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CHARACTERIZATION OF CONDITIONALLY COMPLETE POSETS

Milan R. Taskovié

Abstract. A complete lattice L has the property that every increasing function on L to L has
a fixed point. Tarski raised the question whether the converse of this result also holds. The
affirmative answer was given by Anne Davis, getting by it one characterization of the com-
pletetly ordered lattice. The analogous problem for conditionally complete poset has remained
largely unexplored. The purpose of this paper is to characterize conditionally complete poset
with the fixed point property.

1. Introduction

We shall use the notation as in [5]. Let (P, <) be partially ordered set. For
X, y& P and x<y, the set ] x, y [ is defined by

Ix, [ ={t:t=P and x<t<y}.

An order-preserving (isotone or increasing) map f of a partially ordered set
P to itself has a fixed point if there exists an element p in P such that f(p)=p. P is
said to have the fixed point property if every isotone map of P into itself has a fixed
point. The first of the fixed point theorems for partially ordered sets goe back to
Tarski and Knaster (cf. [2]), who proved that the lattice of all subsets of a set has
the fixed point property. In the mid — 1950 Tarski’s [5] published a generalization:
FEvery complete lattice has the fixed point property.

Tarski [5] raised the question whether the converse of this result also holds.
Davis [1] proved the converse: Every lattice, with the fixed point property is complete.

The analogous problem for conditionally complete (that is, every nonempty
subset of P with upper bound has its supremum) partially ordered sets has remained
targely unexplored. At present there are no known necessary and sufficient condi-
tions on a conditionally complete partially ordered set in order that it have the fixed
noint property. The purpose of this paper is to characterize conditionally complete
partially ordered sets with the fixed point property.

It should be pointed out that the result of Davis [1] cannot be transferred to
the completely ordered sets that are not lattices. That is seen from the following
example.

Received July 5, 198e.



2 Milan R. Taskovi¢

Example 1. Let the set P={a, b, ¢} be ordered by < so that a<(b, a<c and
assume the elements b, ¢ are uncomparable; as shown on the d1agram (Flg 1.):

c b

a

Fig. 1 Fig. 2

Every isotone mapping f: P —> P has the fixed point, but'yet P is still not completelly
ordered set. However, P is conditionally complete.

We begin with a statement for conditionally complete sets.

Theorem 1. (Fixed Point Lemma). Let (P, <) be a partzally ordered set and f a map-
ping from P into P such that:

(A) f is an isotone mapping,

(B) f has a fork i.e. a<_f(a)=<f(b)<b for some a, b& P,
and
(C) The set 1a, b[CP is a conditionally complete.
Then |
(1.1) The set I(P,f): ={XEP: f(x)=x} is nonempty,
and
(1.2) Neither of the conditions (A), (B), (C) can be deleted if (1.1) is to be valid.

Proof. (1.1) Since a<( f(a) for some a& P, then we have: a<f(a)<f(f(a))s§
. =< f(b)=b. Hence, the set S of elements x =17 (a)&]a, b [ forn=0,1,2,.

such that x=_f(x) is nonempty and bounded from above, and s=sup S exists, by
conditionally, completeness of ]a, b [. Since f: P— P is isotone and x=s for all
xES, x<f(x)<f(s) for all x&.5; hence s=sup S<f(s). Since f is isotone, it
follows that F)<f(f(s), whence f(s) & S. But this implies f (s)=s, since s=sup S
We conclude s=f(s), i.e. sSCI(P,f), and other I(P,f) is a mnonempty. This
completes the proof of (1.1).

(1.2) Now we prove that the conditions (A), (B) and (C) cannot be removed.

Example 2. Let the poset (interval) P =[0,2) be ordered by the reclation ordex
= (totally ordered) and define f: P — P by f(x)=x/2+1 for x&[0,2). The condi-
tion (C) is satisfied (the set P is a conditionally complete set), condition (A) is satis-
fied (fis a isotone mapping), but condition (B) is not satisfied. Furthemore, f does
not have a fixed point.

 Example 3. Let the poset P=:R\ {0} (R denotes the set of all real num-
bers) and define f. P — P by f(x)=x/2, where P is a totally ordered set by ordinary
ordering =. The conditions (A) and (B) are fulfilled, but condition (C) is not satis-
fied (the set P=]a, b [=R\{0} is not conditionally complete), and f has not
fixed point.
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Example 4. Let the poset P=R and define f: R— R by f(x) = —x (x<0)
and f(x)=x—1(x=0). Then, conditions (B) and (C) are fulfilled, but condition
(A) is not satisfied. Furthermore, f does not have a fixed point. This completes the
proof of (1.2).

The following well known fixed point theorem of Tarski [5], is readily deri-
ved from Theorem 1.

Corollary 1. (Tarski, [5]). An increasing mapping from a nonempty complete lattice
into itself has a fixed point.

Proof. Let a be the minimum of complete lattice. L. Obviously, a=f(a) for
every increasing mapping f from L into L i.e. f has a fork. But then the conclusion
of the statement follows from Fixed Point Lemma.

On the other hand, an immediate corollary of the preceding statement and
of proof for Fixed Point Lemma is:

Corollary 2. Let X be a nonempty conditionally complete sei. Let f be an increasing
mapping from X into X with fork. Then f has a fixed point.

Corollary 3. (Kurepa, [3]). Let (P, <) be a conditionally complete set and let f. P — P
be an increasing mapping such that f(X)C X for every XCP. Then every segment
[a, b] of P contains a fixed point of f or [ permutes two points of this segment.

Proof. Let us consider the case that a<(b. Then, from the conditions of state-
ment, a<f(@)=<f(b)=<b i.e. f has a fork. Therefore, from the Fixed Point Lemma,
f has a fixed point in [a, b]. If the clements a, b are uncomparable, then f permutes
two points of segment i.e. {f(a), f(b)}={a, b}, and the function f is a permutation
(indentical or non indentical).

2. The main resuit

With the help of Theorem | we now cbtain the main result of this paper:

Theorem 2. Let (P, <) be a partially ordered set and suppose if x, y are upper bounds
of a bounded subsets X of P, then there is an upper bound z for X such that z<x and
z={y. For set P to be conditionally complete it is necessary and suificient that every
increasing function f: P ~> P with fork have a fixed point.

We note, that the partially ordered set P on Fig. 2. is not conditionally com-
plete, however, every isotone mapping /. P - P has the fixed point. This prove that
the condition: if x, y are upper tounds of a tounded subsets X of P, then there is
an upper bound z for X such that z={x and z=(y; cannot be removed in preceding
statement.

Proof. The necessity follows from Theorem 1. It remains to prove the suffi-
ciency. In other words, we have to show that, under the assumption that the
set P is not conditionally complete, there exists an increasing function f on P to P such

that (B), without fixed points.
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Suppose that ths szt P is aat coraditionally complete. Then there exists a non-
empty part U of P which is bounded from above and has not its supremum. Let
us denote by V the set of all upper bounds of U. The sets U and V are nonempty,
¥/ has no supremum, and V has no infimum. Clearly inf ¥ does not exists, for if
it did, it would coincide with sup U, what contradicts the supposition that U has
no supremum. One can show that thare exist ssqusnces (gencralized) {x,} in U and
{xs} in V such that:

(1) {xa} is increasing and, for each t& U, there exist « (¢) such that o ()<l
implies #=x,, and

€2) {x,} is decreasing and, for each t&V, there exists B(f) such that {3 (£)<<8
implies xz=<(f.

To define f: P — P for any element x& P, we distinguish two cases depedent
upon whether x is a lower bound of {x,g} or not. In the first case, by (1) and (2), if
x is not an upper bound of {x,} then

(3) Sy =min {x,:x, [< |x},

where || b will be used to express the fact that a<{b does not hold.

In the second case, we let

e S(x)=min {x,: xj__<—( Xg}e

Thus we have defined a function f on P to P. From (1) — (4) it follows cle-
arly that either f(x)|<{|x or x|<|f(x) for every x& P; thus f has no fixpoints,
and also then (B) holds.

Let x and y be any elements of P with x<(p. If x is a lower bound of {x;} but
¥ is not, then, by (1) — (4), f(x)=<f(»). If both x and y are lower bounds of {x;} we
see from (2) and (4) that £ (x)<(f(y). Finally, if x is not a lower bound of {x,}, then
v is not either, and by an argument analogous to that just outlined (using (3) and
(4)) we again obtain f(x)<{f(y). Thus the function f is increasing, and the proof
of the thecrem is complete.

Special cases of theorem 2 have been discussed by Davis [I  i1d some others.

Corollary 4. (Davis, [1]) For a lattice (L, <) to be complete it is necessary and suffi-
cient that every isotone function f:L — L have a fixed point.

Corollary 5. If (P, <) is a partially ordered set and if every isotone function f : P — P
has a fixed point, then every maximal chain of P is a complete set.
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KARAKTERIZACIJA USLOVNO KOMPLETNIH SKUPOVA
Milan R. Taskovié¢

Karakterizaciju kompletnih mreZa, kao 8to je poznato dala je Anne Davis, 1955., odgova-
rajuéi na jedno pitanje Alfreda Tarskog. U ovom radu data je, u terminima fiksne tac¢ke, karakte-
rizacija jedne $ire strukture uredenih skupova, tzv. uslovno kompletnih skupova.
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AN EXTREMAL PROBLEM FOR POLYNOMIALS WITH
NONNEGATIVE COEFFICIENTS. II

Gradimir V. Milovanovi¢ and Radosav Z. Dordevié

Abstract. Let W,, be the set of all algebraic polynomials of exact degree », whose
coefficients are all nonnegative, For the norm in L? [0, c0) with Freud’s weight function,
the extremal problem (1. 2) is considered.

1. Introduction

In a previous paper G. V. Milovanovi¢ found a complete solution
of the following problem of A. K. Varma [2]:

Let W, be the set of all algebraic polynomials of exact degree », all
coefficients of which nonnegative, i.e.,

(1.1) W,,={1>,,yp,,(x)= S a.x%, 4,20 (k=0,1,...,n-1), a,,>0}
k=0

and let ||f||*=(f, f), where

o= wEfxegEdx  (f g=L2[0, ),
J |

with generalized Laguerre weight function w(x)=x%*e"* (> —1).
Determine the best constant in the inequality

1217 = C.@ || P, P (P,EW,),

Le.,

1.2 C o oup MBI
(12 ()= SO R

Namély, Milovanovi¢ [1] proved the following result:

Received December 8, 1985.



8 Gradimir V. Milovanovi¢ and Radosav Z. Pordevi¢

Theorem A. The best constant C,(«) defined in (1.2) is
1

L (-l<a<a,),
QR+a) (1 +a)
Cn(a)=
- (%S + 00),
Qntw) Cnta—1)
where
= 17n2+2 Dz -3 1).
=TT ((17r*+2n+1) n-+1)

From Theorem A we can see:
(@) C,(x,—0)=C, (e, +0);
® Co(@=C,(0);

(c) The sequence (,) is decreasing.

Remark 1. The statement of Theorem A holds if W, is the set of all
algebraic polynomials P (3£0) of degree at most » (not only of exact degree n),
with nonnegative coefficients.

In this note we consider the extremal problem (1.2) with Freud’s weight
function

(1.3) wx)=x*e=* (a>—1, §>0)

on [0, o0). The corresponding best constant we will denote by C,{(«; ).

2. Extremal problem with Freud’s weight

Let the set W, be defined by (1.1) and the weight function xi— w{x)
by (1.3) The subset of W, for which a,=0 (i.e. P,(0)=0) we denote by W °.

By a simple application of integration by parts we can prove:

Lemma 1. If PEW,?, then for the inner products

J, (e 8)=(P,), P)= f Xt P, (x)*dx,
0

1, 8)=(Py P,)=[x2e=®p (x) P,O(x)dx (i=0, 1, 2)
0

the following recurrence relations hold
21, (5 8)=sT o (et s—1;8)—al (@~ 1;5) (x> -2),
L (o 8)=sL,, (c+s—1; ) ~ol,, (@a=1;8) =], (55 (@>-D.

In [1] Milovanovi¢ proved an interesting inequality for P,EW,. Namely,
for every x=0 the inequality

x(P, (x> =P, (x) P, (X)) =P, (x) P,(x)
holds. ’
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From this inequality and Lemma 1 we obtain:
Lemma 2. If P,cW,° then for o> —1 and s>0
LA@SﬁE%{ﬁL“(a+2s—2;@z o
+M2—2amﬂhm@+w—2bﬂ+@—iYL&@—2;@}

Since the supremum in (1.2) attained for some P,EW," (see [1]), we

will consider only such polynomials, i.e., P,(x)= > a x* (a,>0 and other
k=1
a;, =0). Then

2n
P,(x)=7 b x* (b;,>0 and other 5, 20)
k=2

and

1 2n
@.1) |22 JP= Lo (5 9)== 5 6T
$ k=2

a+k+1
)

where I is the gamma function.
Using the same method as in the paper [1] we find

2n

\22) |‘Pn,”2=Jn (0(; S)=(P,,’, Pn')§l_ z Hk(OC; s)bkr(“'f-k-i-l),

S k=2
where

a+k—1

r( )
23) H (it 7
“ E 4 a+k+1)'

§

According to (2.1) and (2.2) we have
| P [ = ( max Hy (5 9)|| P, |,
25kS2n

and then
C,(; )< max H(u; 5).
25k=2n
The case s=1 is solved in [1].
For s=2 we get a simple result:

Theorem 1. The best constant C,(«; 2) is given by

2 —
—, —1<ot_:§—n~——1—,
a+1 n+1

C,(x; 2)=

2n? —
—n’ *u§m<+w‘
2n+a—1 - on+1
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2
Proof. In this case, (2.3) reduces to H(x; 2)=2—(—f-k—1). Determining
u —

- on the interval [2, 2], we find that
X+oa—1 .

the maximum of f(x)=

max H, (x; 2)={H2 (¢;2) if —l<aza,

25 kS 20 H, (;2) if a,Sa<<+c0,
where «,= =l
n+1
Similarly as in the paper [1] we show that C,(«; 2)= max H,(«; 2),

2SkS2n
The polynomial x x" is an extremal polynomial for «za, If —1<a=Za,

there exists a sequence of polynomials, for example, p, . (x)=x"+ kx,
k=152, ..., for which lim 12kl _c (4 2).

ko || Pa, ke |2

Remark 2. The statement of Theorem 1 holds if W, is a set as in
Remark 1. In that case, if —1l<a<wa, we can see that x+> Ax(A>0) is an
extremal polynomial.

From Theorem 1 we obtain the following inequality

o]

f e~ P (1) dr < 5
0

2 n?

1 f e— P (1) dt
0

for each P,cW,.

The case when s is an arbitrary positive number is more complicated.
We state the following conjecture:

Conjecture, Let s=1 and let «,(> —1) be the unique root of the equation

o+ 1 a+2n—1
P( ) P( )
s s
= pn2

F(oc+3) F(a+2n+l)
s . s

The best constant C,(«; s) is given by

; —l<ag
O
H, (¢;8), o,<a<+ 0.

At the end we give more one result:

Theorem 2. If a>1 and s>0 we have
[P e 0| Pollace (PaEW,),

where || f || = (f X% e=* f(x)? dx)llz.

0
This result follows immediately from (2.1), (2.2), and (2.3).
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EKSTREMALNI PROBLEM ZA POLINOME SA NENEGATIVNIM
KOEFICIJENTIMA. II

Gradimir V. Milovanovi¢ i Radosav Z. Dordevi¢

Neka je W, skup svih algebarskih polinoma egzaktnog stepena # €iji su koeficijenti
nenegativni. U radu se razmatra ekstremalni problem (1.2) za normu u L? [0, o) sa Freudo-
vom teZinom.
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CONVEXITY CRITERION INVOLVING LINEAR OPERATORS
Lj. M. Koci¢ and I B, Lackovié¢

Abstract. The necessary and sufficient conditions for a linear operators family {4,},¢ A
defined on Cla, b] so that 4, f=0(QAEA), if and only if fis convex on [a, b]. The
result is illustrated by several examples. Some of examples are already known criterions
of convexity, the other ones are new.

1. Imtroduction

Let IJC R be a nonempty interval and C(I) be a space of continuous
functions f:I — R. We say a function f&C(I) is convex on [ provided that

for every x, y&I holds f ("-}’)g%( f(x)+£(»). The cone of all convex func-

tions on I will be denoted by K (I) (or by K|a, b] if I=[a, b]). Let S(D) be
a normed subspace of the space of all real functions defined on an arbitrary
interval DC R.

There are a lot of conditions, concerning convex functions which can
be expressed in the form Af=0 or, more properly

(D A, f=0, AEA,

where A is an index-set, and A4, is a linear operator for every A. Some of
this conditions play the role of criterions for convexity of the function f.
Such criterions, having the form (1) are:

i) Jensen inequality
FAu+(1—=EAf@+1—=Nf(),
where A< (0, 1), u, v& I, which can be rewriten as

A= @)+ (L =N f ) =f o+ (1=20)9) 20,

Received November 8, 1985; revised March 3, 1986.
13



14 Lj. M. Koci¢ and I. B. Lackovié

and which is customary used for definition of convex functions without
continuity assumption. In this case 4, is the functional for every A& A =(0, 1).

ii) Another criterion, similar to i) is those concerning the divided
difference of the fuction f, i.e.

A, f= [xls X2, x3]f—>—-' 0,
where x,, x,, X,& 1. In this case & is a vector (x;, x,, X;) and A=1I3

iii) The n-point Jensen inequality
(2) LU 4 = Z"akf(xk)—f( Z“.akxk)go,
k=1 K=1

where $a, = 1,a,>0, x,CI, k=1,..., n. In this case A= (X;,..., X,, @, ..., a,).
- - The following criterions are known as Hermite-Hadamard inequalities
(see [8]): o

v} For 2>0 and x—2, x+AE],

X+A

. j SO dt+f(x+1)=0.
A A

2

(3 A f=f(x—2—

v) For the same assumptions,

x+A

@ A f=2- [ f@a—s@=o
X—A

Some very interesting criterions are based upon a certain approximation
operators. Perheps best known are those concerning the polynomials of
S. N. Bernstein:

vi) Let B, is the n-th Bernstein operatbr defined by

®)  BGD= 5 @), pued=(F)a—wrs xepo
k=1

Now, the criterion have the form

(6) 4,/=B,f—fz0  (rEN),

or
(7) A f=B,f—B,,.f20  (nEN),

where f&C|[0, 1]. For this criterions see [5], [6], [9] and [4].
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The similar criterions also can set up using the operators of Szasz-
-erakjan [31

(nx)k

® S.(/ x)*e‘”"Zf(n) o (e,
alid ‘.Gauss-W.éier-strass [2] |
©® W= f W, Df—0) dt, w0, 0=(5~ )1’2 AR,

-

In the next section we deal with establishing the conditions for the
linear operators family {4,}re, in order that the set of inequalities A4,f=0,
AEA is equlvalent to fEK ().

2. Main result

‘A common trait for all above criterions are: A4, is a linear operator
for fixed A. In all cases the index set A has a boundless cardinality, or
more precise, A is at least countable set. So, {4,} is at least countable family
of linear operators.

‘To prove the general theorem we need the concept of one-sided strong
local maximum (OSLM) of the real function.

Definition. The function o< C(I) have OSLM in the point xycintl if exists h>0
50 that for every x&(x,—h, x,-+-h)CI, we have @ (x)=q¢(x,) and ¢ (x)<e(x,)
at least in one of the intervals (x,—h, x;) or (xo, Xy-+Hh). We denote by C (I}
the set of all functions from C(I), having OSLM in at least one point from int I.

Now, the following theorem gives the sufficient conditions for convexity
of continuous real function.

Theorem 1. Let {4,} be a family of linear operators so that A, C(I) — S(D) and
e(t)=t(i=0,1). If

| (@) Ayeg=0 (ASA),
®)  Ae=0 (EA),
(©) for every @& C(I) there exists at least one
NEA and y,ED so that Ay (e, y,)<0,
then the implication
A, f=z0 (for every A\EAN) = fEK)
is valid for every fcC(I).



i6 .- Lj. M. Koci¢ and I. B. Lackovié

Proof. Suppose that f&C(I) is not convex, but 4, =0 for every A& A.
Then, we can choose three points x,<x,<<x,; from I, and an affine func-
tion a(x)=Cx+ D satisfying the conditions a(x,)=f(x,), a(x,)=f(x,) and

(10) | FOx)>a(xy).

The function g defined by g(x)=f(x)—a(x)(x&I) is continuous on I (and
also on [x,, x;JC 1) and g(x,) =g (x,) =0. So, g achieves its maximum on [x; x,],
say M=maxg(x). From (10) follows that M>0. We introduce the set
P={x|g(x)=M, xS[x,, x;]}. It is clear by definition that P is nonempty, so
we have p=infP and g=supP, and x,<p<g<x, is valid. Let us prove
that the stronger inequality

(11) X <Pp=q<Xs

also takes place. Suppose on the contrary that p=x,. Then, by Weierstrass
theorem, one can select from P a convergent sequence (p,) so that limp, =x, =p.
In virtue of continuity of g on [x,, x;] we have limg(p,) =g (iimp,)=g(p)=
=g(x,)=0, which is in contradiction to the fact that g is continuous, i.e.
it must be x,<p. In the similar way, one can show that g=x, also leads to
the contradiction, so (11) holds.

Now, we get from (11) that g(x)<M for xE&[x,, p)U(q, x,;] and g(p)=
=g(g)=M because P is a closed set (as a consequence of continuity of g),
which means that g has OSLM at the point p € (x,, x;) as well as in g&(x, x,).
So, at least in one point x,&int] the function g has OSLM, and according
to condition (c) we can find A, <A and y,&D so that 4, (g, »,)<<0. On the
other hand, in virtue of conditions (a), (b) and linearity of 4, we have
A, g =A,(f—Ce,—De,) = A4, f, for every A€ A. Since 4,f>0 we have 4, (g, y)>0
for every y& D and A& A. This contradiction proves the assertion of the
theorem.

Using the results of [12] we can formulate some stronger conditions
for A, so that the equivalence

(12) A4, fz00c€A) & feKU)

is valid for every f&C(I).
Let for fixed ¢ €1 we introduce the functions ¢, and ¢ by o, (x)=|x—c},

x<=1, oF (x)=%(x—0-{- Gc(x))- Then we have

Theorem 2. (Linear criterion of convexity). Let {4,} be a family of con-
tinuous linear operators A,.C(I)—S(D), where I is a finite interval: 'If the
conditions (a), (b), (c) and

(d) A,6,20 for every ¢c&I, A\E A,
are fulfilled, then (12) holds. The function o, in (d) can be replaced by ol .
Proof. The proof follows from theorem 1 and [12, theorem 3]. The

posibility of replace the function o, by ¢/ is based upon the fact that these
functions are disitinguish up to the affine function.
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3. Examples

In order to illustrate our theorem 2, we shall prove the criterions iii),
vi) and some criterions of more general form than those in iv) and v).

Example 1. Let I=[a, b} and 4, is a functional given by (2). It is easy
to see that 4,e,=4,e,=0 for all A& A, where A=I"xR", where R" is a
set of all n-tuples (@, a,, ..., a,) so that X ;= 1. Thus, the conditions (a) and
(b) are fulfilled. Now, let ¢ be an arbitrary function from C [a, b] with OSLM
at the point x,&(a, b). Let A>0 be choosen so that for arbitrary n(=2)
the set of points {x,,..., x,}, can be found so that x;&(x,—*#, x,+ #). Then,
by theorem of Caratheodory [11], x, can be expressed as a convex combination
of n-dimensional (but degenerate) simplex {x;}," as follows

(13) Xo= > 4x;, S a=1, ;>0 (i=1,...,n).
i=1 i=1

Thus, we have

(14) 0 (X) = (xp) (i=1,...,n, nx=2),

w.th at least one strong inequality. Multiplying each side of k-th inequality
in (14) by 4,>0 (1=<k=n, n=2) and adding all of them we get

(15) ¢ (Xo) > 4> @ e (%), nz2,
i=1 i=1

wherefrom, taking (13) into consideration, we have A, ¢<<0, where X, is
determinated by the points x; and the weights g, The last inequality is the
conditon (c).

The condition (d) is also satisfied, as shows the chain
| Za;x;—c|=|Za;x;—cZa|=|Za(x;—c)|£Da;|x;—c|
which means that 4,6,=0, for every c&[a, b].

Example 2. Jensen integral inequality. The following criterion, concerning
integral inequality is valid.

Theorem 3. Let p and q be integrable on [u, v] and p(t)>0, g is monotone and
bounded (a<g(t)<b) on [u,v]. Then f&Cla, b] is convex if and only if for
every t,<t, from [u, v] holds the inequality

ty 12
[rwemar | [pnrfc@nd:
31 < 3!

(16) f

i
[P [ ar

4 v n

2 Facta Universitatis
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Proof. Let I(f) and r(f) be the left and right side in (16). Now, we can
introdice the family of functionals A4,:C][a, b] — S (R) as

(17) A f=r(N)=1), AEA={(t,, 1,) |u<t,<t,<V},

and one can shows without difficulties that A4, fulfils the conditions (a), (b}
and by similar chain as in example 1, the condition (d).

Now, let 0 &G [a, b] with OSLM in x »&(a, b). Then, one can find the
points x,, x,&[a, b] so that x,<x,<x, and for every xE(xl, Xp) U (X,, X,) holds

(18) 0 (X) = ()

with strong inequality in at least one subinterval (x,, x,) or {x,, x,). On the
other hand, for monotone function g there exists inverse fuction g=1:[a, b]->[u, v]
and the numbers T, and T, defined by T,=min{g"1(x), g7 '(x,)}, T,=
=max {g~!(x,), g~* (x,)} satisfies that u< T, <T3,=v, and for every ¢t (T, 1‘2)
ts£g~1(x.) inequality (18) can be rewriten in the form

(19) o (g (=0 (xy),

with the stong inequality at least in one of two subintervals (7}, g7 (x,))
or (g~1(x,), T,). If we choose ¢, and ¢, so that T, <t <g—1(x0)<12<T2 and

fp(t)g(tjdt
(20) Xp =" :

by multiplying (19) by p()>0 and integrating this inequality over the
range (¢, t,) we get

141

f p(OF (g () dr<f(x,) f p () ds,

which means that 4, f<O0, where A,=(t, t,), which completes the proof.

The next theorem establish the criterion of convexity employing an
operator of more general form to this in (4).

Theorem 4. Let p, q>0 and 0<0= 1. For ass<t<b we define

(21) M= =6 min(p, g).
' p+q p+gq

Then f&Cla, b] is convex on [a, b] if and only if the inequlity

M+h

pr®+ef) 1 j f(x)dx =0,
p+q 2h

holds, for every s<t from [a, b].
The proof can be found in [4).
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Example 4. The criterions involving Steklov functions.

For feC(), h>0 and x<I (h)={t|t—h, t+hEI}, the operator S,
defined by
x+h

(22) Sy(f, )= Rt [ (O,
x—h

is often called Steklov function, although it is an operator mapping C(I)
into C(I,). For a finite interval I=[a, 5], the maximum value of / can
be (b—a)/2. In this case /, degenerates into a point, and S, bscomes a
functional. The Hermite-Hadamard incquality (4) now has the form f(x) < S, (f, x),
x&I (M), and it is equivalent to convexity of the function f. The iteretsd

Steklov operators (with the step A>0) S, (n& N) are defined by
x+h

(23) Si(h )=/ Si(h B =@ [ SN, w0 dy,
x—h

where nC N, xCI,(h)={t| t—nh, t+nhcI}. We write S, insteed Sj.
Now, we have the following theorems:

Theorem 5. Function f&C(I) is convex if and only if for every h>0 and x& 1, (h),
the inequality

Sh(f, X)=Si(f %) (n is fixed),
holds.

Theorem 6. Let I=[a, b]. The function f&C(I) is convex if and only if for
every H, O<H<(b—a)/2 and x such that x—h, x+h&I and every h<(0, H)
the inequality '

Sy (f, )=, (f, x)
hvolds.

It 1s easy to see that those theorems generalize the convexity criterion
based on the inequality (4). For the proof see [4].

Example 5. Criterions concerning some approximating operators.
Let the Bernstein polyncmials be given by (5) The follewing holds:

Theorem 7. (Kosmak [6]) The function f&C[Q, 1] is convex if and only if
B,(f, ) zf(x), x€l0, 1].

Proof. If we put Af=B,f—f, it is casy to check that Ade,=Ae, =0, iec.
‘the cond.tion (a) and (b) are fuifilled.

Let &[0, 1] with OSLM in the point x,&(0, 1) and introduce
g(x)=¢(x)—o(x,). So we have g(x)<0 for x&(x,—h, x,+h) and g(x)<®
~at least in one of intervals (x,—#h, x,), (X, X,+#4). Now we have

B,(g, X)= 3 g(f‘—)pnk(xx *x€[0, 1],
k=0 n

2%
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and taking x=x, we can break up the above sum into two parts

Bn(g’ x()) =S1+S2

where we put

S > g(f—)pnk(xo), Sy = > g(%)pnk(xo)-

<h —5——-)(0 =h

|k
| n n

— X

)<O for :'l—c~~xo |<h. Now

I |

k
We see that §,«<0 as a consequence of g(i
n

we have
Ry M P, ()
4 B.(g x)=S,[1+3)=s 1+—-»2—),
(24 (8> Xo) =S ( Sx) 1 ( v P.(n)
where we denoted M= max g(x), m= min g(x), and

| x—xg | <k [ x—x0|2h

Pl(n) = Z Pk (x())’ P2 (I‘l) = Z Pk (xo)'
| £ '

| ——Xg
I n

<h l—k*—-"o"?!h
n i

n
Now, since P, (m)+P,(n)= > p,(x)=1, we have P (n)=1~P,(n), and the
k=0

following estimations takes place [7, p. 6]

1 -~ [k 2 x (1—x) 1
P,(n=— (——x) xX)< <
(M= L 2" \n o) Prie(¥)= nh* 4 nh?
‘ ~-—1|=h

and by noting that lim P, (n) =0, we get from (24) that B, (g, x,) = S| (n— o),

1e. for n sufficientl_y large the inequality B,(g, x,)<<0 holds. This means
that B, (¢, X,) —o (x,) =A4 (9, %,)<0, or the condition (c) is satisfyed.

The condition (d) follows from positivity of B,(n< N)
Bn (Gc’ X) =Bn(! € — € )? X)Z ‘ Bn (el X)_CBn (eO’ X) ‘ = { X—¢C !

Le., Ac,=0 for every ¢<[0, 1]. We have established assertion of this theorem.

Thecrem 8. (Kosmak [6], Moldovan [9]). The function f&CI0, 1] is convex if
and only if (7) holds.

Using the theorem 2, we also can prove the result of Horova [3]
concerning Szész-Mirakjan operatcrs S,, defined by (8).

Theorem 9. (Horova). Let fE'C [0, a], a>0 is bounded on [0, + o). Then, f is
convex on {0, a] if and only if

S, (f, =f(x), xE[0, al.
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The similar theorem holds for Gauss-Weierstrass operator (9), see Butzer
and Nessel [2, p. 150—153; also remarks, p. 160]. For further examples,
concerning exponential type operators see Satd [10, p. 76] where we found
very clegant application of parabola technique introduced by BajSanski and
Bojani¢. Very interesting results are also obtained by Wang [13]. Those are
criterions involving the Fourier coefficients of continuous function f. This is
generalization of the criterion iv) employing Hermite-Hadamard inequality (3).
For some further generalizations, including Chebyshev systems see Ziegler [14].

4. Some remarks and properties

The class of all opcrator families {A,hea satisfying the conditions (a),
(b), (c) and (d), we wiil denote by ®. If {4,}& @ this means that 4,/=0, A€EA
is a convexity criterion for f on the corresponding interval.

In all criterions cited above, we see that A is at least countable set.
This fact is implicitely supposed in theorems [ and 2. We shall clear up this
standpoint. The reason hides into the equivalence between the inequality
A, f=0, n& A and Jensen inequality

(25) A ) =fx+R)—2f(X) +f(x—h) =0, hEH,

where H={h|x—h, x+he&I}, whenever f&C(I). Every critzrion (i) can, step
by step, be transformed into (25), and vice versa. This transformation carrying
the index set A into H, prescrves theirs cardinz:lity. In other words, A and H
are equipotent sets. The least cardinality of H so that (25) still has the power
of criterion is aleph-0, or the countableness. It is easy to see this by taking h& H,
insteed AS H in (25), where H, is a set of all rationals from /. But every
irrational AC H is & Lmit of certain subsequence h; from H,, le. h=lim#h,
Thus,
Ahf= Alim ""jf: lim :f?_‘.;y-f‘ﬁ G,}

since An,f=0 for every hEH, So, A must be atleast countable set. This
characterizes mainly the criterions containing approximate operators. Each
of them has a form B,f=0, n& N, as we see in the previous section.

Now, the kernel of linear operator 4 is a sct of all functions satis-
fying Af=0. We have

Theorem 10. {4,}=® and fEC (), then
kern{A,}=xe +Pe, (2, BER).

Proof. Let f(x)=ax+f, an {4,}&®. Then, 4, satisfiecs the conditions
(2) and (b) so 4,f=0(n&A). Thus, 4,70, iec. by thcorem 2, f is convex
and then satisfies the Jensen inequality

(26) - f("'”)<f“~x>+f o)

. N . . 2 =z 2 .
But, on the other hand, 4,f=0<0, ie. A4,(—f)<0, so —f is convex. This
means that

(27) | f(i"“.’) A REAC)

2 ) 2
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is valid. So, we have from (26) and (27)

f(x+y) _Sfx+f»
2 2

This is so called Jensen functional equality, which only solution on the set
of continuous functions is affine function f(x)=eax+pB, «, BER (see Aczél
[1]), which proves the theorem.,
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KRITERIJUMI KONVEKSNOSTI KOJI SADRZE LINEARNE OPERATORE
Lj. M. Koci¢ i I. B. Lackovi¢
Dati su potrebni i dovoljni uslovi za familiju linearnih operatora {4 }aca definisanu
na Cla, b], tako da je 4,f=0(AEA) ekvivalentno konveksnosti funkcije f na [q, b]. Rezultat

je ilustrovan sa viSe primera. Neki od tih primera su poznati kriterijumi koveksnosti dok su
drugi novi.
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REMARK ON AN INEQUALITY FOR 3-CONVEX FUNCTIONS

Josip E. Pecari¢c and Radovan R. Janié

Abstract. An inequality for 3-convex functions is considered in this paper. Under
conditions (3) and (6) is shown that inequality (4) holds.
1. N. Levinson [1] proved the following result:
If f has a third derivative f"=0 on [0, 24], 0<x, <a, p,>0 (1 sk <n),

n
P, =73 pp then
k=1

1 n 1 n 1 n 1 n \
(1 — —fl—= = 2a—x.)—fl2a—_ P X
(h P kgl Pt (X)) —f ( 7 kgl Dr xk) o kglpkf ( W) —f ( 3 k; Pr k)
If f/">0 then there is equality if and only if x,=- - - =x,.

P.M.Vasi¢ and R.R.Jani¢ [2] proved, by taking into account the

supplementary assumptions p, =1 and 3 p, x, [0, 4], that the inequality
k=1

n

@ S S0 pkf(za—xk)zf( S pkxk) —f(za—- S pkxk)
k=1 1 k=1 k=1

—(1 _z pk) (f©) 1 (20))

holds. |

P.M. Vasi¢ and Lj. Stankovié [3] proved the following generalization

of (2). ' '
If f has a third derivative f"'>0 on [0, 2a], p,>0(k=0, 1,..., n),

Xo» > Pi % €[0, @] and if
k=0

n

(3) (%; — x,) ( Px xk"'xi)>0 (i=1,...,n)

k=1

Received June 30, 1986.
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hold, then the following inequality 1s valid:

@ Safe- 3 prea-mza(f( 3 px)-s (20 3 nx)
+ B (f(x)) —f (2a~—xp))

where
n n n
D PiXi=Xy D Di > pi—1 y
=0 i=0 i=0 =
A=" . i , B=—"'_ .Zpix,-.
2 Pi Xj— X, D, PiXi—X, =0
i=0 i=0

From (1) it follows that the function x+>f(2a—x)—f(x) is convex on
[0, a] (see also [4]). Using this fact, we can obtain inequalities (2) and (4)
from the coresponding results for convex functions (i.e. from the generali-
zations of the well-known Petrovi¢’s inequality). However, we shall show that
inequalities (2) and (4) are valid with weaken conditions.

2. Let x,, x;, Xx,, X3 be distinct points from [a, b] then the third divided
difference of f at these points is

3
Vs (fs o Xy iy ) = 5 200

=0 w’ (X}

3
where o (x) =] (¥ —xp).
Je=0

A real-valued function is said to be 3-convex on [a, b] if and only if
for all choices of 4 distinct points in [a, b], V5 (f; X, . - > x3)=0. If f has &
third derivative on [a, b] then f is 3-convex if ard only if /' =0.

Io [5] it is shown that the conditions for the validity inequality (1) can be
weakened, i.e. (1) hold for 3-convex function f:[0, 2a]— R if p, >0 (1 <"k <n) and

DiXi+tPp—jry Xn-is1
- : ;
(-’) Xit Xy i1 = 2a, =a,

Di+DPn_isa
hold.
Putting n=2 in (1) and substituting (see [3]):

n l 1 n
X1 D PeXe Xy>Xe: P>l p > DXy - X
k=0 Xi—Xo \i:=0

for i=1,...,n we find, if (3) is valid,

Fx) -f(2a-—x,-)=>—_—m* (f( i Py xk) —f(Za—léOkak))

n
k——'—o
z Pr X~ Xy
k=0

n

z Di X —Xi
k=0

+ o (f(x) —f(2a—xp)) (G=1,...,n).

> Pk Xk—X,
k=0
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Therefore, after multiplication by p;, summation and addition of
S(x)—fQRa—xy)=f(x)—f(2a—x,) to the corresponding sides of the resulting
mequality, we obtain (4), and from (5) (for n=2) we obtain the condition

(6) Xo+ ¥ PeX=2a and x;5a (i=1.....n).
k=0
So, the following theorem is valid:

Theorem 1. Let f be 3-convex function on [0,2a]. If x,;, p; (1 £i=<n) are positive
numbers and x, nonnegative number such that (3) and (6} are valid, then (4) holds.

For x,=0, from Theorem 1, we obtain:

Corollary 1. Let f be defined as in Theorem 1 and let x;, p; (1 =i=n) be posi-
tive numbers. If either

(7 Xs S pexsa ((=1,...,n)
k=1

or

(8) X, sa= Y px<2a i=1.....n)
k=1

hold, then (2) is valid.
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PRIMEDBA O JEDNOJ NEJEDNAKOSTI ZA 3-KONVEKSNE FUNKCIJE
Josip E. Pelari¢ i Radovan R. Janié

U radu se razmatra jedna nejednakost za 3-konveksne funkcije. Pod usiovima (3) i (6)
pokazuje se da nejednakost (4) vaZi.
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ON INTERPOLATING OF SOME INEQUALITIES

DuSica D Pordevi¢ and Petar M. Vasié

Abstract. In this paper, an interpolating of some inequalities is considered. By successive
application of this procedure several inequalities are obtained.

1. Introduction
Let 7 and J be index sets (/, JCN). We considere inequalities of the form

(1.1) F(D=0 or  F(D)=O,

where F is a corresponding fuction defined on the index set I.
We say the inequalities (1.1) are interpolating if

(1.2) F(HzF(J)=0 or F(H=FJ)<0,

where 17)J.

| An interesting case is when /=1, 1={1,...,n+1} and J=I,={1,..., n}.

Namely, let the function F is superaditive or subaditive, i. e.,
FUUN)=2F)+F) or F(IUJ)=F()+FJ),

for all I, JCCN. Then for I=1,,, and J=1I,, it follows that F is a monotonic func-
tion. Thus, the inequalities :

F(I,,)=2F()= ... 2F(lL))=F(I)=0
or :

F, . )sF()< ... <F(Ih))sF(I)=0 _
hold. _ '

In this paper 'we- will use the notation N () for >, 1. For finite and disjoint
1 i
sets [ and J, the function N is an aditive function, ie., NI UJ)=N()+N(J).

\
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2. Main results

P. M. Vasi¢ [1] and J. D. Kecki¢ and I. B. Lackovi¢ [2] proved the following
result:

Theorem A. Let f be a twice differentiable function on [0, a), and let it on that in-
terval satisfies the following differential inequality

(2.1 X" (x)—(k—1) f" (x) 20,
where k is a real number not equal to zero. Then
(22} /- (:/xxk’f" et xnk) gf(xl)'i” Tt ")'f(xn)

H n

k
e TV X (=1 S0)
n
k
for x;<[0, @) (G=1,...,0) and Vx*+ - - - +x5S[0, a).
The inequalities (2.2) are equvalent to following inequalities

l}/ $ ]
(2.3 | ———J Srea=s(y >; )+(n~1)f<0>

We will prove two theorems which are related to the above inequalities.

Theorem 2.1. Let f: [0, @)—R be a twice differentiable function and such that it
satisfies the dszerenzzal inequality (2.1). If x={x}ic10s is a nonnegative sequence,

such that x; (&1 UJ) and( Z ")1/ belong to [0, a), where I and J arc finite and

1GJ
disjoint sets, then the fun(‘tzorv F, defined by
1/k
@4 FO=N0S((7g 35 )3 16,
N e it

is a subaditive function, i.c.
(2.5) FAUN)sF)+F ().

Proof: According to (2.4) we have

1/k
F(IUJ) = Nau-/)f{(N(M) > x) }~ > 1)

T IGX iciUJ

wN(IUJ)f[(N(I PR })1/] 3700~ 3 S

ieJd

Putting

2 X 2. i

Xt = S GeD and xf >S50 (ED),
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we obtain
JUSHE N(IUJ)f([N—(,;;;)(Z P )]“k)
~Ns ({Wi,e, xik}l ) NS ([Nm & x"k}”k)
e 201 )20

—~N(I) f({—— P x/‘}”k) + > f(x)

N (D) ier

N[5 3 Nes s,
'N (J) e

ier
Since #(I'\UJ) <0, according to (2.4) we conclude that (2.5) holds.

Corollary 2.1. Putting I=1,={1,..., n} and J={n+1}, from the proved subadi-
tivity of function F, it follows

(2.6) F(l,,)=FI\U))<F(I)+F{)=F (1),
because F(J)=0 to J={n+1}.
By succesive application of the inequality (2.6) we obtain
F(, )sF()s ... <F{)=F()=0.
Thus F(I,) <0, which is equivalent to the first inequality in (2.3).

Theorem 2.2. Under conditions of Theorem 2.1., the function G, defined by
@7 G () =f[( S 5= S S+ VD = DI O

ict ) ier
is subaditive, i.e.,

(2.8) GUILN=GD)+G ).

Proof. For n=2, the second inequality in (2.3) becomes

k
(2.9) S G0 +f(x2) = (Y x5+ x) - £ (0) 0.
Putting x1*= 2> x% and xf= > x* in (2.9), we obtain
iel ieJ

2 x"k)llk) (2, "’k)”k) (3 w00
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This inequality is equivalent to

> "f(x,-)—f (( > x{‘)‘”‘)—(N(IUJ)—I) £(0)

ieluJ ieluJ

-2 fx) +f((_Z x,-k>1”‘)+<N(1)- 1)£(0)
iel icJ

- 2 /() +f((i§] x,-k)”")+<N(J)— DfO=0.

Then, according to (2.7), we conclude that G is a subaditive function, i.e. the
inequality (2.8) holds.

Thus, Theorem 2.2 is proved.
Corollary 2.2. If I=1,={1,...,n} and J={n+1}, from (2.8) it follows
(2.10) G, )=CILUN=CT)+G6(J))=G (),
because G (J)=0 for J={n+1}.
By succesive applicafion of the inequali.y (2.10), we obtain
G, )=GU)s ... =G () =G (I,)=0.
The inequality G l('I,L)go is equivalent to the second inequality in (2.3).

In the case k=1, from Theorem 2.2., we obtain:

Corollary 2.3. Let f: [0, a)—>R be a twice differentiable function and f"' (x)=0. If

x={x;}icius is a nonnegative sequence, such that x, (iCI\UJ) and 2, x; be-
ieryJ
long to [0, a) (@>0), where I and J are finite and disjoint sets, then for function G,

defined by
G=/(2x) = 2 Jx)+N D= 1D SO

the inequality

(2.11) GUAUNZG(D)+G ()

holds.

Corollary 2.4. If I=1,={1, ..., n} and J={n+1}, from the inequality (2.11) follows
(2.12) G, )=G,ULN)=GI)+G)=C (),

because G (J)=0, for J={n+1}.

By the succesive application of the inequality (2.12) we obtain the following
inequalities:

(2.13) G.)2GU)z ... 26 (I)=G (I})=0.
Corollary 2.5. From (2.13) immediately follows the inequality of M. Petrovi¢ [3]:
FOD+ ) SfEF - x)He—1) 1 0),
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where f is a convex function on [0, @) (@>0), X1 ,...,X, X1+ ...x,E[0, a) with
equality case if and only if x;=0 (i=1,...,n) or n=1.

 The inequality

2.14) [[(-a)>1-Fa (0<a<l)
k=1 k=1

is a well-know Weierstrass® inequality (see [4]).
We prove the following rezult:

Theorem 2.3. Let I and J be two finite and disjoint index sets. If a={a}ic1us is real
sequence such that 0<a <1 (icI\UJ), then the inequality

(2.15) HIU)>H)+H(J)
holds, where
HO=T]TA-a)+ > a~1.
el i€l
Proof. For n=2, the inequality (2.14) reduces to
(2.16) (1—ay) (1—ay)+a;+a,—1>0.
Putting |
a,=1— [ (1-a) and a,=1- ] (1 —a),
icl ieJ

the inequality (2.16) becomes

H(1~a,-)-Tg(1+a,->+1 ~[T-a)y+1~[](1-a)-1>0,
ic

iel iel iel
ie.,
[T (i—ay+ 2 a-1-{[T0~-a)+ 3 -1
ieruJ iclyJ icJ icl
—{H(l—ai)+ zai_1]>0’
ey ieJ

wherefrom, we obtain the statement of Theorem 2.3.

Corollary 2.6, If I=I,={1,...,n} and J={n+1}, the inequality (2.15) becomes

(2.17) H (In+1)=H (I, UJ) 2 H (In) + H (J)=H (In),
because H(J)=0 for J={n+1}.

Iterating the inequality (2.17), we obtain the following sequences of inequalities
H(Lh)ZH )= ... 2H )= H (I))=0.

The inequality H (I;) 20 is equivalent to Weierstrass’ inequality.
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O INTERPOLIRANJU NEKIH NEJEDNAKOSTI
Dusica D. Dordevi¢ i Petar M. Vasi¢

U radu je interpolirano nekoliko poznatih nejednakosti. Na taj nadin dobijene su neke
nove nejednakesti kao i nejednakcsti koje su oStrije od polaznih. Uzastopnom primenom inter-
poliranja dobijeni su nizovi nejednakosti, iz kojth su, kao specijalni sludajevi, dobijene neke
poznate nejednakosti. ‘
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ON THE INCLUSION ISOTONICITY OF TAYLOR’S CIRCULAR
CENTERED L ORM

M. S. Petkovi¢ and Lj. D. Petkovié

Abstract. The inclusion isoton city property ‘s important for many applications of
interval functions. In this paper it is proved that frequently used the Taylor’s cicular
centered form, introduced in [6] for approximaling the range {f(z):z&Z} of an ana-
Iytic function f over a disk Z, is inclusion isotone.

1. Introduction

Let f be a closed comnpex function and Z any disk in the complex
plane lying in the domuin of f. The rang:

[*@2)={/():z€Z}

is of importance for num:zrous conside.«tions. But, in general, f*(Z) is not
a disk and iis not comput.ib.e exactly. In order to exceed these difficuties it is
necessary to develope the methods for fiading a circular interval QD f*(2),
as small as possible.

Let K(C) be the set of circular intervals (disks) and let F:D—H,
(D, HCK(C)) be an circular interval fanction such that

F(Z) D f*(Z) for all Z&D.

F(Z) is an outer approximation for the rangs f*(z) and it is called the in-
clusion function for f over Z. Interval analysis gives some effective methods
for finding these inclusion funccions (of. [I7—[10]). Among the most impor-
tant inclusions of tne ranges func.ions are the centered forms with the conve-
nient property that the ceuter of inclusion funcions mid(F(Z)) is equal to
the value of the funcuion f a. the center ¢=mid (Z) of the domain disk, that
is, mid(F(Z))=f(c). One of these ceniered forms has been presented in [6]
using Taylor development of f about the center ¢ and inclusion isotonocity

property:
Received May 22, 1986.
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Let f be an analytic function on DCK(C) and let Z={z!|z—c|=r}&ED
be a disk with the the center ¢ and the radius r, denoted by Z ={c; r}. Then
the circular interval function Fj, defined by

(1) Fr(2) ={f(c>; 5 1 "‘—’fj'—"}
k=1 ’

is called the Taylors's circular centered form. The centered form (1) has intere-
sting practical and theoretical properties. Since the inclusion F(Z)2 f*(Z)
always holds, it can be applyed for approximating the range of a function
f. It was proved in [5] that the Taylor's centered form converges to the ra-
nge of the function with a quadratic convergence in the sense of the DI
pseudo-distance.

A fundamental property of interval computations is inclusion isotonicity
(see [1]). Let F:D—~>H (D, HCK(C)) be an circular interval function. F is
said to be inclusion isotone if

ZCW implies F(Z)CFW) for all Z, W& D.

It is important for many applications that the interval functions have
this property. Besides, various properties of centered forms are connected to
inclusion isotonicity. In some recent papers the inclusion isotonicity has been
considered for some functions having the Taylor’s centered form (1). Among
these functions, the Taylor’s centered form for a polynomial p,

@ Pr(Z)= [p(c i ﬁ’“—‘k}

1s of great importance because this form gives always better results than the
other polynomlal centered forms: the Horner scheme and the power-sum eva-
luation (see [9], [10] and, also, [7] for reai polynomials). J. Rokne and T.
Wu have stated in [10] that the Taylor’s form (2) is inclusion isotone, but
without a proof. Therefore, an investigation of inclusion isotonicity of (2)
is also of interest. -

In this paper we prove that, in general, the Taylor’s circular centered
form (1) is inclusion isotone. The presented proof is very simple and uses
a procedure for proving the analytic inequalities.

2. The proeof of inclusion isotonicity

Let Z ={z; r} and W={w; R} be two disks. Then
3) ZCW < |w—z|£R-r.

Theorem. The Taylor’s circular centered form (1) is inclusion isotone.

Proof. Assume that the disks Z={z; r} and W={w; R} belong to the
domain of an analytic function f. The Taylor’s centered form (1) will be
inclusion isotone if

ZCW implies Fr(Z) C Fp(W),



On the inclusion isotonocity of Taylor’s circula{ .centered form 35

that is, with regard to (3) if' the 1mpllcat10n

|w z{SR-r :>

4)
L sl [ f&Y(w) | Rk o fE)(2) |k
fm-f@)| =5 LRI 5 JEE
| SEN= 2 e K
holds. . . . _ .
Let R—r=hz0 and hr>g(h) be the real function defined by
' SR ) |k RO | S '
(5) gy= 3 PRt FREO I S ~f@)].
k=1 k! =1 K
Now, the implication (4) can be rewritten as . - AL
(6) : Clw—z|=h > g(h)=0.

If h=0, then w=_z and whence. f(w)=f(z). Therefore, from (5) it follows
g(0)=0. Furthermore M

dg _ gy LW (w) | (r + By
dh k= (e—1)!

>0 all A=0,

which means that the function g is monotonically ‘inLreasing"on: [0, + ).
According to this and the fact that g(0)=0, it follows g(h)>0 f01 h& [0,
+ ), wmch completes the ploof

3. Seme remarks

The proved assertion is very useful because a number of the frequently

used inclusion functions (for example, the elementary functions &7, z", z!/",

sin z, cos z, arctg z, In z, the poiynomials and the others) have cften the Tay-
lors’s centered form.

Remark 1. As a clor011ary of Theorem, the conj'ecture for the inclusion
isotonicity of the Taylor’s centred form (2) of a polynomial is verified.

Remark 2. The implication (4) can be usefully applied for finding the
upper bound of the modulus |f(z,) —f(z,)| when the values z, and z, of the

h
complex argument lie in a disk with the radius —-, that is, if lz,—z, | =h
Let us put R=r+h (rz0, arbitrary) in (4) and introduce -

iy ,f(k)(zz)](r -+ h)k iy |f(k)(zl);”k

y(r)= Zl k! ,ZI I

Accordmg to (4) we have _
(7) |f(@)~f@)| £p() for all r=0.

3*
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Let y.;, be the smallest value of the function r+sy(r) over [0, + w).
Then, a better upper tbound for |f(z,)—f(z,)]is given by

(3) [f(z) —f(2) | £ Pmin-
For example, let f(z)=€" and |z,—z, |<h From (7) it follows
{9) fez—en| slez|(e*h-1D—|en|(@—-1) (rz0)

Since the function y(r)=|e®2|(e"*#~1)—|e* |(¢! —1) is monotonically increa-
sing on [0, + c0) (namely, y' (r)=e"| e |(ef —|e*1~72|) =0 according to the ine-
quality e'?1= |e*| for all z&C), one obtains yu;, =y (0)=|e2|(e"—1). There-
fore, a better estimation for the modulus |e? —e?|, compared to (9), is given by

lez—en| g |e2 (et—1) (|z,—2z, <h).

Remark 3. Many interesting inequalities can be obtained using (7) and
{8). For example, we give the following elementary inequali:y:
Let w and z be arbitrary complex numbers satisfying |w—z|=h, h=0.
Then
(w—z"|<(w|+h)"—|w| (nEN)
{from (8)).
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O INKLUZIVNOJ IZOTONOSTI TAYLOROVE KRUZNE CENTRALNE FORME

M. S. Petkovié i Lj. D. Petkovié¢

Osobina inkluzivne izotonosti je vaZna za mnoge primene intervalnih funkcija. U ovom
gadu dokazano je da je desto korii¢ena Taylorova kruzna centralna formg, uvedena u [6] za
aproksimaciju oblasti { f(z):z&Z} analititke funkcije f na disku Z, inkluzivno izotona,
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TEE EQUALITY CASES IN m*(f+g) (H) <m* f(H)+ m* g (H)
M. J. Pelling

Abstract, Using standard properties of the Banach indicatrix of a function of bounded
var ation, the equality cases in an inequality considered in the paper [1] are completely
characterised.

1. Introduction

The incquality cf the title was esteblished in paper [1] in the cases
when f, g are ccntinrucus real functicns and H an interval ([1, theorem
1(1)]) and when f, g are mcnoteric end H a bcunded subset of R ([1, the-
orcm 2]). Theorcm 3 ¢f [1] also esteblished m* (f+ g) (H) = m* f(H)+ m* g (H)
when f, g are beih menoienic increasirg or both mcnotenic decreasing, but
otheiwise the ceses of equality were left cpen. It is easy to see from the
prccf of [1, theorem 1(i)] that if f g are ccntinucus and H an interval then
m(f+g)(R)=nfH)+ng(h):ferccrlyifferd g pessess bofh a simultaneous
mex mum and a simuftanecus minimum in the clesure of H. The mere inte-
restirg case is when f erd g are mcnotenic in different senses, say f1, g,
erd H is aibitrary becunced: by meking use cf stardard prcperties of the
Binech Irdicatrix of a furciicn of beunced variation we shall ccmpletely
characterise the equality cases in this instance.

2. The Banach Indicatrix
If h:la, b} R is cf bcurced varizticn end EC[a, b] is Borel then the
Berach hicicainix AB:F—KU{+ oo} is defired by:
N%(y)=the number of soluticns x€ B to the equation f(x)=y.
The basic properties of N4 are that it is an integrable function over R
and that if 7(x) is the total variaticn functicn of % (x) then mr (B)=ng(y) dy.

Since h(B)={y| N ()1} it follows that / (B) is measurable and that,

mh (B) = fmm(N W), ) dy < [ NA(y)dy=mt (B).

Hence mh(B) =mt (B) if and only if N;(3)=0 or 1 almost everywhere in y.

Received December 15, 1985.
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38 M. J. Pelling

suszczenz condmon fo; m* (f+ g) (H) m*f(H) + m*g(H) is that sz+g =p-—n
is the canonical decomposition of f+g into the difference of its positive
and negative variation functions, there exist a Borel set B _OH such that
m(f—p)(By=m (g+n) (B)=0 and that NY ¥ () =0 or 1 a.e. in y — that is,
the graph of (f+g)|z meet each level line y=c in at most one point a.e. in c.

Proof. Suppose the ploposed conditions hold. Since f=(f—p)+p and
jT (f—p)t,p4 (by the least increase property of the positive variation p)
it follows, using [ 1, theorem 3], that m* f(H) = m* (f—p)(H)+m p(H)=m* p (H),
and similarly thqt m* g(H)=m*n(H). Writing . -—f—rg and ¢ for the total
variation function of A, then from the remarks above as Ni(»)=0 or 1 a.e. in y,
and applying [1, theorem 3] to ¢ = p+ n, we infer mh (B) = mt (B) = mp (B) + mn (B).
This is also true for any Borel BB, as N3 (y) satisfies the same condi-
\tlon, and since we may certainly find such a set B wich HCB,CB and
m* h(H)=mh(B)), m* p(H)=mp(B,), m*n(H)= mn(Bl) 1t follows that

m* h(H)=mh(B,)=mp (B))+ mn (B))=m* p (H)+m* n(H)=m* f(H)+m* g(H).
Conversely, if m*h(H)=m* f(H)+m* g(H), then since
m"f(H) m* (f—p)(H)+m* p(H), m* g(H)= m*(g+n)(H)+m*n(H)
' ' m* h(H)<m* p(H)+m*n(H) '

it followsthat m* (f—p)(H)=m* (g+n)(H)=0and m* h(H)=m* p (H)+m* n(H).
Choosing a Borel B D H for which m(f—p)( B) =m* (f——p)(H) mp (B) =m* p (H)
etc. it follows that mh(B)—mp(BH mn (B) mt (B) so. that by the remarks
above on the Banach Indicatrix, N5(»)=0 or la.¢. in y, or in other words
the graph of h|p meets each line y=c in ?t most one point a.e. in ¢. Thus
the conditions of the theorem are satisfied wi.h this Borel set B.
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SLUCAJEVI JEDNAKOSTI U mr* (f+ I9) (H) <m* f(H) +m* g (H).

M J Pelhng

. Kori¥¢enjem standardnih osobina Banachovih indikatora za funkcue ograméene varijacije,
‘kompletno su opisani slugajevi jednakosti razmatrani u [1].
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ON REPRESENTATION OF A LINEAR OPERATOR ON THE
SET OF STARSHAPED SEQUENCES

I. Z. Milovanovi¢, N. M. Stojanovi¢ and Lj. M. Koci¢

Abstract. The necassary and sufficient conditions for positivity of linear continuous
operator, defined on a set of starshaped or generalized starshaped sequences are given.
The tool for proving is representation of (generalized) starshaped sequence as a limit
(in metric d given by (5)) of some special sequences from the same class.

Let us introduce the notations: a=(a, @, ...), ;& R,
T(an)=(an+l “'ao)/(”“*‘ I)N(Gn"ao)/(n) (ne N)?
Tp,q (an) = (an+l — &, aO)/Wn +1 7 (an__ocn aO)/VVm
where the sequences « and W are defined by «, =(p*+g%)/2 (p, g= R) and
W, = {{pk _qk)/(p—'q)5 P?éq,
=
kpk—1, p=q.

- The set of all starshaped sequences S, (CS) is defined by S, ={a|e<=S,
T(a)>0, nEN} and the set of all p, g-starshaped sequences by

S,.=ta|acES, T, ,(a,)=0, nEN}.

The purpose of this work is to determine the necessary and sufficient
conditions for a real sequence p=(p,, p, -..) such that the inequality

s
{1 D P =0
k=0

holds for all sequences a=(a, a, ...)&S,, ie. acS,, Besides, we shall
state the necessary and sufficient conditions for linear operators, defined

on S, or S, , to be positive.

Received January 5, 1986.
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Theorem 1. Let p=(py, py, ...)E S. The inequality (1) holds for every sequence a
from S, if and only if the followmg conditions -

(2) 28 pk==03
k=0

(3) S kp=0,
k=1

(4) S kpe=0, for i=2,3,...,n,
k=i

are fulfilled.

Proof. Suppose that (1) holds. The sequences a=(c, c,...),~a=(—c¢,
—¢,...), c=const, belong to S§,, so that necessity of (2) follows. Furiher,
a=(0,1,...)) and —a also belong to S, and from (1) we get that (3) is
necessary. Finally, the sequences a=(a,, a,,...), where a,= --- =q,=0,
aq=k—1, k=i+1,...,nand i=1,..., n, belong to S, so that conditions (4)
are necessary too.

Tne sufficience of the conditions (2), (3), (4) is a consequence of the
following identity:

x
l_'}M:x

k =g z P+ (@ — ap) z kp, + Z ( ‘"z ipi)T(ak)-

k= =1 k=1 \i=k-+1

Remark 1. If the sequence a=(a,, a,,...) from S| satisfies the additional
condition g, =a,, then (3) and (4) can be replaced by

S kp,=0, for i=1,...,n
k=i

Remark 2. In the few papers, e. g.[l —3] the inequality (1) is regarded
to other classes of sequences.
Starting from the ideniity

Zopkak"‘“o > Pk“k“" -l Z i Wi+ Z ( > P ) Ty, g (@)
k= k=0

=k+1

by quite similar procedure as in Theorem 1, the following result can be proved:

Theorem 2. Let p=(p,, p,, --.) be an arbitrary sequence of real numbers. Then, the

inequality (1) holds for every sequence aC S, , if and only if the following conditions
> % Pe=0, Z nW,.=0 and z D Wie=0 (=2,...,n)

k=0 k=i

are fulfilled.
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Remark 3. For p=qg=1 from Theorem 2 we get Theorem 1.

In the sequel, we shall use following concepts and notations: Let S be
set of all real sequences a=(a,, a,,...). The set S of all sequences becomes a
vector space if it is supplied by addition and multiplication by scalars in the
usual way. Namely, for A€ R and arbitrary x, yE S, we put Ax&S(Ax,, Ax,,...).
X+y=(Xg+¥y» X +Y¥,...). The basic sequences in S could be denoted by
e, = (€ €, --.), Where

{O, n#k,
enk=
1, n=k.
(For example ¢,=(1,0,...), ¢=(0, 1,0,...)). Metric in S is introduced by
2 | Xp—Yi |
(5 d(x, )= S 2~k 127k
05 3) kzo 1+ | X =k |

It is easy to see that every sequence u=(u, u,,...) from the metric
space (S, d) 1s the limit of sequences

6) U =% u.e,
k=0

in the sence of metric (5), ie. limdu™, u)=0.
Therefore, every u<.S can be represented in the form

-+ 00
(7 u= 2 U
k=0
Let E,= z e, and E, = Z ke, forn=2,3,... . Let A be linear operator

defined on S w1th values in F(D) WhICh is the set of all real functions f: D — R,
where D(C R. We also suppose that A is continuous, ie. for every a™ —a
(n — + ), A(a™) —> A(a)(n— + o) holds.

Theorem 3. a) Every seqeuence a™ =(ay’, ai’s ...} of the form
(8) a(n\_a(nE+p()E+2Y")Ek,

where o™, BMWES R, y(")gO, Jor k=2,3,...,n, and fixed n belongs to §,.
b) Every sequence a& S, is a limit (in d-metric) of sequences a™ given by (8).

c) Let A:S->F(D) be a continuous linear operator. Then, for every a (a=S)
the implication |

) ac S, = Aa>0
holds, if and only if
(10) AE,=AE =0 and AE, >0 for k=2,3,...
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Proof. a) This assertion follows from (8) directly.
£) In viriue of representation

. k—1
Ge=aytk(a,—a)+k 3 T(a),

i=1

from _(_7') 'folio‘ws

+o k—1 \
a=ayeyta, e+ > (a0+k-(al—\-ao)+k z T(aj))ek

k=2 \ j=1
_aoz e, + (a,—ay) z ke, + z (Zw]ej)T(a,c D
%

=ay Ey + (2, — ay) El + Z E T (a,_,).
K=2

Using this identity we can get that every sequence a&§,, is a limit of
sequence a™, where

an=a,Eg+(a,—a) E + S E T(a_,)

K=2
in metric space (S, d).
¢) Suppose that (9) holds. By the fact that the sequences + E;, - E, E,,
for k=2,3,..., belong to §,, we get that the conditions (10) are necessary.
If we suppose that the conditions (10) are fulfilled, then
Ada=A(lim a™) = lim (4a™)

n—-0 >0

= lim (oc(’”AE +R"WAE, + z Y(")AEk) =0,

n—=0
from which we see that the conditions (10) are sufficient.

Remark 4. For representation of starshaped sequences by using the
positive ones, see [5].
—+ oo . +
Let Bo= S a,e, and E,= 5 wye for n>1.
n=0 k=n ]
By similar treatment as in the proof of Theorem 3 we can prove the
more general theorem:

Theorem 4. a) Every sequence a(’"—( O a®, .. of the form

~(11) d(")-—oc(")E + B(")E + 2 Y")Eka
k=

where oc("’and B™ are real numbers and y,c”’zo, for k=2, 3,..., n, belongs
to S, , :

b) Every sequence a=S, . is a limit (in d-metric) of sequences a™ given by (11).
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c) Let A:S, ,—~F(D) be a continuons linear operator. Then, for every a(ac S,,,)
the implication

acs,, = A4a=0
holds, if and only if
AE,=AE, =0 and AE, >0 for k=2,3, ...
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O REPREZENTACIJI LINEARNOG OPERATORA NA SKUPU ZVEZDASTIH NIZOVA

1. Z. Milovanovié, N. M. Stojanovié i Lj. M. Kocié¢

U radu su dati potrebni i dovoljni uslovi za pozitivnost neprekidnog operatora, defini-
sanog na skupu zvezdastih ili generalisanih zvezdastih nizova. U dokazima se koristi repre-
zentacija zvezdastih nizova kao granice nekih specijalnih nizova iz iste klase.
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ZUR VERALLGEMEINERUNG EINES SATZES
VON CENSOR UND DE VORE

Jutta Meier

Zusammenfassung. In der vorliegenden Arbeit beweisen wir die Verallgemeinerung einer
Aussage von R.A. DeVore und E. Censor zur punktweisen Appro imationsgiite stetig
differenzicrbarer Funktionen durch positive lineare Operatoren. Unser besonderes Augen-
merk gilt dabei den Termen L (e, —x, x) und L (|e;—x|, x), die im Falle der Approximation
differenzierbarer Funktionen von besonderer Bedeutung sind. Verschiedene Beispiele und
Bemerkungen belegen diese Aussage.

In einer im Jahre 1976 erschienenen Arbeit modifizierte B. Mond [10]
die Aussage eines auf O. Shisha und B. Mond [15] zurlickgehenden Satzes
iiber die Konvergenzgiitz bei der Approximation durch Folgen positiver linearer
Operatoren. Im Jahre 1969 erweiterte R. A. DeVore [4,5] dieses Ergebnis in
dem Sinne, dafl er eine ebenso aligemeingiiltige Aussage beziiglich der Konver-
genzgiite differenzierbarer Funkionen herleitete. Unabhingig von DeVore bewies
E. Censor [3] einen dhnlichen Satz.

Es ist das Anliegen der vorliegenden Untersuchung aufzuzeigen, dal sich
die Vorgehensweise von Mond auf den Beweis des erwdhnten Satzes von Censor
und DeVore iibertragen 148t und man auf diese Weise eine Abschitzung erhilt,
die bei Anwendung auf spezielle Operatorenfolgen bessere Ergebnisse liefert
als dies mit Hilfe des Satzes von Censor und DeVore mdéglich ist. Der De-
Voreschen Vorgehensweise folgend beweisen wir eine punktweise Aussage, da
hierdurch die lokale Qualitit eines Approximationsprozesses besser wicderge-
geben wird als durch gleichmidBige Abschitzungen. Unsere Aussage zeigt
gleichzeitig, daB es moglich ist, auch andere quantitative Testfunktionen heran-
zuziehen als die iiblicherweise benutzten ersten drei Monome e, e, und e,
bzw. deren Linearkombination (e,—x)*. Unsere Darstellung folgt weitgehend
der von H. Gonska [7, S. 159], der dort Theorem 7 von Censor bereits in
eine punktweise Version umformulierte und auf eine groBere Klasse mdglicher
Testfunktionen ausdehnte. Wir weisen darauf hin, daB zum Beweis der ange-
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kiindigten Absctidtzung die bei Censor gemachte Voraussetzung beziiglich der
gleichméBigen Beschridnktheit der Bilder von:e, unter einer Folge positiver
linearer Operatoren volilig lberfliissig ist.

Satz. FEs sei L ein positiver linearer Operator, der den Banachraum Cla, b] in
den Raum aller beschrinkten Funktionen B [c,d] abbildet, wobei [c,d] [a, b] gelte.
Es sei {uy, ..., u,}CCla, b] ein System von Funktionen, das fir jedes x=[a, b]
eine Linearkombination

F, 0= S g u(-)

k=0
zuldft, die der folgenden Bedingung geniigt:

(BY F(t, x\)=C-(t—x)* fur alle t, x=[a, b], mit einer von : und x unab-
hingigen Konstanten C.,

| 1
Dann gelten unter Benutzung der Schreibweise wu, (x):= (i-L(F (-, x), x)) "

fir jede in [a, b] differenzierbare Furnktion [, alle xE[c d] und jedes h>0 die
Ungleichungen
(1 [Lx) X)—ll-ff(X)éHL(@r—x,x)%--if’(X)

+[L (er =, %)+ L (e =), x)]. o (", h),

@ LU D=L leo )—=1[-11) +] Ller=x. ) [f (9]
o L LS O IR CRA A

(3) L~ ) [ Lo )= 1| 1f(5) | +L 6o 9P+ (6) - |f )]
e 0 (9] e ()0 (B

Beweis. Zunichst gilt fiir jedes f&Cla, b] und jedes x&[a, b] die Unglei-
chung

| LS, )—F () |<IL(f, x)—/(x) - L (e, X)|+[f (X)) -] L{e&y, x)—1

uns interessiert also nur noch der erste Summand auf der rechten Seite. Dazu
schreiben wir fiir ¢, xE[a, b]:

JO=fR)+f () (t—=x) F[f(f)—f(X)—f (x) (1—x)].
Dies fiihrt auf die (Un-) Gleichungskette
VLS, 9)—=f(x)- L(eo X) | =] L(f=S(x), %)|
=L(f" (%) (e,—x) +(/~f (X)*f (x) (el—V)) x) |
=%, X) |+ L ({f=f(x)—/" (x) (e,—x)], x}.
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Nun ist
fO—fD—f () (—x)|= Yf E) (=0~ () (t—x)|
=/ E)—f () - t—x]
<o(f', [E—x ) t—x]
<o (f', |t—x])-|[1—x|,

da &, nach dem Mittelwertsatz zwichen ¢ und x liegt. Bet Vbrgabe eines belie-
bigen h>0 erhalten wir ferner, dafl der letzte Ausdruck Kkleiner als der bzw.
gleich dem folgenden Term ist:

|t—x.\.(1 +]l‘;—x'[)-w(f', B).

Hierbei bezeichnet fiir »>>0 das Symbol ]r[ die grofite ganze Zahl, die kleiner
als r ist (vgl [11, S.100]).

Damit konnen wir den letzten Term in der vorletzten Ungleichungskette
weiter nach oben abschitzen durch
)|

<@ L= D+ (7 B [L(e—x] 0+ L(@—0% 9]

lec—x|[

|f(x)-|L(e,—x, x)|+o(f, h)-[L(lel——xi, x)+L(|e]—A }

Dies liefert dic unter (1) behauptete Ungleichung.

Um den Zusammenhang zur allgemeinerer Klasse von Testfunktionen
{uy, . .., u,} herzustellen und damit zu der unter (2) formulierten Aussage zu
gehngen gehen wir wie folgt vor:

Der in (1) auftretende Ausdruck L(|e,—x]|, x)+-111—-L((el—x)2, x) 140t

sich auf Grund der Cauchy-Schwarzschen Ungleichung (siche z. B. J. Dieudonné
[6]) und der im obigen Satz gemachten Voraussetzungen nach oben durch

L (eg, )12 L ((y—x)2, x)'2 +%~-L((e,—x)2, X)
<L (e, x)UZ.L(%.F(.,x), x)”’+— L( F( X), x )

abschitzen; dies liefert die unter (2) behauptete Aussage.

Um zu der (manchmal groben) Abschitzung unter (3) zu gelangen,
schitzen wir die Terme in (2) weiter ab. Wegen der Positivitdt von L ergibt
sich urter Anwendung der Cauchy-Schwarzschen Ungleichung:

| L (e,—x, )| < L(|ey—x|, x) <L(ey )2 - L ((e,—X), X)1I2

<L(ey )2+ L (%-F(-, %), x)f’z.
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Damit erhalten wir die Abschitzung

1L, 0|1 () +[L(eq 0L (Z-F (L0, x)" +

e

L.}ll_ L (—I--F(-, x), x)]-m(f’, h)

C
<L (e 0 091 04| L e 0 i 04 b2 ) 0 (7 )

Dies fiihrt zu der unter 3) ) ehaupteten Aussage.

W betrachten im folgenden zwei Beispiele, die aufzeigen, inwieweit der
obige Satz besserc Aussagen liefert als bekannte Ergebnisse zur Approxima-
tion durch positive lineare Operatoren.

Beispiel 1. Bei Betrachtung der klassischen Operatoren B,, die von S. N.
Bernstei o [2] eingefiihrt wurden, erhieiten F. Schurer und F. W. Steutel [12]
die Darstellung

Bn (|e, —X ,I, X) = -g- (’?——r) ( n ) xr+1 (1___x)nmr;
n r

wabei r=[nx] die grofte ganze Zahl bezeichnet, die nicht grofler als nx ist.
Wegen Giiitigkeit der Gleichungen (n>1)

x(1—x)
B, (e, ¥)=1, B,(e;, x)=x und B, ((e,—x)? x)=-——,
n
liefert unser Satz zunidchst diz Abschitzung
A I e i R O e R
n r n

fir A>0. Die speziclle Wahl h=n-12 flihrt auf die Ungleichung
!Bﬂ(ﬁ x)_f(_x)ig[.g. (n—r)(”)x’+ ‘ —’x)n_r%‘ic—(l__/ﬁJ'(x)(f,, n—l/Z).
n r nt/?
Wie von Schurer und Steutel gezeigt wurde, ist der erste Summand in der
eckigen Klammer stets kleiner bzw. gleich 2——]72. Wegen x»’(l—x)g-l— fiir
*n
x& [0, 1] ergibt sich also die gleichmidBige Abschitzung

1 \
2.n'% 4.n'1?

B, D~ )< Jo (/i) =2 (7, 1),

die auch im Buch von G. G. Loreatz [9] zu finden ist. Wir bemerken, daB

. . 3 .
sich die Konstante " weder aus dem Ergebnis von Censor [3] nech aus dem

von DeVore [5] ergibt.
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Bemerkung. Es ist festzuhalten, daf} einige allerdings allein auf die Folge
der klassischen Bernstein-Operatoren bezogene Untersuchungen beziiglich der

vor n~12.w (f’, n~1?) auftretenden Konstanten etwas bessere Ergebnisse gelie-
fert haben.

So zeigte Li Ven’-Tin [8] die Ungleichung
| B, (f, x)—f(x) |<%.n~1/z.w(f', n=112),

Dariiberhinaus besagt ein Ergebnis von F., Schurer und F. W. Steutel
(12, 13, 14], daB

|B, (f, D~/ ()| <m0 (7, n1)

gilt und daB die darin auftretende Konstante -3- nicht verkleinert werden kann.

Der Vollstandigkeit halber erwidhnen wir an dieser Stelle auch ein Ergebnis von
I. Badea [1, Theoréme 2], welches allerdings den vor « (f’, n='?) auftretenden
Faktor n=%2 vollig auBer Acht 14Bt Allerdings liefert eine geringfiigige Modi-
fikation der Beweisfithrung von I. Badea ebenfalls eine Abschidtzung gegen
3. =12 0 (f, n—12),
4
Die im obigen Satz unter (2) angegebene Abschétzung 148t sich z. B. dann
nutzbringend anwenden, wenn die Berechnung von L (|e;,—x|, X) umgangen
werden soll, da dies (vgl. Beispiel 1) selbst bei im aligemeinen gut handhab-
baren Operatoren nicht ganz einfach ist. Die Wahl F(¢, x)= (t—x)? fiihrt in
diesem Fall auf die Ungleichung

|L(fs )= ) [<[L (e )—=1[-[f()[+|L(e,—x, X) [ [ (x)]

+ [L (e, X2 L ((elwx)z, x)”2 +:; L ((el-—x)z, x)] w(f', b,

die im Falle L=B_, n>>1, h=n""2 nun ebenfalls die abschlieBende Abschitzung
in Beispiel 1 impliziert.. Es ist allerdings nicht grundsitzlich giinstig, von
L(le,—x|, x) zu L(ey, x)'/2- L ((e,—x)* x)!/? iiberzugehen, da hierdurch z. B.
im Falle Hermite-Fejérscher Interpolationsoperatoren Information iiber deren
Verhalten auf C![—1, 1] verlorengeht.

Als Anwendung der unter (2) bewiesenen Ungleichung behandeln wir
das folgende Beispiel 2, in dem zugleich deutlich wird, warum wir eine Aussage
bewiesen haben, die eher der von DeVore als der von Censor entspricht.

Beispiel 2. Bei P. C. Sikkema [16] wird gezeigt, daB die fiir f&C[0, 2]
und x<[0, 1] durch

bt S (o

k=0 k

4 Facta Universitatis
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definierten rnodlflzlerten Bernstein-Operatoren posmv und linear sind und den
Bedingungen : _

_ 1 .
B, e;=¢, B, e =e +:- e, Sowie

B,y (=) %) = (6 + (1+1) (—x?)
"
genugen.
Dabei gilt fiir jedes x&[0, 1] die Abschitzung

B, 1 ((e;—x)% X)<—.
n

Die im obigen Satz unter (2) gemachte Aussage liefert also fiir jedes f&C'[0, 2j
mit 2=n"Y2 die Ungleichung

By, 1 (f, )=/ (%) \S’;l; X |f7 ()| 4—%-(x2+(n 1) (x— )2 o (7, 117,

oL

kine so gilinstige Ordnung 146t sich im vorliegenden Fall nicht mit der im
obigen Satz unter (3) angegebenen Ungleichung, dem Analogon der Aussage
von E. Censor, erzielen, da in. dieser Abschitzung die GroBe |L (e, —x, x)|
zunédchst nach oben durch L(|e,—x|[,x) und dann weiter durch L (e, x)¥2-
L ((e, —x)?, x)1/2 abgeschitzt wird. Im soeben betrachteten Beispiel wiirde dies
auch fiir fC€ C?[0, 2] nur zur Ordnung O (n—"?) fiihren.

Ist f&C?[0, 1], also w(f", n~YA)||f"||-n~12, so gilt

| B,,, (/. X)—f(X)l<— x-|f (x)\+~-— 2+ @+ D) (x—x2PE- | [ =

Schlufibemerkungen. 1. Die Verwendung der Abschidtzung (2) ist auch
dann vorteilhaft, falls mit einem Testfunktionensystem {u,=e,, u, = e, u,} gear-
beitet wird, das die Voraussetzungen des obigen Satzes erfiillt, wo aber u,=+e,
gilt. Ein Bexsplel dieser Art wird bei H. Gonska [7, S. 155] behandelt. Wir
bemerken, daB in diesem Fall unter der Zuqatzvoraussetzung

@) Fno=S a()-4(x)=0, x&lab]
. k=0
die Gleichung
2 2
L(F(-, ), x)——‘-f:( S ak<x)~uk<-),x)~ S (%) 2, (%)
k=0 ' k=0
2 o
= S @, (%) [L (@ X)—t, ()]
k=0

gilt. Reproduziert also L die Funktionen u,=e, und u, =e,, so reduziert sich
die Ungleichung unter (2) auf die einfachere Form

L(f; x)—f(x)l\[(“2 ‘x)) (L (s X)— uz(x))”2+“2(x’ (L (1, X)—t, <x>)] W (f',h)
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w20 Dies Abschitzumg: unter-(3), welehe “sich -aus. der unter (2) durch eine
erncute Verwendung der Cauchy-Schwarzschen' Ungleichung - érgibt;  ist  fiir
Anwendungen Weniger ‘ititéressant; obrwohl eine- ganz ahnlxche Form bel Censor
als “Hauptaussage auftritts -+ - ;
-Schreibt man die. rechte  Seite in (3) nan“hch in der Form S

i

L(ey x)——w lf(X)l——v-L(x) [L(emx)*/"' <x>\+<L<eo, x)m

IS 1 () w(f h)]

$Q. erglbt SlCh unter de1 Annahme, ddB L(eo, x)-vi ist, der Ausdruck B

ey [\f (x)r ( w(x)) o(f', h)

Betxachtet man nun eine Foloe (L) positiver lincarei Opératoreﬁ, SO
ergibt sich als Majorante fiir |L,(f, x)—f(x)| ein Ausdruck der Form

2, 0| L1 @)1 (1, @) (7 B

Hieran zeigt sich, daB die aus (3) herleitbare GroBenordnung des Verschwin-

dens von |L,(f, x)—f(x)| fiir f'(x)==0 nicht besser als die von pr, (x) sein

kann. Betrachtet man zum Belsplel dle Bernstem-Operatoren, so ist dort mit

F(t, x)=(—xp2 : -
<x>==f-(*-<l--—i>»\“a

also |B (f, x)—f (x) <c- (x u) ® fiir alle jEC?[O', 1, ohne: daB Dltferen~'<'
n

zierbarkeitseigenschaften von f” diese Ordnung im positiven Sinne beeinflussen.
Die Abschitzungen unter (1) und (2) haben diesen Nachteil im genannten
Beispiel nicht.
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UOPSTENJE JEDNOG STAVA CENSORA 1 DEVOREA
Jutta Meier

U radu je dokazano uopitenje jednog stava Censora i DeVorea o aproksimaciji nepre-
kidno-diferencijabilnihh funkcija pomoéu pozitivnih linearnih operatora i dato viSe komentara
za slucaj tzv. Bernsteinovih operatora,
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EXAMPLES AND REMARKS TO A FIXED POINT THEOREM
Janusz Matkowski and . Jerzy .Mié

Abstract. A fixed point theorem for nonlinear contractions is under discussion. Three
examples and an observation about metric conve:ﬂty are given.

The first author of this note proved the fo]]owmg fixed point theorem
(cf 3] and J. Dugundji, A. Granas [2], p. 12).

Theorem 1. Let (X, d) be a complete metric space. Suppose that F.X—X is
-a -comtraction, i.e. thal

(M d(Fx, F)<9E (6 1) (% EX)
where @R, R, satisfies the following two conditions
(i) ¢ is non-decreasing not necesserily contipuous,
(i) lim 9" (1)=0 for each 1>0.
Fhen F has-—: unique fixed point a€X and lim F'(x)=a for cach x«X.

11=>00

(Here and in the sequel R, =[0, c0), ¢ and F” denote the n-th iferate
of ¢ and F respectively).

This theorem appeared to be useful and easy to handle with in the
theory of functional equations (cf. [3]) and therefore it seems to be of inte-
rest to answer the question if some of the assumptions (concering @) cam
be weaken. In the present note we discuss in detail this question showing in
particuiar, that the answer is no. Example 1 shows that the condition (i) om
ronotonicity of ¢ canncet b: omtted. Onc can casily observe that the both
conditions (i) and (ii) imply ,

(ii1) ()<t for ¢>0.

This incquality plays an important role .in the proof of Theorem 1 (cf. [3}
as well as [2], p. 12), thercfore one could expect that in rercains true after
changing (i) by (iii). Our Example 2 settles in negative this a little more
delicate problem. In the Example 3 we show that also conditions (i), (ii)
cannot be replaced by (1), (iii).

Received July 2, 1986.
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On the other hand let us note that if (X, d)‘ 13 t‘)ofNex in ‘Meriger’s sciide
i, if for every x, y&X (x#y) there is @ FEXEE Y 5£Y) Tsuch that
d(x z)+d(z, y) = d(x y) (which is usually satisfied in applications), then both
the conditions (i) and (ii) can bz replaced by (ii1) (cf. Boyd-Wong [1]). In
this case even much more can be proved. Namely, as a corollary of the
main theorem in [4] we have the folloving result:

Theorem 2. If (X, d) is complete and convex, F:X—X satisfies (1) and o satis-
fies (iil) then there exists a nondecreasing, concave and continuously differentiable
function v:R.—R . such that (1)<t for t>0 and

ML (B FW)¢\Y(d(x,YD (x‘y@EX3
". ‘_\,’-_ . ! » . _4 ,
Example 1. Let X= [O 1] d(x y)—|x~—y} and let Q be the set of
~rational numbers: The relatlon ,,m ‘,‘ dsfmed as foilow, . .

R XNy = x- J’EQ

P L T A e ! S :
is an equwalence relatlon m X Let { Ve be the famlly of all equlvalence
classes. Thus

oo X l__bj ‘_Xa’ Xdﬂ X’B : ,Cl (o!;tﬁ), X;;éé ',(O'\C 5614) E

aEA
SRRy
By the axiom of choice there cx1s(t two ffmctlons

) \ N

ASM»xEX : Aam»héX X
Now we define the functions F, F: XX by the fokmulas -

f FE=x, 0ff xEX; 0 F(9) <y, iff x%Xw

and the f'unctlon 9. R, —>-R by the formula AT

1’ ‘ t%Q
w)“[t/z Q.

To check that (1) holds take x, yEX. If x, yed, for some o= A then, of
course, d(Fx, Fy)=0. If there is no such an &, then d(x, ») ¢ Q and, con-
sequently, o (d(x, y))=.1. Thus F and ¢ 'satisfy (1) 1e., F is a ¢-contraction,
In the same way we can verify that F is a q:contractxon too. Moreover,
it follows immediately from the definition of @ that ¢"(£)— 0 for each >0,
1.e. condition (ii) holds. Thus, except of (i), all the conditions of of the The-
orem 1 are fulfilled. On the other hand one can easily observe that the
set of fixed points in the case of mapping Fis 1nf1n1te (equal to {X,}.e,) and in

the case of mapping F is empty

Remark 1. Conditions (1) and (ii) does not even assure the umquencbs
of fixed point of F.
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Example 2. Let X={x;, x,,...} be an arbitrary countable set. Define
d:XxX—R as follows

x)—l%-—%—__ for n#m and d(xm X,,) 0.

Clear]y (X d) is a complvte metric: space. Note that ‘the metric d has tha
following property

2y A, x)= d(xk, xl) (m<n)/\k<1) < X, _.xk/\x =X
i.e. all tl;e distances d(x,, x,) (m<n) are different. |
Let F: X— X be the shifting map Fx,=x,,,. Since the set
D ={d(x,, x,):n, mEN (n£m)}
is ‘countable and . ‘ ,
A (FRy Fx) = d (g 13 X0 )< (5 X,) (n5)

we can choose a positive real a,, such. that
[C) _ U © (A K15 Xn o)y A Xy X)) — D, mztn (m, nEN). .

Define now ¢:R,—R, as follows

. t&E D,
o (1) =[ . 1E
Xy = A (X, X)) ED.

It follows from the property (2) that ¢ is correctly defined. By (3) we have
o (1)<t for >0 and, because ¢>(¢)=0 for all t& R, we also have lim ¢"(f) =0.

Thus ¢ satisfies both the conditions (ii) and (iii). Moreover, by (3) and it
easily follows that (1) holds, i.e. F is g-contraction. But clearly F has no
fixed point.

Example 3. Let the complete metric space (X, d), D and the map F be
as in Example 2. Let use define ¢: R, — R, as follows

() = {t/2, <10, 1},

{4)
sup {d (x,, .1, X,.1) 1 d (X, %)< m, nENY, t>1,

It follows from the definitions of F and ¢ that F is a ¢-contraction. Eviden-

tly, ¢ is nondecreasing, i.e. ¢ satisfies condition (i). To see that ¢ satisfies

also (iii) note that every accumulation point ¢ of D such that 7>>1 has the

form t= 1+i; k& N.
2k

To calculate ¢(f) take an arbitrary m and » such that

R PRI
2'1

4 1
dx,, x)=14+— 2m »
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Hence m>k+ 1, n>k-+ 1 and, in view of (4), we have

1 1
PO+t =14 <,
2k +1 2k+2 2k+1

If t>1 is not an accumulation point of the set D then there is a maxnmal
d(x,, x,) such that d(x,, x,)<t. Consequently, we have

g (t) =d (xm+ 1 xn+1)<d (X x,.)__<_.t-

Thus @(t)<t for t>0 which shows that ¢ satisfies (iii). This completes the
required construction.
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PRIMERI 1 PRIMEDBE ZA TEOREMU O NEPOKRETNOJ TACKI
Janusz Matkowski i Jerzy Mi$

U radu se razmatra teorema o nepokretnoj tacki za nelinearne kontrakcije. Daju se
tri primera i jedno opaZanje oko konveksnosti metrike.
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- HEKOTOPBIE OFOBHIEHMSI COBEPIIEHHOI HOPMAJIbHOCTHM

Jiobnma Kowunnan

Pearome. Hactosimas pabora sBnsieTcS eCTeCTBEHHBIM MPOAOIXEHUEM paboTtrr [4], B xOTO-~
poii BBeneH knacc ¢1abo COBEpIIEHHBIX NMPOCTPAHCTB. 30eCh ONpPEAeNATCA W H3YYaIoTCH
KJIAaCChl ITOYTH COBEPINEHHBIX H MOYTH ¢Nad0 COBEPUICHHBIX MPOCTPAHCTB,

1. Beeneuue

Kax u3BECTHO, IPOCTPAHCTBO X H23BIBAETCA CCBEPILIEERBIM, ECIH B HEM KaX-
Hoe 3aMKHYTCe (OTKpBITCE) JIOOMHOXKECTBO SBJAETCA MECXKeCTBCM TRua G, (F,).
Crenyrouiie 1Ba oNpelesieFus JAloT ecTeCTBerHble 0OCOMmIEHnsT 3TOro MOHATHA:

Onpenenenne 1.1. Ilpocmpancmeo X rasbieaemca caAa60 co8epuLeHHBIM,
ecau xaxodoe samkrHymoe 8 X mHoxecmeo F codepxum mHOxecmeo A 6C100y naom-
Hoe 6 F u muna Gz 6 X.

Onpenecnenne 1.2, Hazosem npocmparicmeo X noumu coeéepuieHHbIM, €CAU
kasxooe miuoxecmeo U omxppimo ¢ X codepxum MHOXKECmMEO 6CH00Y NAOMHoe &
Uumuna F, 6 X. :

Ecnu xoukpeTHo e OyneT Ha3sBeHE £KCKOMA OTIACJIHMOCTH, BCe IPOCTpab-
CTB4 B HacTosilel pabcTe RALO CUUTETh XaYCACPQ( BHM; (TCOpPaKEeERS Npealiona~
TalOTCA EENPEPHIEBIMU ¥ CIOPBEKTHEEBIME. MBI HCHB3yeMCA CTEHAAPT! bivik o6c-
3MAYCHUAMY M Tepmuucsorne w3 [1] w [2]. danprmep, eccnu [ X — ¥ oTcbpexerue,
Torpa vepes fF(A)={yc Y.f~1(y)C 4} cbcspauceM werpii ¢Opas MICKCCTBA
ACX; ¢ (X) =N, c35a9a€T, 9TO KaxA0e CeMeHCTBC IW3BIOBKTLBIX CTKPBITHIX B X
MHOXeCTB CHeTHO; C, (X) — TpOCTPaHCTBO HelPepPhIBE bIX BEIECTBERE BIX (yrKipnit
Ha X B TOTCJIOTHYH NMOTOYETHCH CXOAWMOCTE. PSA CIpelesiehwi H yTBepxKiel il
IMTHPYIOTCS Taxxke 1o [1] u [2], a re No NepBCHCTCYLHKEM.

2. Ilcath c1ado cosepiicHHbie NjOCTPAHCYBA

Knzee crabo coBeprueBEBIX OpCceTparcTe BEERCH B [4]. Temeph mbl JeK: e M
CIeRyIomEe

Received May 23, 1986.
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Npeanoxenne 2.1. [lycme X — caabo cosepuientoe P-npocmpancmeo uf: X - Y
3aMKHymoe 1enpugooumoe omodpa xenue. Tozoa u npocmpancmes’ Y caado cogep-
wenHo.

Hoxasamenvemso. Tlycts H TPOU3BOJNBHOE 38MKHYTOE TIOAMHOXECTBO YIPO-
c¢rpancTBa Y. Tax xak X ciabo CoBEpIICHHO, TO B 3aMKHYTCM B X MHOXeECTBe
F=f-1(H) conepxutcs macxkectBo A= N{U;:iE N} tuna Gy B X ¥ BCIOLY IUIOT-
Hoe B F. MHOXKeCTBO A OTKPBITO B X, H00 X P-IIoCTpaBCTBO. IToCKobKY f 3aMKHY-
Toe w wenpusoiumoe, 10 H=f(F)=f(A)=f+(4) (cm. [2; 110/VT]). Bes Tpyma
IPOBEPSLTCS, YTO MHOX)ecTBO [ (A) =f(N{U,:iE NP = N{f# (U) i€ N} umeet
™ Gy B Y, Tak Xax OHO, XKpoMe TOro, CONEpXHTCs B H M BCIOOY ILIOTHOE
B HEM, TO 31K/IIOHAEM, UTO IPOCTPAHCTBO Y cnabo cosepuenyo.

" Towsitne Ca6oH COBEPIIERHOCTH MOXEM 0606MUTS clenyromuM 0Bpazom:

Onpenenenne 2.2, Ilpocmpancmeo X Oyoem naswieamv noumu ca1abo €ogep-
W-eHHbM, ecau Ka:xooe 3amxHymae ¢ X MHO JKECMEO F codep;xum MHO JKReCmso
A 6cio0y naommnoe ¢ F u muna Gz 6 F. :

Onupasic ga oaud pesyabrar Y. Hamwoxw, 3amMedeH A.B. ApXEHTeJIBC’KHM
{cm. 4.1.5 B [1]), 3axITr049aeM, 4TO KX b1 OGuxomMitaxT Dbepneiina [1] asisercs mogra
c1abo COBEPIEHHBIM NPOCTPaHcTBOM. ECiu mpocTpascTBO NoHee B eMucie Yexa
H UMeeT CYeTHOe u3MenkyeHue [2], To oHo mourn ciaabo. cOBEPIIEHEO; 3TO daxTu-
vecku noxasan. b. Wamuposckuit (JAH CCCP 207 : 4, 1972).

- O4eBHAHO, MOYTH CJaba COBEPIIEHHOCTh HACIEAYETCS 32MKHYTHIMI IOIPO-
CTPAHCTBaMHM.

Hmxe MBI DamM OOHO AOCTATOYHO YCHOBME AN TOro 4TOOBI perysifapHOe
IPOCTPAHCTBO OBIO HOYTU cjnabo COBeplLIEHHBIM, HEMEIJIEHHO Bbrrexaxomee 3
npennoxenust 5 pabortsl [3]. :

B perynspHom mpocTpancTBe T paccMaTpeiBaroTcs cienyroiiye urpsl A (T7)
W B (T) mns a8yx urpokos — Ilepsrrii n Bropcii. [Tepsblii BRIOHPAET HEIYCTOE OT-
xppiToe MHOXeCTBO IZyC 7, a BTopoif oTkpelToe MHOXeCTBO [, TaKoe, 9ro
I CI'yCT,; norom Ilepeii onsATh OepeT OTXPHITOE MHCXKECTBO I, AT KOTOPO-
ro I,C Iy, nTo. BTOpO¥# BHIUTPHIBAELT:,

a) B urpe A (T) eciu nocneNoBaTeNbHOCTS {17 E N} obnagaeT cBCHCTBOM:
ecmit x;€ Iy, TO MOCHeAOBATENBHOCTh {X;:iC N} co;:(epxcnr CXOJSILUYIOCH TIOAIO-
CIIe JOBATEIILHOCTD;

6) B urpe B(T) eciu {I';:iE N} ssasetrca 6ascil CXpecTHCCTeld HEKCTCPCH
To4ykH B T.

Ilpennoxenne 2.3. Pecyaaproe npocmpancmeo X A8AAemMCA HOUMU CAA00 coeep-
WEHHBIM, €CAU 014 KAK0020 3amrHymozo 8 X muo xecmea F 6 uepe B (F) y Bmopozo
cywyecmeyem SovluePoiuiHaA CHpameus.

3. ITourn coBepmieHHBIE HPOCTPAHCTBA

Bepremcs Texeps K IOYTH COBEPINEHEBIM XrpocTpaHcTBam. K uucity moeTw
COBEPLICHHBIX IIPOCTPAHCTB OTHOCATCH BCE COBEPLIEHEBIE NMPOCTPAHCTBA (B 9acT-
HOCTH, BCe M, ¥ BCe KpYXEBHBIE TpPOCTpaHCTBa [5; c. 201]) M BCe MPOCTPAHCTBA
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‘¢ G-IOKANBHO KOHeuHOH, m-0a3ol, kak oTo . mokasanx B. M. Tlonomapés [6;
nemma 7.1]. Ha 3amevartenbhyro wupoTy 3TOro KJ2cca YKaspBaeT W ClICAYIoMas
feopeMa (KOTOPYIO HAM0 CPABHATH ¢ XOPOLIO U3BECTHBIM (hakTOM, 4TO AJIs COBep-
. {IIEHHO - Hopvanmoro (I)I/IHELIII)HC KOMUIAXTHOTO MPQCTPAaKCTBA X, c(X )
42,207 /1117). bty by g, b

«Teopema 3:2. Hycme X-pezyaspuoe (@PuHaAbHO. . KOMNAKIMHOE HUPOCMPAHCMEo (6
wacmuocmu, Ouxommaxm). Tozoa X noumu . casepuenno ecau u moAbKo ey

c(X) =N,

ﬂozcasame/zbcmeo Heo5x0()ufuocmb Hpejmonowa IIpOTHBHOC 9TO ¢ (X)>§~20
# nycts {U;is&S}), |S|>N, HecueTHas cucTemMa IOIAPHO * HEHEpPECCKE¥O-
IIMXCS HEIyCTHIX OTKPHITHIX NoaMmHexkecTs B X, TMonoxmm U= U{U,:s& S} Tax
xaX X IOo4YTH coBepiienHo, To U corepxur mHoxecrso A = U{F,.i& N} tuna F,
B X u Bcroxy uioThoe B U: A U A. Tlockonbky Auid KaxIoro s< .S nepecevende
UsM A uenycro, To u3 Bestkoro U (M 4 BeiOepeM Kakyro-HEOY b TEUKY X, B pe3ynn-
TaTe MOJyYaeM MHCXKeCTBo B= {xs,s(‘ S}; HeTpyaHo. yGeouTCs B TCM, YTO 3TO
'HECUETHOE MHOXKECTBO, "aMI(HyTO 1 JTACKPETHO, YTO HE MOXKET OrITB, T2k K2K X Q-
HANBHO KOMIAKTHO.

Hocmamounocms. Tlycts U-HPOU3BONBHOE CTKPBITOE B X MHOXECTBO.
,HJ’ISI Kaxngoro x& U 32¢uKCHpyenM, B CHILY PEryjIAPHCCTH X, CTKPHITOE MHCKECTBO
Ve, 'ralcoe, uro xEV . C V. U. B cemeiictae {V XE U} BBIOEpEM MaKCHMaIbHOE
CYETHOE IIOJICEMENCTBO ncnap*lo rermepeceXaromuxcas MHoxeCTe Vi, V,, ...
3To MOXHO chenatb, Tak kak ¢ (U)=c¢(X)=¥, Torma U comepxur F -MHO-
xKecTBO J {V,.,ze,N} KOTCpCe B CHIY MAaKCHMaJIbHOCTH cemelictBa Vi, V,, .
scrony mwiotwoe B U. Teopema nmckxasana. . .

W3 mpenplaywieidl Teopemsul CleAyeT, 4TO BCe AMANMYECKWEe OMKOMIAKThI M
Bce YG-MeTpusyemble OuxommexTol (B cvmucene E. B. Ilenwwa), ABASIOTCS IIOYTH
COBEPUICHHBIMU JIPOCTPAHCTBAMHE; HAJO0 TCJIBLKO 3aMETHUTh, YTO ecnu X ymbo aua-
JMYecknii GUKOMIeKT, JH00 Fh-MmeTpusyenmblil GukoMmakT, To Torma c (X) =8,

3 Teopemnl 3.1. u TOro, 4To Impou3BeneHne X Jroboro cemeicTsa cemapa-
OenbHBIX OMKOMIIAKTOB, YA0BIETBOPAET yoicsHupo ¢ (X) =8, ([1; 1.5.2.]). prrTexaer

IIpennoxenue 3.2. IIpoussedenue a106020 cemelicmsa cenapabeabHblx OUKOMNAKMOE
ABAACMCA NOUMU COBEPUIEHNBIM NPOCIPAHCIMBOM.

3ameuanue 3.3. Cornacno Tteopeme 1.5.18 us [1], copmectumo ¢ ZFC cun-
TaTh, 4YTO IPCU3BEJCHUE JrOOOro ceMefCTBA DOYTH COBEPUICEHBIX OMKCMOEKTCB
SABJIAETCA TIOYTHM COBEPIICHHBIM.

3ameuanue 3.4. BOT HECKCIBKO IPMMEPCB IIGYTH COBEPIUEEHBIX IIPOCTPAHCTB!

3.4.1. KBagpat uH3BeCTHOrO MPOCTPAECTBA ,,JABE CTPEIIKH . 3TO NPUMEP ICUTH
COBEPLIEHHOI0, HO HEe COBEPLIEHHOTO IPCCTPAHCTBA;

3.4.2. Ksagpar mpocTpamcrsa Xemmw (cm. [2; 82/III]);
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3.4.3. Z-npou3BelieHMe H G-NIPOM3BeAeHMe [l] HECUETHOro YHMC/I2 H5K3EM--
mnsapoB oGprHoro orpeska [0, 1] (cp. ¢ 1.5.29. m 1.5.30 8 [1]).

Caencrre 3.5, Ecau X u Y — obuxomnaxmul u npocmpancmsa C, (X) u C,(¥):
6omeomopPrpl, mo mozoa X u Y 00HO8pemeHHO NOUMuU CO8epUIeHHbIE NPOCMPANCINGA.
2{urw nem).

DTOo NpocTo CAEACTBUE TOro, 4Te MNpPH IPEMIOJIOKEHMAX YTBEPXKACEWA:
c(X)=c(Y) (A. B. ApxaHrejbCckuii).

Cnencteue 3.6. ITycmbs X — buxomnaxm bepaeiina [1]. Toeda:

a) Credyrowue ycaogus pagHocuAbHbL:
(i) X mempusyem;
(il) X coeepwenno Hopmanen;
(ili) X noumu coeepuienro HopmaneH.
6) C, (X) noumu cosepwennoe npocmpaHcmeo.

Jis moxa3aTenbCTBa 2) HaIO MPCBePUTH TOJbKO 4To w3 (iii) cmenyet (i). Ilo
onHeit Teopeme A. B. Apxanrensckoro (em. 4.1.8. B [1]), zmna 6nxeMmexra D6ep--
neitpa X scerna semosissiercs w(X)=c (X); M03TCMY eciaym X SBNACTCA JICHTH CO--
BEPLIEHHBIM, TO TOra OHO UMEET CUYeTEYIO 06a3y M, clleACBaTeNIbEO, METPH3YEMO..
. M. Tanarpan noxasan (cm. [1; 4.1.12]), yto ecnu X OGuxcMmakt Db6epneiina,
10 C, (X) prnanbHO KOMIGKTHCE EPOCTPAHCTBO K, MOCKOJIBKY Beeraa ¢ (C, (X)) = §,,,
u3 Teopemnl 3.1. crenyeT 6). '

Cnencreue 3.7. Iloumu cogepuienHwiti OUKOMRnAaxm, KOMOpwiti AAfemcA AuUOO.
CEeKBEHYUAALHBIM, AUD0 ncesdopaduanrvubim [1], umeem mowrocmeo ne doaee xormu--
nyyma (cp. ¢ 2.1.12 u 1.3.15 B [1]).

3aMeTHM, YTC, B OTJHYHE OT CCBEPILEHHO HOPMalyibHoro (¥ cnabo coBep--
HIEHHO HCPMaJIbHOTO) OMKOMIIZKTA, IIOUYTH COBEPLUEHHO HCpMesibEbI OVKeMIZKT
MCXET OBITH CKOJIb YTOOHO OCHBIICH MCIUEOCTY M HACHEACTBEERCH IJICTHCCTH.
B xauecTBe NprMepa ropuTCst 06COIEHEBI XGETOPCB JMCKCETRE YYM DF Beca k.
A ecny ICYTH CUBEPUICHHO HCOPMalbrblii OEKCOMIEKT YACBIETBCPAET HEPBCH 2X~
CAOME CYZTHCCTH, BePHO NN, 4TO €ro HaclelCL BeuHES IUICTHCCTbL HE ITPEBCCXO-
ot N, (4TO CNp2BeINKBC B KNACCE COBEPLICHEC ECPMENbLBIX ORKCMIEKTCER)?

4. HcKOTCPHE CRCIHCTBA ECYTH COBEPIICHELIX BPCGCTPANCTB

Teneppr MBI OCTZHCREMCS HE ECKCTOPBIX BCPOC2X, U3 KOTCPBIX MOXEM YR~
AeTh HCCKONBKO IIOWTH COBEPLUCELBIC IPCCTPRECTEA ONE3KH K COBEPILEE FBIM
TIPCCTPaLCTBEM,

Hpennoxenne 4.1, Eciu X noumu cogeputenio HOpMAAbHOE NPOCMPAHCEO U A
OMKPBIMOC UAU RAOMHOE 6 X MHO KeCcmeo, mo u A noumu coeepuierHo.

Hoxazamenvcmso. s ciiyyas OTKPHITOrQ MHCXKeCTBA A 3TO GYXECBEIHO M,
KPOME TOTCQ, HE HYXKAACTCS HOPMasibHoCTh X.
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[Tycts A4 — ncrony mnoTHce B X 1 V(T A Npou3B~JIbHCE OTKpBITCE B A MHO-
kecTBO. Bo3bMeMm Muoxk:cTBO U OTKpBITO B X, Taxoe, uto V= UNA. Tax xax X
OYTY COBEPLUEHHO, CYIECTBYeT MHOXSCTBO B = (J{F,:iC N} tuna F, B X, Takoe
yro BC U B. s xax 3010 (&€ N CymecTBYET MHCXKECTBO G; GTKPBITO B X, Takoe,
910 F;C G C,'(7,-C U, ubo X unopmainbHo. Pasymeercs, AN G;# @ IOnd BCIKOro
ie N. Mucxeerso {4 F;E,:ie N} wvmecer Tvn £, B A, comepxuTcs B ¥ M BCIOIY
TwioTHO B V, Trx k2K Cly (AN UG, i€ NP =Cly (U{G,:i&N})DU.

TIpepnoxensne 4.2. I[Iyemov f: X —Y-3amxHymoe Henpugooumoe o0moodpa xeHue.
Tozoa npocmparcmeo X noumu CO8EPULEHHO eCAU U MOAbKO ecau Y makogo.

Hoxasamenbcmeo. IIpeuoioxuyM, YTo X MOYTH CCBEPUICEHO M TYCTL V-11po-
‘M3BOJIBHOE HEIYCTOE OTKPBITOE MHCXKECTBO B Y. OTKpBITce B X MHCIKSCTBO
U=f-1(V) comepxur MuoxctBo 4= {F,;:i€ N} tina F_,nns xotoporo UC A-
B cuty 3aMKHYTOCTH M HEIPEPHIBHOCTH CTCOpaerus f, MHCxectBo f(A4) umeeT
o F, B Y, HenmukoMm ekt B V 1 1oTHO B V, T.e., ¥ — HCYTH COBEPLICHHO.

ITycTh Tenepb Y -— IOYTH COBEPIIEHHO ¥ U CTKPHITGE MIOAMHCKECTBO B X.
Tax x2x f 3aMKHYTO ¥ HEIPUBCAWMOC, TO MHC xecTBO fH# (U) KEIycTo M OTKPHITO
B Y. IToaTOMY HapA2TCL MHOX2CTBO B= U{Hi;i € N} tvma F, B Y, Taxoe, 4To
BC f#(U)C B. PacemoTpuM MHCX2cTBo f-1(B) tima F, 3 X. IIpexne Bcero, GHO
copmepxurea B U, mockonsky f~1(B)YCf-1(f*+(U))C U. C npyrci CTODOEBL, 3TO
MHC KecTBo 1WioTHO B U, RelicTBrTeNbHO, ecnn G C U CTKPHITO, TC fH (G) OTKpEITO
B f#(U) u, cnencsatensHe, nepecexaercs ¢ B. IMoaromy, GO~ (B) Df-1(B)
Cf1(f#(G)# ». 3HaUUT MPOCTPAKCTBO X TOYTH CCBEPILEHHO.

3ameuanue 4.3. Ecny X — NOYTH CCBEPUIEHHBM OWKOMITZKT, TO K&XKIBIA
HEIIPEPHIBEBIA COpa3 Y 3Toro NMpOoCTPaHCTBA OYNET NGYTH CCBEPIUEHEBIM CHKOM-
MAKTOM.

DTo BHITEKAET M3 TeopeMsbl 3.1., yaurusasg, uro ¢ (¥) < c (X).

Teopema 4.4. Ilpousgedenue X x Y noumu coeepuienno2o npocmparcmea X u me-
mpuzyemozo npocmparcmsa Y, ASAAEMCA NOYINU COBEPUIEHHIBIM NPOCIPAHCIMBOM.

Hloxazameabcmso. B npocrpascte Y duxcupyeM 6-0KaJIbHO KOEEYHYIO

6asy PB=U{Bi:iEN}, Bi={B;:5ES;} (umcnoxum S=U{S;:iEN}. Ilycrs
G-oTkpeiToe B X X Y MHox)ecTBO. g xaxioro (x, )& G, CymwecTBYIOT OTKpPEI-
Toe B X MHOXeCTBO U, M MHOXECTBO B, u3 B, Taxue, uro (x, ¥)E U, X

x B,CU, xﬁyc G; wnaye romops, cymectsyer TCS, Takce, yro G = J{U,x
X B t& T}. Tax xax X MovTH CoBEpLICHHO, TO 1ns xaxacro (€T naii-nercs
MHOXeCTBO THIA Fy B X maxoroporo U{F, :jEN}CU,C U{F,; :j€ N} ITonoxum

Ay={Fyx B, BE By tET), Ay= U{A:AE A}

Brunmy Toro, 4ro xaxmoe A,~IOKeJbHO KOHEYHCE CEMEWCTBO, KaX[Oe MHOXe-
CIBO A;; 3aMKHYTO. JIerKO NpOBEPUTD, uTO U{A; i, JE NJCGC {4 i, jE N}
qT0 H 03HAYAET, YTO X X Y IoYTH COBEPILEHHOE IPOCTPaHCTBO. TeopeMa noxa3ana.
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.. B.C. Knebance HaspiBaeT (-TpOCTPanCTBOM 3aMKHYThIH 00pa3 npom3eene
HUE OUATHYECKOTO OMKOMITAKTE W METPHIECKOrO IIPOCTPaECcTBa. M3 Teopemur 4.4. .
3aMevasug mocye TeopeMsl 3.1, W NIpeANOKeHHA 4.2, ToNyYaeM .

Cuencrsue 4.5, Kaixdoe Y-npocmpancmeo A848emcs NOUMU COBEPUIEHTIBLAL.

- ABTCpY HEM3BECTHO MOXHO NI 3TO YTBEpKIEHKE PACTIPOCTPAHUTh HA KITacc
@-TIPOCTPAHCTB, KaX Ha3bIBAIOTCS 3AMKHYTEIE 00passl Ipou3BeNeEmil Jroboro ce-
MeHCTBA METPUUYECKIX TIPCCTPAHCTB.

Tpexne 4eM. AOKa3BIBATE CAEAYIOULYIO TeopeMy, anBeueM HeCI(OJ]LKO .nerko-‘
NPOBEPSIEMBIX, AEMM TEXHUYECKCIO XaApaxTepa. ' ,

Hanomuum, 410 MpoCTpancTBO X HaspmsaeTcs cnabo NMHAENEPOBHIM, €CIH
A3 KaXA0TO OTKPHITOro NOKPHITHA “) MPOCTPAHCTBA X MOXKHO BBIJEJINTH CYETHYIO

wact Y, Taxylo, uto U{V Ve =X.

Jema 4.6. Ecau X-nopmansioe caabo ﬂunéeﬂegﬁoeo npocmpchmpo mo u Kaxooe
€20 3AMKHYmMOe ROONPOCmPaHcmeo cAa00 AuH0eaéphogo. :

Jlema 4.7. Ecau X = U{X; i N}- o6vedunenue cuemnozo cemeticmsa caado Auw-
deaédhoselx npocmparcmg, mo u X c4a00 aundesldhoso.

Jdema 4.8. fIpocmparcmeo X racaedcmsenne caado /zunaeﬂeg‘)oeo mo2oa u noAvKo
moz20a K020a Kak0oe OmKpuinoe UoOMHe Kecmeo ¢ X c1ado auHdesédeso.

Teopems 4.9. [iia Kax0020 NOUMU COGEPUICHHO HOPMAALHO2O npocmpancmed X
CACOY HOWUE VYCAOGUA PAGHOCUADIB! ( a) X caado aundeaégoso, (6) X HACAEOCGCHHO
2160 gunoeaéPoeo.

Jfokazamenvcmico. SIcho, Ao HOKA32Th TONBKO, yTo U3 (a) cuenyeT (6). UTax,
nycrs X-cnado manienéoso MPOCTPARCTBO ¥ YiyCTh U nr000e OTKPBITOE MFCXKE-
CTBC B X ¥ ? OpOM3LONbHCE CTKPBITCE TIC KPBITHE Mi s0xectsa U. Tax xax X moury
COBEPILLT HC, TO CyrecTByeT MHOXecTBO A = J{F;1i€ N} mvma F, B X Taxce.

uto ACUC A. B Chily HOPMalbHOCTH NpocTpancTsa X, o jemme 4.6., kaxiaoe
Fy cnabo munpenédeso; mosromy u A4 cnabo nugaenédoso, cornacue nemme 4.7.
3aKIIFOU” €M, YTC CYIeCTEYeT CHeTHOE CeMeHcTBO {P;1iC N}oiteMEuTOR U3 /P, Taxoe.

410 U{ N}'\A M 3HAYUT, U{P iNDU. Hc,]cm el, K20 CCCNaThes Ha
seMmy 4. 8 I101\1 TECpeMi ACKA3ZHA.

ITpumenanue 4.10. Kax crano m3secTHO asropy B. B. Txdtiyxow B pabore: O xapouHaik-
HBLIX HHBapuaHTax Tuna vucna Cycmuna, JAH CCCP 270: 4 (1983) rio/yyensl pe3yibTaThl aHaNIO-
rausble TeopemMam 3.1, ¥ 4.4 Tam ke COAECDIKUTICA M NOIQKUTSIBHBIA OTBET YA BOMIPOC IOCHE
cnenctsus 4.5. ‘ N .

Zlpureyanue 4.11. 2ty paboty Hano Obino omnydonuxesars b Math. Balkanica 13 (1983),
THE OHA MOCTynMna 16, 05 1983; HO, craThd OCTanach Hcony6HI/IKOBaHHOi7[ 160 ToM 13, 1o ceoe-
00pasAbIM IPAYHEAM, HE BBILIET. Pesynbrarm craThi (M cTaThH [4]) GBITH COO61L(CHLI Ha: VII Con--
gress of Balkan Mathematicians, December, 19—23 (1983), Athens. '
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NEKA UOPSTENJA SAVRSENE NORMALNOSTI

Ljubiga Kocinac

Ovaj rad predstavlja prirodan nastavak rada [4] u kojem je uvedena klasa sla‘qo savrienih
prostora. Ovde se definiSu i izucavaju klase skoro savrienih i skoro slabo savrSenih prostora.
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A REAL ANALYTICAL INTEGRAL FORMULA FOR A SIMPLE ROOT
OF A SYSTEM OF TWO NONLINEAR EQUATIONS

N. Y. Toakimidis

Abstract. A method for the closed-form solution of two real nonlinear algebraic or
transcendental equations, f(x, ¥)=0, g(x,y)=0, possessing one Ssimple root (X, ¥,)
in a finite domain of the Oxy-plane is proposed. This method is based on the Picard
method for the calculation of the number of roots of a system of nonlinear equations
or, more explicitly, on the classical Gauss (or divergence) theorem in elementary mat-
hematical analysis. The resulting formulae for x, and y, contain integrals including the
functions f and g and their first partial derivatives. The present results generalize earlier
relevant results for a single nonlinear equation.

i. Introduction

Nonlinear algebraic or transcendental equations and systems of such
equations appear quite frequently in mechanics, physics and engineering. A
long series of numerical methods are available in the literature for their ap-
proximate solution (see, e. g., [14] for systems of nonlinear equations). Yet,
the closed-form solution of these equations is an interesting alternative possi-
bility both from the theoretical point of view (derivation of more or less
,elegant“ analytical formulae) and from the practical point of view, since nu-
merical methods cannot take into account the variation of the parameters in
the nonlinear equations to be solved and, quite frequently, they do not con-
verge (particularly in the case of systems of nonlinear equations) unless suf-
ficiently accurate estimates of the sought roots have been provided.

For these reasons, a moderately long series of methods for the closed-
-form solution of nonlinear equations and systems of such equations, leading
to analytical integral formulae for the sought roots, have been developed.
Methods based on the Cauchy theorem and relevant integral formulae in the
theory of functions of one complex variable have been extensively used for
the determination of zercs of analytic functions of one complex variable (see,
€. g., [3—5] and the references reported there). Much more comlicated results
for systems of nonlinear equations based on integral theorems in the theory
of several complex variables are also available (see, e.g., [1, 2, 7]), but not
simple at all and not convenient for direct use in practical applications.
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Before two years the old and forgotten Picard’s method for the compu-
tation of the number of roots of a set of nonlinear equations [14, 16] has
been reconsidered by Hoenders and Slump [8]. Picard’s method [15, 16]
constitutes a modification and extension of earlier relevant and even today
more popular results by Kronecker referenced in [15, 16, 8]. Last year, Ioaki-
midis and Papadakis studied Picard’s method and modified it to apply to
the closed-form solution of one nonlinear equation 4 (x)=0[9, 11]. It was also
realized that equivalent results can be obtained by the method of integration
by parts for ordinary one-dimensional integrals [10, 12, 13]. These results were
applied to the classical Kepler’s transcendental equation in celestial mechanics
[L1, 12], as well as to the Lagrange’s quintic equation also in celestial mec-
hanics [13].

In this note, we will generalize these results to systems of two nonli-
near equations, f(x, y)=0, g(x, y)=0, possessing one simple root (x,, y,) in
an open region R of the Oxy-plane. Our method is a slight modification of
Picard’s method [15, 16], but with the classical Gauss (or divergence) theo-
rem in elementary mathematical analysis explicitly used, as well as the afo-
rementioned method of integration by parts. To the best of our knowledge,
no competitive method based on real variables is available.

2. Derivation of the formula

We assume that we have to solve a system of two nonlinear algebraic
or transcendental equations S (x, »)=0, g(x, ) =0 possessing one simple real
root (x,, ¥,) in the open region R surrounded by a simple smooth closed
contour C on the Oxy-plane. We assume also that f and g possess continuous
first and second partial derivatives with respect to both variables x and y
in R, as well as on C. Next, we consider the third equation z=0, as well as
the finite cylinder V' ={(x, y, z): (x, )ER, —e<z<e}, where ¢ is an arbitary
positive constant [15, 16] (Picard [15, 16] had considered the equation zD =0,
where D is the Jaciobian determinant o (f, g)/0 (x, y), instead of z=0, to avoid
an ambiguity in sign at the roots of f and g; for just one root (x,, y,) this
ambiguity is insignificant).

Now, following Picard [15, 16], we consider the equations
() F&p2=f(x1)=0, F,x 5 2)=g(x,y)=0, F(x, y, 2)=2z=0,
as well as the functions [15, 16]
F, OF 0y OFjoz
(2a) A=|F, 0F,)0y oF,joz|/(Fi+F+F)",
F, 0F,;/oy O0F,/oz

F, 0F,/0z OF,/dx
(2b) B=\F, 0F,j0z oF,)ox||(Fi+F+F)",
F, 0F,0z OF,/0x
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F, 0F,/dx OF,0y |
(20) C=|F, 0F,Jox 0F,joy||(Fi+Fi+F)
F, 0F,/0x OF/oy

Then, because of (1), we find

_ Je,—sf, B &l o _Usty—hedez

{3 = .
) (f?+g2+2%)2 ? (f2+g2+ )P i (f2+g2+22)3 2

AN

Then, on the basis of the developments of Picard [15, 16], it follows directly

that'
dA 0B o0C
() 0X 0y 0z

Furthermore, we notice that

o(xA) L 0 (xB) ALY

(5) ()(xC) (aA ¢B oC
ox oy 0z

+22 408 )+A=A.
0x Oy Oz

Now we apply the classical Gauss (or divergence) theorem:

(6) ifffdideV:%ffF-nds
= ) J e g

(where V is the aforementioned finite cylinder, £ an ellipsoid with centre the
point (x,, », 0) [16], S the surface of V—E and » the unit outer normal
vector to §) for the vector field

(7 F=x(Ai+Bji+Ck) = div F=4

because of (5). This vestor field is continuously differentiable because of (3)
and the assumptions already made for f and g since the point (x,, y,, 0)
does not belong to V— F.

The evaluation of the surface integral in the right-hand side of (6) (as
the dimensions of E tend to zero) is analogous to the evaluation of the cor-
responding integral by Picard [15, 16]. It is found that

(8) =1, +1, £ x,,

where

(% I== x Jx8y " ly dxdy,
(f2+g2+82)3‘f2

2T
R
(10) L= [(Pdx+Qdy)
C

5%
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with

(11a) po . Jex—8f € _,
27 friegr  (frtgt+ed)i?

(11b) o= el ¢

21 flig? (f2+g2+82)1/2.

As far as the sign before x; in (8) is concerned, it depends on the
sign of the Jacobian detrminant D. This means that just the absolute value
of x, can be determined by the present method. If the sign of D is constant
in ¥, then no ambiguity of sign in (8) exists. The same holds true if the
region R lies in the halfplane x>0 (or in the halfplane x<0) enterily. (This
can also be accomplished by a change of variable of the form x*=x—¢,
where ¢ is an appropriate constant.) In any case, after the determination of
+ X9 =+, their signs can be determined directly by inspection (that is, by
checking which of the points (4 x, =+, is really a root of the system of
nonlinear equations f(x, y)=0, g(x, y)=0. In our opinion, it is not worth-
while to modify the above approach by using the function zD instead of z
as F; in order to avoid completely this sign ambiguity [15, 16] since in such
a case the present formulae would become more complicated.

We have finally to evaluate the left-hand side integral in (6). Because
of the first of (3) and the second of (7), it is clear that the ellipsoid E j16]
can be ignored when evaluating this integral (since its dimensions have been
assumed tending to zero and divF behaves like 1/p%, with p?=(x—x,)*+
+(y—yo)* + 2% near (x,, ¥, 0)). Hence,

(12) 41~fffdideV=I3,
v
where

(13) 13=ifffAdxdydz=—1—ff[fAdszxdy.
47 47,
| 4 R —€

But, because of the first of (3),

fgy of,'y ' — o &: dz
(14) f Adz= f s ot dz=(fg, —&f,) / Figron
Moreover,
(15) dz _ 1 ) z
(frrg2+22)% frigh (f2+g+ 2202 )

Therefore,
(16) fAdz—f”‘gfy L

f2+gr (fr+gr+ed)l?
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and, in this way,

(17) I=

2w

ef fey—gfy  dxdy
fi+gr (fP+g*+e)? '

The integrand in this last integral behaves like 1/r near (x, y,) (with r2=
=(x—x,)*+(¥ —¥,)?) and, therefore, this integral is a weakly singular integral.

If we assume that the region R is of type 7, that is, R={(x, y):a<<x<B
and v (x)<y<3(x)} and take into consideration that

(18) — tan—172 S

oy fr+g?
where the function tan—!(g/f) is defined in such a way that it is a conti-
nuous function with respect to the variable y (independently of the selected
branch or branches) so that integrating (18) is possible, then (17) takes the

form
B 8

(19) L= {f[itaml:‘i] L}dx
2w oy f1(f2+g2 el

a  v(x)

or further (after an integration by parts)

e 8(x)
(20) 13=if [M}**‘x)Jrfmn_lg _ fhtesy dyjdx
2w (f2+ 24DV | y(n) ; £ (f*+g2-epl
o e
. 8 )
(Wltb. h (X) JY E/’l (8) —h (Y) ), since
(1) o 1 L _Mhres
oy (f*+g*+eR)/? (f* + g2 + )32

The integrands in (20) present just simple jump discontinuities und, thercfore,
the corresponding integrals can be evaluated as ordinary integrals.
Finally, taking into account (6), (8) and (12), we find

(22) Xo=F({;+1,-1,),

where I,, I, and I, are determincd from (9), (10) and (20). We have already
commented on the ambiguity of sign in (22). Although (22) gives only x,, an
analogous formula for y, can also be directly derived in a similar way, alt-
hough after the determination of x, our equations f(x, y)=0, g (x, y) =0 have
just one unknown, y,, and the methods of solution of one nonlincar equation
[9—13] are now applicable. Another possibility consists in using the formula

(23) 2 cot—1£ = &ly—Jey _ 9 tan-1 £

oy S fr+gr oy g

instead of (18) (where again cot-'(g/f) should be defined in such a way that
this function be a continuous function with respect to the variable y) or equ-
ivalently, alternating the roles of f and g, which is completely permissible.
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Although the previous results aimed to the closed-form solution of the
system of nonlinear equations f(x, y)=0, g(x, y)=0, numerical results can
also be obtained from (9), (10) and (20) by using classical quadrature rules,
like the trapzzoidal, the Simpson and the Gauss quadrature rules [6], which
converge (as the numbers of nodes tend to infinity) even for integrands with
jump discontinuities (like the integrands in (20)) [6]. Numerical results were
obtained from the previous formulae (by using the trapezoidal quadrature rule)
in few special cases and this verified their vailidity. From the numerical
point of view, moderately accurate numerical results obtained by the present
method can be used as starting approximations to iterative methods (like the
Newton-Raphson method) [14] so that the convergence of these methods be
assured.

Acknowledgement: The present results belong to a research project supported by the
Greek Ministry of Research and Technology. The author is grateful to this Ministry for the
financial support of this project.
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ANALITICKA INTEGRALNA FORMULA ZA PROST KOREN SISTEMA OD
DVE NELINEARNE JEDNACINE

N. I. Toakimidis

U radu se predlaZe metod za dobijanje analitiCke formule za prost koren (x,, y,) sistema od
dve realne nelinearne algebarske ili transcendentne jednadine, f(x, y)=0, g (x, )=0. Metod se
bazira na Picardovom metodu za izradunavanje troja korena sistema nelinearnih jednadina.
Dobijene formule za x, i y, sadrie integrale koji uk!juduju funkcije f i g i njihove prve par-
cijalne izvode. IzloZeni rezultati generalidu ranije rezuitate za jednu nelinearnu jednadinu.
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LEAST SQUARES APPROXIMATION WITH CONSTRAINT:
GENERALIZED GEGENBAUER CASE

Gradimir V. Milovanovi¢ and Milan A. Kovacdevié

Abstract. This paper consideres the least squares approximation of function f&L? [—1, 1],
S(—1)=f(1)=0. Using generalized Gegenbauer weight function p (x)=|x|» (1—x?)*
(v, a>-—1), some of the results from [8] are generalized. This approximation 1s compared
with the least square approximation without constraint. The approximation is illustrated
on two numerical examples.

1. Introduction

In [11] Wrigge and Fransén considered two families of functions and showed
how these functions can be approxnnated on [0, 1] by the polynomials of the form

2 Co e (x(1—x))" and (1 -2x) z C,. , (x(1 —x))". They used the L2-norm with
A=l
respect to the weight function p(x) (x (1—x))%, where ¢&{0, 1,...}. In [8] Mi-
lovanovi¢ and Wrigge presented a bstter and more natural way of approximation
using Gegenbauer polynomials Cy ; (x) orthogonal with respect to the weight
function p (x)=(1—x2)*~12, x&[—1, 1], A>—1/2. In this way they generalized
the results from [11] and also avoided complicated manipulations with matrices.
Further generalization of these results can be obtained by using generalized

(Gegenbauer monic polynomials WP (x), orthogonal on [—1, 1] with respect °
to the weight function p (x)=|x]*(1 —x2)*, u, a>-—1, B=(w—1)/2, which was
introduced by Lascenov in [7] (see, also, [2, pp. 155—156]). 1t is interesting to say
that these polynomials have been again ,,discovered” by J. Radecki ([9]).

2. Preliminaries

The relation between generalized Gegenbauer (monic) polynomials W& ¥ (x)
and Jacobi polynomials Pk “ B) (x) is given by

2.1 B () = k! @ B) 1y 2
(2.1) 26 (%) FraipiDs PP (2x2—1),
(2.2) Wl () =— 5 xpEth (a2 1),

k+o+B+2)
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Notice that
(2.3) WP () = WP ().

Using relations (2.1), (2.2) and Jacobi polynomials theory, it is possible to
obtain a set of relations for generalized Gegenbauer polyncmizals. For example, the
recurrence relation is

WER ()= WO ) - AWED (),  k=0,1,.
(2.4

wEP (=0, WP x)=1,
where

k (k+a) ' , Ay - k+B)tk+a+B) -
Qk+a+B) Qk+a+B+r1)’ 1 Qk+a+f—1)Qk+a+p)
for k=1, 2, ..., except when a+P= —1; then Al-({3+1)/(a+{3+2)
Starting from the relation ([1, p. 782])

Qhk+o+B+3) PGP ()= (k+at B+2) PER"P (1) — (k+ B+ 1) PEP(x)

and using (2.1), we obtain

2k =

2.5)  WETEP ()= wkBx) + (k+ 1) (k+B+1) W(a+1.e)\_
(2.5) 232 (%) 2(%) Qkratpr3d)Qhkiatpra )

In the sequel, the following formulas will be . necessary

1w P~ [ we® dx = Y Blktatl, kBl
1w P - f (F P () dx = Bkt 1, kB D,
W B o= | WS e — 5 Btatl, k4B42)
) e R Elrswmrwwy _( a +B+2),
(2.6) o
W(“-ﬂ) 1) = (o0 + D , (cz B)l W(a BLI)I (OH-l)k i
2 ( ) (k+a+fB+1) 2k+1( )= ()= (k+oc+{5+2)k
and, also o
(2.7) WP ()= WS P (1) JF, (=K, kot B 1 ok 15 1—x2),

WEE () =R (1), F, (—k, k+o+B+2; at1; 1-x2),

where ,F; is the hipergeomctric function.

Lemma 2.1. Let by = || W B)Hz. Then the identities

(2'8) 'S(()n) (x):go hzk AS.QQIB)‘: W$+1’ 2 (x)
and o
, WER @ WERW) e
(2.9) S§ ) (x) = Z 2k + Vairi — A I)W:Enii’a) (x)“ |

k=0 hak 41
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hold, where

(2 10) o VA<a,a) B Wﬁ’ﬁ)(’l)._ TQ2n+otB+2)

hyp fn!F(a+1)P(n+B;33.

Proof Our proof is based on induction. Note that (2.8) is correct for n=0.
Now, let we suppose that (2.8) holds true for some n. Then we get '
(a) B) (0( B)
SEHD (x) = AP W(a+1 ® (x) 4 Wiz (¥) Wi, (1) \

Min vz

On the basis of (2.10), we obtain -

A(
Syﬂ‘}-l [a, BI

=A§1a,ﬁ)( (1) (n+ B+ 1) WETL B 4 W) (o )
+ (2n+a+ﬁ+3)(2n wtBr2) ) 2-r2(x)

Finally, accordmg to (2.5), we find S&P (x) = A,(,"_}lﬁ) W;fﬁé ®(x), showing that

identity (2.8) holds true also for n: = n+l The identity (2.9) is simply prcved if we
multiply identity (2.8), for B:=B+1, by x and using relations (2.3) and (2.6). '

3. Approximations with constraint

Following Milovanovi¢ and Wrigge [8], we introduce two families of real
functions, viz. ‘ ‘

Fo={f :f(—%)=f(), f(1)=0, fEL2 [T, 1]}
FO={ff(——.X)=—'f(X), f(1)=0’ fELZ ["'19 1]}>
where L2 [—1, 1]=L;[—1, 1], p (x)=|x{* (1—x2)% a, p>—1, and

and

i 1 . |
@.1) (h=[r@e@p®dx (f, L2 [—1, 1]).
PR R . —1 .

Let further /®,, be the set of all real polynomials of degree at most m and
such that the polynomxals belong to the set F, if m is even and to the set Fy if m
is odd. .

In this section, we will give the least squares approximation Dry (0r Oopty)
for the function f&F, (or F,) in the class /Py, (or Pon+1);, With respect to the norm
N N=((f, N)V2, where the inner product (-, ) is defmed by (3 1). For thxs appro~
ximation we have

(3.2) min l|f—¢||=l|f-—‘1)2nH  when fEFe,
PP
(3-3) min || f—®@||=||f—®sns1]] when fEF,.

2n+1

1
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Applying the same method as in the paper [8] and using the relations (2.6) —
{2.10), we can prove two following theorems:

Theorem. 3.1. If f&F, then the least squares approximation in the class P, is
given by

(3.4) D,, ()= 3 d,, (1 -7,
i=1
where
(- W ® FQ2k+a+p+2) ey
i Tet+i+2) Z (, W2i™) KT (k+B+1) S
and
-(’f)(a+1) (n+a+p+2);, k<i,
(o, B) __ '
Sk,i =

Vatitl) ratB+1)— (") @+1)(r+a+B+2), k=i
() (7)

Theorem 3.2. If f&Fy, then the least squares approximation in the class Pyniy is
given by

(35) (I)2n+1(x)=x zbn,i(l—‘xz)i’
i=1
where
. (— 1) (a g) PQRk+oa+B+3) (0, 8)

m i T (x+i+2) g Z (f: Waer) KT (k+B+2) ot

and
—(’f)(n+a-z—;3+3)i (@+1), k<i,
(@, B) _ l

8k,i =

(l:)(k+o<+ﬁ+2)i(a+i+l) —(;’)(n+a+ﬁ+3)i(°ﬁ+ D, k=i

Let 444 (x) be the least squares approximation without constraint given
by (see, e. g., [10, pp. 50—51])

Dy g (6) = 2 7D o o,
h2k+q
where ¢=0 or g=1. It is easy to see that the approximation with constraint
®5n44(x) turns out to be the truncated expansion in generalized Gegenbauer po-
lynomials with a multiple of S (x) (=APPT Wil (x)) added to satisfy the
constraint at x=1, i. €.,

Sq” (%)

(37) (Dzr;-(-q(x) q)2n+q(x) (I)Z'H'q( ) S(n)(l)

where ¢=0 or g=1.
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4, General case

In the general case, when f is neither an even nor an odd function, but
fEL2[—1, 1] and f(—1)=f(1)=0, then the least squares approximation ¢, (in
the class of real polynomials of degree =m), which satisfies the conditions

b, (—D)=1,, (1)=0, is given by
(4.1) me (x) =CD274 (JC)-I-CDZ;H_]_ (x) when m=2n+1

and
Um (X)=P2n (X)+DP2n_1 (X) when m=2n,

where @5, and Py, are the solutions of (3.2) and (3.3). This can be scen by
writing

(42) SO =D +fO @ =1 (F)+/(=0)+ 5 (F6) ~F(~ )

It is of some interest to compare approximations without constraint with
our approximations with constraint.

In the set of all real polynomials 1I,,4+q of degree at most m=2n+1, the
least squares approximation without constraint for the function f, given by (4.2),
can be represented in the form

(4.3) ‘I’zn+1(x) :—‘&)Zn (x) +(;~Dzn+1 (%),

where the even and odd parts, ®,, and cf)mﬂ, are given by (3.6) for g=0 and
g =1 respectively.

According to (4.1), (3.7) and (4.3) we have that the corresponding least squares
approximation with constraint is given by

(4.4) Dot () = i1 (X) =12 (x),
where
SO 51 (x)
h (D) ———=.
(x) (I)Zn(l) S(n)(l) (I)an—l( ) Sgn)(l)

Assuming f&L2 [—1, 1] and f(—1)=f(1)=0, dcfine

4.5) D* = min  |[f=¢[P=|f~ b2t |
YEP U Pons1

and

(4.6) D¥= min ||f=¢|2=f—Pomer ™
v

2n+1

We note that /2,,UP,,.. CIl,,. .
According to (4.5), (4.4) and (4.6) we have

=(f~Yams1s f~Yane D= D* +2(f~ sy, )+ (h, B).
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It is easy to show that ( f——@zn.q, h)=0 and

(/1 II'Z) ((1)277 (1))2 ‘ (I)Zn+1 (1>)2
s SO

So, we obtain _ : .
. D* . D* = : Q(CDM((DI)ZB ' + ( B(dj’zn%l((l)l)z .
e i (VI Rl )‘KVzﬁl'B) ey

Thus we see that the diffexence D* — D* is a linear combination of the squares of
errors @, (1) /(1) = d,,(1) and ‘Dzm(l) ~fO(1)= ‘Pom(l) where (1) =
=f1)=7(1)=0.

A similar result can be obtained if we consider our approximations in the
case m=2n.

5. Examples

As may be seen from Theorems 3.1 and 3.2, a main difficulty when calcu-
lating the least squares apprommatlons 1s to achieve high — precision. values of
the inner products (f, W G))

An appropriate numencal method for the determination of these inner pro-
ducts is the application of Gauss — Christoffel quadrature with the generalized
Gegenbauer weight. The parameters of these quadratures can be calculated from
corresponding Jacobi matrix by using QR — algorithm ([4], [5]). The elements of
Jacobi matrix are detcrminated by three — term recurrence relation (2.4).

A better approach is use of Gauss — Lobatto quadratures with the same
weight ([6]). Namely, we can achieve higher accurace than with the above one,
using the same number of knots because of the conditions f(—1)=f (1)=C.

Example 5.1. f(x)=cos (7 x/2), x&[—1, 1].

In this case the approximating polynomial is given by (3.4), where the coefficients
d, (n=1, 2, 3, 4) are displayed in Table 5.1. The corresponding absolute errors

en= max |f(x)-@u(x)] = (=1...,4

—lExzl

are given, too. Numbers in parenthesis indicate decimal exponents.

Table 5.1
- j B =0  a=—05 n=-—0.5 o=—_0.5
) n z ‘ dn, i er; | dn, i €n !
1 1 ! 0.~962270459871 3.84 (—2) 0.979346973677 4.60 (—2) l
2 I i 0.777230028062 7.47 (—4) 0.776199638179 9.00 (—4) !
2 ' 0.222048518171 0.223462069048 {
3 1 I 0.785557128489 8.05(—6) - 0.785579574340 9.69 (—6) ‘.
2 i 0.195401796805 - : o 0.195322260565 '
3 0.019033372405 : 0.019094870042 1
4 1 (.785396470018 5.46 (—8) 0.785396215336 6.56 (—8) '
2 0.196365747628 0.1963674006887
3 ‘ 0.017380885279 : i - 0.017377843941 ]
4 |

0.000856845176 0.000858513050
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We can notice that for f=—0.5 (u=0) and a=xr—1/2, the problem is re-
duced to the Gegenbauer’s case which is considered in [8].

Example 5.2. The error function

X

erf (x) =—V2?fe"‘2dr

0

is an odd one. In order to approximate this function by means of Theorem 3.2,
let us define a new function f by

f(x)=erf(ax)—erf(@)x (x]Z1),

where @ is a positive constant. For the function f&F,, according to Theorem 3.2,
the approximating polynomial is given by (3.5). Taking into account the above, we
obtain the approximation of the form

(5.1 _ erf (ax) == x(erf(a)+ nzbn,i(l_xz)i).
i=1

The coefficients b, ;(i=1,..., n) and b, ,=erf(a), for a=0.5 and a=p=
= - 0.5 and 0.5, are given in Tabie 5.2.

Table 5.2

| a=B=—0.5 a=3=0.5

i _dn, i dn, i

0 0.52049987781305 0.52049987781305

1 0.04055429417069 0.04055429417017

2 0.00295376508012 0.00295376508471

3 0.00017297426446 0.00017297425369
i 4 0.00000832276120 0.00000832270347
| 5 0.00000033642194 0.00000033643767
6 0.00Q_QOOO] 309590 0.00000001308425

Table 5.3 contains the maximum values of the absolute giror, i.e.

max | f(x) - Ponty (x)
(x| =1

)

for 2=0.5(0.5) 2, when a=08=-—0.5 and a={£=0.5.

It can be seen that the increase of the parameter a produces an increase of
the error.

The obtained approximation for the error function given by (5.1) is very
efficient fot usags because it requires a small number of arithmetic operations, i.e.
n additions, one substraction, and n+2 multiplications, assuming that the Horner’s
sheme is used.
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Table 5.3
a=0.5 a=1.0
n «=B=—05 | a=8-0.5 a=B=-—0.5 | «=B=0.5
1 2.6 (—4) 2.9(—4) 6.1 (—3) 7.1(—3)
2 3.6 (—06) 4.7 (—6) 3.4 (—4) 4.5 (—4)
3 4.3 (—8) 6.4 (—38) 1.6 (—5) 2.4 (—5)
4 4.3 (—10) 7.2 (—10) 6.1 (—7) 1.1 (—06)
5 3.7 (—12) 7.0 (—12) 2.1 (—8) 4.2 (—8)
6 2.9(—14) 5.9 (—14) 6.4 (—10) 1.4 (—9)
a=1.5 a=2.0
n «=B=—05 | o=B=0.5 a=p=—05 | «=p=0.5
|
1 3.1(—2) 3 3.6 (—2) 7.7(—2) 8.9 (—2)
2 3.6 (—3) 4.9(—3) 1.6 (—2) 2.1 (—2)
3 3.7(—4) 5.7 (—4) 2.7¢=35) 4.1 (—3)
4 3.2(--5) 5.7 (—5) 4.0 (—4) 6.9(—41
5 2.5 (—6) 4.8 (—6) 5.2 (—3) 1.1 (—4)
6 1.7 (—7) 3.6 (—7) 6.1 (—6) 1.4 (—5)

All computations, which include the erior functicn, have been performed using

rationzal

approximation to this function given in [3].

All calculations were performed in double precision arithmetic on a HONEY-

WELL

10.
1].

DPS 6/92 computer.
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SREDNJE-KVADRATNA APROKSIMACIJA SA OGRANICENJEM:
GENERALISANI GEGENBAUEROV SLUCAJ

Gradimir V. Milovanovié i Milan A. Kovadevié

U radu se razmatra srednje-kvadratna aproksimacija funkcije f&€L*[—1,1] pod uslo-
vom da je f(—1)=f(1)=0. Koriséenjem generalisane Gegenbauerove teZinske funkcije dobijena
su uop$tenja nekih rezultata Milovanovica i Wriggea [8]. Rezultati su uporedeni sa odgovara-
juéom srednje-kvadratnom aproksimaciiom bez ogranitenja. U poslednjem odeljku rada data

su dva numeri¢ka primera.

6 Facta Universitatis
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