (2.1).

(IV) Every ordinal number o, a<<w,+, 15 imbeddable into H; w,,, is the
first ordinal which is not imbeddable into H.

Proof. (1) For a={(ay, a;, ..., a)C(2.1), the set S=R,(-, a) of all
predecessors of a has no terminating member; in fact, let us consider a,&D,;
if @, has in D, its jmmediate predecessor a,, 1. e. if a, Is isolated ordinal,
then the set § is cofinal with the w,sequence of all sequences of the form
(@pa, ... a,-, @ «'), w’ running through D,; if a, =a, (i. e. if a4, is an ordi-
nal of the second kind) and equaling £w, then S is cofinal with the »,-
-sequence of members (g, 4, ... d,—, Pls<a,» By dual considerations one proves
that ¢ has no immediate follower.

Ad (11). Let a=1(aza,...a,), b=(b,, b, ..., b))ER’ and a<,b. Then
cither a is an initial section of b or there is the first index p<<w such that
a,<. b, (thus a,#b,) and a;=b; for every i< . In the first case, m<n; let c,
d be two members of D, such that c<<d< b, ,; then the mapping x & R'—x"=
=acx is a requested order imbedding of (2.1) into (RY, <,)(a, b), because
a<< X<, b.

In the second case, the mapping x& R*—ax furnishes such an imbedding.
In both cases, the previous isomorphism carries R* onto some subinterval
of R'(a, b).

Ad (iii). Let X|¥Y be a section of (2.1), i. e. X is a non void initial
portion of (2.1) and ¥ is the remainder (2.1)\ X; suppose X|Y be a gap.
Let b,=sup& where (£)EX; then by<<w, because the set of all the (£) (E<w,)
is cofinal with (2.1} let b, =sup £ with (@, &)= X: if b,=w,, then (q,+ 1) is
the first member of Y.

If b,<w, we copsider b,=supf& with (b, &,, )X etc. If for some
n<w, we have b,=uw,, then (b,, b, ...b,_,+1) is the first member of Y; if
a,<w, for every m<w,, then X is cofinal with the strictly increasing wy-sequence

(bo)’ (b[l bl)s (bo bl bz)! (SN

and consequently has the type of a,.
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Dual considerations show that Y is coinitial with wg. As a matter of
fact, let ¢, =inf &, where (§)&Y. Then —w,<¢, because the set (2.1) is coini-
tial with the set of all sequences (£) (> —w,). Let ¢, =inf where (¢, £)C Y;

if ¢,=—w,, then (—1+¢)) is the last member of X, If ¢,> —w,, we consider
e, =inf&, with (¢,¢, E)EY, etc.
Since H has gaps, every interval of H has gaps too — consequence of

the statement (ii).

Ad (iV). Every ordinal number «, a<w,;, is imbeddable into (2.1).
We prove it by induction argument. For «<Cw,, the fact is obvious: the
mapping o< fw,— ()& RY is such an isomorphism. Let the statement hold
for any o, a<P, where P<w,.; let us prove it also for a«=@; this being
obvious for B—f—-+1, let us consider the case B—=§ (B is of second art).
Then, there exists a regular number ., such that for some w,-sequence B: of
ordinals we have

= EE ﬁE (i <)

Now, let b:(E<w,) be any strictly increasing sequence of points of R¥; we
imbed every ordinal B into the open interval R¥(bg, b:,,) as some well-
-ordered subset By; then the union (Jy B (£<w,) is a well-ordered subset of
(2.1) and of type B.

3. The set 5,. Let 6, or ¢ be the system of all well-ordered non void
subsets C (2.1), each of which is bounded; consequently, if acs,, the number

va — the ordinal type of @ — is determined as well as the insreasing points
a (E<ya)
of the set . The system o, will be ordered by the relation =| meaning ,,t0
be an initial segment of <.
Of course, the set (a,, =|) is (partially) ordered; moreover, it is ramified

and even g, is a tree.

1. Theorem. The ordered set (o,, =|) is such that each of its chains is
a well-ordered set, the cardinal of which is <N, on the other hand

(3.1.1) v (o, =[)=w,4,.

Namely, if € is any chain C(c,, =), then | JC is a well-ordered subset of
(2.1) and vice versa: W being any well-ordered bounded subset of (2.1), the
system of non void initial intervals of W yields a chain (s,, =|). Finally,
the rtelation (3.1.1) is an another expression for the statement 2.4, [V

3.2, The set (R, <,). Let
(3.2.1) R or H
denote the totally ordered set obtained from (2.1) by putting a single element
in every gap of (2.1). Of course, the set (3.2.1) 1s continuous in the sense
of Dedekind: every section of (3.2.1) is given by a single element of (3.2.1).
Consequently, for every bounded chain CC (3.2.1) the infimum and the
supremum of C relatively to (3.2.1) are well determined points of (3.2.1).

3.3. Function f.

In particular, let

(3.3.1) fla)y=sup x {aCoy);

xea
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3.3.1. Lemma, The mapping (3.3.1) is an increasing mapping of o, into
(3.2.1); every 3 points chain of (o,, =|) is mapped onto at least 2 points of
(3.2.1). The system a—=|a', f(a)=f(a") is equivalent with the statement that
supac (3.2.1) and a’ N\ a={supa}.

332 Lemma. Let eCa,, B<w,ey; then the set [(Ryle, )s) is every-
where dense in the right interval ( f(e), ).

At first, let 8=0; then R,{e,-) is built up of the sets

el {x},

x runnming over the set of all the points of H, each of which is > f(e) or
=f(e), according as ye is limit or isolated ordinal; since then

f©=sup U {)=x,

the statement is obvious. Let us suppose now that 0<B<w,:, and that
the statement holds true for each £<(B; to prove it for £=§. If B—1 exists,
the set fRy (e, ), is dense on (f(e, )y again, if & is an immediate successor
of e in o, then f(R,(e,-)s) is dense on (f(e),-)y; consequently, the join

\_:bf(Ro(bS')c=f(UbR0 (bj')G:f(RB(E;')o (biﬂRﬁ—l (e;')c)

is dense on f(eg;)y.

If B is a limit number, let B: (E<CcfB=1) be an increasing sequence of
ordinals —B. Let x be any point of (f(¢), )y of character ¢, and x, (n<cfB)

any jncreasing t-sequence of points of H so that f(e)<le, sup x,=x and
Nt

sup x, < x, (n<<7). The existence of such a chain x, is obvious. Let e¢°< Ry,

wn

(&, )a 50 that f{e)<f(e")<<x, inductively, for each 0<<8< v let us suppose

defined the §-chain

e (n<28)
so that e*CRp (e, ), x,<f(e")<x#+!(u<3). Let then e® be an element of
Rps(e, ), so that et=—|¢f (u<I8), x3< f(e®) < x3;,: such one x; exists, since
x"= |Je* is a point of o, inasmuch it is well-ordered and bounded (it is
w<d

located left to x35). Q. E. D.

From the last proof we deduce the following.

3.3.3. Lemma. [If a<lw,y,, the set [fR,oc, is everywhere dense on fi
if o is a limit number, then fR, o, is equal to the set of all the points of H
each of which is of character Cy, o' =cfa.

4. Construction of the requested sets A, ..

We shall construet a requested tree 4=A,., as a unjon of some ke,
sets Dg (E<<wyy)

4.1. To start, let G, be any subset of cardinality N, of H\ H so that
G, be everywhere dense in A; consequently, every member of G, is of a
countable character (cf. 2.4. (iii)). To every x< G, we associate an element
Y {xj&=R,06, such that f¢(x¥)=x and that for x, xX'©G,, x#x' one has
Y x7#dx’. In this way we get the set

DO: ZILGOE_Ro:Gw
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4.2. Let suppose that 0<<8<lew,;, and that the sets
DCI’ DI: ey Df';! ey (E<@)
be constructed so that putting
Sp= Uz Dg (E<P)

the following conditions 13—7s hold:

1l Rysp=Dx (E<B)

2y D:C Rugsgo, (E<B)

3 vse=P

45 kD:=¥N, (E<B)

55 If E<B, e=D; and E<¥ <P, then fR: [el;, is an everywhere dense
set on H{f(e), ) B

6p If £<B, the set fRysz is everywhere dense on H,

7s For each £<Ppand x&D, fx is a (|l +£) — point of H; ife, &' 7-D;
and ez£e’, then fe#fe'.

4,3. Let us define DB and Sp+q -

43.1. If f~<PB, let us consider Dy_; let [y be a set-mapping of Dy,

into / so that for each ecDy_, the set lye be a subset of cardinality ¥,
of wy-points of fR,+xr{e, ) everywhere dense on it, and that if ese’, then
the sets lpe, Iz €' are disjoint. For each x&/lge let (e, x) be an element of

R.glels, such that fo(e, x)=x (the existence of such one ¢ x is obvious).

Then we define
(4.3.1.1)) Da: = U, le (e Dp_,).
Consequently, fDs= f (.l (e)=everywhere dense subset of H(f(e),).

43.2. Case: B is a limit ordinal. 4.3.2.1, Let B, (<rt, t=cff) be
any increasing regular sequence of ordinals —-f; let /e for
(4321) e \Jc<c_m Rm(l‘i‘C)Sﬁ
be a disjointed system of sets, so that /e be a subset of cardinality N, of
wt-points of fR, (g lel,, everywhere dense on that set; in particular
(4.3.2.2) kle=¥N,.

To each ordered pair (e, x) with x&/3(e) let {i(e, x) be an element of
Ry 4plels, so that fd (e, x)=x. The existence of { (¢, x) is clear. As a matter

of fact, x being a member in H, let x.({< 1) be a strictly increasing sequence
of points of (f(e),-)z tending to x. Let ¢ be a point of Dy, satisfying
e=|e®, fe< fe®<x,. Inductively, for each 0<{<t and 0<{<{, let € be a
certain point of Dy, succeeding to every e* (u</£) and satisfying xg< fe*<<Xzyy;
in virtue of conditions 4, S5g the existence of e% is assured. We define,
e’i-zsupeE and ¢ {e, x)=supe*. Thence

[
Sle, x)==x.

4.3.2.2. The set Dz i1s defined as consisiing of points ¢ (e, x), X
running respectively over (J,./I(e) and (4.3.2.1).

In any case, the set Dy is defined.
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4.4. Putting
(4.4.1) Se+1 =31 Dy

one proves that the condititions lg.,—7g4, are satislied. The condition Iz,
is satisfied since Resp= Rpsps, (E<B) and since each e Dy is preceded by a
single element in every D:(E<P). As to 24, its verification is immediate.
As t0 3py, 1 ¢ that kDg=¥N,, it is a consequence of the formula for
D: (£,<P), that means that ksy~Ns. Now, there is a one-to-N;-mapping of a
subset) of s, onto Dp, thus kDg<Cksg. N, =N,-N,=N,; since for any £<f
each e<=D; is succeeded by &, distinct elements of Dy, the condition 3py,
1s fulfilled.

4a,,. The case of an isolated § being resolved by (4.4.1), (4.3.1.1),
let B be limit number; x running over /g(e); the condition 45, is an imme-
diate cosequence of (4.4.1), (4.3.1.1) and of the assumed density of I;(e).
The condition 5z;, is a consequence of 45, and of the conditions 5z (£<f).
Finally, the condition 754, holds true, first, because the points of Dy are
constructed as some (l+fB) — points of H and, secondly, because of the
disjointedness of the above sets /;(e) (e variable). Thus the existence of Dg
and s34, is proved for every B, f<w,., and the conditions 13—7; hold true
for every B<<e,i,.

4.5. Putting
Av+l = l-)BDB (@<wv+])
one sees that conditions 1 w,,,—6 e,y hold true for writing 4,,, instead of
Sy In particular A,., is a tree so that

Y Av+1 =Wy
kRB AV+1=N\1 (B<mv i-a)
kc Av+l =Ny

moreover, for any ecA,,, the set (e, -), satisfies the same last three con-
-ditions.

4.6. Total order-extension of A,
destroying in Jw,,, to become A,,,.

+; to become [w,,, or the partial order

4.6.1, The mapping f(e) {(e=A) is a strongly increasing mapping of 4
into H. Consequently, f is biunique in every chain of 4. According to the
previous construction, f is biunique in every set Ry A(B<<w,+,). Thus, if the
sets fRp A(B<ew,y,) are pawrwise disjoint, f is a biunique correspondence
between A and the subset f4 of H. In such a case, using the mapping f,
we can proceed either to destroy partially the order in the chain f4 and get
an ordered set similar to A, or to transfer the total order of f4 onto the
set A4 enlarging so the given partial order of 4. Namely, if e, ¢ are any two
incomparable points of A4, we can declare incomparable also the corresponding
points fe, f&' in fA; fA becomes partially ordered and similar to 4. And vice
versa, if x, x" are any two points of fA4, we can introduce an order <<’ into
A by the procedure that x<<x" in f4 be equivalent to f~'x<'f~'x" in A.

B Viz. of Dg-1 and ') Dg_respectively, according as £ in isolated or limit number.
c<ef
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4.6.2. Partial desordonning of Ilw,.) to get a ser A,_,. Any set A,
has W,., as its cardinality. We can do an extension of order of A to yield
a ftotal order of type w,y, of A,.,. Namely, as ARz A—N,, let

af (E<aw)

be an w,~enumeration and at the same time an ordering of the set RgAd, so
that in the new ordering a precedes a.' , if and only if £<& <e,. Defining

ag\{agi if and only if enther BB or B=f, £ one gets the required
total extension of (4, <).
Putting

g(ag):mvﬁ+z(ﬁ<mv+i? £<wv)

g is a biunique isomorphic mapping of 4,., onto I{w,,,). This isomorphism
enables us to destroy partially the total order in I(w,.,) to get in it, as a
step of previcus ordination of [ the partial order of 4.7

4.6.3. Tt is not easy to have a simple picture how such an desordonning
of I(w,y,) takes place. However, we can realize it in the following manner:

let h(B) ({3<mw,) be any uniform mappmg of I{w,,,) into H so that for
each  the mapping 4 be biunique in [, B, w,(f+ 1)) and that the corres-
ponding set

(4.6.3.1) hie, B8, w,B+1)

be everywhere dense in H and be composed of very w (1l +B) — points of H;
then the set (4.6.3.1) can be chosen to serve as the set fDg in the construc-
tion in § 4.3: it is sufficient to consider any partition Pg of (4.6.3.1) into
N, pairwise disjoint sets, each of which is everywhere dense, establish a
biunique correspondence ¢, between E; and Py and for any e&Ep put
f(@)=1tp(e). According as B 1s isolated or limit number, the set F; means
Dgy or U< Dy, in previous notations. On the other hand, the existence of

such mappings £ is easy to establish, Namely, let us consider a bounded
w,-sequence a in H; then for each I<{v the tlement SUPzca, @z is a well-

-determined wg-point of H; thus, there are wy-points in A for each {<v. In
virtue of the quasihomogeneity of H that means that in each interval of H
there are we-points too; thus, for each PB<w,+, the (l+B) — points are
everywhere dense. It is then sufficient to consider a set Sz of power ¥, of
wy (14+B) — points everywhere dense, decompose it into a w,-system of dis-

joint sets S% 8'<w,), each of which is everywhere dense and to consider
the sets

SE (B<o,, B<w).
They are to be used as sets fD: in § 4.1.—4.3.

1) The precise definition of that idea is the following one [7]: let (E,, < )(E,, <) be
two ordered sets (in general, they are only partially ordered); of course, one can have E, = E,
we say that the order of (E; <)) is at least equal to the order (E,; <,), symbolically
t(E; g,)<z( =,) if there is a one-to one mapping f/ of E, into E, so that every chain
C of (E; \,) 15 mapped onto a similar chain of (E,; <,), no matter what happers with
subsets «f E, that are no chains. We say that the ramification (or disorder) in (E,, <) is at
least equal to the ramification (or disorder) of (E,; <,), symbolically r (E;, <)<r(E,, <)
if there is a one-to-one mapping of E, into £, so that if x, yE E, and x<, y, x>, 3, X||<, ¥
then in (E,; =,) respectively f(X)<,f(3), S>>0, fX)]|<:f(p) Qe if (E; <)) 18
similar with a subset of (£,; <,).
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S. Normality of the preceding set 4,,,.

Theorem. The set A,., of the foregoing construction contains a set of
kA,+,=Rys, pairwise incomparable points.

To see it (cf. Kurepa [10]) let r& H and a= 4; let us define § (7, a) so that:

(5.1) (r, a)y=—1 if @ non Ca
$(r, a)=0 if rca and
just ag=r (let us remind that a is a well-ordered set C H). For any TCo H let
(5-2) b(r, T)=supser ¥(r, a).
There is a point ryc H 5o that
(5.3) ' $rg, A) =004y

In opposite case, one should have { (r; 4)<<w,y, (r&H), thus d<<w,.,
with §=sup,=nd (r; A), because kH=¥,. Now, since y A=a,+, and §<Tw, 1,
there is an element a& Ry, 4; the point as,, of H should satisfy ¢ (as5.,a)>
>8+2>>8, what is a nonsense. Thus the existence of an r, satisfying (5.3)
is assured.

Now, let us construct a w,,. -sequence

(5.4) a,a, ..., a8, .., (E<o,,)
of points of A4, so that ryca®(E<w,,,) and that for each £ one has
{5.5) dry, at)>suproz (ry, ad).

Because of (5.3) the existence of (5.4) is inductively provable. Since, each aF
is a well-ordered subset of H containing r, and since (5.5) holds, the elements
(5.4) are pairwise incomparable: no one is an initial interval of another one
Q. E. D
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DURO KUREPA (Beograd)

SPEKTRALNI PRINCIPI

1. UVODNO RAZMATRANJE

Ovom prilikom Zelim precizirati i formulirati neke principe spek-
tra i izneti nekoliko primena.

1.1. Svakako, ideja vodilja spektra sastoji se u preslikavanju,
kodiranju, ... podataka tako da se iz slike ili transformata moZe
putem odkidanja, odstranjivanja, prekrivanja, dekodiranja... doéi
natrag na podatke. ’

1.2, Tako npr. svetlu pripada odreden spektar sastavljen od crta,
pa se od tih crta moZe postupno doéi natrag na vrstu svetla od kojeg
svaka crta potice.

1.3. U skupu ljudi otisci prstiju omoguéuju da se pomoéu tih
otisaka, ljudi medusobno razlikuju i odrede — i to na potpuniji naéin
nego §to se to moZe uéiniti li¢nim opisom.

1.4. Mihailo Petrovié je podev od 1917. godine preneo ideju spe-
ktra i na neke matematic¢ke oblasti na na¢in u kojima spektar do tada
nije bio upotrebljavan (inade, spektralna metoda u matematici je
upotrebljavana i ranije (D. Hilbert), a razvila se narodito u teoriji
matrica, odnosno linearnih operatora ... nezavisno od Petroviéeyvih
numerickih spektara). '

2. 8TO JE MATEMATICKI SPEKTAR?

2.1. U matematici imamo osnovnu alternativu: skup ili funkcija,
pa se na osnovu toga i odreduje predikat. Da li je spektar skup ili
funkeija?

2.2 Spektar je funkcijo! Samo treba precizirati $to se ti¢e pred-
stavljanja vrednosti te funkcije.

2.3. Ako je zadan kakav niz podataka

1) Py, Py ...

pa ako svakom‘podatku p» pridruzimo odreden redni prirodni broj
TP., tada se niz dobivenih brojeva rp. moZe skupiti take da rp.
bude odlomak pravog razlomka

2) 0, rpr rp2 . . ..
Samo je pitanje, kako iz toga decimalnog broja (2) doéi natrag na

podatke (1)? Ako nam je poznat niz

41



(3) by by ...

koji kazuje koliko &lanovi (2) imaju mesta, onda je lako iz (2) dodi
na (1) i to naprosto: komadanjem ili rezanjem niza (2) redom: odre-
zati potetak od by ¢lanova, pa od ostatka b; ¢lanova, itd.

2.4. Sto je spekiar?
U op$tem slu¢aju, polazi se od podataka (1) P i svakom podatku
p iz P odredi se odredeni skup sp tako da imamo skupovnu funkeiju

(2) peP —— sp

od P na
@) D= U™

zahtevamo, da to preslikavnje bude tolikovno tj. obostrano jednoznad-
no; nadalje, na svakom sp definiramo odredeno oblaganje, ispisivanje,
kodiranje ili funkeciju rp, i najzad sagradimo uniju ili zbir S tih
oblaganja:

(4 SID= U, gl

~ kao oblaganje skupa D koje se na svakom sp podudara sa oblaganjem
7l sp.

2.4.1. Najjednostavnije je da skupovi sp pri peP budu ne samo
razliéni nego i disjunktni. Na taj na¢in, samo oblaganje 'S D izlazi,
kao stavljanje »zakrpe do zakrpe« (plocice do ploéice) ili »slova do
slova«, izmedu kojih su prazni prostori ili neki posebni materijal kao
0, zarez itd.

2.4.2. Ostvarivanje odlomka (odreska) »plotice« r | p moZe se uci-
niti bez prethodnog skupovnog preslikavanja s:P— D, jer se ovo
time ostvaruje automatski kao

pEP —8p = Dopir | p-

2.4.3. Odredivanje tih odlomaka vr§i se na razne nacine, vec pre-
ma prilikama.

2.5. Princip spektra traZi da je veza izmedu podataka P i prirod-
nog spektra S 1 D pregledna i da se ostvarivanje te uzajamne veze vrsi
na &to prirodniji naéin, npr., pomoéu znakova i pojava koje se lako
umnaZzaju, dobro raspoznavaju i medusobno dobro povezuju.!

! Tako npr. ekonomiéniji je znak ¢ nego € jer je prvi znak celovitiji od
drugoga i prvi znak se lakSe povezuje nego drugi (kod _i§p131\{anja znaka
v imamo prazan hod ruke pre poletka i posle svrietka ispisivanja znakall o
nadalje, znak & nije slo¥en od dva slova iste azbuke, a & jest (od ¢ i V),

medutim, opti¢ki, znak & je uodljiviji i bolje razgovetan od znaka 0, osim ako
krov " u & ne pifemo prevife sitno.
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2.5.1. Osnovni i univerzalni znakovi za povezivanje jesu cifre ili
znamenke: 0, 1, 2, 3, 4, 3, 6, 7, 8, 9. Njih prihvataju svi narodi. To je
numeri¢ka azbuka ili abeceda. Naprotiv, glasovna azbuke jos nije uni-
verzalna ni jednotna pa i kod jednog te istog naroda.

3. PRIMERI SPEKTARA IZ LINGVISTIKE

. Nauka o jeziku pruZa vanredno vaine brojne primere spekiralne
metode.

3.1. Oblaganje se vrsi pismenima ili slovima, koja se rasporeduju.
u odredeni niz sastavljen od redaka ili stubaca (kineski nacin) koji
teku od leva nadesno, odnosno odozgo nadole.

3.2. Razlaganje se vrsi praznim meduprostorima i raznim poseb-
nirh znakovima od kojih su najvaZniji: (tacka) (), zarez (,), tatka-za--
rez (;), uskli¢nik (1), upitnik (?) i znak navodenja (»«) i zagrada. Po-
sebno, na taj nadin iz niza slova u zadanom gradivu dobivaju se ni-
Zovi reéi, nizovi redenica, nizovi odlomaka, nizovi paragrafa, odeljaka,.
poglavlja, delova, svezaka, itd.

3.3. U tome vodeéem primeru spektralne metode dobro je drZati
na umu ¢&injenicu kako je éovelanstvo relativino kasno doslo do slova
kao ¢lanova i materijala s kojim se oblaZze odnosno ispisuje i opet do.
posebnih znakova za rastavljanje kao §tosu ., @ ; « 7/ ().

3.4. Upotreba malihk i velikih, kosih, slova takoder je jedan od
nadina da se rastavljanje, odnnsno ditanje udine preglednijima.

3.5. Premda su znakovi interpunkeije univerzalni, slova naZalost:
jo$ nisu, i §to je najgore: ima istih slove sa raznim znadenjima, pa
'k tome i u jednom te istom jeziku (kao npr. U, B, C, P, u srpskohrvat-
skom). Ta se é¢injenica protivi principu brZe i jednoznaéne informa--
cije, 1 principu spektra pa se zato i treba ukloniti.

3.6. Prevodenje sa jednog jezika na drugi jezik je vrlo dobar-
dalji primer primene principa spekitra.

3.7. Povezivanje pisanih zrnakova s jedne strane i glasova, odno--
sno reéi s druge strane, dalji je primer principa spektra.

3.7.1, Tako npr. re¢ i predmet igla, I, je divan primer da bude-
nosilac glasa i znaka I, u svim slavenskim jezicima; zato je zaista Ste--
ta §to ipak vedina Slavens jod ne upotrebljava znak I kao znak za
pocetno slovo redi igla, pogotovo to je taj znak medunaredan i mnogo-
jednostavniji od znaka U koji treba da preuzme drugu ulogu jer ipak.
podseda vide na uho nego znak Y koji opet ima drugo znaenje (pod--
setimo se pri tom da U i Y u grékom znade jedno te isto slovo i to-
malo, cdnosno veliko U — uho).

3.7.2. Takoder za znak V nalaze se Slaveni u vrlo povoljnom po--
lozaju jer svi imamo re¢ wvile V kao nosioca glasa i odgovarajuéeg.
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znaka; re¢ vol na slavenskim jezicima nosilac je toga glasa V a i zna-
ka V u vidu rogova. Drugim reéima, kad znakovi I, V, pa U ne bi veé
imali svoja znadenja kao u latinici, svaki slavenski narod bi imao pri-
rodnih razloge da ga izmisli i uvede upravo u tekuéem znadenju, po-
sebno svaki slavenski narod ogre$uje se o spektralni princip ako od-
bija da u pisanju znakovi I, V, i U imaju upravo ona znaéenja Sto
danas imaju u nauci, tehnici, odnosne u latinici.

3.8. Princip spektra zahfeva da prenofenjem jednog zneka iz jed-
ne azbuke u drugu bude saduvan i pripadni glas.

3.8.1. Zato npr. gréko P treba da i u latinici ostane za isti glas
npr. PUKA, a znak II u grékom i znak R u latinskoj azbuci, koji su
i inade dosta sli¢ni medusobno, treba da imaju isto znadenje i da me-
dusobno jedan drugom odgovara.

3.8.2. Iz istog principa treba znak 9%, @kao komplikaciju od T, t
zabaciti i upotrebljavati te znakove kao i u grékom originalu, odno-
sno u latinskoj varijanti. Latinsko pisano male t koje je za3lo i na
prvi sprat svakako je preglednije od grékog T koje se celinom nalazi
u prizemlju; ta ocena stoji pogotovo kad su ti znakovi ukljuceni u
kakvu podulju reé.

3.9. Tolikovanje izmedu élanova azbuke pojedinog pisma i gla-
sova koji se javljaju u dotiénom jezikw dalji je osnovni primer me-
tode spektra.

U naSoj ¢irilici taj je princip ostvaren; u nasoj latinici on nije
ostvaren.

3.9.1. Nakon dugih razmi$ljanja li¢no mislim da bi naredna abe-

ceda vrlo dobro odgovarala naSem jeziku:
AN AN A A
a,A,b,B,¢C¢C Cecd D d=d,D, (d=xu u éirilici), e, E, £, F,
AA . NA
2. G, 8 G (=budirilici), h, H, 1, L j, J, kK, K, L L, L, L(=» u éirilici),
AN
m, M, n, N, n, N (= u dirilici), o, O, r, R (=II), P, p, (=p u éirilici),
AN
§, 8,5 8, (=m u éirilici), t, T, u, U, v, V, z, Z, 2 él\ (== u éirilici).

U tom predlogu, dolazi znak ~ koji se stavlja iznad slova, npr.
A A~ A

c=c ,L = ﬁ ; na slovo npr.ll\ » L , a mogao bi se ispisivati i desno
gore iznad slova pogotovo ako se piSe strojem. Dakle: ¢, d*, g/, 17,
n™, 87,z sliéno za velika slova: C, D/, ..., Z. Takva azbuka
je jednostavna, tolikovna, lako ostvarljiva i opsta.

3.9.2. (Dodano za vreme korekture). D. Trifunovié¢ skrenuo je
moju painju na ¢lanak: M. Petrovié: Husov pravopis (po prof.
Dr. J. Gebauer-u), Prosvetni glasnik — sluzbeni list Ministarstva
prosvete i crkvenih poslova, Beograd, 26 (1905) 93—96. Opisanu ulogu
znaka "™ (izvrnuto slovo v) vrdi pri Janu Husu znak tatke stavljen iz-
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nad slova. Zanimljivo je da Petrovié¢ u tom &lanku pise »sveudilifte«
a ne »univerzitet« (up. str. 95).

3.10. Sricanje (buhstubirenje il: slabekovanje) dalji je primer
spektralnog povezivanja. Zato je vaZno imaii odreden naziv i izgo-
vor za svako slovo, npr. ovako:

A, B (be), C, C (Ca), C (Ce), D (de), D ({de), E, F (ef), G (ge), G
(Gu), H (ha), I, J, (e), K (ka), L (el), L (le), M (em), N (en), N (ne), O,

R (Re), P (ro), S (es), S (sa), T (te), U, V (ve), Z (Ze), Z (Za).
_ 3.10.1. Primedba o P i R. Posebno, o slovima za glas p (pero)
i r (ruka) u raznim azbukama videti na primer knjigu Zvonimir
Kujundzié¢, Knjige o knjizi, I tom: Historija pisama; Zagreb,
1957, 868 str. _

3.11. Kodiranje i dekodiranje, odnosno: pisanje i ¢itanje dalji su
vrlo vaZni sludejevi spektarskih razmatronja (videti: J. Wolfowitz,
D. A. Novik).

4. SPEKTRALNA METODA U MUZICI, UMETNOSTI...

U mugzici se niZu note i dr. znakovi sa svrhom da jednoznaéno
odrede kako se niZu odgovarajuéi glasovi, ritam, melodija; kao jedan
od osnovnih znakova odeljivanja sluZi uspravna taktovna crta, pa se
zadani tekst deli na taktove, odlomke, delove, itd.

Sliéno je u koregrafiji, ornamentici, gradevinarstvu, itd. U tim
delatnostima ponavlja se pojedini odlomak kao vodeéi motiv i dopri-
nosi ugodnijem sluanju, gledanju, razumevanju, itd.

5. PRINCIP JUKSTAPOZICLJE ILI NADOVEZIVANJA

5.1. Najobi¢niji sluéaj toga principa sastoji se u tome de se na rec
nadopisuje reé: npr. iz redi nad i redi graditi nastaje re¢ nadgraditi.

5.2. U daljem slufaju radi se o zbiru procesa ili funkcija u smi-
slu da uz zadanu uredenu dvojku f; | 41, f21 Az procesa sa disjunktnim
oblastima A;, A; posmatramo i proces f | 4, pri éemu je A=Ar— A,
f Ai=filA (i=12).

5.3. U opstem sludaju, reé¢ je o skupovnoj funkeiji h | P pri demu
svakom peP odgovara (neprazan) skup h, te o funkcijama fr| hy, (peP)
tako da razlidnim ¢lanovima peP odgovaraju disjunktni skupovi h, a
onda se definira funkeija — zbir f1 A tih funkcija sa oblasti Domf=
=A={J,.» h,is vrednostima f za koje je f | h, = fo | hy.

5.4. U nauci o jeziku dobar primer principa nadovezivanja ima-
mo u gradnji slofenice; vrlo je korisno i poufno pratiti kako se taj
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Pprincip pojavljuje u pojedinim jezicima: bilo kao prosto nadopisiva-
nje (npr. u engleskom), bilo prostim pripisivanjem, bilo sa pripisiva-
njem i odredenim promenama na spojnom mestu (npr. u nemadkom).

5.5. U okvir principa nadovezivanja ulaze i rasudivanja o fonet-
skom i logickom (korenskom) pravopisu.

6. PRINCIP GRANANJA ILI RAMIFIKACIJE U OZNACAVANJU

6.1. Taj se princip sastoji u tom da se jedinke (¢lanovi) zadanog
skupa oznacuju Siframa koje se medusobno razlikuju samo po zavr-
Setku celokupne oznake. Tako npr. sobe na 5. spratu oznaduju se sa
51, 52, 53, 54, 55, ... bn, ukoliko na tom spratu ima n soba. U trgovini
i u ekonomskim naukama dolazi taj princip do znatnog izrazaja. U
svojoj sustini i mestovni (pozicioni) naéin pisanja brojeva odraz je
principa grananja; tako npr. ako za broj x znamo da je oblika

x=3. ..., onda ispisivanjem naredne niZe znamenke npr. 7 dobi-
jamo jedini tacan izbor x==37,... od 10 moguéih izbora
=30, ;.. 2=3% | o7 =g s O

3 -3

Ako naredna znamenka treba glasiti 0, a naredna na to 6 i po-
slednja 9, dobija se taéna traZzena vrednost x—37,069.

6.2. Pisanje i ra¢unanje sa nepotpunim ili pribliznim vrednosti-
ma u najuzoj je vezi sa spektralnim principom grananja.

6.3. Petroviéeva definicija brojevnog spektra S=S(n:...n,) za-
dana niza (1) ny, ..., 7 prirodnih brojeva kao decimalan broj S=o,
oni., o.anzo .. ane $ unapred odredenim brojem 0 ispred svakog od
znakova niza (1) direktna je primena metode nadovezivanja, odnosno
grananja.

6.4. Slicno vredi za spektar S ako ¢lanovi niza (1) nisu prirodni
brojevi nego celi racionalni ili racionalni pa i iracionalni brojevi.

6.5. Valja drZati na umu da pri tom nije od bitne vaZnosti da
je spektar S broj nego da u S imamo na neki nadin smesten i sam
zadan niz (1) zadanih podataka u manje viSe skrivenom i preinace-
nom ali uedljivom, odgonetljivom obliku.

7. POOPSTENJA ...

I ba$ na tom mestu moZemo ukazati na poopstenja.

7.1. S jedne strane, onc $to se pripisuje ne moraju biti zna-
menke 0, 1,.. 9 nego redni brojevi 0, 1, 2,.., m/, ... koji su manji
od m, gde je m bilo koji redni broj; najjednostavnije je uzeti m=2.
No, moze se uzeti ne samo da m bude kona¢an redan broj nego i bes-
konacan, npr. m==w, pa m moze biti 0 ili bilo koji prirodni broj. Ako
jem=w?ili w?® ili w, tada znamenka m’ moZe biti i beskonadan redni
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broj; posebno se moZe posmatrati slu¢aj kad m — 1 postoji, bez obzi-
ra da li je m konaéno ili beskonaéno.

7.2, 5a druge strane, poopétenje se sastoji u tom da posmatrane
wredic, tj. spektri S kao nizovi mogu biti i beskonaéni i to proizvoljne
»dulfine« v; tako npr. pri v=t, dobiju se obiéni beskonaéni nizovi;
ako je v > w, 1 v < wy, dobiju se beskonaéni prebrojivi nizovi-spektri.
Ako je y=uw ili v > w; niz je beskonadan i neprebrojiv.

7.2.1. Primer. Posmatrajmo niz 1. 2, 3,... prirodnih brojeva
7 sredenih po velidini; pridruZimo svakom n niz
(2) |n,2]=011...1
N, e——
l4n

duljine 1+n koji podinje sa 0 a ostali su mu &lanovi 1: tada moZemo
formirati nov niz

3) 11,21 12;2].... |n,2]...= 0101101101, ...

On je dijadski i na ofigledan nadin cmogudéuje da se iz njega
rekonstruira zadani niz (1).

7.2.2 Uopste, neka je X bilo koji skup, a

(4) Xy Xoooo o XKooy (n < E)
bilo koje dobro uredenje od X; tada se umesto niza (4) moZe posma-
trati pripadni dijadski niz (3) piduéi dijadski niz (2) umesto X.. Po-
sebno se moZe pretpostaviti da je duljina & niza (4) minimalna, take
da nijedan pravi poceini odsedak od (4) nije istobrojan sa ¢citavim
nizom (4); ako je, k tome, & beskonaéno, tada ¢e i pripadni dijadski
niz (3) biti iste duliine § koje je i niz (4).

7.2.3. Neka je « bilo koji redni broj, npr. 0 ili 1; neka je wyq
pripadni poletni broj a w, glavni broj od wy; ako je 2<n<kwg,
tada svakom w, —nizu

(5) $=8;, §,--.8p, ...
rednih brojeva B=s; za koje je B<{Wy, pomocu smene

(6) s,—-]5,;2| odgovara odreden W, — niz |s;2|0od znamenaka
0, 1; to je pridruZivanje tolikovno; zato je

(7) nfe < 250 gdakle zbog 2ke < p¥e izlazi jednakost
brojeva 2% p*® za svako

(8) 2=<ln <kw,.

Na osnovi pridruZivanja s — (s; 2) odgovara svakom nizu (6) pot-

puno odreden dijadski spektar |s: 2| duljine Wq, pri ¢emu se podela
is; 2| viS§i u maksimalne intervale sa po jednom jedinom nulom.
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7.2.4. Neka je (S, <) ureden skup; pri ¢eS neka S (., a] oznacuje:
skup svih xS za koje je x =<\.a; neka fol S bude dijadska funkcija na
S koja je 1 na S(.,al a 0 na preostalom delu skupa S; tada se lako
vidi da pri ¢, beS imamo

a=<b 2 [fa(s) =< fa(s) za svako sS].

No, fal S je odreden trivijalni dijadski spektar nad S s podelom
na onaj deo S(.,al od S na kojemu je funkcija fa jednaka 1 i na
preostali deo od S. Prema tome, svaki ureden skup je sli¢an s glavnim
uredenjem neke obitelji dijadskih funkcija-spektara.

7.2.5. Ako je (§ <) lancasto ureden skup, tada se glavno ure-
denje iz 7.2.4. moZe zameniti alfabetskim uredenjem, a dijadske funk-
cije se mogu pretpostaviti da imaju dobro ureden skup kao svoju
oblast. Naravno, umesto dijadskih spektara (funkcija) moZemo po-
smatrati triadske funkcije, funkcije s vrednostima u (0, 1,... a',...)
a'Za za bilo koji redni broj o, odnosno s vrednostima u bilo kojem
skupu Y. U tom pogledu imamo naredni vaZni i1 opsti slucaj.

7.2.6. Ako je (X, Y) proizvolian ureden par mepraznih skupova,
af: X —Y bilo koja funkcija od X u Y, tada je funkcija f| X odreden
spektar sa slojevima {f='y} (yefX), pri demu za svako y definiramo

(1) {f='y)={x]|xeX, fx=p}, y efX.

7.2.7. Prethodni primeri pokazuju kako je ideja matematickog.
spektra op$ta i kako u razmatranjima delaze ne samo pojedini spektri
nego jo§ viSe skupovi spektara.
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PRINCIPES SPECTRAUX

DURO KUREFPA (Beograd)

L. Le but de l'arficle c’est de formuler quelques principes de spectre et
d’indiguer quelques applications,

2. Qu'est — ce qu'un spectre?

24. L'on part des données (1) et 4 chague peP par (2) on associe un en-
semble sp en exigeant que (2) soif biunivoque; de plus sur chaque sp I'on définit
une fonction sp; enfin, la réunion (4) de ces fonctions est le spectre S| D.

2.5, On demande que la liaison entre P et §| D soit claire, facilement réa-
lisable moyennant des maténiaux, signes, ... qui se fabriguent facilement, se
distinguent mutuellement et se relient mutuellement.

3. Exemples de spectres en linguistigque.

3.3. Le principe de specire dernande que I'emplai d’un sighe d’un alphabet
dans un autre alphabet conserve la prononciacion de ce signe.

3.8.1. En conséquence, le signe P en grec et en latin doit signifier la méme
chose, 4 savoir le ro en grec; le R en latin doit signifier © en grec.

3.9, On exige la biunivocité entre les eléements d’'un alphabet et des sons
pour les prononcer.

3.9.1. On propose la suite des caractéres de l'alphabet pour satisfaire au
principe 3.9.

3.10. L’action d’epeler est un exemple de spectre et 'on propose une fagon
comment le faire.

4. Méthode spectrale en musique, en arts... se fait voir partout.

5. Principe de juxtaposition consiste:

5.1. Dans le cas le plus simple en juxtaposant un mot, une suite, aprés
Pautre;

5.2, En faisant la réunicn d’'un couple ordonné de processus fi | 4 =1, 2);

5.3. En {faisant la réunion de processus pef — h, les h, étant ensembles
disjoints et h | P étant une fonction ensembliste quelcongue.

6. Principe de ramification en désignation.

6.1. Il consiste en différenciant des objects p d'un ensemble de maniére
gue les dénotations correspondantes ne se distinguent que par la fin; par
exemple, les symboles 51, 52, .. peuvent désigner des chambres 1, 2, .. du
5-iéme étage.

6.3. La définition originel de Petrovié du spectre S de la suite (1) de
nombres positifs est un exemple faisant voir le principe de ramification.

7. Généralisations. ..

7.1. Généralisations consistent en ce gue, d'une part, les »chiffres« peuvent
8tre quelconques et appartenir 4 n'importe quel segment 0, 1, .. m’, .. de
nombres ordinaux {finis ou transfinis) ou appartenir 4 un ensemble quelconque
et, d’autre part, que la longueur de »mots« {(ou de suites) peut étre infinie.

7.2.3. Par la transformation (2) ou (6) appliquée & (5) on obtient |s; 2] et
donc (7) pourvu que (8).

7.2.4, On indique une représentation isomorphe de chague ensemble ordon-
né (E, <) par un erdonnement principal de fonciions caractéristiques f, des
demi-cones S (., al.-

7.2.6. Chaque fonction f:X — Y est un spectre avec des rangées (1),

7.2.6. Exemples précédents montrent qu'on doit considérer non seulement
spectres mathématiques isolés mais de systémes de spectres mathématiques.
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KVPEIA JIXKXVPO (beorpan, FOrocnasug)

HEKOTOPBIE ®YHKIIVII HA TOIIOJOTUYECKUX
CTPYKTYPAX, TPA®AX

Ecom X npocrpaneTBo, pemieTKa WM Kakad BHubyap mpyrasg CTPYKTypa,
TOLJ4 MOXKHO ONPeNeNATh PA3NIHAYHBIC HUCT4 B 3aBHCHMOCTH OT X, HMp. IMaBHOE
WIH KapAuHAaUpROEe dhcno kX, cemapaGemsHOCTR BNM 4Helno Fréchet sep X,
Sep X, cel X, wX, ...

1. Ifeay.naprocts

Ecpu H cmcreMa MAOXeCTB IycTh

cel H=supk P, rne @ H npoberaeT ceMcHCTBO CHCTEM TNONAPHO HellepeceKa-
IOOINXC MHOXeCTB. [na mroforo mpocrpancTsa S nycte cel S=cel &GS, rae GS
MHOXeCTBO BCEX OTKDPBITHIX MHOMecTB B S (B. Kypena [1], 131, cHocka 11).

2, /lpesosngnoe 4HCJIO (XEHIPHTET)

2.1. Jns ynopsnodemHoro MHOXecTBa (O, <) OpeBoBHIHOe axciao dr O ompe-
nemtercd cnenyromuM obpasoM: dr Os=sup kT | (T, <) ecTe gepero B (O, <)
T.e. 108 Bosikoro =7 MuoxkectBo T(-,f):={x|x<f} ecTs BHIONHEe YTOpSAIO-
degHOe MOAMHOReCTBO B (O, <) (c¢f Kurepa [6]).

2.2. Ecng § TpocTpaHCTBO, IyCTh
de S:=de (GS, ) 1 nyamnO:
dr*S: =dr (GS,C).

3. Ecnn (G, o) rpad nyetrs K¢ G coots. I G NepBoe KapAWHAJBLHOE COOTB. OPAR-
HANBHOE YHCIO KOTOpoe HelpencTaBndeMo B (G, p) Kak Iemmb.

3.1. HUmermo nns yuopsmodeHHoro MHokectBa (0, <) wmeercs Ko (0, <),
Ko(0,3), T'a(0, <), We(0 <): =HepBoe INaBHOEe HHCJIO HENMPEICTABIAEMO Kak
BNONHE YHOpAAOYeHHOe NooMAOKecTBO B (0, <). Ilyete: we X = (W X)),
wd(O, <)= Wc(o, })_.

K(G, p): =nepBoe INaBHOES THCIO KOTOPOe He KapAWHAITLHOCTb AHTHIENDN
B (G, ¢) Hekoroporo noarpadga @ B (G,9) ca ceolicteoM X, yEP=x=y V x
non g y).
3.2. Teopema. Bo scaxom npocmpancmee V 6 xomopom X=X umeemca dr V=
=Sep V="Fky FV (FV-mMuomecmao 6cex 3AMKHymsIXx muoxecme ¢ V, Sep Vi=

= Sup sep X).
Xcv
B mempuyeckux npocmpancméax gynxuuu cel, Sep, Sep, w, dr, dr* cosnagarom.

246



K¥PE[TA JUKYPO 247

3.3. FpVi=supkH, (/{ snonHe ymopsmodeHHast moxcucrema B (FV, D).

3.4. dp Vi=sup kX (X paccesHOe MHOXeCTBO B8 V).

3.5. Teopema. Fp=dp; ecau —A;’=Y, mozga dr*=dp u dr=dr* < Sep=dp.

4, Yucnra AcuepobLIBAHAA

4.1. 3peapounce uncno s(G,0):=infy kH (H cucreMa uenedl B (G,p), U H=0C)
(8. Kypena [5]).

4.2, Antussexnounoe unciho 5 (G,p): =infy kH (H cucrema antmueneir 8 (G, o),
UH=G) (B. Kypenma [5]).

4.3, Kareropaueckoe yncno ct X: =infy kX (X PS, X cucTéMa HuIOe IJIOTHBIX
MHOXecTB, X' =Der S (8 Kypena [7]).

4.31. Hoarareropuaeckoe 4ncao sct St =infy £X (X C PS, X cucreMa HUrge miIoT-
HEIX MHOXeCTB, ) X-IIoTHOe MHOXeCTBO B S\/S, IS-MHOXKECTBO H30JHPOBAHBIX
ToMex B S (B. Kypena [7]).

4.4. Hzonnposantoe 9YHC/I0 OPOCTPAHCTRA:
hy St =infy kX (X cmeTema M30MUPOBAHHEIX MHOXeCTB, ()X =S5).

4.4.1. Tlomu3onaposannoe YHCI0 HPOCTPAHCTBAS

hyr St=infg kX (X cucTeMa UWRONMPOBAHHBIX MHOXECTB, COSHMHEHHE KOTOPBIX
MOBCKIY ONOTHOe MHOXecTBO B ) (B. Kypema [2], condition K)).

4.5. JInsi MHOXECTBEHHOIO CBOHCTBA P B S COOTBETCTBYIOIEE YHCIO HMCYepIBI-
Bagus hpS:=infy kX, X cucrema MEOXecTB ca cpoiicTBoM P, [J X =S8); P MoxeT
3HAYHUTE: OBITH W3ONKPOBAHHALIM, sep X <kw,, Mepa 0 HTA.

4.5.1. Korruryym uncno kg K woaranyyma K. Ecin K KOHTHHYYM (= CBA3HOE
KOMIAKTHOe MHOX¥ecTBo) mycTh Ac K=infxk X (X cucrema momapHo Hemepece-
KAIOWIHXCH NOOKOHTHHYYMOB KoHTHHYYMa K).

4.5.2. Hpodaema. MoxHo nH 06e3 XHOOTEe3bI KOHTHHYYMA HOKA3aTh 49TO
hoI1=¥,7 (Sierpinski gmokasan uro k¢ I>¥,); I=R[0, 1]=MHOKECTBO BCEX AeicT-
BUTENBHEIX 4HCEN X INA KoTopeix O<x< 1.

Unr xe MoXR0 npegnonaraTh 9To hAcl mioboe rNaBHOE 4HCAO Y A
KoToporo &, <y < 2%.?

5. Yucno mepeMeHd (MyTaumm).

Ecnig P MEoXecTeeHHoe cBoficTBo nycTk mp(S,U): = infx kX (X cHcrema
P-muoxects B S, JX non&= P). '

AHanoruIHeIM o0pa3oM ompefeiaercs mg (S, M).
5.1. Oma mpoctpaneTBa (R, <) BEWIECTBERHBIX Yuces P MOXeT 3Ha9uTh: Mepa 0,

KATeropus | ; COOTBETCTRYIOILHE THCNA My R, 7, R TAKOBREI YTO OHH >k wy 0 < 25
1 6e3 XMnoTe3bl KOHTHHYYMa elle He JOKa3aHC 9TO 3TH wucla =K w, (#podiema).
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6. 3apaua o sup (O,<).

Hua ynopanoyesrore MHoXecTBa (0, <) Hamo HCOBITATH CYIIECTBYST JH
Sup (0,<):=5 u ecin SEO. [yansHo: CymecTByeT O HHOAMYM

IE=inf (0, <) 1 ecnmu 0?7 Eciu S0, CKONBKO pa3 YHCIIO 5 MOXHO
peanm3oBaThk B cBa3y ¢ (0, <)?

7. YUncno mepeMeRHBIX > ].
HanpaMep: Ecmu (8, §)) ynopsaovensas napa IPOCTPaHCTB, IyCTh
C(S, S):={f:5-— 5|, f HenpepeIBHO}.
K(S, S):=supkfS, f&C(S,S).

Moxso mokazaTh 910 K(R, [m))=kw,=K{lw,, R); I v, — npocTpancTBO
YIOPAMOIEHHEIX 9HCEN < (0.
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Duro Kurepa H A REMARK ON EQUIVALENCE RELATION

(Presented 31 May 1968)
In connexion to the article [l], in particular §3, we formulate here a
general theorem on composition of equivalence relations.

1. Theorem (i). Let S be a non empty set and (R, R,) any ordered
pair of binary equivalence relations on S, in order that

(1) S/rOS/r, =52,
it is necessary and sufficient thal every X © S/ intersects every X, S/g,, i. e.
2 XCSig AX ES/r, = k(XNX)=1.

@ Ir
3 XESrAX ESlg = K(XNX)=1, then
4) XS 8/x = kX=kSig, and
(5) X, € S/p, = kX=kS/g,:

all members of S/g are of a same cardinality, as well are those of S/g,; then
the set S Is representable in form of a mairix of order (Sigr, Sfr,) 1. e. there
is a one-to-one mapping f(x, x) of S/g x S/g, onto §.

2. Proof of (i). L.1. Necessity: (1) = (2). The set (1), s the
union of all the sets of the form X X, where X € §/g, X, < S/g,, the set
X O X, is constituted of all the pairs (x, x) < 52 such that for some s< § we

have (x, ) € X2, (s, x,) € X% The sets X, X, being non empty, there is some
member (x, x,) of X x X; now, (x, x,) € 82 and cccording to the inclusion of
(1), C(1),, there exists a z< § satisfying xRz AzR, x;, hence zE ¥ Az X,
i. e. z€ X|. The implication (2) is proved.

1.2. Sufficiency: (2) = (1).

Obviously, (1), € (1),; let us prove that dually, also (1), = (1}, i e
that (x, x)) € 52 = (x, x,} € (1),. Now, (x, x;) © 52 implies x £ X & S/g for some
X and x, € X, € ¥/g, for some X|; by hypothesis (3) there exists some z € XN X,;

therefore, (x, z) € X2, (z, x) € X7 and (x, VEXOX, CSrOS/,.
3. Proof of (ii).
The relation (3) implies that for every X € S/g
X, €8z > XNX,
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is a biunique mapping of S/g, onto the system (T)={{x}lx6X}; therefore,
(4) is holding; analogously, one proves (3). For the same reason, the mapping

(X, X)) € S/r x Sfr, = XNX,

is a one-to-one mapping of S/z x S/g, onto (f), and consequently, the ato-

mization function
t (XM X)): =the member of XX, is a one-to-one
mapping of S/z x Sz, onto S.
1.1. Corollary. If E is a binary equivalence relation in a set S, then
(2) EQOE=5 < E=82.

Obviously, it is sufficient to prove that (2); = (2),. Now, the relation E
has no two distinct cosets F,, E, € S§/s. In opposite case, on the one hand
we would have £, E,=@ and on the other hand by the theorem 1 (i) the
relation (2) would imply E, N E,# @ — contradiction. Consequently, & S/z =1
and therefore S/z ={S}. Q.E. D.

1.2. Corollary. If R, R, are binary equivalence relations in a set §,
then ROR; =S5 = R,OR=S*and ROR =R, OR.

The corolary is an immediate consequence of the theorem 1 (3).
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SOME GENERATINGS AND PROPERTIES OF ORDERED SETS
. Kurepa
{Communicated June 14, 1968)

1. There are various ways of generating of ordered sets. The simplest
way is certainly to consider any system & of sets ordered by the relation D
or by <. In particular, the power-sets PX (X being a set) yield the ordered
sets (PX, D) as the most general ordered sets, every ordered set being similar
to a part of some (PX, D). The cardinal ordering of any set {0,1}¥ furnishes
the same possibility.

The procedure of intercalation, of inoculation, of hugging yields new
ordered sets; it is then interesting how some properties of the obtained output
set depend on similar properties of the given input sets.

In the paper we examine the foregoing procedures and examine the pro-
perty of normality of ramified sets and of trees.

The @,—ordinal dimension of 4,—sets in the sense of Komm [5] is
determined to be ke, and the problem is formulated as to whether there
should be

dy A, <k @,V
2. A sufficient condition for the normality of trees.

2.1 Degenerated ordered sets. An ordered set (0,<) is called degenerated,
provided the comparability relation is transitive in the set (0,<).

2.2, Normal ordered sets. An ordered set is called normal if it has the
same cardinality as some of its degenerated subsets.

2.3. Theorem. Let w, be any regular non countable ordinal number.
Every tree T of cardinality >kw in which, for some °«"L<0’v. there is a stricily
increasing function f|T into a k w, -separable chain C contains an antichain
of the cardinality kw,.

Proof. Let r, r, ry, (n<co:,) be any simply ordered everywhere dense
subset of C of cardinality k w,. For gvery n<w, let T be the set of all the
points of C satisfying

Sx<r,<f(b (@),

1 kX cardinality of X; 4, X is the minimal cardinal number # such that there is 2
system of # linear orderings of X, the superprosition of which produces the given ordering
X, <)

217
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where for any @ & T we denote by b{a) any successor of a (there is no
restriction to assume that every @ & T has infinitely many (even k& w,) succes-
sors). Obviously

T=1U,Ttn<w) and
kT=3, kT*(n<w,).

The number K7 being regular supposedly, there exists some index m< oy, such
that kT = k7™, Let us prove that 7™ contains an antichain of cardinality & w,.
We can assume that the tree is of cardinality & w, that its every row as well
as every chain are <kw, and consequently v 7™=cw,. Moreover, one can
suppose that every member g of 7™ has k «, successors. By induction argument,
(cf. [5] p. 486) one proves the existence of an o, -sequence

az ™ (E<T=wv)
such that the numbers g, defined by a: & Ry, T form a strictly increasing
, -sequence and that the numbers 7; defined by & (az) € R, T satisfy

G<n <, (E<oy).

One proves then that the points b(a;)(E<w,) form a requested antichain.
3. A theorem on ramified sets.

3.1. Definition. Any ordered set (R, <) such that for every x & R

def
the set R(-,x]={yly & R, y<x} is simply ordered, is called a ramified set.
Ramified sets generalize the trees. As an exercise one proves the following.

3.1.1. If D is a degenerated subset of a ramified set (R, <), then the set

JDRy=U,R(,x] (xED)

is a degenerated subset of (R, <).

3.2. Theorem. If a ramified set R is cofinal to a normal tree T, such
that for every subset § C T of cardinality ¢f kR one has

(h kU R[s]=kR, (s&S),
then the set (R<) is normal.

Proof, Since for every x = R the set R(.,x] is simply ordered we might
assume that

(2) KR(.,x]<kR (x & R).
Now, by the definition of cofinality of R to 7 we have
(3) R=1J,R(..x), (x££

3.2.1 First case: kR is regular. Then the relations (1), (2) jointly
with the regularity of AR imply kR=£KT. Now, let us consider the degenerated
subset 7T, of T of the cardinality k7. By hypothesis, such a set exists. The
number &7 being regular, every set 7,[a, -} with ¢ = R, T, being a chain thus
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< kT, we conclude that kR, T,=kT,=kR. Now, for every a = Ry T;, let &' be
any point of R such that a <a'; then the set R'y:—{a'|a’ & R,T,} 1s a reques-

ted antichain of R and obviously kRg=kR, T,=kT,—=kR.
3.2.2. Second case: kR s singular. Of course, there is no restric-
tion to assume that the cardinality of k7" be a regular number ke, The set

T being normal, let then T, be a degenerated subset of T such that kT,=kT.
Then we have two cases:

3.2.2.1. First case: The first row R, 7, of T, has kT, members. Since
(1) and (2) hold for every s & R, T,, we conciude easily that in every R[s, - ),
(s & R, T,) there exists a degeperated set of any cardinality <kAR. Now, let us
consider a well-ordering

P P P {#<<eg)

of the set R, T, and any ewy-sequence of cardinals k, such that

C))] ko<kR and X, k,=kR, (z<wg).

In every RI[f,,-),(a<<wy) there exists some degenerated subset D, of cardimnality
=ky; then the set D=1) D, (e <wp) is a requested degencrated subset of R of
cardinality kR =2k, (« <cb op)

3.22.2. Second case: kR Ty<kT,. The number AT being regular,
one concludes that for some ¢ & R, T, we have

(5 kT, [a, - Y=KT,.
Now, the set Ty[a,-) is well-ordered; T, being degencrated. Let us con-

sider the chains
R, x], (x & Ty[a, -)) and their ‘union

A L R(-,x]! (xeTo[a:‘))-

The set A is a simply ordered subset of (R;«); if kA=kR, A4 is a
requested subset of (R<«). Therefore, we have still to consider the case that
kA< kR. By hypothesis (1) the relation (1} holds for §=7,[a,-), ie.

kU R(s)=kR (s € Tola, ).

Consequently, there is a strictly increasing wg-sequence of points a, & Ty[a, )
and a strictly increasing wp-sequence of cardinals &, with k4 < k,< kR such that

kR[ay, )=k, and Tk, =kR, (x<tog).

We consider the sets
’ def

Boc:-R [aa:)\R [aacﬂ ' )
One has
sup kB,=kR.
o
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Therefore, it is possible to choose degenerated sets

D, C B,
such that
sup kD,=kR.
Now, the set
B=).D, {2 << eop)

is degenerated and has the cardinality kR, what completes the proof of the
theorem.

3.3. Transition: trees — ramified sets. By intercalation of chains between
consecutive members of a tree T one gets a ramified set; in other words, for
any ordered pair (x,y) of consecutive members of a tree T let ¢(x,») be an
ordered set — empty or non empty; if the sets e(x,y) arc pairwise disjoint
and in no order relation, we intercalate ¢ (x, ) between the points x,p of T;if
x<_y, the set succeeds to every member of T(.,x] and prececds to every
member of 7'(p,.). Let (7,¢) be the ordered set so obtatned.

Theorem. The set (T,c) is ramified (¢ tree) if and only if for every
(%, 7} C(T,<) the set c(x,y) is a totally (well) ordered set.

4. Isomorph ~-dimension of ordered sets.

4.1. Definition of it-dim. Let X be the type of order of some linearly
ordered set. If for some ordered set (0,<) there exists a family F of linear
extensions (0,<,) of (0,<), each of order type T, and such that for any (g, b)
& 02 one has a<d if and only if a<,b for every r& F, then the minimal
cardinality kF of all such families F is called the isomorph t-dimension of
(0,<) and is denoted i=<-dim (0,<).

4.1.1. E.g. for any finite ordered set (0,<), if k0=n, then n-dim (0,<)
exists.

4.2, Theorem. [If
(1) (Twy,<’) is any suborder of the linearly ordered set
(2) ({0, <),

then iwy-dim (Iwy;<") exists.
More generally we have the following.

4.3. Theorem. Ir order that for some ordered set

(1) (0, <) the iwy-dim (0,<’) exists, it is necessary and sufficient
that there is some one-to-one increasing mapping I of (1) inte the chain

@ (e, <).

Obviously, the condition of the theorem is necessary. Let us prove that
the condition of the theorem is also sufficient: if there exists some (1.1)-mapping
i of (1) into (2), then there exists a family of wg-extensions of (1), the super-
position of which yields the order (1).

For this purpose it is sufficient to prove that every antichain {a, b}
consisting of 2 incomparable points of (1) is obtainable by such «,-extensions
of (1). Let ja=o0,, ib=0, and suppose o0,<<0,. The antidomain O'=i0 of the
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set O is the union of the 2-point-set {o,, 0,}, of the interval O’ (o,,0,), of the
set D'=0"'(.,0) and of the set £'=0"(0,,.). The set I=0'(0,,0,) is the
union of the following 3 subsets:

(3) A =i0(@ ) N1LB =i0( by NI and C' =i[CO[al< M CObl<' N1,

The domains of the corresponding subfunctions are well determined. Put
X=X, ie.

(4 A=i1 A" B=i1 B, C~i1C,D=i1 D' E=ilE".

There is no restriction to suppose
(5 fa=>=—fu+fb,;

as a matter of fact, if this condition were not satisfied, we would consider the
function x—f" x =[x+ (—fa+fb)+1, and this function f' would satisfy the
condition f'az> —jf'a+f'b. This being so, let # be a member of Jwy:=7
such that

(6) 00> —0, + 0]

we define a function g|7 in the following way:

) ga=fb=o0,,gb=0,=fa
glAd=—n+f|4, g|B=—n-f]B, g|C-f|C, g|D=—n+f|D,
glE—n+gl|E.

Let us define the ordering (0;<,) in such a way that for (x,y) we put
(8) X< yeogx<’gy.
The relation <, extends the relation <’ in (0, <}, 1.e. for (x,y)& 02

&) x< Yy gx<, gy, 1.6 g,<gy.
The implication (9) is obvious if {x,y} belongs to any of the sets
(10) A,B,C,D,E.

Therefore, we have to prove (9) if only one of the members of {x,y}
belongs to one of the sets (10), the another being in some another member
of (10) or in {0,0,}. E.g. assume x € 4,y < B; then gx=—n+fx, gy=—n+
+fy. Since by hypothesis x<"y so is fx <fy and consequently

—n+fx<<--n+fy, ie gx<gy, ie x<,y.

In all other cases one proves (9) and also that the mapping g|O is
one-to-one. Therefore, </, is an order relation in §; in particular, we have
ga>gh, and this jointly with a¢<Ib proves that the superposition of the orde-
rings (0,<) and (O,<,) yields the incomparability of a, b in (0;<).

4.4. Problem. Probably, in 4.2 and 4.3 it is legitimate to replace every-
where o, by w,, for any ordinal o.

5. On permutations of ovdered sets,
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5.1. Let (@,<) be any ordered set and O, the set of all the one-to-cne
mappings of O into itself. For any subset F (O, we define the order < of
@ in the following way:

x< pyafx<fy for every f& F.

Obviously, < p is the total unorder for F=0,; for the identity transformation
I of O the relation <, equals <.

5.2. Problem. Is every suborder (0,<") of (0, <) obtainable as (0; < ;)
Jor some F 0,7

The answer is — yes! at least for (fwy,<) and probably for every
({ gy < ).

5.3. Theorem (Superposition of <k w, orderings of Iw,)). Let w, be
regular; any system F of cardinality <k, of total w,orderings of the sel
fi=Tew,={0,1,2,...4a, ...}M% yields by superposition an order (O,<) of I,
possessing an w,-sequence in natural order.

Proof. Let F={f;}: be a normal well order of F; let us define the
w, -sequence (1) a; of numbers <, in the following way: let ay=0; let a; be
the first member of f, coming after a4, in every member of F. Let o<B<w,
and let suppose that the strictly increasing B-sequence a,(x<B) be defined; we
define ag as the first member of I, coming after {a,}, in every member of F;
since kB<kw, and since w, is regular, the existence of g is guaranted. By
induction arguments the sequence (1) of & «, points in strictly increasing
order is defined. Q. E. D.

5.4. Theorem. Let w, be regular. The ordinal w,dimension of every

A,-set exists and equals k w, (cf. Problem in 4.4).

As to the definition of A,-sets s. [5]. The existence of the w,~-dimension
of A, follows from the fact that (4,,<,) is obtainable by a family of permuta-
tions of (fw,,<) on the one hand and on the other hand of the fact that for
any permutation p of the chain fw, the chain (fw,,< ;) is of the order type
o,. Finally, by 4.3. the w,-dimension is not <k w, (cf. problem in 4.4).

5.6. Problem. If a tree (T,<) is the union of <k wy antichains, is then
the ordinal dimension dyT of the tree <k w,?

5.7. Problem. More generally, if an ordered set (0,<) is the union
of a family of <4 of its antichains, is then d,(0,<)<¥b, i.e. is there a system
F of cardinality <& of total orderings of the set O such that x<y in (0,<)
if and only if x<, y for every ordering < ;& F.

y

6. Hugging and inoculation of ordered sets.

6.1. Let.(0,<) be an ordered set. Let /| O be any mapping such that to
every point x of O one is associated a single ordered pair (o, [,) of ordered
sets. We denote by O@f the ordered set obtained from (0, <) in such a way
that O be extended by sets o,,1, and ordered in such a way that o, prece-
des x,x precedes 1, for every x & O and that o,, 1, be incomparable to O (-, x)
and to O(x,-) respectively. In particular, o, precedes 1, in O&f for every
xc 0.

6.1.1. The set Owf might be defined to consist of points of O and of
ordered pairs (4,b) such that either a0 and b€ 1, or =0 and aE o,
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The ordering of O®f is performed in the following way: If A,BE O0®f then
A < B means exactly the following:

if 4,BE 0, then A<B in (0,<);

if 4C O, and B=(a,b), then aE 0, A< a in (0,<) and b 1,;

if B0, and A=(a,b), then bE 0,b< B in (0,<) and a& 0,.

One verifies easily the following:

6.1.2. Lemma. For any ordered set (0,<) and any mapping f defined
in 6.1. the set (O®f,<) is an extension of (0,<); in particular, for distinct
points x,y & @, the sets 0,,0, are mutually incomparable as well as are the
sets 1,,1,; one has O,< 1, if and only if x < y; the sets 1,,0, are incomparable
mutually.

6.1.3. The processus (&, <) f— (0O®/; <) is called the hugging or hymeriza-
tion (¢f{2]p. 15) or the double inoculation of the sets fx to the set (0, <).

6.2. Mnoculation. If o, equals @ identically, the hugging is called the ino-
culation or grafting in (0,<). If 1,— &, the hugging of fx to x is called the
inverse inoculation of the set 0, at the peint x of 0. If f|O =X, ¥) (constant),
the f~hugging is denoted by (X «-O0—Y); instead of (@< O0-Y) and (X¥<0O
— @) we write also (O0—Y), and (X< 0) respectively.

6.2.1. Instead of X« (X<« 0) we shall write 2 X« O in general, we define
(x+ 1) X<O0 to be X« (x X« 0O} and
AN =B X0 (B<h)

for any ordinal « and any limit ordinal A.
Analogously, we put

(O>Y)>¥)=0x2Y
(O—=aN=0—(e+1)Y
OAY=UpO—>BY)  (B<N).

6.2.2. Convention. If (a,b,¢) 1s any ordered triplet of ordered types,
we define a<—b-—+c to mean 4+« B—C, where (4,B,C) is an ordered triplet
of ordered sets of the ordered types a,b,c respectively.

6.2.3. Example. If (4,8) is an ordered pair of antichains and P any
ordinal, then T:=4—3 B is a tree; the first row of T is A; the rank v=vy T
of T'is inf. {B+ 1, wy}; for every positive integer n<_y 7" one has

kR,T=(kB—n+ 1) kA (kB

The proof of the last equality is performed by induction argument on n.

6.2.4. If (O,<) as well as fx for every x& .5 are ramified (ranked) so
1s also the set (O®f;<); in particular, if (0,<) and fx is a tree for every
x & 0, then so is also the set O&/.

6.3. Theorem. Let (0O,<) be ordered and x € O—fx=(0, 1) like in
6.1; then every regular ordinal number r which is representable in O®f is also
representable in (0,<) or in 0,<x<1, for some x¢=0.
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O CETIRI FUNKCIJE*
Kurepa R. Djuro, Beograd

I. Neka je n prirodan broj: tada se n! (Def = 1.2.3...n) moZe
uvesti kao: 1) broj permutacija skuposti I{n)={0,1,...,n— 1} od n &la-
nova; kao i 2) broj maksimalnih lanaca u uredenom skupu (PI (n), ) svih
delova skuposti I (n). Poslednja znadenja od n! prenose se neposredno 1
za svaki beskonaéni broj n.

2. Dualni n faktorijal #; uvodi se kao broj maksimalnih antilanaca
u (PI (n). D). Za razliku od n! koji zadovoljava vrlo jednostavan uslov
svodenja n! = (n# — 1)!# 1 ima vaZno prodirenje nl =1 (n + 1) ne zna se
kako javno broj a; zavisi od (n—1); ili od manjih kj za k < n.

3. Uz n faktorijal (#!) moZe se uvesti i levi faktorijal n ('n) kao Zk!
pri k<<n, t. lm=ol4-11..4+{n—D!

4. Stavimo M, = M (In, nl) = najveéa zajedniCka mera od !n, nl.
Tako imamo posebno funkcije n & N — n, M,

5. Od pomenute Cetiri funkcije posebno je izufena prva u obliku
svojeg proSirenja kao gama — funkcija. Jasno je da sve tri funkcije n!, n;,
n rastu u oc pri # - oc.

6. Naprotiv. izgleda nam da je funkcija M, ¥ pri # > | konstanta 2.
Ta je pretpostavka ravnovaljana s pretpostavkom da ni za koji prost broj
p > 2 broj. jp nije deljiv sa p. Nastaje problem da se odredi po apsolu-
tnoj vrednosti najmanji ostatak broja !n u odnosu na n.

* Prikazano 16. 9. 1974 na V. Kongresu maiematidara, fizi¥ara i astronoma Jugo-
slavija (Ohrid, 14 —19. 9. 1970).



MATEMATHUUECKHE CTPYKIYPBI — BBIUMCJIHWTEJbLHAM
MATEMATHUKA — MATEMATHYECKOE MOAEJIMPOBAHHE

Tpydor, nocsawernsle wecmudecamuaemuw axadenmura JA. Hauesa
Cobua, 1975, ¢. 109—111

OJHA MOCJEAOBATEJLHOCTL AEPEBBLEB U OJHA
MMOCJEJOBATEJBHOCTb YUCEJ *

J. Kypena

Hopozosy wosneze u npuameaio JdroGomupy Haueay s css3u
¢ e2o GU-nemues — € AYHUIUMI RONCEATHUSIMUE NOCEALALH A6MOPD.

0. OGosnauerus u copepxanne. kX =momuocts X; [x, Js={ ¥ | V€S, x =<y}

Onpereasiorea mepeso 1, U aucaa K, mnna #ni N .

1. CosoxynHocTs 7, M AepeBo T, [lycts gng waxaoro né N T,— Mhuo-
HECTBO, COCTOAIIEE M3 IYCTHIX MOcaejoBaTedbrOCcTed ((7}) W M3 Bcex mocaeno-
BaTtenbHOCTeH BUNa a={ay, dy, . .., ), rAel<<i<nu a,¢ ,={0,1,2,...,{— 1}
Cosoxynmocts 7, YNOPAMOYMBAETCH B OTHOUIEHHH —, TU§ @ &, ciaeloBa-
TeNbHO, @ — HAUaJBHEE OTPe3ox b.

1.1. Taxum ofpasom, umeetcs Aepero T=(7, ). Hanpumep,

012 011 010 002 001 000

N NS
01, 0
(0) 01 (00 NS
i s N
Ti=(@) L= T , = [ (0}
(@) &
1.2. Havansumiét caoit K3, nepeBa I, ects {(@). [ocnemmmit caoit
aepesa T, ectb R.T,={(a, @, ..., @)}, e a;=0, a3¢{0,1} ..., @, ¢/,

Taxuv ofpasom, paHr HAM BHRCOTA ¥, AepeBa ¥, e€cTh uMcao l14+4#, T. e
yEp=1-tn
2. Kawnrit caoft R, umeer » uienos, T.e.
RR,Za=2l (»=0,1,2, ..., n)

3. Kapauuanesoe wiM rsassoe wucao k7, HaswBaeTca JeBBHIM (DaKTO-
pranom uncaa n ¥ ofosmauaerca yepes l(n-+1) wan L4, :

WA 1) =Ly =01+ 11421+ 42l

4. lpaebiii #am obbikHOBeHHHA (axTopuan nl=I(n+1) okasmBaeTcs
YHCAIOM SJIEMEHTOB B caoe R, 7T, (1 n<m), a Takke UICAOM MAKCHMAJb-
HBIX ueneH nepesa .

*Cogmn, 20. 4, 1973 r.
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5. CoorsercrBae S—aS. [Iycte aS ana mo6oro ynopsnodyeHHOrO MEO-
xecTBa S 0003HaYaeT CeMBIO BCeX aHTHIene#i CS, BKaOuas U MyCTYIO aH-
THIENOb N0 onpejenesHio C.S.

6. Teopema kaT;=3.

112 kaTy=( . (2P 17 1Y A DR DL

n—l

HokasateasctBo. aTy={D{(D)} {(0)}} snaunr kaTl,=3.
[Tycrs n>1. Toraa

(1 aT,=aTu{xuUylx €al(0,0), )r,, y€al(0, 1),)r,}.

Ipu srowm, ecaH (X, y}=F(x, ¥'), To x Uy==x'UY'. B dacTHOCTH, €c¥ X= (D =y,
TOTIA xuyM@ @ u TompKO (J — OOuMH uJeH B aT1—130 BTOPOM cJa-
raemom B (1),

Ias storo nesoe ymuowmesne (1) B £ naer

{11 kal,=kaT+(ka[(0, 0), .)r, . ka[(0, 1), )r,—1).

Tax kax ka{(00),.)r =ka[(0 1),.)r u3 (1) crenyer

kaT,=kaT,+[ka[(0)y )r |*~

AvanoryuseM 06pa3oM JIOKASEBaeTCd, UTO

(2) kal(0)s, ')Tn:1+(ka[(0)3")rn)3 u

() kal(0)i_, Jr, =1+ (kal(0), Jr ), 1=i=n;

B UYacTHOCTH,

(n—1) ka{(O),:_l, Jr,=1+4-2% pna kaxnoro 7€{2,3,...}; (0,0...0):=(0).
B camoM gneie, mycTh 3=i=#n; TOrja
A0 —p ), ={0)_a} U U U- - - Ui, €0[(00...07), )7, jeis}

i

[lycroe mMHOXecTBO (/) SBASIETCH WIEHOM B IOCAeJHEM MHOMXECTEBE IDH
X =Xy=++X;=(J); oTCIOZA

kaf(0),_y, Jr, = 14-[£a](0), Jr,J, moromy gro
kal(0), )r =ka[(0)i1 j, )r, maa j=0,1,2,...,i—1
HMeHHO, a4 i==n—1
Raf(0)a_y, I = 1+[ka[(0)n )7 " =142,

nOTOMY 4To COBOKYNHOCTE a[(0)y, )r ={(@, {(0).}} uMeer TOYHO nBa UieHa.

Taxum obpasom, cooTHomerua (2), (£), (#) moxasanbl. M3 HHX HemeNIeHHO
cleqyer Teopema 6.

7. Oymxuua K,(s). B cBa3n ¢ TeopeMoll 6 ecTecTBeHHO cieZylollee
7.1. Onpenenecuue. Ecau (n, §) — nobas ynopsanoueHHas napa HaTypaib-
HOTO YHCaa #>1 H NpPOH3BOJBHON BEeJHYHHBHL S, TO

Kols): =( (" + 1)1+ 12 - 1P 1) 1
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7.2, Hucna K. Ilycts
Kyt =K(2).
Torpa TeopemMy © MOXHO NpeLCcTaBUTs B caefymomell dopme:
73. Teopema K,=K,(2)=+kaT, nns n¢{2,3,4,...}.
74. B cBazu ¢ K,{S) HMEKOTCH pasHLie Pa3HOCTHEIE ypaBHEHHA, a HMeHHO,
Ku(8)=Kna(" + 1) =K, (5" + 1)+ 1=+ - = K (K(8)+1)-

Jasi aT0r0 €CTecTBeHHO ONpPementuTh

K =y+1, K=y nns mobero y,
uMeHHo Kp=FK,(2)=2, Ki=K(2)=3.
Oyuxnua K,(s5) IBYX NepeMeHHLIX 72, §, a UMeHHO yucna K,(n=0, 1,2,...)
Oy AeT IpefMEeTOM H3YYeHHs OTAENBHON CTAaThH.
7.5. Uuecna K, BO3pacTawT oveHb OHICTPO:

n012‘3 4 5

K, |2 3’6‘83 24147398 | 2781869508524901880602637961401707603

7.6. Teopema
(H Kgp—y=3 (mod 10}, 8
(2) | Ko =8 (mod 10) ax 42 3, .. .},
dopmyny (2) moxazan M. flunMoBuY, y4acTHHE Moero xypca ,O dakTopranax®.

7.7. Cnencrsue. Hucna K, Kj, ... KOHPpyeHTHEl mod. 5.

7.8. [Ipo6rema. ®ynxunw K,/N sxcTpaBoauposats B QyHKIHIO K/R HMM
naxe B K /R{), roe R(coors. R{({))— MHOKeCTBO-BCeX JeHCTBUTENBHLIX (COOTB.
KOMIJIEKCHBIX) YHMCeN TpPH YCJOBHH, 9TQ STH (QYHKUMU YAOBAETBODHIOT TEM
He CcaMhM  DA3HOCTHBIM YDABHEHHAM, KOTOPEIH YHOBJACTBOPAT (QYBKLKH
K,(2), Ko(5) npa ne ¢ 5o

8. [locaenopateNbHOCTE £y, £y, .. .

B ceasu ¢ uncinom kal, muas n(N MOXHO OINpeJS/HTh TaKXKe YHCAO

t,i=keT,,

rie ¢T, ofo3HaudeT MHOMXKECTBO Beex uenedt 7, BRAKYAA NYCTYIO LeNb
D Th '

Ecoa onpenenurs f,=2, TOraa HMeeT MeCTO caeyrowiad

8.1. Teopema. [lna n=0,1,2,...

fy= 14 > 2%k)
k=0

3

HMEHHO
t0=2, t1:4, t2=12, t3:60, t4:100, t5=3940, fea

Beazpad FOzocaasusn Hocmynuaa 28, 8. 1973 e,
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DURO R. KUREFA

PREDMETNA I POJAVNA METODOLOGIJA.
POSEBNOST KAO NOSILAC ZAKONITOSTI

1. Medu raznovrsnim naéinima nastave, uéenja, istraZivanja i tra-
Zenja zakonitosti vrlo se isti¢e nadin da se pri pojedinom predmetu,
pojavi, ... uoti odnosno otkrije i izuéi pojedina zakonitost, i ispita gde se
sve ona pojavljuje i kako je vezana s raznim drugim pojavama, zako-
nitostima, i sl. (Na tom na¢inu razmatranja zasniva se i induktivni naéin).
U tome se i sastoji predmetno-pojavna metodologija ili predmetno-pojavni
na¢in. Taj nacin je vrio plodan i privlaéan. On na svakom koraku kori-
snika razveseljava jer mu neposredno na delotvoran nacin profiruje
znanje, razvija sposobnosti, neguje volju. Primeri i primene takvog pri-
stupa su bezgranitni, sveopsti, svagdasnji i posvudainji; mogu se primeniti
i na svim stupnjevima: i najnizim i najvisim.

2. Posebno, imamo i ovakav model ophodenja i rada:

2.1. Primeti se neki pojav, fenomen, pravilo,... F u nekom posebnom
uotenom sluctaju, predmetu, obliku,... Q;

2.2. Onda se to posebno O uzme kao nosilac i predstavnik od F ne samo
u vezi s pojavljivanjem od F u O nego i inale.

2.3. Svojstva 1 zakonitosti o F u posebnom slu¢aju O su prenosiva 1 pre-
vodiva u druge sluéajeve.

2.4. Pojavljivanje sliénog ili istog F u raznim poleZajima i prilikama
treba iskoristiti da se dogovorno dode do usaglaSavanja, do homomorfizma
fako 1 ne do izomorfizma).

2.4.1. To posebno vredi za slu¢aj kad se radi o propisima i dogovorima
koji se moraju izvrsavati vrlo brzo, automatski i bez razmisljanja.

2.5. Dvojac (O, F). Na taj na¢in imamo vazan dvojac (O, F) sastavljen od
predmeta O i od fenomena F kojt je u O otkriven. Uz dvojac (O, F)
ispituju se i razni drugi dvojci (X, F) s istim drugim é&lanom F; u razredu
F svih takvi X-ova nalazi se i ono posebno poletno O; svi &lanovi iz
F su medusobno vezani bar preko F.

Dvojac (O, F) moZe biti vrlo raznorodno graden; posebno, nosilac O
moze biti vrlo raznovrstan kao npr, fizicki ili pravni predmet, pojava,
pojedina nauka, pojedini model,... MoZe se re¢i da je O manje vise
veran model ili primerak od F...



150

3. Ima mnogo sluéajeva u kojima, iz historijskih ili obi¢ajnih razloga,
vidimo da se stvarno radi protivno prethodnim utanaéenjima 2.1 —— 2.4.
Evo nekoliko primera:

3.1. Kad se ve¢ doSlo do znakova pismena, I, i za glas I (igla), vrlo je
prirodno da predmet igla po svojem obliku bude nosilac i znaka i naziva
za I, to pogotovo vredi za pisanje u slovenskim jezicima jer je reé igla
zaista sveslovenska. Sliéno vredi za oblik i ime slova: U (uho), S (srp),
V (vile, viljuska). Posebno bi se izbegao raskorak da npr. Y bude ¢&itano
kao ipsilon (dugo i), igrek (gréko i) a da u éirilici sluzi za glas u (uho).
(Podsetimo se da se danas u grékom glas i ispisuje na jedan od ovih
7 nadina: t, », 0, v, v, €, ol Zzaista neverovatna zamrSenost!) Kako
fovek ma Balkanu moZe da zna npr. 5ta je H, kad taj isti znak sluZi
kao ha$ ili ha (to je najbolje) i kao ita, eta (u grékom alfabetu)-i veé
nekoliko vekova kao N (Nikola) u éirilskom alfabetu. Oblik i naziv slova
u regionalnim i nacionalnim abecedama frebalo bi usaglasiti s medu-
narodnim zasadama i s onim kako se radi u nauci, tehnici, umetnosti,
a pogotovo u matematici i informatici kao izrazito medunarodnim i sve-
primenljivim naukama.

3.2. Nazivi u vezi s brojanjem. Brojevi se svuda upotrebljavaju. Zato bi
bilo korisno usaglasiti nazive sa brojevima i stvarnim znafenjem. Tako
npr. imamo nazive za mesece; 1. mesec, 2. mesec,... 6. mesec (jun,
lipanj), 7. mesec, 8. mesec,... 12. mesec. Nazivi septembar, oktobar,
novembar, decembar trebalo bi da oznatuju redom: sedmi, osmi, deveti
i deseti mesec u saglasnosti sa re¢ima: septem (lat.; sedam), octo (gréki
i lat.; osam), novem (l.), ennea (g.: devet), decem (lat.), deka (g.: deset).
Ucenici i ljudi sluZe se ve¢ vekovima npr. re¢ima dekadski i decimalni,
pa je nezgodno da se s tom opitom upotrebom ne saglaSava vaZan naziv
kao §to je »decembar«. Za 11. i 12. mesec trebalo bi uvesti nove nazive.
PredlaZem da se jedanaesti mesec zove Lensk (po Lejninu jer je taj mesec
vezan sa vaZnim svetskim dogadajem: Velika Socijalisticka Revolucija, a
predvodio ju je Lenjin); dvanaesti mesec mogao bi se zvati: Dvanaestik,
Duodecembar ili sliéno.

3.3. Uplitanje semantike. Vanredno je korisno i upecatljivo ako uz pojedini
pojam dolazi upecatljiv naziv s odgovarajuéim znaéenjem. Zato je neop-
hodno da ucenic¢ko Stivo i udzbenici ne budu nagomilani stranim nera-
zumljivim reCima i izrazima. Pojedina re¢ ili dogadaj, pojam moZe upe-
¢atljivo da u svesti toveka zvuéi kroz ¢itav Zivot otkad ju je &uo ili
upoznao.

3.4. Koliko bi bilo jednostavnije da se na ¢asovnicima oéitavaju &asovi
od 1—24, a ne 1—12, i da se kretanje kazaljke na ¢asovniku smatra da
se izvodi u pozitivnom smislu, a ne u negativnom smislu kao §to je danas
obifaj u matematici.

4. Pojedini oblici matematizacije. Matematizacija odnosno primena
matematike u dnevnom Zivotu, nauci, tehnici, umetnosti, ..., ne sastoji
se samo u tome da se primenjuju matematitka rasudivanja, postupei,
modeli, formule, pravila, ... nego i u tome da se to sve primeni $to brze,
5to neposrednije, ... a pogotovo da ne bude nesuglasja. Jedan od vidova
toga usaglaSavanja sastoji se u onome §to je reCeno u t. 3.1. Stepen
matematizacije ofituje se i u iznalaZenju raznih veza medu pojavama i
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u pronalaZenju dosega pojedine zakonitosti u raznim svojim nijansama
(v. t. 2.5). \

5. Princip ustaljenosti. Uzme li se neki znak, re¢... X iz jedne
abecede, jezika u drugu abecedu ili jezik tada znalenje, uloga, redosled
treba da ostanu nepromenjeni ili sliéni pogotovu ako su prostorno-vre-
menski nablizu.

Koliko mi u Jugoslaviji godidnje gubimo &to npr. oblici B, C, g, H,
P, U, Y, H, u nas nemaju jedan jedini izgovor i jedan jedini redosled.
A jednostavnim propisom da se u tom pogledu primene medunarodne
norme do$li bisme odmah do trazenog refenja. Koliko bismo time pormogli
ufenicima, tehnicarima, slovoslagad¢ima, kompjuterima, prevodiocima, ...
i — drzavnoj blagajni. I koliko li bismo se svi time medusobno zbliZili.

6. Nacelo (princip) provere. Nastavni rad i uopste rad, posebno sam
izvodilac treba da ima pravo i duZnost proveravanja svoga dela. Tako
npr. u¢eniku treba pruziti moguénost da svaki svoj sastav sam proveri kao
i pravo da odmah, na licu mesta, javno sazna, kako je njegov rad, odgo-
vor, . .. nastavnik ocenio.

7. Tehni¢ka ujednadavanja i usaglaSavanja zagovaramo najviSe zato
da se misaona delatnost ne opteretuje nepotrebno, pogotovo 5to smo uve-
reni da ista osoba automatski, bez razmiiljanja i gubljenja vremena. ne
moZe u isti mah raditi jednako spretno po dva neusagladena propisa (npr.
brzo naéi reé u reéniku, u raznim abecedama s neusaglagenim redosledom
ili sloziti Stamparski slog u neusaglafenim pismenima).

Praktiéni zahtev: Svaki reénik, na prvoj ili poslednjoj stranici treba da
ima otisnutu i abecedu (oblik i redosled slova) na kojoj je napisan. Ta
dva, tri redi¢a neverovatno ¢e pemoéi korisniku.
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ON THE SYSTEM OF ALL MAXIMAL CHAINS (ANTICHAINS)
OF A GRAPH.*D

Kurepa Duro
To my dear colleague and friend Erdds, Paul

0. Ordered sets constituie an important kind of graphs; it is a very natu-
ral way to transfer notions and results concerning ordered sets to general graphs.

0—1. From the very beginning of our study of ordered sets (E, <) we
stressed the importance of the number

0-1-1 p(E; <): =sup,|A|, ACa(E, <) where

(0-1-2) a(E, <): ={X|XCE; X is an antichain in (£, <)} [cf Kurepa
1935] p. 1196 and p. 1197, la relation fondamentale (1)|E|<(2p, E)E).
The number p,(E, <) is called the Iberiy degree of (E<) (s is initial of slav
words sloboda or svoboda meaning liberty, freedom).

0—-1-3. The question was whether the number p E called also bridth of
(E, <) is reached i.e. whether the family

(0-1-4) ay(E <):={X|X is a maximal antichain of (E, <)
has a maximum member-one of the greatest cardinality, i.e. the cardinality p, (E, <{).
0—1-5. QObviously, for any graph (G, p) the corresponding notions p, (G, p),

a(G, p) [ay (G, ¢)] are defined in the same way and are called the independence
number, the system of all [maximal] independent subsets.

0-2. The systems

(0-2-1) L(E, p), L,(E, p) of all chains resp. of all maximal chains
in (E, p) are well defined; for the case of graphs one speaks often of complete
subgraphs instead of subchains in the graph.

0-2-2. Remark. For every ordered set (£, <) the empty set @ is
considered as a subchain as well as an subantichain; in other words, @ is mem-
ber of L(E, <) as well as of a(E, <).

* Presented partly, the 30th June 1973 on the Colloquium on infinite and finite sets
(Keszthely, Hungary 1973.06.25.1—1973.06.30.6) in honout of the 60tk birthday of Erdés Paul.

) Ovaj rad je financirala Republicka zajednica za nauku SR Srbije preko Matematitkog
instituta.
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162 Kurepa Puro

0—3. Paths.

0-3—-1. Definition A path or way in graph is every well-ordered
subset W=(W,, W;,..) such that for every W, $>>0 the set of indices o such
a<f and W,p Wy is cofinal to the set of ordinals <f; thus in particular if
B=<B, then Wy~ p W,.

0-3-2. Let n(G, p) [résp. (G, p)] be the system of all paths [resp.
of all maximal paths] in (G, p).

0-3-3. Let /(G, p): =sup|X|[; the number /(G, p) is called path-length
of the graph.

0—3-—4. Analogously the number L;(G, p): =sup| X |, X&L(G, p) may
be called the chain-length of the graph.

0--4, Cellularity. For any system S of sets we define the cellula-
rity ¢S or celS as ¢S:=sup|H|, H running through the system of ali dis-
o :

joint subsystems of S; in particular, for any topological space E we define
¢S:=c(GS), GS denoting the system of all open sets of the space £ {cf. Kurepa
[1935] p. 131 where ¢S was denoted by p,S.

0-5. As always when a supremum is concerned one has to examine
whether the number Z,[resp. /] is reached if the graph is transfinite. The same
question applies for the cellularity.

1. Cellularity of ordered chains

1—-1. If (C, <) is an ordered chain, then one could consider a com-
plete subdivision of (C, <) and get a corresponding tree (7, D) of subintervals;
one proves readily that

1—1-1. cel (C, <)=cel(T, D) (cf. Thése § 12; for instance Lemme 4
p. 121).

1—-1—2. On the other hand, for every tree (7, <) we defined a num-
ber &' T as the supremum of cardinals [F|, F running through the system of
all families of non radial elementary directions in (7, <) (cf Thése p. 109 §4].

1—1—3. Now, if the rank or height v(T, <{) is not cofinal to an in-
accesible ordinal, then the number & (7, <) is reached (v. Thése p. 110 Théo-
réme 3). As an obvious corollary of this théoréme 3 we have the following result.

1-1—4. Theorem. If (C, <) is any ordered chain such that the cel-
lurarity ¢(C, <) is not cofinal to an inaccessible number, then the cellularity
¢(C, <) is reached, i.e. the chain (C, <) contains a disjoint system of cardina-
lity cel(C, <) of intervals of (C, <). ie. in the graph (GC, XN Y= @) there
is a maximum chain. :

The theorem 1 ~1—4 should be compared to the following.
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1-1-5 Theorem. The celiularity of squares of ordered chains is rea-
ched and is egual to the separability number of the chain (this result is implicit-
Iy contained in owr papers [1950], {1952]).

As a matter of fact, it is sufficient to consider any complete bipartition
D of (C, <) (Thése p. 114); if ¢ D denotes all elements of D of cardinality >1
each, then (¢ D, =) is a tree of intervals in which every X&¢ D has two
immediate followers X, X, such that X < X; one has the corresponding rectangle
X = X, in (C?, <) Xrunnmg through LLD the corresponding interiors int X x X,
are open # @ and counstitute a disjoint family /4 of cardinality [L{;D since
|4 Dl=sep(C, <) one infers that

(1-1-5-1) |H|=sep(C, <).
On the other hand, obviously

(1-1-5-2) |H|=cel(C? <)< sep(C, <); therefore we conclude that
H is a maximum antichain in the graph (G(C, <), # @) and this completes
the proof ol the theorem 1-1-—35.

1--1--6. As it was pointed out in Thése (cf. Principe de réduction P,,
p. 130) the proposition | T|=s(T, <)-L(T, <) for infinite trees is a postu-
late; therefore we conclude that the proposition

1-1-7. Every infinite ordered chain (C, <) satisfies

(1-1-3) cel (€2, <) =cel(C, <)
is a postulate independant of other axioms in the ZF—set theory (cf. Kurepa
[1974] for references).

2, Trees /,(n=0,1,2,...).
_ T, is the empty sequence; if nE N, let T, be composed of the empty
sequence and of all elements of the set

{a: =(ay, a,, ..., a}| 1<<i<j<<n, a,{0, |, — 13} let e—b mean
that g is an initial segment of &; then we have the tree 7 =(T,,—) with quite
interesting properties. At first we have the following

2—1. Theorem. If n<{1,2, ...} then

2-2) la T, = (. (20 1T =24 o 2 1)
(2=2)p ]a’M(_T,,l:(...((Q"‘l-l— [} N ) s 1)1+ 1.

Proof. aTy,={w.{e}}); thus |aT =2
Ti={w, {2}, {0 thus [aT,[=3=|a, T, |
Let 1<<nE N, then
(2—3) agn:aglu{xuy]xE[(o)z>)g"! JfEa[(Oa 1)’)gn} (Cf §4)
Now, if moreover (x, ¥)=£(x", ¥), then xJyz=x"Uy. If (x, »=(a, @),
then xUy=@. Thus @ is a common term—and unigue one—of the two

summands in (2 - 3). Therefore considering the cardinal numbers, the formula
(2-3) yields

11*
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2-4) |aT,|=|aT|+]al(0,0,.)5 |-1al(0, 1), )y, |-1. Thus
(2-5) |aT,|=2+|al(0, 0),.) 5, |* because
|a1(0, 0), )| g, =[al(0, 1), .)g,|.
By a similar argument one proves
(2-6) [a[(0, 0), .)g"(= 1+a[(0,0,0),.)7 I
2-7 |a[0,0,..), .)gn|=1+{a[(0),-, .)gnl" for 2<i<n®
In particular, for i=n we have

@=8) [al(©),_,) g, |=1+[al©),, )P
ie.

(2-9) al(0)ess )g,|=1+2" becawse al(0),,.)g,={2,{(O)}}

The elimination of the intermediary terms yields
2-10) |aT,|=2+(1+(1+ - +(1F+27p" =24 .. PP, e

we get the formula (2-2).

If we try to replace the symbol @ by a,, in preceding formulas, then we
sec that we could do it in formulas (2—3)—(2~8). Only, instead of (2-9)
we have

(2-11) |8y [(0eys Vg, | =1+ 17=2,

because @y [(0),1, )7, consists of the singleton {(0),}. Finally, the for-
mulas (2—-11) and (2—3)—(2—8),, vield the requested equality (2 —2),,. This
completes the proof of the theorem 2 -1,

2~12. Remark. It is remarkable how the formulas (2—2), (2—2),,
are tied: subindexing with M in (2-2), (cf. §4) implies replacing of 27 by
1 in (2—2),; the removing of the index M in ((2—~2),,), implies the replacing
of the basis 2 in the right part of (2-2),, by the expression 2"+ 1.

3. The systems LT,, L;,T,. Let us prove the following
3—-0. Theorem. Ifnc{0,1,2,...}, then 3—-1) |Ly;T,|=n!
(3-2) |LT,|=14+3 27/!

r=0

(3-3) |LT,|=|LT,_ |+2";

in particular, we have the following table:

9 () =(0,0,...,0)
i



On the system of all maximal chains (antichains) of a graph. .. 165

L on o | 12! 3 4 5 6

2 1 | 2 | 4 | 8 | 16| 32 64

nl 1 1 2| 6 | 24| 120 70

2] 1 | 2 | 8 | 48 | 384 | 3840 | 46080

i it | 2 | 4 {12 | 60 | 444 | 4284 | s0364
r=0

Proof of the theorem. The proof of (3—1) is immediate. There-
fore let us prove (3—2), (3 —3). At first since T, is the empty sequence o,
we have

G-4 |LT,|=l{z,{z}}=2.
3—4. Analogously
(3-5) LUT,={2,{g} {0} {z, (O} |LT, =4

In other words, the formula (3 - 2) holds for n==0, 1. Since {3-3), {(3—-4)
imply (3—2), let us prove still (3—3) for n&N. Now,

(3-6) LINT . ={x}Ux [xER,T,, X'CT,(, 2}

Since x is of the form x=(x,, x,, ..., x,) where x,&{0,1,...,i—1},
x assumes n! values ie. |R,7,|=n!. On the other hand, for every xER,Y,
the set

Tl x)o={@, (x), (x5 %)y oo s (X, Xy 05 X1}
has » clements; therefore x’ in (3—6) assumes 27 values; so does {x}Jx as
well: the system (3 —6), has just 2"n! members; considering the cardinal num-
bers of (3—-6),, (3—6), we get precisely the requested formula (3 —3). Simple

evaluations of (3—2) for n=0, 1, 2, 3, 4, 5, 6 yielding the values indicated in
the table, the theorem (3-0) is completely proved.

3—7. Second proof of the theorem (3 —0). At first, (3 —4) holds; fur-
ther, if n& N, L7, is formed of the chains obtained by adjoining to every mem-
ber of L7, _, a single member of R,7/, (remark that R, 7, has »! members).
Now to each member x, L7/, we adjomn each of the »! members of R,7,;

!
to each member x,€LT LT, we can adjoin each of the i;— members  of
R, T, following x,; to each 0<<i<<n and to every member xiéLGr,.\Lﬁ_/",-_1 we

t
can adjein each of the E‘— members of R, 7, following x, (as a matter of fact,
it

!
| R/ T,|=1! and each member of R, is followed by f!— members of R,T ).
i

In other words
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(3-8) LY,=LT, U{{x y}|xELT,, yER,T Ix}U
n-1
U (Usn{xU{dh X &LTNLT ,_,, y,ER, T IxD-
=1

_ Now, the constituting parts in (3 — 8) are pairwise disjoint; therefore pas-
sing to cardinalities and putting (3—~9) | LT {=/(i=0,1,.) the formula 3—8
yields

H-—-1 _

b=l +lnt+ S (i_‘:'f—l),,.
i=1 1!

and thus

ln_ln— ol [,'_lj_ .
(3-10) ° - L=l 3 L, (i=2,3,...

i=1{ i:

Put

L—1

G-11) g =20 i=1,2,...,)

i!
thus in particular (cf. (3-4), (3-95))
(3_‘]2) q1=ll“lo=27 Q2=22-
In virtue of (3—11) the relation (3 - I0) becomes

- n—1
(B-13) g,=lh+5Saq (n=2,3,..).
i=1

Therefore
Gnv1 ™ 90 =4n> Le.
3-14) q,.,=24, (n=2,3,...) and consequently

Gniy =22y =22 =+ =27q, (,_p=2""", le.
(3-15) gq,,,=2"1(n=2,3,..).
The formula (3—15) joint to (3—12) yields
(3-16) ¢,=2(i=1,2,...),
From (3—-16) and (3—11) we infer
(3-17) L[=2it41_, G=1,2,...)

therefore
L=211+ 2710 = 1)+,

L=2 4 27 (= DV F-2 (= )l o - 4222420114

L=1+ Z et (n=0,1,2,...). QED.
r=0
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4, Notations. If T is a tree, then R T, R, T, ... are its rows or
levels.

If x&T, then T'(., x) or (-, x); denotes the set of all members of T
preceding x each. Dually, one defines T'(x,.) or (x, .}

If r is a relation, then r is its first (or left) part; r, is the second
part of r.

1973, 06. 25.1 means Monday, June 25%, 1973,
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DURC KUREPA

MATEMATICKI MODELI U PRIRODNIM
I DRUSTVENIM NAUKAMA*

1. POJAVA MODELA. MODELOVANJE

Cim &ovek ugleda da se neka pojava odvija, nastojeci upoznati
kako se ona odvija, ¢ovek veé time stvara neki model (modelovanje!)
ili sliku odgovarajuée pojave. Covek zeli da predvidi kako ée se do-
gadaj u datim uslovima odvijati pa u tu svrhu i moedeluje, tj. izgra-
duje »modele«, »sheme«, mehanizme pojava koje ispituje .

1. 1. U naSe doba, na poéetku 1966. godine, moZemo reé¢i da se
modelovanje uopste, a matemati¢ko posebno, stvarno odnosno misa-
ono sastoji u odrazavanju stvarnosti na predmetima i zbivanjima,
koja je Covek na zemlji prigotovio opiruéi se na dostignute duhovne
1 materijalne tekovine uopste, odnosno u matematici posebno.

Razvojnost zbivanja, saznanja i mogutnosti imaju svo] odraz
i na razvojnost modelovanja i primena. ..

1. 2. Modelovanje iglobalizacija. Modelovanje se
moze vrsiti 1 sa ciljem da se predmet, pojava, ... bolje shvate kao
jedno celo (globalizacije). Takva globalizacija moZe se ostvariti bilo
fiziekim predmetom, bilo shemom, bilo mreZzom itd. (isp. i 8. 2.).

Pri tom se moZemo sluziti i takvim ostvarenjima koja su ne-
kada medusobno dualna pa i protivuretna: tako npr. u modelima
atomskih zbivanja sluZimo se i valovitim pojavama i dualnim kor-
puskularnim pojavama.

1. 3. Svaku stvar, pojavu, ... S moZemo ispitivati sa raznih
gledista i pomoéu raznih pomagala: zato za S i moZemo imati raz-
novrsnih modela: matematiékih, fiziékih, bioloskih itd.

#*) Clanci D. Kurepe, E. Stipanicta, J. Pop-Jordanova, S. Stankoviéa [ A.
Stojkovi¢éa su redigovani tekstovi njihovih referata sa nau¢nog skupa »Marks
i savremenost« na temu »Marksizam | savremene matematitke, prirodne i teh-
ni¢ke nauke« odrzanog decembra 1965, u Opatiji u organizacijii Instituta za
radni¢ki pokret i Instituta drustvenih nauka.
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?. MATEMATICKI MODEL M POJAVE P

Model moze biti raznovrstan: za svaki predmet, svaku struk-
turu, svako zbivanje i svaku pojavu moZe se pomi$ljati na manje vise
veran model (homomorfan model, izomorfan model ili uzor). Take
imamo modele kretanja planeta, modele kretanja elektrona u atomu,
modele o strukturi materije, modele o ekonomskoj utakmici izmedu
pojedinih zajednica itd.

2. 1. Po priliei, mozemo reci da se pod matemati¢kim modelom
pojave P razumeva izgradivanje nekog skupa M relacija ¢ije ma-
temati¢ko izuéavanje i obradivanje dovodi do ta¢nijeg i preglednijeg
upoznavanja pojave P i njenog odvijanja i odvijanja drugih pojava
koje su gradene poput pojave P. Naravno da model M zavisi od
pojave P; to se formalno naznatuje M=M(P). Prelaz od M(P) na
M(P’) gde je P’ pojava slitna sa P mozZe se formalno izvesti pomocu
pojedinih parametara, kao $to su velitina predmeta, teZina pred-
meta, vreme itd. (isp. § 18). Sam model M(P) nije u opdtem slucaju
definiran jednoznaéno: zato pojavi P mogu biti pridruZeni razni mo-
deli Mi(P), Mz(P) ... (tipifan primer u tom pogledu je Ptolomejev
model kretanja planeta i Kopernikov model, oba modela odnose se
na istu pojavu — kretanje planeta sunceva sistema).

2. 2. Model' M(P) moZe biti sastavlien od matematickih rela-
cija kao $to su jednadine, funkcije itd; npr. ako je napeta struna (Zica)
duZine 1 priévrS$éena na svojim krajevima a cnda maknuta iz polo-
?aja ravnoteZe, normalni otklon z u daljini x od prvog kraja je
funkcija od x i t, a dokazuje se da zadovoljava diferencijalnu jednadz-

0%z 0%z

bu obhka — = w? T Pretpostavlja se da u po¢etnom trenutku t =20
12 %2

znamo polozal Zice, tj. dato je z(x, o) = f(x) kao i (a—z~) = g (X).
I=o

z(0, 0) = 0 = z(l, 0): tada se matemati¢kim metcdama nalazi z(x, t).
2.3. Model M(P) moZe biti umanjena ili uvecana slika od P,
poput makete grada, kraja, pojedinog predmeta, (npr. hroda) ili ras-
poreda elektro-energetskih izvora ili odvuan_]a saobracaja manjeg ili
veteg opsega itd.

2.4. M(P) moZe biti pribbliZna matemati¢ka slika odvijanja od P;
tako npr. ako P znali medusobnu isprepletenost poiedinih grana pri-
vrede u nekoj drZavi, onda se poslednjih godina za model M(P) uspe-
$no uzima neki skup linearnih relacija medu najglavnijim veli¢ina-
ma koje su u privredi P od odluéne vaznosti; k tome se traZi da neka

18



posebna velid¢ina C koja zavisi od tih osnovnih veli¢ina bude Sto veca,
odnosno §to manja (profit i proizvodnest §to vedi, cena Sto manja,
utro$ak materijala Sto manji i sl)

Tipi¢an primer takvog modela jesu tzv. linearni programi, od-
nosno linearna programiranja i dinamifka programiranja. (isp. §3

i§4).

25. Izgradnja modela pomo¢u aksioma. Jedna
od najbitnijih matematiékih metoda je aksiomatska. Pri to] metodi
uodavaju se pojedina svojstva i pojedine veze i zapisuju kao da vrede
bez izuzetka u odnosu na izu€avanu pojavu. Uclene veze nazivaju se
aksiome ili postulati. Pomoéu njih se manje viSe dobija uvid u odvija-
nje pojave ili procesa. Nekad je proces time opisan jednoznaéno a
nekad mnogoznaéno. Tako, na primer, svojstvo grupoidnosti iskazuje
se izrekom da je rezultat xoy uocene dvodlane operacije o sa ¢lano-
vima x, y nekog skupa G opet ¢lan istog skupa G (kaZe se da je G
grupoid u odnosu na ). Kako je ta pojava vrlo ¢esta, jasno je da mo-
del (struktura) grupe nije jedan jedini nego da se pojavijuje u vrlo
raznolikim prilikama: a posebna je zadaéa da se pri tom iskoriste
najéesci i najbolje obradeni grupoidi. To spada u problematiku repre-
zentacije ili predstavljanja modela, struktura itd. Posebno te vredi
za tzv. grupe (o predstavljanju struktura, isp. moju Vi3a algebra,
poglavlje 33 str. 1234-—1261).

Realizacija pojedinih aksiomatika pomoéu konkretno definisa-
nih modela spada u uZu matematitku teoriju modela.

26. Algebarska definicija modela. Pod modelom
razumevamo uredenu dvojku proizvoljna skupa E i proizvoljna niza
A= (A4, Az, ...) relacija nad E; pri tom Ay oznacuje podskup od Ew«,
gde je @y redni broj. Tu definiciju modela moZemo usporediti s de-
finicijom algebre, koja iz gornje definicije izlazi tako da umesto
srelacija« govorimo »operacija«. Glasovoti su modeli geometrije Lo-
badevskoga pomocéu sredstava Euklidove geometrije (Beltramijev
model, Poincaré-ov model). U danadnjoj fazi matematike teorija mo-
dela je usko povezana sa aksiomatskim sistemima (isp. 2.5).

2.7. Tehniéka i ekonomska definicija matematickog modela je
drukéija i taj pojam stoji umesto: matemati¢ka teorija, matemati¢ka
relacija, matematicka formula, matematicki sistem, matematicko opi-
sivanje i sl.

Matematiéki model od P znadi na matemati¢ki naéin povezati
veli¢ine (parametre) koji se u P pojavljuju sa svrhom da se dobije
pregled pojave P i bolji pogled nego 3to se to dobije opisivanjem
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retima te da se vide meduveze pojedinih faktora koji u P ulaze,
njihovu veli¢inu, povezanost i efektivnost (tezinu), te kako se P menja
pri delimiénom ili totalnom menjanju parametara koji ulaze u P; na-

stoje se odabrati takvi modeli koji se mogu potpunije obradivati
numericki koristedi efikasnije numeritke strojeve.

3. LINEARNO PROGRAMIRANJE

Linearno programiranje je nastalo 40.-tih godina nasega stole-
¢a. Danas, tj, u 1965. godini to je izgradena matemati¢ka diseciplina
s vrlo brojnim primenama u industriji, proizvodnji, tehnici, vojnoj
nauci itd. Linearno programiranje je ekvivalentne s teorijom tzv.
matriéne igre ili igre sa dva igrafa sume 0 od kojih svaki raspolaZe
konaénim brojem strategija. Tipi¢an primer linearnog programiranja
je problem transporta, problem raspodele robe iz m stovaridta na n
odredis$ta (uz minimalne troSkove prevoza), raspodela n osoba na n
radnih mesta uz maksimalnu proizvodnost, itd.

4. DINAMICKO PROGRAMIRANJE

41. Dinamié¢ko ili viSestepeno programira-
nje je ono koje zavisi od vremena 1 redosleda uCinjenih reSenja i
odluka. Pri dinami¢kom programiranju problem se resava poestupno,
tako da svako delimi¢no reSenje zavisi od prethodnih reSenja. Niza-
nje odluka moze biti strogo funkcionalno, deterministi¢ko ili stoha-
sti¢ko, tj. odredeno pomoéu neke razdeobe verovatnosti.

4.2. Tipi¢an primer dinamitkog programiranja je uprava i izu-
tavanje zaliha. Koliko preduzeée treba da kupi robe kako bi postiglo
5to veéu zaradu® Pri tom, treba imati u vidu razne Cinjenice i obigaje
kao: veé prisutnu zalihu, propise, pokvarljivost robe, osetljivost ku-
paca (ako robu ne mogu odmah dobiti), sistem naru¢ivanja robe,
trajanje isporuke itd. Taj se primer moZe upotrebiti da se objasne
pojedini pojmovi i uoe nacini refavanja problema. Posebno se u tu
svrhu moZe upotrebiti vrlo jednostavan sludaj problema, poznat kao
problem prodavaéa novina ili problem inventara (Morse, Kimball;
isp. G. E. Forsythe — R. A. Leibner, Matrix inversion by a Monte
Carlo Method, Math. Tables Aids Computation 4(1950) 127-—129).

43. Problem prodavac¢a novina (Morse-Kimball,
1950; primer za shvatanje stohasticke varijable). Prodavalac novina
proda proseéno A==10 komada nekih novina dnevno; kupuje ih po
b1 = 20 din. a prodaje po b:==30 din; neprodani primerci su &ist
gubitak. Koliko primeraka, a, tog dnevnog lista treba dnevno kupo-
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vati pa da zarada bude 5to veé¢a? Naravno, na pretac bi se reklo da
treba kupovati po 10 primeraka! Medutim, iskustvo treba da nas po-
u¢i po prilici koliko se kupaca pojavljuje pa ¢e stvarni broj, n,
kupaca za prosek A od mnogo posmatranja biti odreden tzv. Poisso-
novom podelom, prema kejoj je verovatnost da ¢e se prodati ukupno
n primeraksa jednaka

Al —A
el ® (isp. [1] str. 227)
n:

p(na) =

4.4, Analogna problematika sreée se u vrlo raznovrsnim obla-
stima, kao npr. pri zameni, odnosno obnavljanju strojeva u upotrebi,
pri potrednji elektriéne energije, pri sastavljanju privredruh planova,
pri izufavanju nastavnih procesa, strukturalne analize, u sociologiji,
fiziologiji itd.

5. UPRAVLJANJE PROIZVODNJOM
{OPERATIONS RESEARCH)

Upravljanje proizvodnjom Je nova ekonomska matemati¢ka
grana koja istrazuje pomoéu matematickih aparata kako da se orga-
nmizuju rad i proizvodnja da bi se povecala proizvednost rada, maksi-
malizirao profit, minimalizirali izdaci i gubitak i postigla sigurnost u
obrtu materijalnih dobara. Jedan od takvih problema je organizacija
tempa proizvodnje. Linearno programiranje sa matriénim raéunom
i dinami¢ko programiranje su jedna od radnih metoda u toj oblasti.

6. TEORIJA UPRAVLJANJA I OPHCDENJA
JE U SVOJIM POVOJIMA

Tako npr. teorija hodanja ¢oveka i visckorazvijenih Zivetinja a
specijalne izutavanje usprevne hodanja ¢oveka nije jo§ potpuno ob-
jadnjeno. Postoje zanimljivi modeli 1 zanimljiva rasudivanja s tim u
vezi, povezana s teorijom ekstrema funkeiji, a posebno s teorijom
ocenskih funkcija. Stvar predstavlja zajednitko polje rada fiziologa,
inzenjera, fizi¢ara, kemifara i matemati¢ara (isp. I. M. Gel'fand — M.
L. Cetlin, 0 nekotorih sposobah upravlénija sloZnimi sistemami (Us-
pehi matem. nauk 17 (1962) 1 (103}, 1—26).

7. VEKTOR PRIMER IZ TEORIJE IGARA

Vektor je prestao biti samo predstavnik usmerena puta, duZi,
odnosno kretanja, sile 1 sl. Danas vektor i matrice dolaze takoder
posebno u ekonomskim naukama, bioloskim naukama itd. pa se go-
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vori o vektoru cena, o vektoru rasporedaja tereta, o vektoru kompo-
nenata pojedinog leka, jela, o vektoru uéinka u pojedinim fizioloSkim
radnjama, o vektoru strategije itd.
Npr. osnovna teorema o igri sa dva igra¢a (E. Zermelo 1812, za
sluéaj Saha, a opéti slu¢aj J. Neumann 1928) moZe se izreéi ovako:
Neka je a realna matrica konatna formata (k, n); kada X =
[X1,- - - Xi]T prolazi skupom svih strategija igrata [, a x = [x1. - Xpy[
skupom svih strategija igrata 11, tada je vrednost igre
v =sup inf X a Xwu odnosu na igrada I jednaka vrednosit
1 X v=1,2"n1 1iv
igre v=inf sup Za x v iv U odnosu na igrada II; postoji »optimalna
2xi=1.k
strategija ¥ od I i optimalna strategija % od II« tako da bude

k & n
v =inf Zay Xiy=sup Ta Xv = va(isp.[11] 30§ 5.8)
1 vi=1 f=1.kv=lqv

8.1. ANALITICKI MODELI

Analitiéki model zbivanja se sastoji od skupa analitiékih rela-
cija u obliku jednakosti ili nejednakosti kojima se odreduje trazena
veli¢ina. Posebno su vaZne diferencijalne jednaéine, funkcionalne
jednacine itd. Analiticki modeli su bili uzorom u astronomiji i fizici
makrosveta. Izutavanje pojedinih éestica dovele je do napustanja
analitiétkih modela i analititkih metoda pa su se uveli verovatnosni
i statistitki modeli kojima obiluju danas$nja fizika, mehanika, ekono-
mika, biologija, drustvene nauke, tehni¢ke nauke te nauke o igrama.

82.TopoloSki modeli, mreini modeli. Osim ana-
lititkih modela danas se mnogo sluZzimo topoloskim modelima, mrez-
nim modelima, drvetima i sl. Tu se radi o tome da se napravi shema
logickog odvijanja procesa, nizanja i medusobnog vezivanja pojedi-
nih faza procesa. U veéim industrijskim, vojnim i sl. pogonima traze
se prethodno mreZni programi i planovi pre no §to se pristupi arhi-
tektonskom planu i programu izvodenja same gradnje. (isp. knjigu:
Ing. J. Brandenberger Ing. R. Konrad, Netzplantechnik, Eine Ein-
fiihrung, Bearbeitung: Ziirich 1965, Verlag Industrielle Organisation,
pp-222).

9. MATEMATICKI MODEL PREMA ORIGINALU

Matemati¢ki model u vezi sa stvarnosti treba zadovoljavati ne-
kim uslovima; npr. da su na shazi ovi uslovi:
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1) Model je ostvarljiv, tj.ima bar jedno reSenje; ta-
koder se kaZe da model treba »da radi«.

2) postoji jedno jedino reSenje.

3) Postoji jedno jedino stabilno reSenje. Stabilnost se podrazu-
meva u smislu da male promene parametara, podataka, ... 1zazivaju
male promene u refenju.

Uslov stabilnosti je u vezi sa éinjenicom da se reienja traZe
pribliznim metodama pa zato nadeno »priblizno« reSenje mora biti
»blizu« pravog reSenja; osim toga, podaci (parametri) dobivaju se
eksperimentalno, dakle.priblizno, pa zato ne smeju davati re3enja
koja bi previie odudarala od pravih, istinskih resen}a u vezi s pri-
rodnim dogadajima.

10. PUT OD POJAVE DO MODELA

Kad se dana vrsta predmeta, struktura, pojava Zeli izulavati
pomotu matemati¢kog modela, onda se moZe postupiti ovako:

10.1. Intuitivne slike i predozbe o zbivanju pojave nastoje se
precizirati isti¢uél najvaZnije komponente, momente i veze koje se
pri tom uodavaju; pri tom se, bar za prvi poéetak, zanemaruju druge
veli¢ine koje su od nebitnog ili vrlo retkog karaktera; tako se dolazi
do pojedinith matemati¢kih veza medu najvaZnijim uoéenim velici-
nama. ‘

Tako npr. pri stohastickim procesima zanemarujemo dogadaje
male verovatnosti i prakti¢ki radimo kao da se takvi dogadaji ne do-
gadaju, odnosno da se dogadaju vrlo retko (Buffon — Cournotov
princip). Uogene, odnosne dobivene veze mogu biti veé poznatog obli-
ka i tipa, ali mogu biti i novog oblika, pa &ak i nosioci novih nacma
obradivanja, rafunanja i novih zakonitosti. ,

10.2. Uéinjene korake treba obrazloziti i povezati te tako doéi
do Zeljenog, odnosno trazenog (nepoznatog) modela, relacije, formule,
obrasca, . ..

10.3. lzraditi metodiku kako da se model re$i (numerigki, gra-
fi¢ki, masinski) i

10.4. Izgraditi pomoéna sredstva, masine, ... za stvarno re$ava-
nje problema.

Stvarno reSavanje problema i naéin reSavanja zavise takoder od
pornoénih pribora i tehnitkog alata.

" Poslednji korak 10.4. je osobito dobio u vaZnosti od kako su u
upotrebi elektronska ratunala. Time se automatski vanredno rasirila
oblast matemati¢kih primena i poveéao broj ljudi koji se sluze mate-
matikom, odnosno dolaze u vezu s matematiarima,.
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Pri samoj izgradnji matemati¢kog modela vrlo je korisna sa-
radnja izmedu matematifara i struénjaka iz oblasti u koju spada
izuéavani predmet koji modelujemo. Ta je saradnja korisna da ma-
temati¢ke veze na modelu adekvatno $to bolje odgovaraju zbivanjima
iz stvarnosti na ispitivanom originalu. Jedan od naéina dana$njeg
nau¢nog rada sastoji se u ekipnom radu struénjaka iz raznih i razno-
rodnih oblasti! Setimo se pri tom kako je nastala npr. kibernetika kao
zajedni¢ko delo matematic¢ara, biologa i inZenjera.

11, POJAM RESENJA, EGZISTENCIJA RESENJA

Funkcionalne jednatCine vrle raznolikih tipova (diferencijske,
diferencijalne, integralne, integralno-diferencijalne itd.) jesu primeri
vaznijih matemati¢kih modela prirodnih i drustvenih pojava. Vrlo je
vaino ispravno definirati $to se podrazumeva pod reSenjem danog
modela. Tako npr. kod linearnog programiranja refenja su neodreéni
vektori, tj. vektori sa komponentama koje nisu negativne.

Dalji je problem da se osigura postojanje pa i jedinost reienja
pod danim uslovima.

Kao 3to smo naveli, obi¢no se zahteva da nadeno refenje bude
stabilno {isp. § 9.3.).

12. EKSTREMALNA RESENJA. OPTIMALIZACIJA

TraZenje ekstrema je vrlo stara i vrlo plodna matemati¢ka pro-
blematika koja je metodi¢ki razradena i teoretski prostudirana. Vrlo
velik broj prirodnih i drudtvenih pojava obraduje se matematicki
tako da se traze ekstremalne vrednosti pojedinih funkcija {uslov sta-
cioniranosti}.

Posebno se danas, masinski, traZenje ekstrema smatra kao jedna
od osnovnih prvotnik zadaéa na koju se mnoge druge svode. Tako
npr. ne samo reSavanje linearnih jednafina nego i npr. teorija auto-
mati¢nog upravljanja — automatiéna optimalizacija — reavaju se
reSavanjem ekstremalnih zadaca. Evo kako to izgleda za linearne
algebarske sisteme.

13. POMOCNA SREDSTVA I MODELI, PRIMERI

13.1. Linearni sistem a x = b reSava se na analog-strojevima ta-
ko da se trazi minimum funkcije

f(t):':f (le-‘axﬂ) =X g2 == ! (a\)l( Xk”‘b)g; X, zavisi od ¢
wal w=1

y=:

24



Pri tome je t nezavisna promenljiva. MoZemo pretpostaviti da £(t)

df
opada: -— << (.
dt

df of dx of
Taj uslov zbog ~—— = = -——% izbog — — 2Z&ay
dt . 0x; dt OXi j
v - , de
znat¢i da moZemo uzeti 5= = — z|.
t

n n
Time gornji uslov postaje — 2 Z X ay sy e <O

v=1 k=1
Takvi se uslovi lake ostvare na analog-masini; zato te f teZiti prema
¢ a x ¢e teZiti prema traZenu redenju.

Drugim reéima, linearni sistemi algebarskih jednaéina svode se
na kvadratne forme i na linearne diferencijaine jednagine. Dakle,
obratno nego §to se radilo pri ra¢unanju clovkom i papirom.

Tako vidimo da prvotnost i jednostavnost matemati¢kih proble-
ma i radnji zavisi od upotrebljenih tehnitkih pomoénih sredstava i
metoda.

Evo dalje primera u tom pogledu koji nam kazuje da integracija
moze biti prvotnija i od mnoZzenja.

13.2. Osnovne operacije u Bushovu diferencijalnom analizatoru
(1920) su sabiranje (4, izvrieno pomoéu diferencijalnih kotaéa) i in-
tegracija (pomoéu kola na vretenu).

MnozZenje konstantom ge vrsi pomocu nizova diferencijalnih ko-
tacCa; mnoZenje varijabilnih veli¢ina vréi se po obrascu

uv= Judv+ [ v duili

u v =12 -4 v)2—1/2 (u—v)? pri éemu je x*= [ 2Zxdx.

Funkcije se zadavaju pome¢u diferencijalnih jednaéina ili po-
modu grafova; grafovi se ofitavaju bilc veStim obilaskom krivulje
ili (u novije vreme) pomoéu fotoelektriénih hodala po krivulji (cur-
ve follower). U analognim strojevima, varijabla j eistinsko fizi¢ko
vreme {naprotiv, u brojéanim strojevima, varijable su raznih drugih
tipova).

13.3. Sluc¢ajnost u sluzbi preciznosti 1 zako-
nitosti. Moze izgledati paradoksalno da nizanje sluéajnih veliéina
moze dati pravu zakonitost pojava, vrednosti itd. Na tome se i bazira
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naziv Monte Carlo-metoda za numeri¢ka odredivanja veli¢ina po-
moéu tablica slu¢ajnih veli¢ina.

Tako se mogu traZiti priblizna refenja sistema algebarskih jed-
nafina, inverzne matrice zadanih matrica itd. Na taj naéin prividna
nezakonitost, proizvoljnost i neposlu$nost izgraditelj su reda, zako-
nitosti i pravilnosti.

Tako matematika doprinoesi da se i sluajnost, proizvoljnost i
prividni nered u individualnom ili malom iskoriStava za izgradnju
zakonitosti u velikom. Po stepenu i broju koristenja i takvih situa-
cija kao i po koris¢enju Sto sitnijih no vrio brojnih aktivnih utesnika
— agenasa — (ljudi, Zivotinje, pfele, atomi, molekule itd.) cgleda se
visina napretka i prodora ¢oveka u otkrivanju prirodnih pojava i
zakona.

14. MASINSKA MATEMATIKA 1 MATEMATICKI MODELI

Ona je zajednitko delo matemati¢ara, fizi¢ara i inZenjera.

Njena osnova je matemati¢ka logika, matematitka teorija stro-
jeva i informacija; ona prerasta u kibernetiku koja je zajednicka
oblast matematicara, biologa, inZenjera i dr.

MaSinska matematika omogucuje razvijanje matematike i na
eksperimentalnoj bazi; s druge strane, masinska matematika rasi-
ruje zahvat matematike na nove oblasti i probleme u astronomiji,
biologiji, ekonomici, inZenjerstvu, vojnoj nauci, administraciji, ... u
kojima matematika pre nije mogla efektivno delovati.

Metode reSavanje zadataka u masinskoj matematici drukéije’su
nego u matematici u kojoj se radilo samo olovkom i papirom. Tako
npr. frazenje ekstremalnih vrednosti funkcija nekada se svodilo na
reSavanje raznih sistema jednalina; u masinskoj matematici put je
upravo obrnut! (isp. 13. 1).

15. ALGORITAM

Pod algoritmom se razumeva postupak kako se od datih podata-
ka dolazi do traZena rezultata u konaéno mnogo odredenih koraka.
Postoje vrlo raznorodni algoritmi kao npr. Euklidov algoritam za
traZzenje najveceg zajednickog faktora dane dvojke prirodnih brojeva
ili algoritam za reSavanje datog skupa linearnih jednaéina itd.

U danasnjoj matematici vaino je da se svaki algoritam moze
ostvariti sirojem za rafunanje, odnosno pomoéu rekurzivnih funk-
cija. ‘ ‘
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16, DETERMINISTICKI MODELI STOHASTICKI
(VEROVATNOSNI) MODELI

Deterministiéki modeli jesu oni kod kojih su sve veze ¢isto
funkcionalne u klasiénom smislu. Pri stohasti¢kim, statistickim ili
verovatnosnim modelima postoje i veze koje nisu strogo odredene u
klasiénom smislu nego zavise i od sluajnih ili stohasti¢kih wveli-
¢ina i razmatranji. Deterministi¢ki modeli su odigrali znatnu ulogu
u matematitkom izuc¢avanju makrosveta. Izuéavanje mikrosveta, bi-
oloskih, drustvenih i sluéajnih pojava vezano je za stohasti¢ke mo-
dele! Tako npr. izbor uzorka i kontrola kvaliteta preizvoda u proiz-
vodnji pomoéu uzorka je primer stohasti¢kih modela i razmatranja.
Shvatanje udenja kao stohasti¢ki procesi dalji su primeri nedeter-
ministi¢ckih modela. Teorija obuke moZe se uklopiti u teoriju auto-
mata ili robeota za koju je vezana problematika o prenoSenju infor-
macija, teorija relacija i kibernetika (s tim u vezi spomenimo poseb-
no da je mnogo izufavan i izutava se model mozga, odnosno razni
modeli mozga).

Takode su izuéavani modeli rada srca; tako npr. I. M. Gel'fand
i M. L. Cetlin su 1961. promatrali neprekidne mreze automata i po-
moéu njih ostvarivali modele srea.

17. MODEL KAO SREDSTVO (PRIMENE MODELA).
- ' MODEL KAO PREDMET

Modeli su nastali u prvom redu kao pomoéna sredstva za ob-
jadnjavanje, predskazivanje, primene itd.

Medutim, modeli se izucavaju i kao predmet i to kac samosta-
lan predmet ali i sa glediSta veza sa drugim predmetima, posebno sa
drugim modelima. Oba ta aspekta modela posebno su vazna u mate-
matici (teorijska matematika-primenjena malematika). S modelom
se mogu vriiti razni eksperimenti i izu¢avanja pa je pogotovo vaZno
izuéavati ona svojstva modela koja se bez samog nosioca toga svoj-
stva ne mogu u stvarnom svetu ostvariti fizicki odvojeno, samo
zasebe.

18. CETIRI FAKTORA PRI MODELIRANJU (ISP § 1)

18.1. Model zavisi od viSe faktora kao $to su npr.

Mi. Pasivni faktori. Stvar, pojava, proces, ... koje ho-
¢emo prikazati.

M:. Aktivni faktori: jedinke koje prave modele; jedinke
su Ziva bica, strojevi, ...
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Ms Sredstva pomoéu kojih se model gradi.

Uz M: posebno su vazni i aktivni faktori M, jer od stepena
razvitka aktivnih faktora vrlo mnogo zavisi $ta, kako, gde i zaSto se
modelira, u izgradnji modela raznih pojava ogleda se stvaraladka i
duhovna snaga izgraditelja modela.

18.2. Nadi dosadas$nji modeli ¢ prirodnim i socijalnim zbiva-
njima bili su vezani za naSe dosadasnje zemaljsko iskustvo; posve je
sigurno da ¢e naSe modelovanje doZiveti velikih obogaéenja kad ga
budemo sprovodili u vreme kad budemo normalno i fizi¢ki saobra-
¢ali sa Mesecom, planetama sunéanog sistema, zvezdama itd. Na taj
nafin specijalno ¢emo imati npr. modelovanje s aspekta Zemlje, Me-
seca, Venere, ... Zvezde itd. pa gornjim faktorima Mi, M: Mz dolazi
jos i faktor

M. Polozaj u svemiru gde se model izgraduje.

19. SPOZNAJNO ZNACENJE MATEMATICKIH MODELA

Cinjenica da se pojedine pojave javljaju u raznorodnim sluca-
jevima jest izvor matematike i matematitkih modela. Zapravo, pos-
tojanje modela je povezano s postcjanjem matematike a jedno i
drugo odrazavaju jedan vid stvarnosti: jedinstvo stvarnosti u smislu
medusobne zavisnosti i medusobnog proZimanja. Model je poseban
odraz veze deo-celina pa se na to nadovezuje problematika posebno-
opste. Kako su modeli uvek priblizna slika stvarnosti, ne moze se
stvarnost svesti na izucavanje odredene vrste modela koji su izgra-
deni u datom periodu. Matemati¢ki model je poput skulpture: kao
Sto kip neke osobe O predstavlja donekle tu osobu, tako i model u
nauci predstavlja predmet, strukturu, zakonitost zbivanja. Kao 5to
kip osobe O nije isto 5to i sama ta osoba i nikada ne moZe biti isto,
tako i model zbivanja, realnosti, ... nije isto i ne moZe biti isto $to
i samo zbivanje, odnosno sama realnost v ime koje je model izgraden.
Medutim, sve nova i nova dostignu¢a u izu¢avanju stvarnog sveta i
pojava prozeta su jednovremenom izgradnjom i izuéavanjem sve no-
vih i novih matemati¢kih modela. Zato se moZe govoriti o usporedi-
vanju modela medusobnom kao $to se govori o pridruzivanju modela i
stvarnih i misaonih pojava. Govori se o ragirivanju, odnosno o suzava-
nju modela, teorije, o modelu koji ¢e obuhvatiti date modele kao
posebne sluéajeve itd. Govori se o strukturi modela kao $to se govori
i o strukturi zbivanja; govori se o modelima te i te strukture; govori
se o klasifikaciji, hijerarhiji i meduvezama modela kao 5to se govori
o klasifikaciji, hijerarhiji i vezama medu strukturama.

Zanimljivo je da se na modele i strukture sve viSe prenose ter-
minologija i shvatanja u vezi s bioti¢kim rasudivanjima a ne u vezi s
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abiotiékim anorganskim rasudivanjima (nhpr. »model radi« — umesto
»model ima reSenje«; porodica, operacija, grupa, telo, struktura itd.
naslednost . .. uobifajeni su nazivi u teoriji matemati¢kih modela i
u matematici).

Izutavanje modela, ostvarivanje modela i veze medu modelima
te veze model-stvarnost, primene ... jedan je od putova — moida
i jedini put-u spoznavanju zakona prirodnih i dru$tvenih pojava;
izutavanje modela je primer odnosa pojedinaéno (individualno} —
svojstveno (egzistencijalno) ~~ generalno (univerzaino). S tim u vezi
stoje kvantori (kvantifikatori) s jedne strane a primene sa druge
strane.

Dijalekti¢ko jedinstvo i meduproZimanje model-stvarnost vrlo
je plodan put u sve cbuhvatnijem i sve svestranijem i dubljem otkri-
vanju zakonitosti u prirodnim i dru$tvenim pojavama. Zakonitosti
o vezama: kvalitet-kvantitet, forma-sadrZina, usmerenost-evolucija,
radtenje-entropija ... primeri su rasudivanja o modelima, pojavama
1 spoznanju.

U vezi sa spoznajnim znadenjem (matemati¢kih modela) citira-
mo ove Lenjinove reéenice:

,» 1TOOBI AelCTBUTENLHO 3HATE NTPEAMET, HaL0 OXBATHTh, U3Y4YMThL CBE
€r0 CTOPOHEI, CBe CBA3K M ,,0II0CPEACTBOBaHMA, MM HMKOTHA He ZO-
CTHTHEM 9TOTO MNOJHOCTBIO, HO TpeDOBaHMe BCECTOPOHOCTH NPeRo-
cTepeReT HAC OT OUIMOOK M OT OMepTBeHMA. 3T0 Bo -1-x. Bo -2-x,
JealIEKTHYECKas JIoTHEa TpebyeT, gTobel OpaTs TIpegMeT B €ro pas-

BMUTHH, ,,CAMOABMKEHMM" (KaK TOBOPHMT MHTOZa ['eresn) M3MeHeHMM.
(Heuns, Couunenusn, T. 32, cTp. 72.)
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DURO KUREPA

MATHEMATICAL MODELS IN NATURAL AND SOCIAL
SCIENCES RESPECTIVELY

Summary

ARISING OF MODELS. MATHEMATICAL MODELLING.

As soon as we observe a thing, a phenomenon and try to know
how the thing is happening, we make a model, a scheme of the
thing ..., we are modelling ...

1.1. Nowadays, at 1966, we might say that modelling in general
and mathematical modelling in particular consists in reflecting of
the reality on objects and phenomena reached by menkind on Earth
and based on spiritual and matterial acquisitions in general and in
mathematics particularly. Evolution of events, of knowledge and of
possibilities is reflected on the evolutionness of modelling and of
applications.

12. Modelling and globalization Sometimes, an
aim of modelling P consists to consider P as a whole; this might be
performed by physical tools, by schemes, networks etc.

2.1. Roughly speaking, a mathematical maodel of a phenomenon
P is any set M of relations, the mathematical study of which yields
a better understanding of P and of similar phenomena;¥ depends of
P but need not be uniquely determined by P.

2.2. Modelling as setting up of equations, inequalities,
functions . ..

2.3. Modelling of P as similar image of P.

2.4. M might be a math. approximation of a process P . ..

25. Modelling by means of axioms... consists in
observation of connexions between parts, or connexions of phases in
sequential processing ... and in the mathematical and logical exami-
nations of such ties... E. g. a groupoid is a modelling of very various
situations and phenomena.

26. Algebraic definition of a model reads as any
ordered pair (E, A) of any set E and of any sequence A = Aq, As,. . Ay)
of relations on E; here A- donotes any subset of the cube BEay (o being
any ordinal number, finitre or transifinite).
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27. Technical or economical definition of a
math. model means simply: any mathematical theory, mathe-
matical relation, formula, mathematical system, mathematical des-
cription, etc.

3. Linear programming.

4, Dynamic programming.

5. Operations research.

6. Theory of managing, upright walking of men and of high-
developped animals as examples of modelling.

7. Vector. Example of game theory.

8.1. Analytical models (by means of functional equations...)
muster-models for macro-world.

8.2. Topological models. Network models: scheme of logical
sequencing and connections between various phases, etc.

9.Mathematical model and its originel. Any math. model should
satisfy some conditions: 9.1 to be feasible, to work, i.e. to admit of
one solution;

9.2, To have solely one solution;

9.3. To have a unigue stable solution.

10. Way from phenomenon to model; steps: 10.1. Intuitive step
and rouph relations and approximations (example: Buffon-Cournot
principle); 10.2. Deeper study of relations, data ... of the item 10.1;
10.3. Define the methods how the model should de resolved numeri-
cally; 10.4. Set up of real tools how to find solutions (electronical
calculating devices are to be siressed particularly). Cooperation
between various branches and people is particularly welcome and
needed (example: arising of Cybernetics).

11. Notion of solution. Existence of solution.
12. Extremal solutions. Optimalisation.
13. Working tool, devices, methodes. Examples. Methods depend

on tools (and vice versa). 13.3. Randomness in service of precision
and of law.

14. Machine mathematics and mathematical models. Experi-
mental approachk of mathematics.

15. Algorythm.
16. Deterministic models. Stochastic (probabilistical) models.

17. Model as a mean (applications of models). Model as a
studied independent item (An aspect of theoretical and applied
mathematics).

18. Four components in modelling. Any model depends on
various factors:
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M Passive factors (thing, phenomenocn, process which are to
be modeled);

M: Active factors (factors which perform models like beings,
automata, etc);

Ms Means and material serving to produce a model;

Ma Location in the Universe where a model is to be produced.
The item Mas should de considered particularly because of great
recent successes in cosmonautics.

19. Theoretical and cognition importance of mathematical mo-
dels. The fact that various phenomena and laws occur in very diffe-
rent situations is the very source of mathematics and of mathematical
modelling. The very existence of models is tied with the existence
of mathematics and either of them reflect an aspect of reality: the
unity of real world in the sense of mutual interdependence and of
mutual interactions. A model is a specific reflecting of ties Part-
~Whole and therefore is connected with the problematics Particular-
-General. Since the models are always only an approximative image
of real situations, the study of reality is not exhausted by studying of
any kind of models that are obtained at any given timeinterval.
A mathematical model is like a sculpture: like a statue of any person
O is not the same as O and never shall be so, s any model M of a
proces or, of a situation X is not the same as the real original X, in
name of which M originated.

Now, ever new results in the study of real world and of pheno-
mena are penetrated by simultaneous consiructing and studying of
ever new mathematical modellings. And one is allowed to speak of
comparison and ordering of models as well as of correspondence
between models and real or thoughtful objects. One speaks of exten-
stons as well as of restrictions of models, of theories; one considers
models to comprehend some given models etc. One speaks of a struc-
ture of models like of structure of some phenomena; one studies mo-
dels of such and such structures; one speaks of classification, hierar-
chy and interconnections of models and of those of structures,
respectively.

It is to be observed that for models and structures one uses the
more and more ferminclogy and considerations on biotic items and |
not on abiotic, inorganic statements (e. g. »model is working« instead
of s»model has a solution«; family, operation, group, field, structure,
heredity . . . are commun terms in the theory of mathematical models
and in mathematics. Studying of models, constructing of models, con-
nections between models, links: model-reality-applications, . .. is one
of the ways maybe the single one-in cognition of laws in natural and
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social phencmena; the studyng of models is an example of relations
Particular-General Single. Dialectic unity and interpenetrations Mo-
del-Reality are a very fruitful method in a the more and the more
extensive and the more and the more universal and deeper discove-
ring of lawfulnesses in natural and social processes. Lawfulnesses
concerning the relations: quality-quantity, form-content, orientabi-
lity-evolution, growing-entropy, ... are examples of considerations
concerning: models, situations and cognition.

In connection with cognital importance of mathematical models
Iet us quote the following Lenin’s sentences:

»At first, in order to know really an item it is needed to compre-
hend and to study: all its aspects, all connections and sinterferences«.
We shall never reach it completely, but the request for all-sideness
and for universality warns us of errors and of numbness. Secondely,
dialectical logic requests to consider any item in its evolution, »self-
-movement« (as spoke Hegel), in its changing (Lenin, Works, T. 32,
71 —173).
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