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FACTA UNIVERSITATIS (NIS)
SER. MATH. INrFORM. 2 (1987), 1—6

NECESSARY AND SUFFICIENT CONDITIONS FOR COMPLETENESS
OF LATTICES

Milan R. Taskovié

Abstract. In this paper we present a new characterization of complete lattices in terms
of fixed points. In this paper we continue the study of the inductiveness of posets in
terms of fixed points.

1. Introduction

An order-preserving (isotone or increasing) map f of a partially ordered
set P to itself has a fixed point if there is an element £ in P such that f(§) =&,
P is said to have fixed point property if every isotone map of P to itself has a
fixed point. The first of the fixed point theorems for partially ordered sets
goes back almost 50 years to Tarski and Knaster (c.f. [10]), who proved that
the lattice of all subsets of a set has the fixed point property. In the mid-1950’s
Tarski [10] published a far-reaching generalization: Every complete lattice has
the fixed point property.

Tarski [10] raised the question whether the converse of this result also
holds. Davis [5] in a companion paper proved the converse: Every lattice with
the fixed point property is complete.

In paper [12] we have been presents new characterizations of inductive-
ness of posets in terms of fixed points.

In this paper we present a new characterization completeness of lattices
in terms of the fixed points.

Let P a partially ordered set and f/ a mapping from P into P. For any
f:P~>P it is natural to consider the following set

f(P): =f(P)U{a&P|a=sup C, for some chain C in f(P)},

and dually
f(P): =f(P)U{aEP a=infC, for some chain C in f(P)},

where sup C (infC) is a least upper bound of C (a greatest lower bound of C).
We begin with the following statement which is essential.

Received September 19, 1987.



2 Milan R. Taskovi¢

Lemma 1. (Fixed Point Lemma). Let L be a complete lattice and f a mapping
from L into itself such that

(M) x<f (%), for all x&f(L).
Then there exists a fixed point of f.

On the other hand, we are now in a position to formulate our the fol-
lowing statement.

Lemma 2. (Dually of (M)). Let L be a complete lattice and f a mapping from
L into itself such that

(N) f)=x, for all x&f (L)
Then there exists a fixed point of f.
Proof is analogous to the proof of preceding Lemma 1.

Proof of Lemma 1. Since L is a complete lattice, then L is chain com-
plete, i. e., every non-empty chain in L has a supremum in L. By the Zorn’s
lemma (or Bourbaki’s lemma) there exists a maximal element z: =f (xy), x, < L,
i. e, f(L) has a maximal element z&f(L). From the condition (M) we have
z<f(z) and because z is a maximal element of set f (L) it will be also f (2)=<z.
Hence, we obtain the relation f(z)=z, i. e., the equation x=f(x) has a solu-

tion z&f (L). Hence, from the preceding remark, f has a fixed point. This
completes the proof of this statement.

2. Main results

With the help of Lemmas 1 and 2 we now obtain the main result of
this paper.

Theorem 1. For a lattice L to be complete it is necessary and sufficient that
every mapping f on L to L with the condition M) or (N) has a fixed point.
First conctruction of proof. Since the condition of the theorem 1is known
to be necessary for the completeness of a lattice, from Lemma 1, and Lemma 2
we have only to show that it is sufficient. In other words, we have to show
that, under the assumption that the lattice L is not complete, there exists map-
ping f on L to L without fixed point and with the condition (M) or (N).
Suppose that the lattice L is not complete. We first notice that there
exists at least one subset of L without a least upper bound (for otherwise the
lattice would be complete). Hence, we can find a chain 4 of L with the fol-
lowing properties: least upper bound, i. e., supremum of A4, does not exists.

Let U be a chain cofinal with A4 such that
U: ={xEA|x,=<x}, x,. =a fixed element of 4 =minU.

Thus all the elements of U can be arranged in a sequence, i. €., one can show
that there exists increasing sequence {x,} in U such that: {x,} is strictly increa-
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sing and, for each r& U, there exists « () such that o (¢)<o implies r=x,, and
least upper bound of {x,} does not exist.

We define a mapping f from L into itself according to the following
prescription

() f@= i x-x, €U

X =minU, if xGU

where x,={x, (x,7x,) for any a<B<w, and where w any (finite or transfinite)
ordinal. Thus we have defined a function fon L to L. Now, for any x&U (Df (L))
we have x=<(f (x), 1. e., x — x, =X =f (x,) =f (%), for a<f<w; so f satisfied the
condition (M), which does not have a fixed point.

In the second case, we first notice that there exists at least one subset
of L without a greates lower bound (for otherwise the lattice would be com-
plete). Hence we can find a chain B of L with the following properties: grea-
test lower bound, i. e., infimum of B does not exist.

Let 7V be a chain cofinal with B such that
V. ={x&B|x=<xy}, X,. —a fixed element of B=maxV.

Thus all the elements of ¥V can be arranged in a seguence, 1. €., one can Show
that there exists decreasing sequence {x,} in ¥ such that: {x;} is strictly de-
creasing and, for each &V, there exists $(¢) such that B(#)<(p implies x,=z,
and greatest lower bound of {x,} does not exist.

We define a mapping f from L into itself according to the following
prescription

) f<x>=[

X, if x=x,&V
Xo. =maxV, if xFV

where x,=(x, (x,7#Xx,) for any «<(3<w, and where w any (finite or transfinite)
ordinal. Thus we have defined a function f on L to L. Now, for any x&V(Df (L))
we have f(x)<(x, I e, x=x,-x,=f (x,)=f(x) for a<B=<\w; so f satisfied the
condition (N), which does not have a fixed point.

Thus the f:L— L, i. e., (1) or (2) is with the condition (M) or (N) and
does not have fixed points. This completes the proof of this main statement.

Second conctruction of proof. From Lemmas 1 and 2 we have necessary
for the completeness of a lattice. Hence, we have only to show that it is suf-
ficient.

Suppose that the lattice L is not complete. We first notice that there
exists at least one subset of L without a least upper bound (for otherwise the
lattice would be complete). Hence we can find a subset 4 of L with the fol-
lowing properties: sup A does not exists and if X is any subset of L with
smaller power that A4, then sup A exists. Thus all the elements of 4 can be
arranged in a sequence, i. e., one can show that there exists increasing sequ-
ence {x,} in A such that:

(3) {x,} is strictly increasing and, for each t& A, there exists o (f) such
that o (f)<<o implies #=x,, and sup{x,} does not exist.



4 Milan R. Taskovi¢

Let us denote by B the set of all upper bounds of {x,}. Clearly inf B does not
exist, for it did, it would coincide with sup {x,}; this result would contradict
(3). Now, B, like A4, is either empty or infinite. Since B is partially ordered by
the relation =, there is a strictly decreasing sequence {x,} such that {x,} is a
subset of B with which:

(4) {xg) is strictly decreasing and, for each r& B, there exists (3 (¢) such
that B(f)<<¢ implies x,=<¢, and inf{x,} does not exist.

To define f:L-—L for any elemet x& L, we distingush two cases depe-
dent upon whether x is a lower bound of {x;} or not. In the first case, by
(3)—(4), if x is not an upper bound of {x,} then

() S () = min {x, :x, &= x}.
where, x, =~ x will be used to express the fact that x, = x does not hold.

In the second case, we let
(6) () =max {x;: X £ x5}

Thus we have defined a function f on L to L. From (3)—(6) it follows
clearly that either f(x)=%=x or x=Ef(x) for every x&L, thus f has no
fixpoints.

Thus the function f:L — L is with the condition (M) or (N) and does not
have fixed points. This completes the proof of this main preceding statement.

Third construction of proof. Suppose that (3) and (4) holds. Then, we
define a mapping f prom L into itself according to the following prescription

min{x,:x, = x}, if x is not an upper bound of {x,}
f(.X')={ { } pp { )

Xoo. =a fixed element of {x,}, otherwise;

or, on the other hand, in the second case, we define a mapping f from L
into itself by

max {x,:x =5 x,}, if x is not a lower bound of {x,)
f(x) :[ { 8 P} { Byf

xp,. =a fixed element of {x,}, otherwise.

Thus, the function f:L —L is with the condition (M) or (N) and does not
have fixed points. Since necessary follows from Lemmas 1 and 2, from pre-
ceding, this completetes the proof.

We are now in a position to formulate, L is said to have the general
fixed point property if every map f of L into itself with. the condition (M) or
(N) has a fixed point.

Otherwise, many authors have investigated properties of posets satisfying
some sort of chain-completess condition and used them in a variety of appli-
cations. Tarski’s fixpoint theorem generalizes to chain-complete posets, i.e.,
if /7P — P is an isotone map and P is a chain-complete poset, then the set of
fixpoints is a chain-complete poset under the iuduced order. This sharpens the
results of Abian and Brown [1], that every isotone, self-map of chain-complete
poset has a fixpoint. Conversely, Markowski [8] show that if every inf-preserving
map f: P — P has a least fixpoint, P is chain-complete.
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Also, Klime$ [6] characterized chain complete posets in terms of the fixed
points of relatively isotone selfmappings.

Let P and Q be posets and f:P—-Q a map (posets are nonempty by
definition). Map f is inf-preserving if for all X P such that inf X exists in P and
f(infp X) = inf, £ (X).

A mapping f of a poset P into itself is called comparable if for each x
in P, x comparable with f(x). A mapping f of a poset P into itself is called
relatively isotone if for x<y, x<f(y), f(x)<y implies f(x)<f(p), for every
x, yeP.

We arec now in a position to formulate the following statement, from the
preceding statements.

Theorem 2. Let L be a lattice. Then the following statements are equivalent:

(a) L is a complete lattice,

(b) L has the general fixed point property,

(¢) (Tarski [10], Davis [5]). L has the fixed point property,

(d) (Klime§ [6]). Every relatively isotone mapping of L into itself which

is comparable has a fixed point.

Remark. We notice, that first construction of the proof of Theorem 1, is also,
and a new construction, 1. €., a new proof for statemenmt of Anne Davis [5].
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POTREBNI I DOVOLJNI USLOVI ZA KOMPLETNOST MREZA
Milan R. Taskovié

Nastavljajuc¢i studiju o induktivnim uredenim skupovima, u ovom radu, mi na jedan
posve novi nacin karakteriSemo kompletne mreZe. NaSe konstrukcije bitno se razlikuju od
konstrukcije Alfreda Tarskog i Anne Davis. Takode, mi dajemo tri razne konstrukcije za
karakterizaciju kompletnih mreZa, koje su svaka za sebe od posebnog interesa. Specijalno,
prva konstrukcija predstavlja i jednu sasvim novu konstrukciju za dokaz teoreme Tarskog i
Davis.
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VARIOUS EXTREMAL PROBLEMS OF MARKOV’S TYPE
FOR ALGEBRAIC POLYNOMIALS

Gradimir V. Milovanovi¢

Abstract. Extremal problems of Markov’s type for algebraic polynomials in various
norms and classes of polynomials are considered. Especially, the problems in L2-norm
on the set of all algebric polynom als of degree at most # or on .some. its subsets
are investigated. :

1. Introduction and preliminaries

We begin our investigation by considering the following extremal problem:
Let 72, be the set of all algebraic polynomials P (5£0) of degree at most n
on an interval (a, b)) with a given norm || .||.

Determine the best constant in the inequality

(I'l) iA””Plil (PE@H)’

1. €.,

(1.2) A= sup 1L
rPco, 1P

The first result at this area is well-known classical inequality of A. A. Mar-
kov [19].
Theorem 1.1. Let (a,b) = (=1, D) and || fl] = || flle = max | f(z)|. Then
B b sy |
(13) | Pllasi?|Plle  (PER,,

with an equality case for P(t) =Tu(t), where Tn is Chebyshev polynomial of the
first kind of degree n.

An other type of these inequalities is Bernstein’s inequality

(1.4) | P |l =n (1 —t2)~12 (PEP,).

Received May 15, 1987.



8 Gradimir V. Milovanovi¢

Markov’s and Bernstein’s inequalities are fundamental to the proofs of many
inverse theorems in polynomial approximation theory [I5], [21], [10].

Recently, these inequalities have been considered on disjoint intervals by
P. S. Borwein [2].

In this paper, we will consider only inequalities of Markov’s type.

A generalization of the inequality (1.2) for higher derivatives was given by
V. A. Markov [20].

Theorem 1.2. For each k=1,..., n, the inequality

k—1

(1.5) | PO ||es <(7,;"—1)“,,‘l_[( n?—i%)|| P|| (PEP,)

holds. The extremal polynomial is Ty.

We note that the best constant in (1.5) is equal | T |1, =T (1).  So
the inequality (1.5) can be written in the form

1POlo<T2 ()P w  (PEDR,.
In 1964 G. Szegd [34] studied an extremal problem for the norm
fll = sup | f(t)e™? | on (0,+ ). he proved the following:
t=0

Theorem 1.3. Let (a,b) = (0,+c0) and || f|| = sup |f(t)e"|. There exists a
=0

positive constant C such that

for each P &Py (n=2,3,...).
If we put

/1

u=([ If@OA=Depdr,  1=p<oo,
—1

= sup | f@) | (1=t p=+ w,

where pu > 1 (@ =0 if p= 4+ c0), we can consider the following general
extremal problem (see [[1])

[ P®]lq, +

16 s ] e
( ) n k(p W g ')) P/_/})n HPpr

So the best constant in (1.5) is An,x(+ 0, 0; + o0, 0). We note that
Bernstein’s inequality (1.4) can be represented in the form

| P ||, 12=0 || P||w, 0 (PSP,

The case k = n 1s especially interesting. Namely, then we have the follo-
wing problem: Among all polynomials of degree n, with leading coefficient unity,
find the polynomial which deviates least from zero in the norm |||, ,.
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Some more general results in the integral norms are given in [13], [27], [11].
When p = g and p = v, there are several results.

E. Hille, G. Szegd, and J. D. Tamarkin [9] extended Markov’s theorem in
L? norm (p = 1) on (—1,1) by proving the following result:

Theorem 1.4. Let (a,b) = (—1,1) and || f|| = ISl 0 (p 2 1). Then
(1.7) | P'[|=Cr?|| P| PED,),
where C is a positive constant which dependens only on p, but not on P or on n.

A. Markov’s theorem (with a less precise value of the constant C) is obtained
from (1.7) by allowing p — 4+ co0. Another important case, namely, p = 1, was
treated by N. K. Bari [1] and recently by S. V. Konyagin [12], who considered
the extremal problem (1.6) for p = ¢ =1 and p. = v = 0. He found an estimate
for Ay, r=A(1,0; 1,0).

Theorem 1.5. There exist two constants ¢; and ¢ (0<c;<<cp <<+ ©) such that

aT® (1) aT® (1)
¢ " <A ,=cp — P
(k+1) (i—k+1) 2+ (n—k+1)

for each n ©N and k= 1,..., n.

Especially important cases are p = ¢ = 2. In the following section we con-
sider such cases. In Section 3 we give some classical results for the extremal
problems on some restricted polynomial classes. In Section 4 we discuss the Var-
ma’s extremal problems in L2-metric. A complete solution of Varma’s one
and related problems we give in Section 5. Finally, in Section 6 we consider
some extremal problems in L2-metric with Jacobi weight on (—1, 1).

2. Extremal problems in LZ2-norm

In the L2-metric we give first the following result of E. Schmidt [30] and
P. Turdn [36]:
Theorem 2.1. (a) Let (a,b) = (— o0, + o) and || f|]*= f e~ f(¢£)>dt. Then
the best constant in (1.2) is Anx\/2—rz.. An extremal polynomial is Hermite’s
polynomial Hpy;

(b) Let (a, b)=(0,+ c0) and | f||*= f e ! f(t)*dt. Then
0

A,= (2 sin «ﬁ—)—l.
4n+2

The extremal polynomial is
V7T

P (1) leini 1 Ly,

n

where L, is Laguerre polynomial.
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The Theorem 2.1, in this form, was founulated by P. Turcm E. Schmidt
proved only

A4, ="
24 Q2n+12  (2n1)

211-?—1( 2 ' gy 4% )*1

™

where —8/3 << R << 4/3.

Recently, L. Mirsky [26] considered the case of L2-metric with an arbitrary
weight function w :(a, b) - R, (— oo = a < b = + o0) for which all moments
are finite,

Theorem 2.2. There exists a number An=An(a, b ;w) such that, for every polyno-
mial P with complex coefficients and of degree not exceeding n, the inequality (1.1)
holds. Furthermore, we have

n 1/2
2.1 A4, ( > ki ‘\2) :

k=1

where (zx) is a system of polynomials orthonormal with respect to the weight func-
tion w. :

The main interest of this result is, however, qualitative, f01 the bound speci-
fied by (2.1) can be very crude. For example when w(7) =e=** on (— ®, + o)
the estlmate (2.1) becomes

1/2

A4, <(z 2/c2) ~ 0(n3/2)i
k=1

The contrast between this estimate and A, = }/2n (see (a) in Theorem 2.1)
evident.

In [6] P. Dorfler considered the analogous inequality for derivatives of hig-
her order and compute the best possible constant:

Theorem 2.2. Let P be any polynomial with complex coefficients of degree at most n.
Then the best possible constant An, y, such that

[P = Ag, [P,

is the largest singular value of the matrix A , where

e(()i,") .. fl'il) \
A= - , &% = [ =l () m; (6) w(t) dr.
a
() (1)
eo'n}'lv-)ﬂ cl’l’,nll'—n'l

Moreover, the estimation

n 1/2
max || = A, é( 2. | 752“)”2)

|I —_
0= k=0 ¢ =

holds.
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The exact constant in (1.1) can be found as a maximal eigenvalue of a ma-
trix of Gram’s type. Now, we consider a more general case with a given nonne-
gative measure di(t) on the real line R, with compact or infinite support, for
which all moments

w= [rda@),  k=0,1,...,
R

exist and are finite, and p, > 0. There exists, then, a unique set of orthonormal
polynomials wp(.) = we(.;dn), k =0,1,..., defined by

n, (t)=a, t* +lower degree terms, a0,

(2.2) [ ), (AN =8, Kk, m>0,
R
(For any polynomial P (" 7#,, with complex coefficients, we take

1el=(f 1P@Prdm)”

R

and consider the extremal problem

(23) An, m An, " (d )‘) - suUp - — : (l =m — ”)-

Theorem 2.4. The best constant Ap,w defined in (2.3) is given by

24) An, m o ()\max (Bn, 111))1/27

where .y (B, ) is the maximal eigenvalue of the matrix .B,,,m:[bg-”) mS i, jS ns
which the elements are given by

(2.5) b o [ 7O @) dn),  m=Zi,jzn.

R

An extremal polynomial is

n
* L. ,
P (t)_ Z Cre Tk (t)!
k=
where [Cm, Cpyots - - - » Cn) T is an eigenvector of the matrix By, m corresponding to
the eigenvalue M, (Bn, m)-

Proof. Let PP, Then we can write P(t)—= 2 ¢ m (1) and P™ (f)=
k=0

n

= > ¢ e (t), m=n, where the coefficients ¢ are uniquely determined. Hence,
k=m

by (2.2) and (2.5),

n

P = kz e 2 and [[PM (2= 3 7,55

= i,j=m



12 Gradimir V. Milovanovi¢

Now we have

n

z C; Ej bgj{”)

(2.6) [ _i=nm _ Brm&©
12 o ce, ¢
2 el
L=
with equality case ¢, =...=¢,_;, =0, where (.,.) is the standard inner

product in an (n — m + 1)-dimensional space.

The matrix Bp, m 1S evidently positive definite. Since the right side in (2.6)
is not greater than the maximal eigenvalue of this matrix we obtain

(27) l‘ P ,]2§‘7‘max (Bn, rn) HP,:Z
In order to show that 4, », given by (2.4), is best possible, we note that (2.7)

reduces to an equality if we put P (¢)=P*(t)= Zc;; 7, (1), where [ch, Chiriy. ..,

cy 17 Is an eigenvector of the matrix B, ,, corresponding to A, (B, ..)-

n, m

An alternative result like Theorem 2.3 is the following theorem:

Theorem 2.5. The best constant An, m defined in (2.3), is equal to the spectral norm

of one triangular matrix Q,I,: my Q.= G5 In=i, izn (qE;”’zo < i>]), le.
(2.8) Ay =6 (@, m) = O Qo e @, w))'2,
where the elements ¢' are given by the following inner products
g =@, w_) (m=i,j=n).
Alternatively, (2.8) can be expresed in the form
(2.9) A= (i (C, ) 172,

T o
\t‘hef'({ C"’ m= (Q”, m Qﬂ, l”) 1'

Proof. Tt is enough to consider only real polynomial set /2,. Let P72, and

n
@)= > ¢4 ., (1), where ¢4’ ~ (=}, =_ ). Then we havc

i—m j—m
i=m

n i n n
n S S S ’
PO (t> = Z ¢ Z q ij') Tim (Z) = Z ( Z Cj q('f?;) ) Tim (t)

Jj=m i=m f=m \j=m

and

n n 2 n
‘ P(nz)HZ z (z qu(';)) — z Yiz,

i=m \j=i i=m

where we put

(2.10) Yi- 2 ¢q's  iem, o,
J=i
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Let ¢=[cp .. > )" Y=[Y,, ..., Y], and Q, ,,=[4 Imsi j<n. Since
Y-0Q, ,c we have

| P('n)||2 <Y Yy Y, Y>
P[> AQwmOf )Y, Y

wherefrom we conclude that (2.8) and (2.9) hold.

Example 2.1. d A (t)~exp(—t?)dt, —oo<t< + 0. Here we have =, (1)=
= H, (t) = (/7 2% k!)~112 H, (1), where H, is Hermite polynomial of degree k. Since
Hi()=2kH,_, (1), ie., Hi(t)=~/2kH,_, (1), we have

H" () =\2k~\2(k—1)- - -/ 2(k—-m+1)H,_, (t)=~/2"m! (&) Hiom @)
and
b(m) 2 ! (m) 81 o ms [ ] <n,
So, we find Ap,, (B, ) =2"m! () and A, ,=2"2>/nl/(n—m)!.

Also, this result can be found in unpublished Ph. D. Thesis of L. F. Sham-
pine [31] and [6].

Example 2.2. d 1 (t)=1t*e ' dt, 0<t<<oco. Here we have the generalized La-
xi

guerre case with w, (1) = Lk(r) KT (k+o -+ 1) Z (— 1)k s m where

1 2

I' is the gamma function.
First, we consider the case m = 1. Since

d4 5y M 7 () \/__f'_, ri+y
dr Lj (t) Z qij LI~ (t) qij = — I(j4+at1) (i—1)! ?

from the equalities (2.10) it follows that

i+ -
ci:_’)fl-ll—J.-—K’ l—:l, P ,T’l,

1
where we put Y,,.,=0. The elements PP of the matrix Pn,I:Q;,fll are

' ) i .
pf,')».—\/l»:a—, i=1,...,n; p,(), -1, i=1,...,n—1;

p(l) -0, otherwise,

so that
[ VB 0
Ve 2 VE,
C, =PLiP, = — ' ' ' = ~J,
VB
| 0 Veno T
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where
og=— (| + o), ak:—(?.—:— -_), Bk-=l—ﬁz—', k~=1,...,n—1.

We sce that J, is the Jacobi matrix for monic polynomials (Qz), which satisfy
the following three-term recurrence relation

Qs (t) =(1— U’k) Oy (f) - Bk O (t), k=0,1,...,
Q--l (t) =0, Qo (1)=1.

The eigenvalues of C, ; are A\y= —¢,, where Q,(¢,)=0, v=1, ..., n.

The standard Laguerre case (« = 0) can be exactly solved. Namely, then
for t=2(z—1) and —1=<z=1, we have

O.(t)=cos (2k+1) —2— / cos g- , z=c0s0,

The eigenvalues of the matrix Cp,y arc

oy (2v—=1) =
)\vw_—_tv=431n2~(—vi~, v=1,...,n.
2@2n1)

. . . v ~1 . . s
Since Ay (C,, 1) =1,, we obtain 4, , -—-(2 sin—— ) . This is Turdn’s result

22n+1)
(Theorem 2.1 (b)).

Now, we consider the case when m = 2 and « = 0. First, we note that

dem 'ZJ' (’) = (_' l)m Z )i’i—-m (1‘)

I=n

dm J (j—i~}—m-—l
, m -1

The formulas (2.10), for m = 2, become
Y= > (J—i+1be, i=2,...,n
j=i

Since A2Y,=c¢;(Y,,,=Y,,,=0), wefind a five-diagonal symmetric matrix of
the order n-1

— 1 -2 1 0
—2 5 —4 1
1 —4 6 —4 1

1 -4 6 —4 1
C, = oo S

1 -4 6 —4 1
1 —4 6 —4
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So, using the minimal cigenvalue of this matrix we obtain the best constant
Ap, »=min (C, ,))71/2. These constants, for n = 4 (1)10 are presented in Table 2.1
(with seven decimal digits). Numbers in parentheses indicate decimal exponents.

For n=2 and n=3 we have 4, ,=1 and A, ,=(3-+2+/2)"? respectively.

Table 2.1.

n Amin (Cu,z) ) An, 2

4 5.1590055 (—2) 4.,4026788

5 2.0635581 (—2) 6.9613208

6 9.8237813 (—3) 10.0892912

7 5.2614253 (—3) 13.7863181

8 3.0685649 (—3) 18.0522919

9 1.9090449 (—3) 22.8871610
10 1.2494144 (—3) 28.2908989

Remark 2.1. The last problem could be interpreted as an extremal problem
of Wirtinger’s type

Yi2 Z'/—*A)21,2 % (A* Y3, Y, =Y,,,=0.

i

i

Similar problems were given in [8] by K. Fan, O. Taussky, and J. Todd.

Remark 2.2. In 1965 L. F. Shampine [31] proved that

! 1 11
S Ahr=—~R,  O<R=———,
nt kg 2n 6 n?

where k,=1.8751041. .. (k, is the smallest root of the equation 14-cos k cosh k=0).

On the end of this section we consider a case with a special even weight
function. Namely, let dA(¢) = w(¢) dt on (—a,a), 0<<a<<co, where w(—t) =w().
Then we have

i1

PO
7'5.1'({)=—,-— > iy Tiezje (D), 7,70,
i=1

i

Now, we consider a class of weight functions for which g; ;=g¢;,,,;., (for example,
this property holds for Gegenbauer weight). In this case, for P&/, we have

Pr6)= 2 emi ()= 201 (S i ria) misy (1)
= 1= J=
and
17P= 3 %7,
where

@1y Y,.=q,.,1__zoc,.+2jr,-;12j, i=1,...,n
4
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If we put ¢; ,=p; and Y, ,=Y,,,=0, from (2.11) follows

Y, Y. .
ci=ri(~’»—4*~2), 1=1,...,n.
Pi Plya
Then
n 2 2 no.2 2 n—2 2
. I 2 r 2 ¥ 2 LI i 2 r;
PP=3cd=mYit Y+ S Y -2 5 =YV,
i=1 pl pz i=3 p‘ i=1 pipl-l"z

The corresponding matrix Cp , (see Theorem 2.5) is given by

o 003,
| 0 o 0 B 0 :
B, 0 o 0 B,
“ B8, 0 o, O B,
(2.12) C,.= R ;
‘ . . . . .
Gnos 0wy, 0 By,
! 0 Bu-s B'GGa, 0
(_ S)l- 2 0 &y,
where
Fi At ";-}'_2 r?
o= Bi=—— (roy=ry=0).
D; DiPiy2

Now, we define two sequences of polynomials (R;) and (S;) by the follo-
wing three-term recurrence relations
n+ 1]
2 ]

(2.13) 1R, (6)=Bos_y Ry (1) 4 oysy Riey () 4 By s Ry (), =1, ...,
R_,(t)=0, R,(t)=R,=const
and
214) 18, (1) = By S; () + a0 Sy (D +Boi s S (8)y =1, ..., [-;’—] ,
S_(t)=0, S,(t)=S,=const.
Theorem 2.6. The eigenvalues of the matrix C, ,, given by (2.12), are the zeros of
polynomials
(a) S,_, and R,, when n=2k—1,
(b) Sy and R, when n=2k,
so that
(©) 4,_,,,=(min (¥, rl(k)))_”2
and
(d) Ay, = (min (579, )72,
w:helre s c;nd 1™ are the minimal zeros of the polynomials Sy and Ry respec-
tively.
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Proof. Firstly, we put v=v(t)=[R, (1), S, (), R, (?), S, (1), ...]F, where the
last coordinate of this (m— 1)-dimensional vector is R,_,(t) (if n=2k—1) or
Si_(#) (if n=2k). Using the matrix notation, the relations (2.13) and (2.14) can
be interpreted in the form

(2.15) tv=C, v+w,
where wy, in depending on n, is given by

w _[ B 1Sk ()e, 2+ B, R (D)e,_,, ifn=2k-1,
" 1e,_ R()e,_,+B,S.(t)e, ,, if n=2k

and e, is an (n— 1)-dimensional vector which s-th coordinate is equal one, and
others are zero.

Putting firstly Ry=0 and 5,70, and then R,7#0 and S,=0, we conclude
that w, is a zero-vector if S;_,(z)=0 and R, (¢)=0, when n=2k— 1. In the
case n=2k, we have the same situation if S, (¢1)=0 and R, (¢)=0. Now, accor-
ding to (2.14) we can conclude that (a) and (b) in Theorem 2.6 are valid. Finally,
(¢) and (d) follow from (2.9).

Example 2.3. The conditions g¢; ;=¢;,,,;,.; are satisfied for Gegenbauer
measure dA(2) =(1l—2)~12ds, —1<¢<<1. Namely, we have

P41
d 2 [ 2] . . 112 AN
3 G O="5 Z] (+A=2j+1) hizzpen Cimzjer (1),

j=

where Cy is the normalized Gegenbauer polynomial of the order k, k=| C}||2=
1

@y r (7\4- 7) ,

=V= G+0ilT Q)
immediately from [25, Lemma on the p. 552].

and (p),=p(p+1):--(p+i—1). This formula follows

Thus, "
"i"“é‘l’/his pi:‘hl'f(i"h)‘_l)l/%:,
AT B +1) (A +2)
so, for n=1 and n=2, we have A1,1=]/2(7\+1) and 4, ;= %—).
In a special case, when A=1/2 (Legendre case), we obtain
1 1 2 ,
U=y U=, O=—— . , I=3,...,m
3 15 2i+1) (2i-3)
1
LT - 5 -==1,...,n'—'2-
< Qi+1)/2i—1)(3i+3) Z
Similarly, in Chebyshev case (A=0) we have A
1 1 1 /1 1 :
Oy == %y s C/-i_‘*(", + )’ 1:3,‘-',}1;
2 16 4 \iz  (i—2)?
w2 1 . B
Bl"”l' , Bi--“’"4,-z‘> i=2,..., n—2.

2 Facta Universitatis
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Some numerical results are presented in Table 2.2.

Table 2.2.

‘ n Ap, (A=1/2) Ap, (2=0) ‘
1| 1.7320508 1.4142136
2 3.8729833 4.0000000
3| 6.5215962 7.3948177
4 9.7498094 11.6832385
5 13.5914030 16.8974115
6 18.0596447 23.0482821
7 23.1597543 30.1399752
8 28.8939700 38.1742735
9 35.2633549 471520448

10 42.2634628 57.0737521

3. Restricted polynomials

In this section and further we will consider extremal problems on some
restricted polynomial classes, i. €.,

P
3.1 A —sup LI
G-1 " pewn | Pl

where W, is some subset of /?,. We can restrict (see [17]): (a) zeros of P,; (b)

cocfficients of the polynomials. In this way, the inequality (1.1) can be improved.
So for the uniform norm on [— 1, 1] P. Erdos [7] proved the following result:

Theorem 3.1. If P P, has only real roots, none of which are in (—1,1), then

A =-1-en.

2
For the same norm, Q.I. Rahman and G. Schmeisser [28] proved:
Theorem 3.2. If P<1P, has at most n—1 distanct zeros in (—1, 1), then A,=
= (n CoS —Tf—)z. The extremal polynomial is.

dn
2 . T2
Tn(i(cosf—) z‘+(sml) ) .
4n 4dn

There have been several related results (e. g. [4], [32], [33], [3D).

In 1963 G. G. Lorentz [14] introduced polynomials with positive coefficients
in t,1—¢ on (0,1), i.e., the polynomials of the form

(3.2) P(t)=S bt (1—t)* b=0.
k=0

Also, these polynomials were studied extensively by J. T. Scheick [29].
The Lorentz theorem can be stated in the following form:
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Theorem 3.3. There exists a constant C>0 such that for each polynomial P of the
form (3.2),

(3.3) |P |0 =Cn||Plle (n=1,2,...),

for the uniform norm on [0,1].
The inequality (3. 3) is much better than basic Markov’s inequality (1.3).
Namely, the exponent 2 is replaced by 1.

In 1968 G. G. Lorentz [16] considered the problem of G. S7ego (see Theo-
rem 1.3) for the special polynomials with nonnegative coefficients in 7,

(3.4) P(t)=S a.t* =0,
k=0

and the norm of a function on (0,+ c0) is given by HfH—-sup |f(t)e 20,

Here w is a positive differentiable function which, together with £ te' (1), is
strictly increasing to + oo.

Theorem 3.4. Let « satisfy the inequalities

o(t)—w0)sdte (1), =0,
and
o ()40 (), 7t
for some positive constant A. Then for some constant C>0, the inequality

i p,, |
Il 2n |

is valid, for each polynomial P of the form (3.4).

M. A. Malik [18] studied an extremal problem in the LP-norm (p>1) on
(—1,1). Namely, he found the following improvement of Theorem 1.4 under only
a little restriction on the location of the zeros of P:

| I=CEP] pa) =1

Theorem 3.5. Let p>1 and P&P, have no zeros in the two cicular regions
|z+a|<l—a (0=a<]). Then || P'| =Bn'tlr| P||, where B is a constant which
depends only on p and a, but not on P or n.

Note that a can be taken as close to 1 as we like, except that 1 —a has to
be positive. Thus, we have the interesting conclusion that

[Pl _ O (ni+1ir
)
| P

howsoever small the two exceptional circles of the theorem may be.
Similarly, S. Zhou [43] showed in L?(—1, 1), 1<p< + co:

Theorem 3.6. If P& P, has at most k roots in (—1, 1) then
[ P'[=CFE)n] P,

where C(k) is a positive constant depending only on k.
The following result was given by V. I. Buslaev [5].

2%
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Theorem 3.7. Let the polynomial P be represented in the form P(t)= Q(t) R(t), where

Q(z)zg(z—ri), |5 l=1@G=1,..., m)

and R is an arbitrary polynomial of degree r.
Then for every segment [a, b] lying strictly in the interior if the interval [—1,1]

1P Nlpp o =C@ D] Pl oy,
where

{J-=r+1+ Z 'Tl‘[—%
i=1

and C(a, b) depends only on a and b.

The extremal problems in L2-norm on the restricted polynomial classes are
especially interesting. In the next sections we will investigate such problems. Se-
veral results at this area were given by A. K. Varma [37], [38], [39], [40], [41].

4, Extremal problems of A. K. Varma

In several papers A. K. Varma studied the extremal problems of the form
(3.1) in L2-norm on (—1,1) and (0,+ o) for some restricted classes of polyno-
mials, So he got several inequalities of the form

1P P=Cll P[P (PEW,).

Beside that. he considered some oposite inequalities.

Let W, be the set of all algebraic polynomials whose degree is » and whose
zeros are all real and lie inside [—1,1].

1
Theorem 4.1. Let || f|*= ff(t)2 de. If PEW, and n=2m; then

-1

|2z (Tt
2 4 4@n-1)

2

where equality holds iff P(t)=(1—1t?)"™. Moreover, if n=2m—1, then

n 3 5
— 4+ —+
2 4 4n-2)

1P| J12IE nzs,

where equality holds iff P(t)=(1—t)""1(1+ )™ or P(t)=(1—t)m (1 +1)m1,

This theorem is proved by Varma in his paper [41] and it is an improvement
of an earlier his result [38]. Similar results in uniform norm and L?-norm (p=1)
on (—1,1) were given by P. Turdn [35] and S. Zhou [44] respectively.

In 1979 A. K. Varma [39] proved the three following results:
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1
Theorem 4.2. Let ||f|2= [ (1 —¢2)f(t)*dz. If PEW, then
—1

;e n 1 1
R e v L
(n+1)

with equality for P(t)=(l—12)" n=2m.

Theorem 4.3. Let P be an algebraic polynomial of degree =n having all real roots
and no root inside the interval [—1,1], then we have

nn+1) 2n+3) HPHz

|22
‘ 42n+1)
with equality for P(t)=(+1t)* or P(t)=(1—t)". The norm is the same as in the
above theorem.

Theorem 4.4. Let P be an algebraic polynomial of degree n having all zeros
. (k=1,..., n) inside [0, + ). Let P(0)=0 or

n
T—l = ._1.. .
k = s
k:l 2

then

, n
[P [Pz~ [{ P

~2@2n-1)

with equality for P(t) = t". Here || f]2 = f et f(t)2dt.
0

In 1981 Varma has investigated the problem of determinating the best eon-
stant in the inequality

(4.1) [P 2= Culo) || P12

for polynomials with nonnegative coefficients, with respect to the generalized
Laguerre weight function ¢ — t*¢~* (o> —1).

Theorem 4.5. Let P be an algebraic polynomial of exact degree n with nonne-
gative coefficients. Then for az(/5-1)/2

e8] 2 [oo]
(P2 t*e-tdt= " P2(£) 1% e~ dt,
6/( () ¢ Qu+a) Qn+o—1) of (D)ite

equality holding for P(t)=1" For 0 <o =< 1/2 we have

(4.2) f(P' ()2 1% et df <—
0

_——fP2 (1)1 e dt.
Q+o) (1+a) 5
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Moreover, (4.2) is also best possible in the sence that for P(t) = t"+\t the
expression on the left can be made arbitrarily close to the right by choosing k po-
sitive and sufficiently large.

The case « = 1 was considered in [39]. The cases o< (—1,0) and «< (1/2,
(1/5—1)/2) were not solved. D. Xie [42] tried to solve this problem in (12,
() 5—1)/2. Namely, he proved the following complicated and crude result:

Theorem 4.6. Let

n2

b’)‘&: ,n=],2,...,
Qnia)n—1+0)
and
1—2n—dn?+ V16n* + 3203 + 202 + 4 n+ |
A = , n=1,2,....
2QCn+1)

Then, for each P&W,,
P |2 =bu(0) [| P’ for « = ay;
by () || P2, for op= a<<ag_1 and n =k,

| P2 =
(b1 () +by () — by ()] || P12, for ax=c<<ax_; and n >k,

where k =2,3,... .

In the next section we give a complete solution of the extremal problem (4.1.)

5. Extremal problems for polynomial with nonnegative
coefficients in Z2?(0, c ) norm

First, we consider the extremal problem (4.1).

Let Wy be the set of all algebraic polynomials of exact degree n, all coeffi-
cients of which are nonnegative, i. e.,

n

Wn={P | P(t) = apt®, ap=0 (k=0,1,..., n—1), an>0].

k=0
We denote by W, the subset of W, for which ¢, = 0 (i. e., P(0) = 0).

Let w(t)=t*e~* (a>—1) be a weight function on [0,+ c0), and let || f|]2=
= (f,f), where

[ee]

(fie)=[wOf@®e®dr  (f,g ©L20,+ 0)).

0
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In the paper [22] we gave a complete solution of Varma’s problem (4.1),
i. ¢. we determined

(5.1) Cu(@)= sup 1L
PEWy, “P'

for all a<(—1,+ 0).

Theorem 5.1. The best constant Cy(e.) defined in (5.1) is

1/Q2+a) (I + ) (<o < an),
(5.2) Co o) =

2 [Cn+a) Cntoa—1)  (n S a <+ ©),
where
(5.3) i =% (n + 1)1 (1T 2+ 27 + D2— 30 + 1),

Note that the supremum in (5.1) is attained for some P& wy. Indeed

P _ P | P ]|
up sup = Su .
PEWIII[PH PGW(;O HPTaOII PEWI(; ||P”
ap=

We can see that P(t) = t” is an extremal polynomial for «=a,. Furthermore,
if —1<Coo = ap, there exists a sequence of polynomials, for example, px(¢) =
=t"+kt, k=1,2,..., for which

hmHPk [ —C (OC)

ko | P ||
From Theorem 5.1 we can see:
(a) Cun(an—0) = Cy (an+0);
(0) Cp,i(@) = Crp(w);

(c) The sequence («x) is decreasing, i. €., a;>>0>0r> ... >0, Where

=(/5-1)/2, ap=(73-5)/6, 3= (/10— 2)/2, ctc.,
and

oo = lim oy = (/17 —3)/2 = 0.561552812 . ..

n—rco

Remark. The statement of Theorem 5.1 holds if W, is the set of all
algebraic polynomials P(£0) of degree at most n (not only of exact degree n),

with nonnegative coefficients. In this case, if —1<a=<ay,, we can see that 1;(1‘) =
= At (A>0) is an extremal polynomial.
Using the same method as in [22], we can solve the following general ex-
tremal problem for higher derivatives
| P(m) ”2

Cuny m (o) = sup 1 Z2m < n).
me@ = S e ")



24 Gradimir V. Milovanovi¢

Theorem 5.2. The best constant Cy, ym(a) is given by

_(my?

( 1) b —_]‘<U‘ gan’ m:
g+ 1)am
Cn,?n(a) - 2 1 2 1 2
! (-'7_ ) '..(n_m+ ) ? OCZOCn,m,
(2 n+a)@m

where oy, m IS the unique positive root of the equation

Q2n+a)em ( n\?

Qm+a)em  \m

Here (p)x=p (p+1)...(p+k—1) and pP=p(p—1)...(p —k + 1).
In the special case, when n — + oo, we have

(m!)?

’ - ]- <°¢§°‘7m
e+ 1y m

lim Cn, m (a) =
H—» 00

— < o < 4+ o,
41"

where o, is the unique positive root of the equation

We note that af = ¢te = (l/ﬁ—3)/2. These roots off, for m=2,..., 6
are presented in Table 5.1 (with seven decimal digits).

Table 5.1

S e
|

,afn_ 0.5515992 l 0.5461112 ~ 0.5425236 ~ 0.5399438 | 0.5379725
|

The extremal problem for the polynomials with nonnegative coefficients can
be investigated with other weight functions on (0,4 <o), for example, w() =
=t*exp (—1°), «>—1, s>0. The corresponding best constant we will denote by
Cr (3 5).

In this case, using the same method we can prove that for P& W,°

. 1 2 +k+1
1P =B == 3 B I (* )
5 k=2

§ /
and

2n ,
1PR=(P, P)S— S Hi(o;s) bkr(“k”),
k=2
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(¢ 4]
where (f, g) = fw(t)f(t)g(t) d¢ and
0

7
Hi(e; 5) =%'——s———.

For s =2 we get a simple result:

Theorem 5.3. The best constant Cj(e;2) is given by

2 } .on—1
, — <oz — ,
a+1 n+1
2 n? n—1 _
- —, — 5o < 4+ 0O,
2nt+oa—1 n+1

If we take, €. g. « = 0, we have the following inequality

[os) [ve]
2 n?

j e~ P’ () d¢ gE—_T e P (0> dt

0 0
for each P&EW,.

In connection with these results see the paper [23].

6. Extremal problems for Lorentz classes of polynomials

Let L, be the set of algebraic polynomials of the form
(6.1) P)y=73 be (I—t)r(I+0)"*,  br=0(k=0,1,..., n).
k=0

These polynomials (transformed to [0, 1]) were introduced by G. G. Lorentz [14]
(see Section 3). A subset of Lorentz’s class L, for which PC¢-D (£ 1)=0
(i=1, ..., m) we denote by L,(,'”). Notice that Lf,O)DLf,I) -+, where Lf,o’ =Ly.
The corresponding representation of a polynomial P from L s

62) P =S be(l—0F(I+1y% bpz0 (k=m,..., n—m).

fe=m
1
If || flI2 = f(l — (1 +0)8f(£)2dt (o p > — 1), we can consider the fol-
~1
lowing extremal problem
[2dls
I e?

K

(6.3) C™ («, B) = sup
pe Lf,"’)\(o}
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where m=0,1, ..., [1;»— . The corresponding problem in the class L, for the uni-

form norm was considered by G. G. Lorentz (see Theorem 3.3).

Here, we mention only some special cases of general results obtained by
G. V. Milovanovi¢ and M. S. Petkovi¢ [24].

Theorem 6.1. If PCLy and o, 3=1, then the best constant cO (o, B) defined in
(6.3) is
W 2a--a+-B)RurradpB+1)

4Q2u+2N) Rn+r=1)

Ci (e B) =
. where h = min («, B).

Theorem 6.2. If PI™ m= 1, a= B> —1, then
(n+a)@r+2a+ D) (e @—1)r*+2m (n—m) (n—1+30—2 %))
2@ mta—)Q@mt) Qn—2mra—1) Qn—2m+a)

C (e, )
In the special case when « = 1 we obtain:

Corollary 6.3. If PELY, m= 1, we have

nn+1)(2n+3)
4C2m+1)2Rn—2m+1) .

(6.4) (L)) =

From Theorem 6.1 we see that (6.4) holds for m = 0 (see also Theorem 4.3).

In the proofs of these theorems we use the representations of Lorenz poly-
nomials (6.1) and (6.2) and an analogue of the Lemma 1 from [22]. Another interes-
ting results on this topic can be found in the mentioned paper [27].
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RAZLICITI EKSTREMALNI PROBLEMI MARKOVLJEVOG TIPA
ZA ALGEBARSKE POLINOME

Gradimir Y. Milovanovid

U radu se razmatraju ekstremalni problemi Markovljevog tipa za algebarske polinome
koris¢enjem razli¢itih normi i vi¥e polinomialnih klasa. Posebna paZnja je posveéena ekstremalnim
problemima u L*-normi na skupu svih algebarskih polinoma ne viSeg stepena od n ili na ne-
kim njegovim podskupovima.
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AN INEQUALITY FOR CONCAVE FUNCTIONS WITH APPLICATIONS
TO BESSEL AND TRIGONOMETRIC FUNCTIONS

Lee Lorch and Martin E. Muldoon

Abstract. We use an inequality for concave functions to improve the range of validity of
an inequality for Bessel functions due to A. Mahajan [Univ. Beograd. Publ. Electrotehn.
Fak. Ser. Mat. Fiz. No. 634—677 (1979), 70—71.] We use the same method to derive ine-
qualities for the zeros of the Bessel function Jv (x) and its derivative.

1. Introduction

A. Mahajan [6] generalized a result of D. S. Mitrinovi¢ [7, pp. 240-—241]
by showing that
\ o 1
1 41 0'.+1Ja( ™ v ,U.+1Ja(lc_) (.T_r_) ,
1) @+ 1) x+1/ x x 2/ T'@+1)
(2) x>7[16 (o+2)] ! [1 4+ /72 + 32 (0 + 2)]
where a>—1 and J,(¢) is the Bessel function of the first kind.

)

provided

Mitrinovi¢ had established the case o« = —-% of (1), namely,

(3) (x+1)cos T _xcosZ>1,
x+1 X

but only for x=+/3=1.732..., whereas Mahajan’s generalization (1) established
a wider interval of validity since, for o= —%, (2) becomes

(4) x>7 [m+ /7?24 48]/24=1.407. .. .

The largest interval of validity for (3) is the interval x>1, as will be shown
below;(3) becomes an equality when x=1 and reverses for 0<<x<<1. We discuss
also the largest interval for which the more general inequality (1) is valid and
establish some related inequalities. Some of these (Sec. 4) refer to the zeros of
J, (¢) and of its derivative.

Received Tuly 15, 1987,
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The proofs here differ from those in [6] and [7]. They stem fundamentally
from noticing that (1) and (3) are inequalities for functions that are concave for
most of the interval of validity. Inasmuch as this observation may be useful for
other functions, we formulate it explicitly.

Remark 1. Q) If f(¢t) is (strongly) concave for O0<t< b, then

(5) &__&>(i_}_)f(0), for 0<r<s<b.
N r N

¥

(1) If f(t) is continuous, then this inequality remains valid for some r and s, one or
both possibly greater than b, provided that for each s>b we restrict attention to
those values of r less than the smallest value of r for which (5) becomes an
equality.

Proof. (i) The slope of the line joining (0, f(0)) to (r, f(r)) is (by definition
of concavity) algebraically larger that of the line joining (0, f(0)) to (s, f(s)), I.e.,
f—f (0)>f (9)—f(0)

¥ S

a statement equivalent to (5). (if) is trivial (stated only in view of pending appli-
cations below).

Remark 2. To illustrate (5) we may take y=f(z) to be a positive solution of
the differential equation y”"+o(f)y=0 where ¢(¢)>0. 0<<t<b. Then (5) implics
that p(¢)/t 1s a decreasing function of z, 0 t<b. This implies, in particular, the
well-known result that (sint)/t decreases in 0<t< 7, and consequently also the
familiar inequality

12052 ogrgny2,
T

These observations correspond to the case ¢ (¢) = 2.
More generally, taking

o (t)=Pp*12%72, B>0,

the differential equation »""+¢ (¢1)y=0 is satisfied by [9, p.97 (9)] y—
o = 2T e (2P sO that 17120, (t%) decreases for 0<1*<j, () » Where jy , Is
the first positive zero of J, (x).
Putting v=1/2B) and x=t? we see that J,(x)/x* decreases (from
2T (v D] to 0) in (0, j,,).

1 . : : :
When v: = we recover the foregoing information about the sine function.

The information that x7VvJ, (x) decreases follows also from the standard
differentiation formula [9, p. 45]
% d (20 _Duie)

el o -

and, indeed, for the larger range 0<x<j,,, ,
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Other applications of Remark 1 can be made, e. g., to solutions of the Hill,
Lamé and Mathieu equations for appropriate values of the parameters [4, Chap-
ters 15, 16].

2. On the Mahajan and Mitrinovié¢ inequalities
In the usual notation, let
A, (@0)=2°T (a+1)t7%T, (1), t>0, a>—1,
A, (0)=A,0+)=1.
From (6), it follows that
A ()= 22T (a+ D) 177 o (D= 1,1, (D]

so that A,(¢) is a (decreasing and) concave function for all sufficiently small po-
sitive ¢, say 0<<t<<3. Thus, from (5),

Ao A 1
Aa () _ -‘"—(ﬁ‘):w-v—»i, 0<Zr<<s<d,
r s r S

(7

Putting r==/(x+1) and s=m/x, we have the following formulation of Ma-
hajan’s result:

For o> —1 and x>Xx,, we have
(8) (x + ])Aa(‘ 71) XA, (£)>1,
x+1 X
where x, is the largest root of © (x+1) = ¢ (x) and

¢ (x) =x{A, (m/x) — 1}.

The interval (x,, o) is the largest possible domain of validity for (8), but
is not indicated in an explicit form. A smaller interval, but one given in a more
explicit fashion, follows from Remark 1(i), namely that (8) holds for x>=m/xq,
where x; is the abscissa of the first point of inflection of A,(#). In general, ho-
wever, the interval [r/x;, o) would be shorter than Mahajan’s interval (2).

The special case «= —% of (8) establishes that (3) holds for all x>1 and

not for x=1. Thus we have obtained the largest interval for which (3) is valid.

It is clear (3) becomes an equality for x=1 so that we need to prove that
g(x+1) = g(x) has no solution on (1, co0), where

g (x)=x{cos (n/x) —1}.
To see this, we note that

g' () =sin (/) {m/x — tan [/ %)]}
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so that g(x) decreases in the right-hand neighbourhood of 1, has precisely one
local minimum between x =1 and x =2 and subsequently increases.
Thus,

gx-+1)#g(x), x=2.

Moreover, for 1<x<2, g(x)<g(l) = g(2) = — 2, while
g(x+1)>g(2) so that g(x+1) 7 g(x) also when 1<x<2, completing the proof.

Another consequence of (8), obtained by putting a:%, is
) (x + 1)?sin [r/(x + 1)] — x?sin [7/x] >,
provided x exceeds the largest root of h(x+1) = h (x), where
h (x) = x? [sin (r/x) — 7t/x].

This root is about 0.68 so that the interval of validity for (9) as determined
by this method is about (0.68, o). Putting oz=»;~ in (2) would establish the

truth of (9) only for x > 0.991.

Remark 3. The argumentation regarding (3) above can be phrased more
transparently by writing (3) in the form

cos [r/(x + 1)] _cos__(_*r_c/x)

(3%) D s >1/r, x>1,
i1.e.,
-3 f)r—f(s)[s>1]=,

where f(z) =cosz, r=n/(x+1),s = w/x. Here 0 <r<s < w/2. The inequality
(3"”) holds for arbitrary r,s, 0 << r<<s < w/2 as is clear from Remark 2(i) upon
sketching f(z) = cosz, 0 < z < w/2. This re-establishes (3") and (3) for x > 2
(see Sec. 3 (a) for further extensions).

For the remaining portion, namely 1<<x<(2, of the interval of validity the
same sketch for f(z), now for 0<z<g w, makes it clear that the chord connecting
(0, 1) to a point (r, f(r)) lies above the chord connecting (0, 1) to any other point
(x, f(s)) provided 0<r< m/2<<s<< . This establishes (3') also for 1<x<2.

3. Further inequalities for the cosine function

Clearly, (8) can be generalized by choosing r=7/(x+8), >0, s=/x in (7),
instead of restricting B to be 1. In the case o= —%, this would lead to the

following extension of (3):

i

T
— X cos — >0,
x+f x

(10) (x4 B)cos
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if 0<<B< 1, provided x exceeds the largest root of g(x+B) = g (x) where, as before,
g (%) = x {cos (n/x) — 1}.
A weaker but clearer result reads as follows:
(10) is valid for 0<B<1 and x>2-f.

The proof requires us to show that g(x + B) — g(x) has no zeros for
2—B<<x<Co. This can be done as has already been explained for the special case
in which B =1 and so the details are omitted.

4, Zeros of Bessel functions and their derivatives

Remark 1. can be applied also to the kth positive zero, jyx, of J, (¢), v>0.,
since A. Elbert [1] has shown that j,x is a concave function of v for v = 0. (El-
bert’s result extends to the interval — k <<v << o0 when j, i$ interpreted appro-
priately for negative values of v, but we shall not consider this aspect here.)

Thus

(11) j"_”"_m_">j0k[i___l_} for O<v<p, k=1,2,....
m u

v v

y

This inequality appears not to have been stated previously except for its limi-
ting case (u— ©0)

(]2) jvk>j0k+\/, V>03 k=]9 29 R

got by using j,x/p.—1 as w— co [8]; (12) has been established in [5] in a
slightly different way, but also based on Elbert’s concavity theorem.

Remark 4. Still another proof of (12)follows from a different use of Elbert’s
theorem. From that theorem we see that the positive function dj,x/d, decreases
in 0<<v<Coo so that djz/dv — ¢ >0 as v — oo. Thus, given any ¢ > 0, we have,
for sufficiently large v,

—e<<dj,, /dv—c<c¢.

Integration from 2 to v and division by v — A implies

g TRk -
v—2XA
Letting v — oo, A fixed, we get
—e< 1l —-c<e.

Hence ¢ = 1. Thus djyx/d, | 1, as 0 <<v — o0, and so
(13) djy./dv>1, v=0.

Integration from O to v gives (12). Inequality (13) is also contained in work of
A. Elbert and A. Laforgia [2]; see, especially the Lemma in [2, p. 207].

3 Facta Universitatis



34 Lee Lorch and Martin E. Muldon

The same argument can be applied to get the inequalities (11), (12) and
(13) when j,x, etc., are replaced by jy, etc., where jy is the kth positive zero
of J,/(x), because this function too has been shown to be concave, for 0<<v<Coo,
by Elbert and Laforgia [3]. In fact, Elbert and Laforgia {3, Cor. 4.1] have a more
general inequality than

(121) j‘llk >/6k + v, V:‘}O) k = 19 L
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NEJEDNAKOST ZA KONKAVNE FUNKCIJE SA PRIMENOM ZA
BESSELOVE I TRIGONOMETRIJSKE FUNKCIJE

Lee Lorch i Martin E. Muldoon
Koris¢enjem jedne nejednakosti za konkavne funkcije proSiruje se interval u kome vazi

A. Mahajanova nejednakost za Besselove funkcije ([6]). Isti metod se koristi za dobijanje nejed-
nakosti za nule Besselove funkcije Jv(x) i njenih izvoda.
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QUELQUES REMARQUES RELATIVES AUX FONCTIONES
PRIMITIVES DES FONCTIONS REELLES

Dusan Adamovié

Sommaire. Dans le cadre de considérations plus complexes, on traite ici, en particulier,
la question suivante: la fonction f possédant une fonction primitive dans lintervalle 1,
quelle propriété (quel degré de régularité) de la fonction g, définie dans 7, assure-t-elle
I'existence de la fonction primitive dans I du produit A =f-g? Les résultats principaux
du travail sont contenus dans les théorémes P et P’.

0. Dans ce qui suit, 'enszmble des nombres naturels sera désigné par N,
celui des nombres rationnels par Q et celui des nombres réels par R.

Comme d’habitude, nous appelons fonction primitive de la fonction réelle f
dans DI'intervalle ouvert I toute fonction réelle F definie dans I et telle que
F'(x) =f(x), x&1. Pour une fonction possédant une fonction primitive dans J
nous disons qu’elle est une Py-fonctions, ou bien qu’elle a la propriété Py; il
n’est pas nécessaire de mentioner expressément |’intervalle /, nous disons qu’elle
est P-fonction ou qu’elle a la propriété P.

Il est clair que la somme de deux Pj-fonctions et aussi une P-fonction,
c’est-a-dire que la propriété P, est additive. Beacoup d’autres propriétés des
fonctions réelles sont aussi additives, par exemple: intégrabilité (dans n’importe
quel sens), continuité, continuité uniforme, propriété d’étre bornée, variation bor-
née, dérivabilité (propriété d’avoir une dérivié finie en tout point), dérivabilité
continue (propriété d’avoir la dérivée continue) dans un intervalle (ouvert ou
fermé selon le cas). De ces propriétés-1a, celles soulignées, de méme que l'inte-
grabilité dans le sens de Riemann dans un intervalle borné, sont aussi multi-
plicatives, ce qui veut dire que le produit de deux fonctions jouissant de I’une
de ces propriétés — en jouit aussi. C’est par le théoréme qui suit que nous
allons établier, entre autre, que la propriété P, n’est pas multiplicative. Dans la
litterature assez vaste, comprenant monographies, manuels et autres publica-
tions, dans laquelle on traite (largement ou en passant) les fonctions primi-
tives — par exemple dans la monographie bien connue [2] de H. Lebesgue, de
méme que dans les livres aussi connus [l] et [3] — nous n’avons nulle part
trouvé la constation de ce fait assez élémentaire.
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On peut, bien entendu, poser la question plus complexe suivante: la pro-
pri¢té P, de la fonction f étant supposée, quelle propriété (plus forte que Py)
de la fonction g définie dans [ assure-t-elle la propriété P, du produit des
fonctions f et g? Une réponse assez compléte a cette question-la est donnée
par notre théoréme P et par le théoréme P’ qui lui est ajouté, /

1. Dans la démonstation de ces résultats nous allons utiliser les deux
énoncés auxiliaires suivants.

Lemme 1. Soit I=(a, b), x,E1 et f une fonction définie dans I et juissant a la
fois des propriétés Py, vy et P, . Alors f est une Pjfonction si et seulement
si une fonction primitive F, de f dans (a, x,) (arbitrairrment choisie) a dans le
point x, la limite @ gauche finie et une fonction primitive F, de [ dans (x,, b)
a dans le point x, la limite a droite finite, et I’égalite suivante

lim Fx(x)"‘Fl(xo_O): lim Fz(,x)“Fz(xn'i‘O):f(xo)

x—>x0—0 X—Xp x—x0+0 XX,

est valable.

Démonstration. Il est évident que toutes ces conditions sont nécessaires.
D’autre part, il est clair que, lorsqu’elles sont toutes remplies et les fonctions
F, 1 F, sont choises de maniére que l'on ait F,(x,—0)=F,(x,+0)=A4, alors
la. fonction F définie par

F, (x), a<<x=x,
F(x)=< 4, x=1x,
F, (x), x,<x<b
est une fonction primitive de f dans /. La fonction f, donc, posséde la pro-
priété P,.

Corollaire. Sous la condition supplémentaire de [’integrabilité dans le sens de
Riemann de f dans tout intervalle fermé et borné contenu dans (a, x,)U(x,, b)
(en particulier, de la continuité de f dans (a, x,)\J(x,, b)), cette fonction jouit de
la propriété P; si et seulement si, aves les nombres x,&(a, x,) et x,&(x,, b)

xo—0 Xp
arbitrairement choisis, les valeurs f f(@)dt et f S (@) dt sont finies et
X1 Xo+0
X X
. . 1
lim —— [ f@)di= lim ff(t)dtzf(xo).
X—>xp—0 X—X, x—>x0+0 X—X,
x0—0 )Co+0

Si, par surcroit, le graphe de f est symétrique par rapport a la droite x=x,~
1 . . e s > '

=—(a-b), ou bien si lintervalle I est remplacé par [intervalle [x,, b), alors
2

X2

pour la propriété P, de f il faut et il suffit que ff(t) dt soit fini et que I’on ait

xo+0

f S @) di=F (x).

x0+0

. 1
lim
x—=>x0+0 X—X,
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Lemme 2. La fonction
\x\“sini, x#0
fu ()= *
0, x=0
dans intervalle I=R:
1° pour a>3 est continiiment dérivable;
2° pour 1 <a<3 est dérivable et n’est pas‘continﬁmam dérivable;
3 pour 0<a<1 est continue et n’est pas dérivable,
4° powr —2<a<0 a la propriété P est nwest pas continue;

5% pour w<< —2 n’a pas la propriété P.

Démonstration. On démontre aisément et d’une maniére habituelle les faits
1°, 2° et 3°. Evidemment, pour a<0 la fonction f n’est pas continue dans R.
Pour tout «<=R elle a dans (0, + o) la fonction primitive

x 1

(n G, (x)sz; (t)dt= ft"‘sin—%dz‘: fu—(“+2)sinu2 du.
. _

[7
1

X

Il en résulte que, d’aprés le lemme 1, son corollaire et le fait que f, est une
fonction paire, pour la propriété Pgr de cette fonction il suffit que la limite

1 1
2) G, (+0)=lim [u eDsinuddu= [ u=+? sinu? du
x—=>+0 4 + @

X
soit finie et que l’on ait en plus
. ¢) — 0
lim 9&(1) Gy (x+0)

x->+0 X

=01, (0).

Soit —2<a<0. On a alors «+-2>0, et par conséquent l’integrale
_|.w
f u~@+2 sin 4*> du converge, ce qui signifie, d’aprés (2), que la limite G, (+0)
1
existe et que sa valeur est finie. Dans la méme cas, en appliquant I’intégration
par parties et le théoréme de L’Hospital, on obtient

+ oo
; Gy, (xX)—G, (+0 . 1 .
lim G =0 (+0) lim = f u—©+2) sin u2 du
x—>40 X x—>+0 X
1
X
+ <o
i . )
—— lim y | u=@+3.2ysinu? du
2 Y40
y

+ w0

' lim [y-y“(“?’) cos y> —(a-+3)y [ u—@+9 cos u? du]
y

2 y—7>-;- o0



38 D. Adamovi¢

+ w0
f w9 cosy?du

lim y=®+Dcos y?—(a + 3) lim 2 —
2 Y=o 00 ' y—r4 0 y“l

3 ., —p-(=+te)gos w3 -
S T G BT lim y- @2 ¢os 2. 0,

2yt -y 2 2 yotrw

Il en résulte, d’aprés ce qui précéde, que pour —2<<«<0 la fonction f, a la
propriété Pr et n’est pas continue dans R.

+® +ao 1
. - g . Ty st i T (x+3)
Si «< 3, Pintégrale f u= @+ ginu? du, c-est-a-dire l'intégrale fv 2
1 1
sinvdy, diverge, da maniérc que f, n’est pas Pr — fonction dans ce cas-la.

+ o0 + w0
Enfin, lorsque —3<a<2, lintégrale f u=#+2 gin 42 du--if y 2 “ sinv dvy
1 2 I
converge, ce qui signifie que G,(+0) a unc valeur finle, mais dans ce cas
nous obtenons, avec y=-1., x>0,
X

+w + o
. 1 :
yf u=+2) gin 2 du=»~2-~y /‘u‘(v°‘+3)-2usmu2 du

y y

G () =G (+0)

X

+
1 +3 1
ri;,z,y.y~(°<+3)cosy2—(fzA-~2«y u= @Dy 1. 2y cosu? du
y

o+ 0

_ A]2 y,..(a+2) coS y2 +°¢Z3 y_(o;+4) sin yz - (o + 3)4(01 )52 yf u_(a+6) sinu? du
b

1 .
(3) = Z-y—(“”) cos y2+o (1), lorsque y — + oo, ¢’-est-a-dire x — | 0,

puisque lim p-@®+4.gin 2 =0 et
V>t @

+ 0
[ u=(*+6) sin 1* du
+ o o
lim yf u=+9siny? dy = lim >—n——
Y- ot @ y

Y

_,_y——(oc+6) sin y?

= lim = lim p~@+9gin y2= 0.
Yyt o —y? y—r+ow
Gy (X)— Gy (+0)

X
x -1 0. Done, f, n’est pas P — fonction pour --3<a< —2 non plus.

Il résulte de (3) que dans ce cas n’a pas de limite lorsque




Quelques remarques relatives aux fonctions primitives des fonctions réelles 39
2. Nos résultats principaux sont contenus dans 1’énoncé suivant.

Théoréme P. On suppose les fonctions réelles f et g définies dans lintervalle ou-
vert I et f possédant la propriété P, et soit h(x)=f (x)-g(x), x& 1. Alors:

1° La dérivabilité continue de g dans I entraine la propriété P, de h.

2° La dérivabilité de g dans I n’entraine pas la propriété P, de h.

3° Si la fonction g posséde la propriété P, et aucune des fonctions f et g
n'est continue dans I, la fonction h peut avoir ou ne pas avoir la propriété P,.

4° Si la fonction f n’est pas continue dans 1 (possédant toujours la pro-
priété P,, selon I’hypothése préalable du théoréme), alors pour aucun nombre na-
turel n=?2 la n-ieme puissance de [ ne peut étre fonction continue dans I, et
pour tout tel nombre n cette puissance peut avoir ou ne pas avoir la propriété P,.

Démonstration. 1° Supposons que la dérivée de g soit continue dans 1.
D’aprés la supposition préalable, la fonction f a une fonction primitive F
dans I. Alors le produit F(x)-g'(x) est une fonction continus dans I, et par
conséquent y posséde une fonction primitive G. Il s’ensuit

(F()-g@ G @Y =f()-g()+Fx)-g (-G ()
() g (@) =h(x), xEL

Donc, h est une P,-fonction.

Il est clair que tous les exemples qui suivent (ici ou plus loin dans cet
article) et ol 'on a I=R peuvent étre simplement appropriés a n’importe quel
autre intervalle 1.

2° Cette assertion sera prouvée par le cas ol I=R, f=f , et g=f,

2 4

(voir le lemme 2), c’est-a-dire ol
3 5
SO .
| x| S]n'l;a x7:0, | x| sin—, x#0
f %)= v g(x)- x
0’ 'x:07 O) X = O.

En effet, dans ce cas, d’aprés le lemme 2, f est une Pg-fonction et la fonction
g est dérivable dans R. Puis on a
1 i

(|x| 4sir12~—1;=i|x’i 4(1—003%), x /0
/1(x)=1 X 2 x
. 07 X:O,
de sorte qu’on a
(4) h(x) - h (x)—h(x),  xER,
avec
1 |
l‘x\ 4, x=0, —l-\xf * cos -, x#0
hy (x) =4 2 hy()=4 >
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La fonction h,, d’aprés le théoréme de Darboux, n’a pas la propriété Pg.
Etant donné encore que la fonction 4,, dapres une modification légére de

I’assertion correspondante du lemme 2 (on a -Z€(~2,_0] et le remplacement

du sinus par le cosinus et le multiplicateur 2 sous le symbole de cosinus ne
changent pas évidemment la validité du lemme), jouit de la propriété Pg, on
déduit de (4) la conclusion que dans ce cas h n’est pas une Pg-fonction.
3° Si
£ = 0, x<0 f(x), x<0
f;)(X) X?«O, 0, X<O,

les fonctions f et g ne sont pas continues dans R et elles sont toutes les deux
Py -fonctions, d’aprés les lemmes 1 et 2. Leur produit — la fonction identi-
quement nulle — a la propriété Pr. D’autre part, si f=g=f,, les fonctions f
et g, selon le lemme 2, ont la propriété Pr et ne sont pas continues dans R.
Le produit /2 de ces deux fonctions est donné par

g@%=[

sinzi:i(l—cosz), x#0
h(x) = x 2 x?
0, x- 0,
c’est-a-dire par h(x)=h,(x)—h,(x), x&R, ou
i, x#0 icosi, x=0
hy (x)=< 2 hy(x)=4 2 ¥
0, x=0, 0, x=0

La fonction h, évidemment n’a pas le propriété Pr et la fonction h,, d’aprés
le lemme 2 et la remarque correspondante dans notre considération sous 2°,
jouit de cette propriété. Par conséquent, £ n’est pas une Pg-fonction. Ainsi on
a prouvé les deux possibilités en question.

4° Supposons que la fonction f ne soit pas continue dans I (tout en jou-
issant, d’aprés la supposition générale du théoreme, de la propriété P,) et po-
sons © (x) =f"(x), x&1I, le nombre nc={2, 3, ...} étant fixé. Il existent alors

x,& 1 et deux suites () et (b,) de points de ’intervalle I telles que lim a, =
k—00

- lim b, =Xy, lim f (a,)=a, lim f(b,)=b et a#b. Si n est impair, ou bien si n
fe->a0 /\,—)00 J—o0
, on a lime(q)=a"~b"= lim ¢ (b,), de maniere que la
G0 k—-0

fonction @ n’est pas continue dans le point x, Si n est pair et |a|=]b|(=0),
c’est-a-dire les nombres « et b sont de signés opposés, alors les nombres
f(a,) et f(b,) sont aussi, pour k suffisamment grand, de signes opposés, et
par suite, d’aprés le théoréme de Darboux, il existe une suite (¢,) de points
de [, convergeant vers x, et telle que 'on a f(¢)=0 pour k suffisamment
grand. On a alors lim ¢ (a,)=a"#0= lim ¢ (¢,), ce qu1 signifie que la fonction

k—>c0 k=00
© n’est pas continue dans point X,.
Soit ensuite f la fonction dont le graphe est représénté par la figure |,
ou lon a particulierement mis en relief la partie du graphe correspondant au
k-itme (k&<N) des segments consécutifs formant un ensemble dénombrable
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d’intervalles dont 1’union est Iintervalle (0, «], avec a= ), k=2. (Le rapport
K=1

des grandeurs horizontales a celles verticales n’est pas présenté fidélement sur
la figure). Etant donné que

[f(x) dx=— 3 kD<o
(% k=1
+0

y
I8
_ ..
- A
- K‘% oQ
| = -2
~K"? .. OL“ZKHK
Fig. 1
co [e 0]
et que, pour ¥ k2<x< > k=%, on a
k=nx+1 k=my
P
1 [ve}
[ rayae =3k
0<t0 2k 50, xt0,
x o
k2
l\l:ll_x‘i—l

(puisque lim n, = + o), cette fonction f, discontinue dans le point x=0, pos-

X—>+40 :
séde la propriété Pg, d’aprés le lemme 1. Comme on a, évidemment, 0 < /" (x) <
<f (x), xER, chacune des fonctions f*, n€N, a aussi la propriété Pr. Si,
d’autre part, le graphe de la fonction f est représénté par la figure 2, alors
cette fonction, discontinue dans le point x=0, a la propriété Pr, ce qu’on
peut établir de maniére semblable que dans le cas précédent, tandis que la
fonction f”, avec 2<n&N, n’a pas la propriété Pgr, puisque

oW

f.f-” (x) dxz Eknk»_‘)_._. z k* 32 ik—l= 4 o0,
k=1
0

k=1 k=1 i

3. Désignons, pour un intervalle fixe I, par les symboles
(5) C,(k 1,2,...,5)
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respectivement les classes de toutes les fonctions réelles définies dans 1 et qui:
1) wont pas la propriété P, 2) ont la propriété P, et me sont pas continues
dans I, 3) sont continues et ne sont pas dérivables dans I, 4) sont dérivables et

y
i

Fig. 2

ne sont pas continament dérivables dans I et S) sont continiiment dérivables dans 1.
Cest en s’appuyant sur le théoréme P et sur quelques faits élémentaires, et en
effectuant quelques considérations supplémentaires, que 1’on peut, pour chacun
des cas ou f=C,, g&C;, avec les nombres i, j& {1, 2, ..., 5} satisfaisant 4 1<
(cette condition sert a éviter la répétition des cas identiques) déterminés, établir
exactement auxquelles des classes (5) peut appartenir la produit f-g, et aussi
auxquelles des classes peut appartenir la r-iéme puissance /" de f, avec 2<<nc
=N. Ici il faut considérer que les mots ,,peut appartenire signifient que cette
possibilité se réalise effectivement pour une paire concréte de fonctions au moins,
ou bien pour une n-ieme puissance concréte d’une fonction, — ’un et ’autre
dans le cadre du cas en question.

Pour une partie non vide A de I'ensemble {1, 2, ..., 5}, soit désigné par
le symbole (i, j)— A le fait que, lorsque f=C; et g&C,, alors A représente
I’ensemble des indices de toutes les classes (5) auxquelles peut appartenir (dans
le sens précisé€ ci-dessus) le produit f-g; aussi, soit désigné par (i),,—~ A le fait
que, si f€ C,, alors A représente ’ensemble des indices de toutes les classes (5)
auxquelles peut appartenir la puissance f". Avec ces désignations, le résultat
plus complexe que nous avons annoncé sera formulé de la maniére suivante:

Théoreme P’. Nous avons:
1, =41, 2, 3, 4, 5}, I<j<
2° (2, j)—>{l, 2, 3, 4, 5}, 2<j<
3° (2, 5)—{2, 3, 4, 5};

3
4.

2
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4° (i, y—{k1i<k<5), 3<z<j<5;

50 (VreEN) (L), {1, 2, 3, 4, 5);

6° (VnEN) (1)2,,+, = {1, 2},

7° (Vn&EN) (2),.,— {1, 2};

8° (VREN) (D), — {k:i<k<5}, 3<i<5.

Remarque. Le théoréme P’ contient toutes les assertions du théoréme P
(ainsi, par exemple, 7° dans P’ coincide avec 4° dans P, en les complétant ct
précisant par plusieurs novelles assertions. Nous avons quand-méme énconcé le
théoréme P & part — en raison de I'importance des faits qu’il contient (a ce
qu’ll nous semble) — et nous avons donné au théoréme P’ la forme précédente
afin d’obtenir un apergu complet et uniforme d’un ensemble de faits.

Démonstration. Comme nous 'avons déja dit, ’assertion 7° du théoréme P’
est réellement identique a ’assertion 4° du théoréme P. Nous n’allons pas exposer
complétement, avec tous les détails, les démonstrations des assertions 1°—4° du
théoréme P, puisque cela exigerait I’élaboration de beaucoup de cas a distin-
guer, parmi lequels plusieurs sont semblables et quelqu’uns assez simples; quant
a ces assertions-la nous allons donner des informations sommaires relatives aux
points principaux de leurs démonstrations, en représentant par un nombre
d’exemples sélectionnés I’élaboration des cas particuliers. Nous allons exposer,
cependant, tous les cas cous 5%, 6° et 87, prétant le plus d’attention au der-
nier des cas sous 6.

Pour abréger notre exposition, dans chaque cas considéré nous désigne-
rons, sans le dire explicitement, par A Densemble figurant dans la relation
correspondante de la forme (i, j)-+ A ou de la forme (i), — A, et le fait que
kc A sera designé par

(6) (5 ) =k,
ou bien par
) (D k.

Il résulte de I’assertion 1° du théoréme P que l'on a AL{2, 3, 4, 5}
dans le cas 3°. Le fait que les propriétés de continuné, de dérivabilité et de
dérivabilité continue sont multiplicatives, dans le sens précisé dans O, entraine
pour tous les cas sous 4° Pinclusion AC{k:i<k< 5}, 3<i<j<5 et pour tous
les cas sous 8° Dinclusion AC {k: i<k< 5} 3<i<5. Etant donné que, évi-
demment, la puissance impaire d’une fonction discontinue est aussi fonction
discontinue, on a AC{l, 2} dans 6°. Il reste donc & établir que toutes ces
inclusions-la se remplacent effectivement par les égalités correspondantes et que
Pon a A4 -{1, 2, 3, 4, 5} dans les cas 1°, 2° et 5°. On peut le faire en dé-
montrant chacun des faits valables (6) et (7) (sauf, bien entendu, le fait
(5, 5)—5) par un exemple corrésponant de fonctions f et g concrétes, ou
bien, pour quelques cas, par une considération plus ou moins générale.

Ainsi, le fait sous 1°

(l, 1)—*‘/- ]
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se prouve par lexemple suivant:

0, x<0
f<x>:g(x)=[
I, x>0.
Ensuite, les faits sous 1°:
(1, D=2, (I, D=3 e (1, 1)—4

sont prouvés par les exemples:

0. x<0 I, x=~—1
J(x)= ]’ \0_ g(x)=<{0, --1<x<0
Y £, x>0,

ou l'on a a—(—2, 0], «=(0, 1] et a(l, 3], respectivement, et le fait
(1, )—5
s¢ démontre par ’exemple

x<0 x<0

0, (1,
A {1, x>0, g(x)“[o, x>0,

Le plus grand nombre des exemples servant a démontrer les autres faits
particuliers sous 1°—4°, ainsi que les exemples précédents, sont consitués par
les fonctions f et g définies dans R et telles que leurs restrictions a quelques
sous-intervalles de R appartiennet & des classes (5) déterminées, la conservation
d’une propriété s’effectuant par le fait que I'autre de ces deux fonotions prend
la valeur 1 dans D’intervalle en question, et son annulation par la valeur O
prise par cette autre fonction dans cette intervalle. Les constructions de telles
fonctions f et g s’appuyent sur les lemmes 1 et 2 et utilisent des restrictions
des fonctions f, & (— oo, 0) ou a (0, + o), de méme que les translations de
ces restrictions ou des restrictions a des intervalles bornés, et la continuité ou
la dérivabilité continue dans un intervalle plus large d’une fonction prenant la
valeur 1 dans un sous-intervalle et la valeur 0 dans un autre sous-intervalle
peut évidemment se réaliser d’une mani¢re simple.

Des exemples ou considérations prouvant le fait du type (6) sous 2°—4°,
nous allons citer cependant tous ceux qui différent des exemples que nous
venons de décrire.

(2, 2) =1, 2: ce fait résulte de l’assertion 4° de P).

(2, 2) - 5: ce fait est prouvé par l'exemple employé dans la démonstra-
tion da la partie positive de 1’assertion 3° du théoréme P.

2, 3)—4:

x, x>0,

(2, 4) — 1: cela résulte immédiatement des assertion 1° et 2° de P.

(2, 4) —2: soit fEC, avec le point de desconinuité x, et soit g la fon-
ction primitive de f dans I telle que g(x,)#0; on a alors g&C, et la fon-
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ction h=f-g a la fonction primitive «;—gz dans I et n’est pas continue dans le
point x,, de manié¢re que h(C,.

2, 4)—3: [=1_v &=/

(2, 49— 4 =1 g=r

2, 5) =3 f=f, g(x)=x, x&R.

(2, 5)-»4: f=f,, gx) =x* xER.

(3, 3) = 3: f(x) =g —|xl2, x&R. |
(3, 3) — 4 /=f, gx=|x|, xER.
3, D=5 f@W-g®-|x], xER.

4 4 Sog Sr.
2

Nous passons aux exemples concernant les assertions 5°, 6° et 8°.
50

(1)2/1—}1:
0, x<0
e =[ ’
() I, x>0.

(1),, = 2: soit g la fonction dont le graphe est représenté sur la figure 1
et soit

1
(e @) x<Q

—(g )", xSR\Q;
alors feC,, f>"=g¢C,.

(1)2,1-%'32
0, x<0
1
S (x) = 27 0<xEQ
1
W . x2n 0<x7Q
2, T Al

0, x<0

f(X)= f%(x)a 0<X€Q

—f1(x), 0<xdQ.
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(])211 ’ 5
-1, x<0
7= )
1, x>0.
60
(1),, .~ 1: le méme cxemple que pour (1),, — 1.
(1), 41— 2: soit, pour un nombre m impair supérieur a 1 arbitraire,
m+2
®, ml : N :
> k —a, et soit f la fonction dont le graphe dans DI’intervalle (0, 3 «] est
k=1

représenté par la figure 3 et qui s’annule pour les autres valeurs de x&R. Si
I’on désigne par P, et par P, les aires des triangles isocéles sur la figure 3, et

par P et PY” les aires des figures correspondantes obtenues en remplagant
la ligne y=f(x) par la ligne y=f"(x), nous avons d’abord

3a
o - 1 0

ff (¥) dx= > (P —2P) fl> (1 -2 ) k™h= ot o0,
k=1 -

0

k=]

d’ott la conclusion que f=C,. Etant donné que

2

P~ L,
m+1
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nous obtenons

" - (m) (m) 2 2
e de= 3 (PR 2 P) - LSk w22k =
. k=1 ’”‘1/7—1
0
Avec
%) m+-2 n+2
3 Z s n+1<x <3 Z k n+1,
k=ny+1 k=ny
on aura ensuite
ffm (7) dt (P(m) ~ P(m)) P(ln)
O<+0 _<_I\ n\
X 0 ] m+2
3 Z /»’ n 1
k=ny+1
2 2
1 e ned 1 " m-}I
mi1 1
— ~— -0, x—=40
w m4+2 3 1
3 k nt 1 a. m+1
k=ny+1 t
Par conséquent, /" =C,
80
1 .
(3 =3 f(x)=lxp+l xcR.
(3)n+1 — 4 j 'f2
n+1
2

(3 = 5 J(O=|xp+ x&R.

0.

47

(4),., — 4: soit g=C, avec le point da discontinuité x, et soit f la fon-
ction primitive dans I de la fonction g, telle que f(x,)70; alors f&C, et
("1 (X)) =@+ 1) f"(x)-g(x), x&I; cette fonction-la n’est pas continue dans

le point x,, de sorte que f**'&C,.

A1 =5 =1

Je remercie mr Stavko SimI¢ de son aide concernant un point particulier

dans ce travail.
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NEKOLIKO PRIMEDBI O PRIMITIVNIM FUNKCIJAMA
REALNTH FUNKCIJA

Dusan D. Adamovié

U sklopu §irith razmatranja, ovde se na prvom me tu tretira sledece pitanje: pod pret-
postavkom da funkcija f ima na intervalu / primitivnu funkciju, koje svojstvo (koji stepen
pravilnosti) funkcije g, definisane na I, obezbeduje postojanje primitivne fnnkcije na 7 pro-
zvoda h=f-g? Glavni rezultati rada sadrZani su u teoremama P | P’.
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SOME REMARKS ON ISOMETRIC MAPPINGS

Themistocles M. Rassias

Abstract. In this paper we present some properties and research problems on isome-
tric mappings between Euclidean (with certain remarks for non-Euclidean) shaces with
some emphasis for distance one preserving mappings.

Let X, Y be two metric spaces, d,, d, the distances on X and Y. A bijection
mapping f: X —Y, of X onto Y, is defined to be an isometry if d, (f(x), /(»)) =
d, (x, y) for all elements x, y) of X. If f: X =Y is an isometry, then the inverse
mapping f~1: Y —X is an isometry of ¥ onto X. Two metric spaces X and y
are defined to be isometric if there exists an isometry of X onto Y. It thus
follows that an isometry is an isomorphism for the metric space structures.
We now state in which sense an incomplete space can be fattened out to be
complete: If (X, d,) is an incomplete metric space, then there exists a complete
metric space X so that X is isometric to a dense subset of X (cf. [2]). Mazur
and Ulam [6] have proved that every isometry of a normed real vector space
onto a norme real vector space is a linear mapping up to translation. Con-
sider then the following condition (distance one preserving property), for /. X —7.

(DOPP) Given x, y&X with d,(x, y)— 1. Then d,(f(x), f(»))=1. This con-
dition was considered in [7], [8], [9].

A. D. Aleksandrov had posed the problem:

Under what conditions is a mapping of a metric space into itself preserving
unit distance an isometry?

Unless the contrary is stated, it is not assumed in the following that the
mapping is one-to-one, onto, or continuous. Furthermore, it is not even assu-
med is singlevalued. By E”, L will be denoted respectively Euclidean and Lo-
baclevskil spaces of dimension n. A. Guc [4] had proved that a bijective
single-valued mapping f: L" —L"(n>2) such that for some number r>0 and
each point x&E L" satisfies

JS" 1 (x, 1) = S""H(f(x), 1)
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is a motion, where S"~1(x, r) is the (n— 1)-dimensional sphere with center x
and radius r. E. Beckman and D. Quarles, A. Kuz'minyh [5] had proved that
if a is a fixed positive real number then a mapping f:L"—L"(n=2) is ani-
sometry if there exists a positive real number b such that from d(x, y)=a
(where for x, y&L", d(x, y) is the distance between x and y) it follows that
for each pair for points x', y' (x' & f(x), ¥ &f(»)), d(x', »)=5b. This in parti-
cular implies that f is single-valued and a=b5b. E. Beckman and D. Quarles [2]
proved that if /2 E” -E" for 2=n<co satisfies condition (DOPP), then f is
anisometry. It can be shown that this result holds in any n-dimensional hyper-
bolic space for 2=n< oo; it is true in any n-dimensional elliptic or spherical
space if the preserved distance is small enough (cf. [1], [9]).

This property does not hold for E!, the Euclidean line.

Counterexample: Let f:E' —E! be defined by

x+ 1 if x is an integer point
f(x):{ :

X otherwise.

Also this property does not hold for E«, a Hilbert space.

Counterexample: Let {y,} be a countable everywhere dense set of points.
Define g:E® —{y) such that d(x, g(x))<;' . Define h:{y}—{a} such

§'L_, 8—?2;, cees -85’}_, ---)EE‘”, where
) V2

ker delta. Then f=gh:E* —FE* satisfies condition (DOPP). However f is not
an isometry. A

; is the Kronec-

that A(y,)=a; with ¢,= (

It will be of interest to examine what does it happen when the mapping
1s required to be continuous.

In E! the transformation
fix —[x]+ {x}?

(where [x] denotes the integer part of x and {x}-:x—[x]) is continuous and
satisfies condition (DOPP) but is not an isometry.

Problem: It is not yet known what does it happen in E® even with the
additional condition of continuity on the mapping. My conjecture is that such
a mapping, satisfying condition (DOPP), must be an isometry.

It is an open problem whether or not the distance % can be preserved

by a continuous mapping which is not an isometry.

Combining continuity and distance preserving properties for the mapping
we can formulate the following conjecture, which according to the evidence I
have now seems to be true (see also [1]).

Conjecture. [f M is a locally Euclidean manifold of finite dimension greater or
equal to two, then there is a distance a such that for any b<a, and any mapping
f:M —M, where f preserves distance b implies that f is an isometry.
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If f: E"—>E™ preserves some distance, it follows that n=m. It remains
to examine the case when 1<n<m<c0.

In the following we outline a method to show how to construct examples to
prove that for each n there exists an m and a unitdistance preserving mapping
mepping f:E" —E™ that is not an 1sometry The following example illustrates
the case of a mapping f: E? —FES.

For this consider partitioning the plane into squares of unit diagonal as
follows:

7 8 9
| l .
3 1 2 | 3 1
6 4 | 5 6 4
| .
il : _
9 7 8 9 7
1 2 3

i | |
where each square contains the bottom edge, the left edge and the bottom left
corner but none of the other corners. Now label the nine vertices of the unit
8-simplex in E® and map each square labelled i to the i-th vertex. This map-
ping satisfies condition (DOPP) but is not an isometry.

Using hexagons instead of squares one can construct such mapping from

— ES.
This idea extends easily to higher dimensions.

Theorem. For any integer n=1, there exists an integer n,, such that N=n,,
implies that there exists a map [ E"--~EN which satisfies condition (DOPP) but
Is not an isometry.

Proof. We partition E" into the regions D,, D,, D,,... such that each
region D; has diameter less than one and also any closed n-sphere of radius
one mtersects at most k of these regions. We can find an integer n, so that
the regions D, D,, D,, ... can be partitioned into 1 + n,, sets U, U,, ..., Ui..p,
such that if x&D;, y=D;, and D; and D; belong to the same U, where
ke{1,2,3, ..., 1 +n,}, then d(x, p)# 1.

Define f: E" —EN for Nzn,, in such a way that each set
U{Di:DiEUC}

corresponds to a different vertex of a unit equilateral n,-simplex in EN. It
follows that d(x, »)=1 implies that both x, y are not in the same set S.
Thus d(f(x), f())=1. Hence f. E® —EN satisfies condition (DOPP) but is not

an isometry.
Q.E.D.

4%
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It is not known whether or not there is a distance preserving mapping
[ E? —~E* which is not an isometric mapping (cf. [8]). Also, it is still an open
problem whether or not there is a continuous mapping f: E” —E™ for m>n

which

B =

satisfies condition (DOPP) but is not an isometry.
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U radu se iznose neka svojstva i problemi u istrazivanju izometri¢kih preslikavanja
Euklidovih (pod izvesnim uslovima i ne-Eklidovih) prostora sa osvrtom na preslikavanja koja
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ON THREE TYPES OF MULTIVALUED MAPPINGS
Momir S. Stanojevié¢

Abstract. The purpose of this paper is to investigate some properties of multivalued
mapping F:X-Y whose projection py:grf—Y is a bi-quotient, countaably bi-quotient
or pseudo-open (hereditarily quotient) function.

1. Introduction

For any sets X and Y, F: X—Y is a multivalued mapping provided that,
for each x&X, F(x) is a nonempty subset of Y. For any ACX, F(4)=
=U(F(x): x&4} and for any BCY, FF(B)={x&X:. F(xX)"B# 2} (ﬁ‘(A):
=yEY! FF(»C4} and F'(B)={xcX: F(x)CB}).

The graf of multivalued mapping F:X—=Y is grF={(x,)EXxY:
y<F(x)}. The functions py:grF—~X and py:grF—Y are defined by py(x,y)=x

and py,(x,y)=y. There are very useful results which determine the relationship
of a multivalued mapping F and the functions p, and p, (see [2], [7], [8]),

If ACX, then ¢/A and intA denotes the closure and interior of A4, res-
pectivelly.

A point x& X adheres to a filter base 5 in X if x&N{cIB. BE.}.
For the multivalued mapping F:X—Y the following terminology is used.

(1) F is upper semi-continuous (u.s.c.). provided that F’(B) is closed for
cach closed B(C Y.

(2) F is lower semi-continuous (l.s.c.) provided that F’ (V) is open for
each open VY.

(3) F is continuous provided F is u.s.c. and a l.s.c. mapping.

(4) F is an wus-quotient (/s-quotiont) mapping provided that a subset B
of Y is closed (open) if and oniy if F’(B) is a closed (open) subset of X. F
iS a quotient mapping whenever F is both wus-quotient mapping and Is-quotient
mapping (see [2] and [9]).

(5) If P is a property of sets, then a multivalued mapping F:X—Y is
called Y—P (X—P) if and only if F(x) (¥ (»)) has property P for each x&X
(for each y&Y).
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(6) F is perfect provided that F is a closed, X-compact, Y-compact, u.s.c.
multivalued mapping.

2. Some characterizations

Definition 2.1. Let f: X—Y be a continuous function.

(1) f is bi-quotient (countably by-quotient) if for eash y&Y, every collection
(countable collection) of open subsets of X which covers f~1(y) has a finite sub-
collection whose images cover some neighborhood of y (see [4] and [5]).

(2) f is pseudo-open if for each y<Y and each neighborhood U of f~!(y),
f(U) is a neighborhood of y (see [1]).

Sinc: multivalued mappings behave very much like singlevalued functions,
it seems imperative that one considers the exstension of a bi-quotient, coun-
tably bi-quotient and pseudo-open mapping for single-valued functionsto to
multivelued mappings.

Definition. 2.2. Let F:X—Y be a multivalued mapping. Then F is said to be
py-bi-quotient (py-countably bi-quotient) (py-pseudo-open) provided that p,.grF—Y
is a bi-quotient (countably bi-quotient) (pseudo-open) function.

Proposition. 2.3. If F:X—Y is a multivalued mapping, then the following proper-
ties vre equivalent. 7

(«) If y&Y and ][ is an cpen cover of F'(y), then finitely muny F(U):
U )/ cover some neighborhood of y in Y.

(b) if P is a filter base in Y, and y< Y adheres to 3, then some x=F'(v)
adheres to F'(JB)={F'(B): BE P}

(¢) F is py-bi-quotient mapping (py. grF—Y is a bi-quotient mapping).

Proof. (b) => (a). If (b) is false, then it is a filter base 98 in Y, and a
ye Y adherent to 93, such that each x&F’(p) has an open neighborhood U,
which is disjoint from F’(B,) for some B .&.Z3. Then

W={U. xCEF (), UNF (B)= @ for some B,C B} covers F’(y). Let
Us;,, i—1,2,..., n arbitrary finitely in //. Then

: Ux,-ﬁF' (BA‘,') = g & F(Uxi){ﬂ]Bxi =,
and we have :

(L",J F(Uxi))rw(Q Bx,.): -

I I

There exists B& g3 such that BC (Y By, Since yEcl(B), y& Q F(U;) and
1 1

(Q F(Ux,-))ﬂB= @, we have (y&int O F(Ux;) and no neighborhood of y in ¥
1

is cnvered by finitely many F(U). UZ)/. Hence F does not satisfy the con-
dition (a).
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(b) = (a). If (a) is false there is a y©Y and an open cover 7/ of F'(y),
such that no neighborhood of y in Y is the union of finitely many F(U): Ue&)/.
Let (73 consists of all complements in Y of such finite union. The family 3

is a filter base in Y. Let U, ..., U, arbitrary finitely in /. Then y& | J F(U,)
1

and yéEint(U F(U,.)), and yCcl (C(U F(U,.)))zcl (B). Hence yccl(B) for
1 |

cach B& 93, and y adheres to 3. If x&F'(p), then there exists U,.& )/ such

that x(£CU,. Since cl(F'(CF(U,)))=cl(CF'(F(U,)))_CU,=cl(CU))), we have

x&cl(F'(B)) and no x&F'(y) adheres to F'(.Z3). Hence (b) is false.

(c) = (b). Let P be a filter base in ¥ and a y<Y adherent to .
There is a (x, y)Ep}l(y) such that (x, y)ccl (p}_/l(B)) for each B<=.Z3. Now,
we have

(x, WEPY ) = pepy N=F'(»),
and
(%, NECL(py (B) =5 xEpx(clpy' (B))C ol (pyxpy' (B))=clF'(B).
Thus, x&F’(y) adheres to filter base F'(95).

(b) = (¢). Suppose that p, is not bi-quotient. There is a filter base 7
in ¥ and a y&Y adherent to 93, such that each (x, y)g?_p}l(y) has open nei-
ghborhood U2 % Vfdisjoint from p'{/l(Bx), for some By 8. Let B ={BNV,:
V.cD, BE B (@, — base of neighborhood of yc¥). The family J3' is a
filter base in Y.

(Uax Vo (V7' (B =0 = Ui\pypy (B, =@ —
= USOF BNV = 5 5 xLol(F (B, N VD).

This contradicts the asssumption that F satisfies the condition ().

The following two propositions can be obtained in the similar way.

Proposition 2.4. [ F: X—=Y is a multivalied mapping, then the following are
equivalent:

(@) If y&Y and {U,. nE N} is an increasing open cover of F’'(y), there
exists an n such that y=intF’ (U, ).

(b) 1If 3 is a countable filter base in Y and y&Y adheres to 93, then
some x&F'(y) adheres to F' (95).

(¢) F is a py-countably bi-quotient mapping.

Proposition 2.5. If F: X—Y is a multivalued mapping, then the following are
equivalent:

(a) If U is a neighborhood of F'(y) in X, then F(U) is a neighborhood of
yinY. .

(b) F is a py-pseudv-open mapping.
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The following diagram ilustratet the implications which exist among the
certain classes of multivalued mappings.

open —py — bi —q. —p,—count. bi—q. —p,— pseudo-open

perfect —closed X-compact

The following result is analogous to a result of A. H. Stone for single-
-valued mappings ([10] Lemme 1.).

Proposition 2.6. Let F:X Y be a multivalued quotient mapping, X T,-spuce
and Y Tyspace satisfying the first axiom of countability. Then F is a py-countably
bi-quotient mapping.

Proof. Let y, be a point in Y. If y, is an isolated point, then the con-
dition (a) of 2.4. is obviously satisfied in y, Suppose now that y, is not an
isolated point, and we have thae F'(y,)-£ © ([9] Lemm 3.4).

Let {U,,, n& N} be an increasing open cover of F'(y,). Then F'(y,)
CF' () CUU,, nEN}, F' () NU,# 2.

Let {W,: n&N} be a basis of ncighborhoods of y, (we may suppose
W, oW, ...). We show that, for soms »n, F(U,) DW,. Suppose not; then,
for each n, there is a point y, €W \F(U,). Denote B={y,. y, € W\FU,),
n<N}. Then we have that y,&B, y,&clB and B is not closed. Therefore,
from the fact that F is a quotient mapping, F'(B) is not closed, and there
exists a point x'&clF (B)\F'(B). Then x'GF'(clB)(clF (B)C F'(cl(B)) and
F(x")CclB. Since F(x)/ B, then y,cF(x) ie. xX'EF'(y,), and x' <U,,, for
some n,N. The set U=U,,—~F ({y,, ..., Yo,}), i an open set. We show that

x'&U. Suppose not, then x'EF ({y,, ..., v} and F(x)C{y,, ..., Yn} which
contradicts that y,&F(x"). Hence x'<U.

Now we show that UNF' (B)= @, contradicting that x'&clF'(B), and
this completes the proof.

If x&U, then F(x)CF(Uy), Y &F(X)CF(U,) for k>n, and F(x) N
e kzng = . If xCF'(B) then F(x)C{y,, ... ,yno}gffom Fx) Ny k=
>ny,— @) and xEF ({y,, ..., Yu}), 50 xFU Hence UN\F' (B)= o.

3. Some properties

Proposition. 3.1. Let F:X —Y be an u.s.c. Y-compact py-bi-quotient multivalued
mapping. If X locally compact T,-space and Y T,-space, then Y is a locally com-
pact space.

Proof. Let yc Y. For each x&F'(p), let K, be a compact neighborhood
of x in X. Then the family

I ={int K. xCF' (y)}
is a covering of F'(y) in X. Since F is u.s.c. and Y-compact, then F(K,) it a
compact set in Y, and since F is a p,-bi-quotiient, then the union of finiteiy
many F(K,) is a neighborhood V' of y. But this V' is compact, so that y has
a compact neighborhood, and hence Y it a locally compact space.
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The following corollary follows from diagram in Section 2.

Corollary. 3.2. Let F:X —Y be a multivalund mapping, X locally compact
T,-space and Y T,space. Then

(@) If F an open, u.s.c. Y-compact mapping, then Y is a locally compact
space.

(b) If F is a perfect mapping, then Y is a locally compact space.

Corollary. 3.3. Let F: X —Y be a multivalued, Y-compact, X-Lindelof quotient
mapping, X locally compact T,-space and Y T,-space satisfying the first axiom
fo countability. Then Y is a locally compact space.

Proof. The mapping F is a p,-countably bi-quotient mapping (see 2.6.).
By 3.1. it suffices to show that F is a py-bi-quotient mapping.

Let y&Y and // be an open cover of F’(y). Then there exists a coun-
table subcover {U,. n&N}CJ/(F is a X-Lindedf mapping). Let V, =
=U{U,: 1<i<n} for all n&EN. Then {V,: nE€ N} is an increasing sequence
of open subsets of X which covers F’(y), so some F(V,) is a neighborkood
of yin ¥, so F(V,) is covered by F(U)), ..., F(U,). That completes the proof.

It was proved in [4] that class of bi-quotient maps is preserved by ar-
bitrary cartetian product (i.e., if f;:X,—Y, is bi-quotient for all ¢, so their
product F:I1, X, —II, Y,, where f(x)=(f;(x,)).

Let F,: X, —Y, be a multivalued mapping for ¢t 7T, X=1L,X,, Y=11,7,.
Then the product mapping F:X —Y is defined by F(x)=I1I,F,(x,), for x=
=(x)EX= I, X,.

We have the following result.

Proposition. 3.4. [f F,: X, =Y, is py,-bi-quotient for all t<T, then the product
mapping F: X —Y is py-bi-quotient.

Proof. The function h:grF —I1,grF, defined by h((x), (¥,))=((x;, ¥,)) 18
a homeomorphism, such that the following diagram commutes

h

11
tpyt

X

Since py,:grF, Y, is bi-quotient for all t&T, then the product II,pr,
is a bi-quotient mapping ([4]).
Since, from diagram
py= U, pr)-h,

we have that p, is bi-quotient, and F is a py-bi-quotient mapping.
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O TRI TIPA VISEZNACNIH PRESLIKAVANJA
Momir Stanojevic¢

Razmatraju se takva viSeznacna preslikavanja F: X —Y Ccija je projekcija py:grF —>Y
bi-kvocijentno, prebrojivo bi-kvocijentno ili pseudo otvoreno preslikavanje, gde je grF=
={(x,)EX=xY: yEF(X)} a py(x,))--y. Pored ostalog pokazuje se da se Jokalna kompakt-
nost ofuvava pri Y-kompaktnom py-bi-kvocijentnom polu-nepekidnom odozgo viSezna¢nom
preslikavanju i da je proizvod py-bi-kvocijentnih preslikaranja isto takva preslikavanje.
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A THEOREM ON STRONGLY RADIALITY
OF MAPPING SPACES

LjubiSa Kodinac

Abstract. In this note a condition is given under which the space Ci(X, Y) of all con-
tinuous mappings from X to ¥ with the compact-open topology is strongly radial at
each constant function.

In this note v is a regular infinite cardinal (= an initial ordinal of the
same cardinality). Terminology is standard as in [1].

(1) A z-sequence s = (x, : 1) in a topological space X is a function
from 7 into X.

(2) A topological space X is called strongly radial at a point x if there is
some cardinal © such that whenever {4, : ¢ 7} is a decreasing v-sequence of
subsets of X accumulating at x, then there are x, & A, (x&7), such that the
<-sequence (x, : & 1) converges to x; X is stromgly radial if it is strongly ra-
dial at every point (see [2]).

(3) A (completely regular) space X is called t-metrizable (or linearly unifor-
mizable) if there is a uniformity on X generating the topology of X and having
a well-ordered base of order type r.

(4) Let )/ = {U, .« 1} be a t-sequence of subsets of a space X. A point
x =X is said to be residual in ]/ if there is B & v such that x & U, for every
« = f. If each point x € X is residual in }/, we shall say that X is residual in
// (see [3]).

(5 When X i1s a completely regular space and (¥, ) is a uniform space
we use the following notation:

WK Vy={gcCX,Y): (f(x), g(x)cV for each x&K}.

Note that in this case the family {W(f, K, V) : f< C(X, Y), K C X is compact,
Ve ) is a subbase for the compact-open topology on C(X, Y). This space
is denoted by Ci (X, Y).

Let X be a completely regular space and let Y be a t-metrizable space.
Let every compact subset of X be »small, i. e., its cardinality is less than t. As
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announced in [3], the author can give a condition under which the space Cy(X,Y)
is strongly radial at several points; this condition is given in terms of a two-per-
son Telgarsky-type [4] z=-game played on X. This game G is as follows.

The are two players I and 1L They choose alternatively subsets of X. If
o &< then at ath play I chooses a compact set K, . X and then II chooses an
open set U, D K,. We say that player I wins if X is residual in {U, : aE1};
otherwise 1L wins.

Now we shall prove

Theorem. Let X be a completely regular space with »smallk compact sets and
let Y be a ~-metrizable space. If I has a winning strategy in the game G played on
X, then Cy(X,Y) is strongly radial at each constant function.

Proof. Let y be a fixed point in Y, let B={B, : « &t} be a well-ordered
base of the umformlty on Y and letf, be the point in Ck(X Y)such that f,(X) = {y}
Suppose that {4, : « € t} is a decreasing t-sequence of subsets of Cix(X,Y) such
that f; € M {4, : « ©1}. Assume that at the «th play (of G) I chooses a com-
pact set K, in X. Let us consider the set W,=W(f,, K,, B,). Since f, & A4,, there
is a point f, & W, 4,. There is no loss of generality in assuming that player
IT chooses the set

U,={xEX: ([, (x), f(x))E B}

Clearly, U, ) K,. By the fact that I has a winning strategy in the game ¢ on
X, we have that X is residual in {U, : « & 1}.

We claim that (f, : «& <) converges to f0 Let W(f,, K, B,) be a standard
subbasic neighbourhood of f;. For every x & K choose an «, € v with x &€ U,
for every § = o,. If we put x =sup {«, : x LK}, then [K| <=t and the regu-
larity of < imply h <7, s0 that x € U, for every u = A and every x < K. Put
v = sup {A, «}. Then K C U, for every m=v. This means that for every nzv,
fn = Wy, K, B,) C W(fo,K B,) and thus (f, : «& <) converges to f, is estab-
lished. Therefore, Cx(X,Y) is strongly radial at f;. Since f,. was an arbitrary con-
stant function in Cr (X, Y), the theorem is proved.
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TEOREMA O STROGOJ RADIJALNOSTI PROSTORA PRESLIKAVANJA
Ljubi$a Koginac
U noti je dat jedan uslov pri kome je prostor Ci (X, ¥) svih neprekidnih preslikavanja

iz X u Y sa kompaktno-otvorenom .topologijom strogo radijalan wu svakoj konstantnoj
funkeiji.
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SEMIGROUPS OF GALBIATI-VERONESI II
Stojan Bogdanovié

Abstract. This paper is the continuation of [1]. Here we consider semigroups which are
semilattice of nil-extension of completely simple semigroups (i.e. completely archimede
an semigroups) and several subclasses of these semigroups. At the end a problem of
T. Tamura ([12]) is solved.

J. L. Galbiati and M. L. Veronesi ([17]) studied w=-regular semigroups in
which every regular element is completely regular (semigruppi fortemente re-
golari). These semigroups are completely described bx M. L. Veronesi in [13].
Semigroups which are semilattice of nil-extensions of rectangular groups are
discribed by the author in [1].

Throughout this paper, Z* will denote the set of all positive integers.

A semigroup S is w-regular if for every aC S there exists m&Z™* such
that a”<a™Sa™. Let us denote by Reg(S) (G(S), E (S)) the set of all regular
(completely regular, idempotent) elements of a semigroup S. S is a GV-semi-
group (semigroup of Galbiati-Veronesi) it S is w-regular and Reg(S) =G, (S)
(see [7]).

For undefined notions and notations we refer to [3] and [9].

In our investigations the following result is fundamental (see [13], Theo-
rem 13.1 or [3], Theorem X.1).

Theorem (Veronesi). S is a semilattice of nil-extensions of completely simple se-
migroups (completely archimedean semigroups) if and only if S is a GV-semigroup.

This theorem will be referred to as ,,Veronesi’s theorem.
Theorem 1. S is a GV-semigroup if and only if
(1) (Va, b S)BmeEZ ") (ab)™ < (aby™ bS (ab)™.

Proof. Let S be a GV-semigroup. Then by Veronesi’s theorem S 15 a
semilattice ¥ of completely archimedean semigroups S,, «&Y. Assume a& S,
b= S,, then ab, ha=S,,. So by Theorem 1. [4] we have that

. . (aby™ & (ab)™ ba S, (aby" C (ab)™ bS (ab)”
or some m& .
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Conversely, if (1) holds, then S is w-regular. Assume that @=axa. Then
there exists s~=9§ such that

a=a(xa) = a(xa) asxa = (axa) asxa = aasxa = a* sxd.

Thus, Reg(S) =G, (S), Le. S is a GV-semigroup.

Theorem 2. S is a semilattice of nil-extensions of rectangular groups if and only
if S is a GV-semigroup and every inverse of an idempotent s an idempotent.

Proof. Let S be a semilattice of nil-extensions of rectangular groups.
Assume that x is an inverse of an idempotent e. Then by Theorem 2.1.[l].
we have that x--xex?=xexx-—x% That S is a GV-semigroup follows immedia-
tely.

Conversely, since S is a GV-semigroup we have by Veronesi’s theorem
that S is a semilattice of completely archimedean semigroups S,, a&Y. Assu-
me that K, is the completely simple kernel of S,, «&Y. Since every inverse
of every idempotent is an idempotdnt we have by Proposition 1V. 3.1.[9] that
E (K, is a subsemigroup of K,. So by Lemma IV.4.4. [10] we have that K,
is a rectangular group.

Theorem 3. The following conditions are equivalent on a semigroup S;

(1) S is a semilattice of nil-extensions of right groups,

(i) S is a GV-semigroup and for every e, f&E(S) there exists n=Z" such
that (ep)" = (fef)",

(111) (Vd, b= S) (317’1 =7 +) (ab)’” o pm § (ab)m_

Proof. (i) < (ii). This equivalence is one part of Theorem 2.2. [(].

() = (). Let S be a semilattice Y of nil-extensions of right groups
Sy =Y. Assume a&S,, b&S,. Then ab, b*a=S,, for every k&Z". So by
Theorem 2. [4] we obtain

(ab)m = bZln a (ab)m S (ab)m (; bh2m S (ab)/71.

(i) => (i). From (iii) we have that for every a¢ S there exists mc Z*"
such that @< a*"Sa?". So S is mw-regular. Also, from (iii) we have that .S
is left weakly commutative. Thus by Theorem 2.2, [l1] we huve that S is a
semilattice of nil-extensions of right groups.

Theorem 4. S is a semillatice of nil-extensinns of groups if and only if
(2) (Va, Z)/—:S) (3m62+) (ab)m;me Sa2m,
Proof. Let S be a semilattice Y of nil-extensions of groups S, o< 7.

Assume a=S,, b&S,;. Then ab, b¥ak=S,, for every k&Z*. So by Theorem
4. [4] we obtain

(ab)m { Eme a (ab)m Saﬁ (ab)m ba2m<_.~ ph2m Sa?'”.
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Convresely, from (2) we have that S is w-regular and weakly commuta-
tive. So by Theorem 3.2. [I] we have that S is a semilattice of nil-extensions
of groups.

A semigroup S 1s completely =w-regular if for every a—=S there exists
x&S and m&Z7 such that @ =a" xa™ and a"x = xa".

Theorem S. S is a completely w-regular semigroup aud F(S)=G,(S) if and only
if S is a union of nil-semigroups.

Pi'oof. Let S be a completely m-regular semigroup and E(S)=G,(S). Then
every subgroup of S is an one-element group. So S is a union of nil-semigroups.

The converse follows immediately.
Problem. Describe the class of w-regular semigroups with E(S) =G, (S).

Theorem 6. The following conditions are equivaleot on a semigroups S:
(i) S is a semilattice Y of nil-extensions of rectangular bands S,, 27,
(i1) S is w-regular and E (S)= Reg(S),
(i) (Va, bES)@m=Z7) (ab)*"* 1 = (ab)™ ba? (ab)™.

Prof. (1) = (ii). Assume a<=Reg(S). Then ac=S, for some <Y, For a
there exists x(=S;, PEY such that a=axa=S, S5, CS,,. Hence af=a. So
a, ax&S,. Assume that K, be the kernel of S Then a= (ax)a K, S,CK,C
E(S). Therefore, Reg(S) = F(S)

(i) = (). It follows from E(S)—=Reg(S) that G,(S)=Reg(S). So by
Veronesi’s theorem wz have that S is a semilattice ¥ of completely archimedean
semigroups S,, «=Y. But from E(S)=Reg(S) we have that E(S) =G, (S) when-
ce by Theorem 5. we have that every subgroup of S is an one-element group.
Thus S is a semilattice of nil-extensions of rectangular bands.

(i) = (ii)). Assume a¢-S,, b<=S,. Then ab, ba?<=S,,. Since S,, is a nil-
extension of a rectangular band Kae we have that (ab)"=eZ E(K,,) for some
mcZ*. Now by Lemma 1. [4] we have that (ab)™” ba? (ab)” =e. Thus (iii) holds.

(iil) = (). It is clear that for any a&S there exists me&Z* such that
a**r=q*"*3 S0 by Lemma 4.2. [1] we have that S is a union of nil-semigroups.
Assume that a=axa. Then

a == (ax) a=(ax) (xa®) axa~ ax* a.

Thus, S is a GV-semigroup and since S is a union of nil-semigroups we have
that S is a semilattice of nil-extensions of ractangular bands

Theorem 7. Let S be a semigroup. Then S? is a semilattice of right groups if
and only if

(3) (Vx, y&S) xy < ySxy.
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Proof. Let S% bz a semilattice of right groups. Then every regular element
from S is completely regular. So S is a GV-semigroup. From this and from
Theorem 3. we have that S is a semilattice Y of nil-extensions of right groups

S,, « &Y. Let x, =S, x;=S;. Then x,  Xe &Ko, wheie SC,B—-KQB it a right group
Since x,x,&G,C_K,;, we have that there exitts in G, an inverse (xgx,) ! for
Xy X, By Lemma VI3.1.1.[3] ¢ is a left unity in ](. So

Xy X = €X, X = Xg Xy (X5 X)) 1 Xy Xa & X SXy X

Converely, let the condition (3) holds. Then for every x, y& S there exi-
sts s, 5, $,& S tuch that

xy = (yxs) xy==(xy) (yx5) 5 (yxs) xy = (xp) (xy) (yx38; yx8) 5, (VX85 yX5) x.
Thus xy&(xy)? Sxy, i.e. S? is a union of groups. For every e. fCE(S) there

exists < E(S) there exists &S such that ef=ftef. So ef=fef. Now by Theorem
2. [8] we have that S? is a semilattice of right groups.

Theorem 8. S is an inflation of a sewtilattice of right groups if and only if
(4) (Vx, y(=8) xy < ySxSy2.

Proof. Let S be an inflation of a semilattice of right groups. Then by
Theorem 1. [2] we have that S? is a semilattice of right groups. By Theorem
7. we have that for every x, y& S there exists u& .S such that xy=yuxy. By
Theorem 1. [2] it follows that xy=xyf, where y*&G,. Therefore

xp = yuxy — yuxyf = yuxfy (Theorem I 4.3. [3],
yux (27 Yt yE pSx Syt

Conversely, let the condition (4) holds. Then for every x, y& S there exist
u, v, u,, v,, Uy, v, .S such that

xy = yuxyvy? = (xp) (u, yu) (xy) (/1 (x)* vy?)
=X (X 1y YUy yux-v,-x3) y-v, (xp)? vy

Thus, xy&x*Sy%. So by Theorem 1.[2] S is an inflation of a union of groups.
Since for idempotents the following relation ef-:fef holds we have by Theorem
2. [8] that S is an inflation of a semilattice of right groups.

Theorem 9. S? is a semilattice of periodic right groups if and only if
(Vx, yES) BmEZ™) xy = (yx)" xy.

Proof. Let S? be a semilattice of periodic right groups. Then as in
Therem 7. we have that § is a semilattice Y of nil-extensions of right

groups S,, «a &Y. Let x,&S,, x,&8,, then x, x5, x, x, EK,z, where Singaﬁ is
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a periodic right group. So there is an idemptotent e K such that (xzx,)" e
for some m&Z™*. Since every idemptotent in a right group it a left unity of
this right group we have that

X, Xg = (X5 X, )™ X, Xg5.

The converse follows by Theorem 7.

Theorem 10. S is an inflation of a semilattice of periodic right groups if and
only if
(Vx, yESY@m, kcZ ) xy = (yx)™ xpRHL,

Proof. By Theorem 2. [2] and by Theorem 9.

Now we consider the problem 2. of T. Tamura, [12]. This it the follo-
wing: Determine the structure of semigroups satisying an identity of the form

(5) Xy = yml x”l . ymh—~1 x"h—l ymh — (I) (x’ y),

where m,, m,#0 and h>=2. G.T. Clarke, [6] has shown that if m,>2, then a
semigroup satisfies this identity if and only if it is an inflation of a semilattice
of right groups whose subgroups satisfy the same identity. For the related
resultt see [2], [5], [I!]. In general (including the case mj;,=1) we have the
the follvwing:

Theorem 11. A semigroup S satisfies (5) if and only if S? is a semilattice of
right groups whose subgroups satisfy the same identity.

Proof. Let the condition (5) holds. If m,>2, then the assertion holds
by result of Clarke. If m,=1, then xy&ySxy and by Theorem 7. we have
that S? it a semilattice of right groups. Clearly the subgroups of S satisfy (5).

Conversely, let §? be a semilattice of right groups whose subgroups sa-
tisfy the identity (5). Then by Theorem 3. we have that S is a temilattice ¥
of nil-extensions of right groups S,, a& Y. Let x,&S,, x, &S, then x,x;, & K, —
Sig, where K,, is a right group. From this we have that x,x,cG,CK,,. So

(6) X, Xg= X, Xz € = €X X,.
Since K, is a right group and x,e<S? we have thet
X5 €S S K, C Sy SpC S,0MS? = K.
Similarly x,e&K,,. Now by Lemma VI 3.1.1. [3] we obtain that x; e=e(x;e),
x,e=ex,e. By Lemma 1. [4] we have that x,e, x,e & G,. From this and by (6)
we have that ‘
X, Xg =Xy € (Xg ) =(x,e)(xge) =D (x, e, x5)=D(x,, Xz) =D (x,, xp).

Thus S satisfies (5).

5 Facta Universitatis
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POLUGRUPE GALBIATI-VERONESI II

Stojan Bogdanovi¢

Ovaj rad je nastavak rada [1]. Ovde se razmatraju polugrupe koje su polumreze potpuno
arhimedovskih polugrupai razne podklase ovih. Na kraju, dato je re$enje jednog problema T. Tamure
([12]) u opstem slucaju.
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[IMPROVED CORRESPONDENCE BETWEEN SOLUTIONS GF
DIFFERENTIAL AND DIFFERENCE EQUATIONS

V. V. Bobkov, Z. Bohte and P. A. Mandrik

Abstract. Some ideas for the construction of new numerical methods for the solution of
systems of ordinary differential equations are explained. A few new methods are deve-
loped and tested on some numerical examples.

1. Introduction

By means of an example of an initial value problem for simultaneous diffe-
rential equations of the first order

(1) u--f(t, uy—0,
where

@, w=_1£f @ w, ..., [ w7,
and

U= [Ul (t)’ SR un(t)]T’

we shall discuss some approaches to the construction of new numerical methods
which possess additional correspondence properties in the qualitative behaviour of
the solutions of a differential and the corresponding difference problem.

The implicit Euler method
@  gey—ef
where
f':f(t-{—’ra .’9)’ y=u, &Nﬁ:u(l‘—l—f), T>O,

ensurcs good correspondence between the solutions of a differential and difference
problems for simultaneous differential equations of the first order with the pro-
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perty of asymptotic stability (see [5]). As a test system for this class we shall
consider the system

(3) -+ Au=0

with a symmetric positive definite matrix A.

Let us pay attention to some important properties of the solutions of the
system (3), and also to some notions, used in this work.

It is known that the energy norm

| ullp=(Du, w2, D=A* (u,v)=u"v,
of any nontrivial solution u(¢) of (3) is decreasing as t— 00:
4) 1&]p<l[ulip uzO0.
Also, it is possible to show that for any such solution

8] (Du, 4)>0, us#0,

and for the solution, satisfying the initial condition

u(t)=§",
where £™ is an eigenvector of A4, corresponding to the eigenvalue A,,, the equation
(6) d=exp(—X,7)E"

holds. This solution is usually called the m—th harmonics of the system (3).

It is easy to show that the Rayleigh quotient (Au, u)/(x, u) is monotonically
decreasing for any nontrivial solution # which is not a harmonics.

A numerical method for the solution of (3) is usually called stable in the
energy norm for t<Ct* if, as in (4), the approximate solution satisfies the ine-
quality

W9 lp<ll¥llp »+#0.

We shall call the numerical method monotonic for v<tt*, if for the appro-
ximate solution, as in (5),

@) (3, 9)>0, y#0.
Similarly, the numerical method is called R-monotonic for t<t*, if the

property of monotone decreasing of the Rayleigh quotient is preserved for the
approximate solution

(®) Go= (49, DI, 9 <(Ay, W]y, »)=1th, »#O.

Let us assess from these aspects some known and some new numerical met-
hods for the solution of systems of ordinary differential equations.
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2. An improvement of the implicit Euler method

As it was mentioned above among well-known methods of the first order
the implicit Euler method has the best correspondence of the qualitative beha-
viour between the solutions of the differential and the difference systems.

Applied to (3) the implicit Euler method (2) has the form

) yoy-v43.
It can be verified that
=S5
where
S—=(1+ 2 i+ P gy )
and

k= (A" 9, P(A'S, ).

As g, 1s positive for any nonzero y the energy norm (with the operator D)
of the approximate solution is decreasing for any steplength <. Also, it is easy
to show that for any =, the approximate solution obtained by (9), satisfies (7)
and (8).

In accordance with our definitions the implicit Euler method (9) is stable,
monotonic and R - monotonic for any ~.

But, putting y=:&m into (9), we see that the implicit method (9) is not exact
on the harmonics of the system (3).

We shall construct a method free from this defect. Let us consider the im-
plicit method of the first order (see [3])

y=y—7 q1fj
which applied to (3) has the form

(10) y=y-7q, 49,
where

(L1) g, = (exp (u7) — 1)/(wr)
and

(12) b= .

It can be verified directly that the method (10) — (12) is stable, monotonic,
and R - monotonic for any t and besides, exact on the harmonics of the system (3).

Numerical experiments have shown greater effectiveness of the method (10)
— (12) (method II in Table 1) compared to the implicit Euler method (met-
hod 1).
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3. A second order implicit methed

Let us consider now the implicit method of the second order (see [4])
(13) F=y=GD(ft5+5/) 1)

[t can be shown that this method is stable, monotoric and R - monotonic for
any < but is not exact on the harmonics of the system (3).

As before we shall modify this method with the introduction of the para-
meter g, = [+ 0(z2)

(14) §=y-)4,(f( 5 <f)+]).
In the case of the system (3) the method (14) has the form

(15 J=y-1q, - (v*)2) g, 4*§.

It is possible to show that the method (I5) 1s stable, monotonic and
R -monotonic for any 7.

If we choose
(16) g, = (exp (wv) — 1)/(ur +u? 72/2),

where w 1s as in (12), then the method (15) is exact on thc harmonics of (3).

The results of a numerical experiment can be found in Table 1 (method Il
1s the method (13), method IV the method (15), (16), (12)). The analysis of the
results shows the effectiveness of the regularization of known implicit methods.

4, Some explicit nonlinear methods

All the mentioned methods for the solution of the system of ordinary diffe-
rential equations are implicit and therefore require at each step the solution of
an algebraic system of linear equations. Their usage is therefore limited by the
size and the speed of the computer.

Explicit methods do not have these limitations although the requirement
for stability imposes severe limitations on the size of © and are therefore not
very practtcal.

In the following we shall discuss some explicit nonlinear methods which
possess the properties of implicit methods for any <.

Let us return again to the explicit Euler method

(17 y=y—=f,
where [ = f(t, y).
The requirement for the stability of approximatc solutions in the energy

space Hp with the norm || y |lp, D = A%, leads to a severe limitation upon the
stepsize

T<2/Hk+1,
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wherc

wi= (A Ly, »](diy, p).

The requirement for monotonicity and R - monotonicity impose upon = for
explicit Euler method the respective limitations

T 1y
and
T 2 (kg )/ (i ey — By )

It is also clear that the method (17) is not exact on the harmonics of the
system (3).
Together with (17) let us consider the regulated method

(18) y=y~-10,/,

where the factor py=1+0(7), therefore the order of the method (namely 1), is
preserved. '

In the case of the system (3) the method (18) has the form
(19) S J=y—70, Ay.

Let us choose the parameter p; so that the methed is exact on the harmonics
of the system (3). It is easy to verify that this is true for

(20) | o= (1 -exp(—ur)/(u),

where p is calculated by (12), for instance.

Besides, the first order explicit method (19), (20), (12) is stable in the negative
norm (4-1y, )12 and monotonic for any steplengths . _

Using other choices of @ (see [3]) it is possible to obtain additional proper -
ties: the stability in Euclidean and other norms and also R-monotonicity for any ~.

In Table 1 there are results of numerical calculations for original explicit
Euler method (method V) and the regulated method (19), (20), (12) (method VI).
Greater effectiveness of the latter is obvious.

But the drawback of the m=thod VI (the non-fulfilment of R-monotonicity)
is apparent as p does not vary monotonically when trying to augment the step-
size 7, what did not allow the approximate solution for large © to settle upon
the regular regime (see [5]).

5. A new explicit method

Let us now consider an explicit method for the solution of the system of
differential equations (3) which allows even closer correspondence between the
differential and the corresponding difference problem.
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The construction of the new numerical method is based on the extraction
and succzssive inversion of the main part of the differential operator (see [2]).

Let us extract from (3) as the main part the vector pu, where p 1s a nu-
merical parameter which is constant on the interval [z, #+<]. Then we can rewrite
the original system (3) in the form

tl-7

1) d—uexp(—ut)— | (A—pDu(x)exp(—w(f+75—x)dx.

The integral in (21) can be approximated by the formula

{--=

f (A—pDu(x)exp (—w(t+7—x) dxmsvp; (4 — 1) yexp (—ur),

!

where o * is a corrective parameter. So, we obtain an approximate rule

(22) J=exp (—ut) (I —Tp1(4 -ul))y.

Note, that selecting various approximations to the integral (21) we can ob-
tain a number of numerical methods, in particular the methods (10), (11) and (19),
(20). If we extract from the differential operator polynomials of the independent
variable ¢, it is possible to derive different linear explicit and implicit numerical
methods among which are all above methods.

Let us now analyse the properties of the method (22). 1t is obvious that the
method (22) is of the first order if p;*=1+40(7). If we select the value of p=uy,
(see (8)) we obtain the method (12). This value minimizes the norm ||Ay—uy||p,
where D=A%=L

It is easy to show that the numerical method (22), (12) is exact on the har-
monics of the system (3), stable in the negative norm and monotonic for any =,
if ¢;* satisfies the condition

0<pr=1.
Let

(23) ot = 1/(1 +v),

where v=0 is a parameter, which allows us to achieve also R-monotonicity of
the method (22), (12), (23) for any ~.

It can be verified directly that it is sufficient to choose

1
(24) VE L (1 — o)/ (0 — o) — bho-

Thus, the explicit method (22), (23), (24), (12) is of the first order, exact on
the harmonics of the system (3), stable in the negative norm, monotonic and
R-monotonic for any steplength .
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The results of the numerical experiment (see Table 1) confirm close corres-
pondence between the approximate solution obtained by the method (22), (23),
(24), (12) (in Table 1 the method VII) and the exact solution for the test initial
value problem.

In a similar manner numerical methods of higher order with similar pro-
perties can be constructed.

6. Numerical examples

Let us describe some numerical experiments made on a computer SM-4.

In Table 1 there are the results of the solution of the system of ordinary
differential equations of the first order obtained by the longitudinal method of
straight lines (the discretization parameter for the space variable 4=0.1) to the
first boundary problem of the homogeneous heat equation

u(O, )—u(l, =0, 012,
u(x, 0)=100x(1—x), O0=x=l.

The exact solution v(¢) of the approximating system of ordinary differential
equations can be written analytically.

Table 1
Ik method k= Tmax S A Yo
I 21 5.0E—4 2.10E—2 2.10E—2 9.8159
1 19 1.0E—3 1.68E—2 1.68E—2 9.8154
I 7 2.0E--3 2.74E--3 3.25E—3 9.8183
0.01 v 7 2.0E--3 2.71ME—3 3.23E—-3 9.8183
Vv 23 5.0E--4 2.05E-2 2.05E—2 9.8142
VI 21 1.0E—3 1.65E—2 1.66E-—2 9.8133
A1 12 1.0E—3 8.13E—3 9.47E-3 9.8183
i 155 2.0E—3 t.20E-—1 1.30E—1 9.7887
11 43 6.4E--2 8.23E—5 2.27E—2 9.7887
111 35 8.0E—3 1.27E—2 1.48E—2 9.7887
0.2 v 18 6.4E—2 2.78E—-5 5.34E—3 9.7887
v 160 2.0E—-3 1.20E—1 1.30E—1 9.7887
\%1 59 3.2E—2 2.18E—3 2.10E—2 9.7887
VI 23 6.4E—2 7.08E—4 9.47E—3 9.7887
I 238 5.1E—1 1.69E—4 1.30E—1 9.7887
11 46 5.1E—1 7.9E—13 2.27E—2 9.7887
ITI 62 5.0E—1 I.26E—5 1.48E—2 9.7887
2.0 v 21 S.IE—I 1.0E—11 5.34E—3 9.7887
\Y 490 8.0E—3 2.10E—5 1.30E—1 390.21
VI 219 2.6E—1 1.16E—3 2.10E—2 232.91
Vil 26 5.1E--1 1LAE—11 9.47E—3 9.7887
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The steplength © for the numerical integration was selected on the basis of
the local error by comparing the approximate solutions in the maximum norm
at every net point obtained by the steplengths = and </2 (the initial ©,=1073, the
tolerance £=1073).

The systems of linear algebraic equations of the order n=9 which arose
using implicit methods, were solved by the Gauss elimination.

In Table 1 the notations are as follows: tr — the selected point in the in-
tegration interval, k., — the number of integration steps, T,,, — the maximal ste-
plength, 8 = ||v(1e) — y (te)| |, A=maxd;, 1=j=ks po=(dy, »)/(yy), I — the
implicit Euler method (9), Il — the method (10), (11), (12), 1l — the method
(13), IV — the method (15), (16), (12), V — the explicit Euler method (17),
VI — the method (19), (20), (12), VII — the method (22), (23), (24), (12).

As a conclusion, note that also methods of higher order can be subdued to
the method of regularization. In this respect one can orientate oneself to modular
methods constructed on the basis of the principle of successive increasing of the
order of the method (see [1]). They are very suitable for the method of regula-
rization.

Note that the discussed methods can be applied to nonhomogeneous linear

systems and generalized to the stable systems (1) too. They can be uszd to deve-
lop methods for the solution of boundary value problems in partial differential
equations as well.
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POBOLJSANJE USKLADENOSTI 1ZMEDU RESENJA DIFERENCIJALNIH
[ DIFERENCNIH PROBLEMA

V. V. Bobkov, Z. Bohte i P. A. Mandrik
U ovom radu iznose se neke ideje za konstrukciju novih numeri¢kih metoda za resa-

vanje obi¢énih deferencijalnih jednadina. Novi metodi su izvedeni i isprobani na numeri¢kim
primerima.
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(=1

O BEKTOPE KPUBU3HBI KPUBOW B TIOAIIPOCTPAHCTBE
OBOBHIEHHOTO PUMAHOBA ITPOCTPAHCTBA

Ceernciias M. Muuyuny

Pezrome. B nHacTosiuein padoTe, IPEXAE BCEI'O, HOKA3ZBIBACTCSH, 4YTO BCKTOD KPUBU3HBI
KpWBOM B TIOANPOCTPAHCTBE ODODIUEHHOTO pPHMAHOBA IPOCTPAHCTBA (T.€. IIPOCTPAHC-
TBA C HECHMMETPUYECKHM OCHOBHBIM TEH30POM) BBIPAXKAETCH TEM XK€ CIIOCODOM Kak
9TO ObIBAET B ODbIKHOBEHHOM PHUMAHOBOM TIPOCTPAlCTBE. M3-3a HECUMMETPMHM CBS3HO-
CTH, MOXHO OIpPSAENUTh YEThIpE POJA KOBAPUAHTHOM IpoM3BOAHOK TeH30pa [2], [3].
[nst BeKTOpa KPUBM3HBL KPHMBOM ITOAYYarOTCsA ABE IepuBaumonusble Gopmynsl (2.17). Uc-
MOJIb3ysl PaHbLUC NOSIYYEHHBIE TOXAeCTBa TUNNa Puyuu (2], [3], Dony4aeTcs WECTh yCilo-
BHU MHTErPUPYEMOCTH 3THX ACPUBALUMOHHBIX GOpMyIl. 3 3THX YCHOBHMHE NPOU3XOLAT
ypaBHenus turma aycca u Ilerepcona-Kopauum.

B xonue paboThl pacCMATPBIBAKOTCS CIEUHATBHbIE CNyYay, KOIAA KPUBasi aCUMII-
TOTMYECKAS HIIM TEOAEL3UHYECKAs JIMHHMS NOANPOCTPAHCTRA.

0. Beaenne

[ycts V,, 0600uLeHHOE pPUMAHOBO TIPHCTPAHCTBO C XKOOpAMHATamu p*
, ..., N) M HECUMMETPHUYECKUM OCHOBHBIM TEH30POM g (a4, dy,). TloA-

o7

NPOCTPaHcTBO V), mpocTpancTBa Vy (M < N) onpeneneHHoe ypaBHeHUssMu (CML[1])

(0.1)

yroeyt(xt o XM (rang (37) = M < N)

a ero OCHOBHBIL TeH30p g; TOXKEe HeCUMMETPHYECKUH, NP 4em

(0.2)

x B o
Uyg Y, i V,j= yg i 1 =8

rae 3amsrass 0003HayaeT UYACTHYIO IPOMU3BOLAHYIO, HA IpUMED, MMeeM

oy o 0* y o o
=)=t N Yoii=1tij-

l'. i . - 3
Oxt 0xJ

ox! ’

Cumsonbl Kpucrtodgesnss npocrpaHcisa Vi

(0.3)

(0.4)

. 1
1 ‘
J- .53y 2 (a;m,-: a_@r{,a : [/:7,*(,,6)7

NELE )

T
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rge o 00O3HAYAET CUMMETpUpPOBaHMEe MO OTHOWeHHIO K o, w. B(0.3,4) umeem
HECHMMETPHIO MO OTHOLUEHUIO XK MHAekcaMm (3, v.

Ecnu N(“p) eJUHUYHLIE B3aUMHO OpPTOrOHAJIbHBIE IAPYr X APYLY BEKTOPBHI,
KOTOpble ToXe HOPMalbHBL K Vy,, OyaeT

(0.5) Aoy N, N(G) ) 0 (€)= £ 1), @y N7, tf=0.

3ameTuM, yTo B 3TOH paboTe IPEUECKUE MHOAEKCHI TMPHUMAIOT 3HA4YeHUs OT 1
a0 N, a maruHckue oT 1 no M, rpedyeckue HMHIACKCHI B CKOOKAaX NPHHUMAIOT
3yadeHuss or M+1 no N.

Bcreactsue HecMMMeTPHYHOCTH CuMBOJOB Kpuctoddens, MoxHO omnpejie-
JIATH 4YeThIPE POAA KOBAPUMAHTHOM IIPOM3BOJHOM IJi TeH30pa B 0000IIEHHOM
PumanosoMm mpoctpancTse [2], [3]. Ha npumep

(0.6a) fl = tim+ Dot 7 — i 15,
(0.6b) /,[,,, =t Dyt £ =Dt £
(0.6¢) t?l m=tom+ Uy tf =T 15,

(0.6d) r,',,, tim A Dot ti = Tha ty,
(0.74) Nfénlm Ney % Negyom |+ Vit Negy,
(0,7b) Nz"p)é,,, = N&, = Ny + Tk 1 Ny,

Mcrionb3ys yeTsipe popa KOBAPUHAHTOM MPOM3BOLHONK IMOJyYAIOTCS YeTbl-
pe poga HepMBallMOHHBIX ¢Gopmyn (em. (16) u (37) B [4]):

(O.Sa) tz] m= (I)mz pt % ‘?(o) im N(Cg)’
P

o ps o
(Ogb) N(G)(i)"l = é')(cs') g— %(G) s tl’ ua z‘ Ll (96) m N(O)’ F(GG) mo 07
e

rae 0=1, 2, 3, 4 o3HauaeT pPOA KOBapUaHTHOM npou3BonHoit. CorjacHo
(0.7a,b) yTBepxIaercs, 4TO

(0.9a,b) Qi) = Qe Leery = Lopy
) 3 2 4
(O . I Oa-, b) ‘P(pq)nl = ::Ef.(pc)[n: %ﬁ(pc)m = T‘(PG)I‘H’

a corjacreo (48'), (24') B [4]

~mid
1 1

(01 1a,b_,C) (I){Im = (Dillln @ (Dlm (Dlm + 2 szs (I)lm - q)l(i'l -2 I‘ﬁin-
2 3

4 t s
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1. BexkTop KpUBM3HBI KPHBOIL

PaccMOTpHM B MOAMPOCTPAHCTBE BEKTOPHOE IOJE ¥ C KOHTPAaBAPUAHTHBIU
KOOpIHHATAaMHK V* TO0 OTHOWIEHHIO K y* W u' mo oTHomeHuro k x'. Torga

(1.1) Vit

Ananoruyto (0.7a,b) umeeMm

oL fo ¢4 [e 4
VIi="Vii, Vii =V,
1 3 2 4

¥ MOTOMy MOXHO paccMarpusath vj; At O=1, 2. Cormacwo (1.1) m (0.82)
o

Oynet

(1.2) v =t ] u = [OF th+ B Qs Nioy -+ 15 1)
b 0 0 o o 0 6

[lycte BekTOpHOE MMOJie v OIpeHesieHHoe BHOJNL XpuBoit C B V,, VYMHOXNM
dxj .

IpeauIecByIOLee YpaBHEHWE Ha 0 rae s nyra xpusoif C M 0003HAYHM
p)

o dxJ ; i dxJ

g =vj—, p'=u; — (O=1,2),
i) 0 ds o 0 ds
T.e.
;iodx] , i dvi  dui o dxi
1.3a Py i — =) ) — ="— 1"y =,
( ) {) i ds (u’J P ) ds ds P s
. i dxi dui i dx
1.3b Py = LD
( ) 5 2“ ds ds » ds
J dxi d B
(1.3¢) S Ry (S 18 P T yr ¥
1 1 ds s d.
: dxi  dve dyb
(1.3d tm = xR T
( ) g ,2] ds ds fore ds

Teneps ypaBHeHue (1.2) MOXHO HamucaTth B BHAE

dxJ . \ . dx
(1.4) q*= @5 12w — +p 17+ B Q0 == Ny,
6 0 ds 9 e 0 ds

BexTopet g%, p' SABISAIOTCS UPOM3BOAHBIMHM BeKTOpaMH OT BekTopa » BHOJL C
0 0
O OTHOWIEHMIO K Vy T.e. V.
- odx! . .
MycTe Temepsn u‘=(7 , T.e. myCTb v Oy/JeT €IMHNUYHBIK BEKTODP KacaTeJbHO#
2
x xpuBoit C. Torpa
cdxi oy o dX dx
(1.5) O 1y = =Dty — = =0
) ds 0 ds ds

2

MOTOMY 4TO corjiacHo (24) B [4] Tensopnr @] aHTHCUMMETPHYECKHE MO OTHO-
0

IEHHI0 K 1, j.
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Ha toM ke MHODOOOpasum, Ha KOTOPOM oOrnpedeiieHHoe 0006ieHoe
PUMaHOBO TIPOCTPAHCTBO Vy U €ro mOANPOCTPaHCTBO V), MOXHO ONpenenuTh

OOBIKHOBEHHOE PUMAHOBO MPOCTPAHCTBO V) M ero moANpOCTPAaHCTBO V), uc-

i/M oyayt [y n Ti. Tlycte K HopMaibuas kpuBu3Ha XpuBoit C, cOOTBeT-

cTByfOlLast HopMaie Niy, Qy; KOeDOUIMEHTH! BTOPOIl KBAaAPATHYHON GOPMEI
g Vg, g% PP BEXTOPHI Ha XOTOpbie B Vy, V), CBOOATCA BEKTOPHI ¢* COOTBET-

BEHHO p'.
0

oy dxi dy»

. - dxi -
st wi— "= Gymer v =1/ ui = - n u3 ([.3a—d) nonyuaercs

ds oxi ds ds
. dixd iodxPdxd iy iodxPdxi . di iodxPdxi
(1) p=T0 T, g Sy S, Sy
) ds? ds ds  ds? ds ds 2 ds s ds
14 dlya X dy'ﬂ.’ d){j
(1.7) R q*,
i ds? ~ds ds 2
a kak coryacHo (22) B [4] Qg =Q),;, To moyyaem
0
Ixt dxi dxt dxJ dx! dxi
1.8 Q. FEE g BT =K.
(1-8) 0 @9 s ds 0@ ds ds OV s ds e

. d -
CrnenosartesibHo, s uf ;\ , Beaencteue (1.5-8), ypasnenue (1.4) mostyyaeT BUA
as

(1 Q) S/q ) ziq /)i X K(o) N(o.é) q%,
e

T.€. NMOJyUAeTCAd TaKoe Xe BhIpaXkeHUue KaKk B OOBLIKHOBEHHOM MPOCTpaHCTBe Pu-
MaHa (eM. yp. (12°) B {5], § 92). Hanomuum, uto B (1.9), ¢* BEXTOp KPUBU3HBI

KPHBOM, KOTOPBIA pa3fiaraeTcs Ha KacaTeldbHyol 1] p! (BEKTOp re00e3U4ecKoif Kpu-
BH3HBI) ¥ HOPMAJIGHYIO KOMIIOHEHTY % K, NE, (BEeXTOp HOpMaJIbHOW KPUBHU3HBILI).
<]

2. JlepusanuonHas (GopMy/ia BEKTOPA KPHBH3HbI H YCJIOBUSI HHTEr PUPYEMOCTH

2.0. Oupdepenuupyst xosapuauTHo (1.9) n mcmosmssys (0.8), nosyyum

o ; Pog e o ,
q,m "‘Iiylmpl ot Piom- ZK(C)‘I'H N(/lp) 'TZK(Q) N(ip);m ==
73 7 P " o "

[

P [(l):”, f:I 2_‘4 Q(p)i”, N(’yo)] /)i «} . Z\OC /7'5|.m . 2 K(.:),l)l N(Z)) ,
L S [F1 e
ol rs x ) o
+2 K(.D) [~ CeyE— Q‘(Q)rm fo+ 2 1F(Gp)m Nl
9 o G W
T.C.
(2 l) q(iz"l - [(])';.,,, /7‘. +[)-’&")’ — % K(.s) ) g~ Qlﬁ)rm] z-;x -
& 1% 4 e 12

~ ; <t . o
+ 2‘ [‘g)(p)im /7' + ‘K(p),m + Z‘ [<(o') 1Ij(,w)m] N(Q)v
o U o "
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0K(; .
rae Koy = Koy.m= -»~)~@- KOBapHanTHLIA BekTOp. Dopmysy (2.1) HasbBaem
1 ’ oxn

depusauuoHHoll  hopmyaoil sekmopa kpusuznvl Kkpusoii C' TOALPOCTPAHCTBA Vs
Booast o603mavenus 5

(228.) A/:z : d);;m Pi I ]9.'\.171 E € K(p) g"_ Q(.»:) roa

L Y o e |9
(22b) B(.c)m = Q(p)in:pi + K(o),'” + 2 K(o-) 11)*(”) e

o 2 o 1
ypastenne (2.1) nojiydaer BHUAI
(2 | l) ql’y'm o A‘:.u f.? - b B(p) " N(O;)'

W n o u
[Mockonbky
(2 2C,d) (I!’lm == qrm, ‘I?m q!mm,
3 ] 4 2
TO OyaeT
5 S M A

(226-h) Am = Ama AI'H = A””’ B(a) m= B(p)m’ B(p) mo B(P) mne

3 1 4 2 3 I 4 2

IMpyMeHsist KOBAPUAHTHYIO Hpou3BOAHYro poma v&{l, 2, 3,4} no x" na
(2.1") n ucronp3ys (0.8), mosyuum

s’ s . R 4 R4 %
(llej n :A»;';a\/z 13’.'/4;;1 /‘_\"Il . ZB(Q)”I|H N(p) : ZB(Q))” N(p)} no
v e u v

Uy Y . v e W

s o S P L% .
= Am | n TZ + A [(J-)-{’H Ip- 2 g‘2‘(.0).3‘11 ]V(O;)] +
v o v

. . v

24 A > rs % TP o
+2Z By n Nioy + 2By [— e & Qoymls + 2 Yooy, Neols
V) G v

S = v
T.€.
o § P " %
qimin— [Am fn™ Am (]-)/m - X € g); B(p)m Q(:‘) rn] fe -
14 v v e n v

Y] 0. L {

s ) oy
-1 2 [A”'l Q\D) sn |- B(p)’” in 1 p2 B(rr) m 1:[ﬁ(pa) n] N(P)'
o v W, v v

G

OTcrona mnoJryvaercs

@ % Rt s P P oS
(2 3) g min—Gn m= {Am ‘nT An o 4 Am (D/)n — An (D/)m -
uov Yo voou

U, 1 vV Voo U Y

] 5 0
2(;)rm] } I

v 7

=2 €z grv [B(r‘z)m Q(p)rﬂ B(;)n (
¢ " v

'y Al E N , N ur TR ° x€
4 2 {A " g)‘(::).\‘n — A, g)‘(p),\‘m T ]3(.’«)'” tn T B(D)" pmo % [B(c)m t (oln B(G)n W (Dc)m]} N(P)'
o v DT 1 v D) " g W \ Y 1.

©
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[Tpumenss Toxmectsa Tunna Puauun (7), (11), (56) n3 [2] u (12), (13),
(46) w3 [3] x BexTOpYy ¢* HMeeM

(24) ’ q@o(mIn—“ ([r\zn|m :R;/r'lwqﬁ t;LrLz l;'z_‘z Fanq(Tu’
1 [ l N
(25) q?nzln' ‘q'lxnim' ‘ Ra;r,uv qﬂ 151 l;:'l Pmﬂ qrtu s
2 2 22 2 2
(26) q(lxm fn~~ er'n |4 = Ri‘rrmn qn,
1 2 21 3
(27) qf;713|n ql ﬂ\m = ]IQO;TU.\J C] fm f,, +2 Pm" C]] "
(28) q?xm!n q|n!m"'—Rnu;q Im fn I.‘mn q|m
4 4 N1
(29) qrm |n— C]|q'n Im= -Ra‘r.mn (In,
3 4 43 4

rge mn O0O3HAaYyaeT AHTUCHMMETPHUPOBAHHE 1O OTHOLICHUIO XK M, H. Besmuunbt
v

(2 10) l {3u.; = r Bu,v ™ ng, " + Pgu Pg\:v - Pg\) Pgu. >
(211) RBUJ FU@ v Pjg,_u+ FZQ Pffn~PfB Pin

TEH30pbl KPUBH3HBL IIPOCTPAHCTBA V), 4 BEJINYUHbI

(2 12) 5%”171: (Fgu, v P?;(B,u. + Pgu Fzrr - P)B -ru) tnt Zn i 2 P LL () IJnm - an Z‘p),

(2- 13) :tRaan = (Pgu v L 36,11 + Fﬁu. er F}B Fgm) tm ln +2 FBU, (y mn mn tp)

TEH30PBl KPUBHU3HBI IIPOCTPAHCTBA Vy TO OTHOLIEHMIO K MOLMPOCTPAHCTY V.
COOTBETCTBEHO TPETLErO M 4YeTBepTOro poaor (cM. [2], [3]).

2.1. Ecnu mpaByio CTOpORY ypaBHeHus (2.4) /yuntsiBas (2.1")/ mpupaBHUTH
K IpBOH CTpOHe ypaBHeHHA (2.3), MPEABAPUTENHHO 3aMeHAS B IOCJIEOHEM
w=v=1, MONYINUM Hepeoe YCA06UE UHMEZpUpYemMOcmuy JePWBALMOHHON (Hhopmy-
abt (2.17)

(2 | 4) R(x w([ tm fm -2 1ﬁmn [All f + Z B(o)u N(O)]

A

IPL: s P S P RS rs o,
: l‘fi””l" - ";1" |l'" + *’14’" (IDIJ” - "]4" (?Pm - 8= € [‘IB(D)m 9(,7):‘/1 - lBi'p)n S)l(p)rm]} Is =
e

{ s 3 a
+ Dy V?m 9(@).\71 - ’:l" gl)(,o).vm + lB(p)m ]| n— l];(p)" |lm + % [IB(G)m I'l{/.(pc)n - IB(G)n \IF(pG)m]} N(P)
@ o]
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YMuokas mpefplaymiee ypaBHeHne Ha d,, 1 yuareisadg (0.2,5), monywaem

G o=y u $
Rgam_,_y f/: (/ Im fn - 2 Pmn Au s
1 ~ ] :
(2.15)

= (Al;l |n— AI\I | 1 A)/))T q);7n - A (D/JMI) ghs
11 1| 1 |
- 2 ()(p) [‘B(:)m ‘Q‘(Q)hu o B(p)ri Q(p)/un]'
o) | 1 1 1
Ecnu yMHOXUTL ypaBHeHve (2.14) Ha a5 NP

(2.16)

, W yuecT (0.5), T0 nonyyaercs
B 7Ty ?
‘RBTEII.‘J N(';,) q Ty Ty 2 P/:m ()(/p) B(
|

’,’2)11
1

) LAm Q((p)sn ’f” 9&0).\'171 + 1B(’$)'”I| no 'ZI;(',O)" | - 2’ [B(G')l)l b (w)n B(c)u P(0(-);;1]

2.2. Hloactasum B (2.3) w==v=2 u ucnoibdyem (2.5), (2.1"). Taxum 06-
Pa3’oOM TIOJy4aeTCHA GMopoe YCAosUe uHmezpupyemocmy NePUBANHOHHOK (pop-
MyJbl (2.17)

k4 T Y i s N o
(2 I 7) chuv C[ fm ,ﬂ I‘mn [Au /\ |24 B(p)” ]v(p)]
2 N2 o 2
s s
{Am ‘n Au| 5' m (D/)n *
2 2 22

rs
(I)/)m % € 8 [B(p)m Q(.c)rn 'B(c)n ‘g“(o)un]J Is
2 2 2 <) 2 2
) § s AT p U ag
P> {A”' Q(p)sn Ay £2( Yom 1 B(’ oy ” B’ )”I”' 1Y [B(G)m | GZodn B(c)n W (.oc)m]f N(.O)'
s 2 2 2 2 5 2 2 2 2
Ecimn 310 YPpaBHEHHC YMHOXHWHTHL HL d,, 73, TO TIONYYUTLCA

(2.18) ];m«u.v gt tn--2 ]-—‘:::/n /;1: s = (Afnln A;z|,,, | AIIL (I)/)n
- A me) &hs — Z ¢6) (B Gom = Bow Loml
a4 YMHOXeHWeM Ha a,, NP
(2.1 9) rhu, N(y) (/ tm i 2 F:i:rz €(y) B(qa)u o
2 v 2
Cly) lA'” “;('P)sn ’g; ?(@)xm T g(@)”'iz" - @(v)" m % [B(f*)m I (9o B(c)n F(@f:)m]
2.3. Ecau B (2.3) 3aMeCTUTh

-1, v =2 ¥ ucnonas30sath (2.6), mosydaercs
mpemose YCAOBUC UNMEPUPYEMOCIY ePWBALMOHHON dopMyitet (2.17)
(2.20) Romn q”

(s NS r N
'[Am In =" An l | Am (]’)/)Il - An (D/)m -
3 2 2 1

o
- 2 € g [B(p)m Q(p))n lj(p)n Q(p)rm]} Is
- 2{
¢}

22(9)m A g"(p)sm + B(p)mln B( )"|"7 + 2‘ [B(rr)m LI (oI B(O')n 1(@6):11 }N(p)

6 Facta Universitatis
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VYMu0X)asg 3TO VPAaBHEHUE Ha dup IB nmojiyyacem
(221) Rﬁmnn Iy qﬂ = (A:nyz - A; | m 4 Afn q);n n AL) q);)m) Ehs —
3 1 2 1 1 2 2 1 '—
- % €() [B(P)m ‘Q(p)lm N B(;:)n ‘Q(p)/nn]’
o) 1 2 2 1
a Ha ap Nf,

(222) RBT’mn N(»p) (] e(ﬁ) {A’” ‘gz(&)sn A” ﬂ)

wysm ‘

5 - -
- B(@)m fn—" B(<P)” | m + 2 [B(cr)m ¥ {0a)n — —B(c)n 1 (qocr)m]}'
17 2 e 1 2 2 i

2.4. Eciu npupaBHWTH IIPaBYIO CTOPOHY ypaBHeHMst (2.7) M npaByrOo CTO-
poHy ypaBHeHKS (2.3) ond w=v =3, TOJy4aeTCs yemeepmoe YCA08Ue UHMe2PU-
pyemocmu NEepUBALIMOHHOR (opMyist (2.1)

(223) }Fxﬁu.v qﬁ tm fn +2 F:m [AY l? T~ B(p)” N(p)}
— {A:§| n;‘ Afzém T 1;1111 (P Ap (D,;m 2 e(p) g [B(p)m Q(p),” -?(p)n 9(9)””]} 7.\0-( e

{ s s o o
2 1Am Q(p)sn — An ‘Q(p)sm + B\p)m |7 B(p)" |m 2 [B(G)m 1F(pc)n - B(o)n ks (pcr)m]} N(P)'
e 3 3 3 03 3 3 3 3 c 3 3 3 3

Coruacto (0.9a), (0.10a), (0.11b), u (2.2e, g), mpenplaylliee ypaBHEHHE TIPUMET BH/T

-R TOLY q tm t - {An|m Ail|m + A)I;z (q);)n -+ 2 ]-—‘;n) - AI;: (q)f)m + 2 1—‘]S)‘m) -
1 1 I 1 v 1 1 v
‘1
- Z € g [B(p)m Q(p)p n B(p)n ‘O(p)rm] + 2 FIUN l’f t? +
j K N , i

+ 2 IA'“ Q(p)sn — A Q(p)sm + B(p)m |7 B(p)” [ 77 2 [B(c)m IP)(pfr)n - B(c)n b (pc)m] +

o 1 1 1 1 1 2 1 2 s 1 I 1 1
+2 10 Byt Ny

A\

BelyucneHHEM OTMEYEHHBIX KOBapUAHTHBIX IPOMU3BOIAHLIX M YNOPS/IOYEHHEM
IpeABbIAYIIEro YPaBHEHUS, IOJIydaeM

R LY 6] tn (Am n- An - 2 i ]1.1)71 2 Ap Fpm E 5;1 (I)pn A q)j;l)z -
1 1 1 1
(2231) - Ap P”P + A Pfﬂp 2 €©) g [B(p)m Q(p)ru '?(p)n gll(p)rm]} 130'(' +

-l S Ay - . o
+ X {114"1 9(9)&1 - "iI" ‘?(p)sm + {;(p)m, n IB(Q)”’ m + % [*?(c)m Illﬁ(pc)n - ?(cr)n ?(pc)m]} N(D)'
P P
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C npyroii cTopoHsl, 43 (2.14) Takum XKe cnocoboM monyyaercs

T U s s s
(2 1 4/) lexrw,v q tzkfl I,; Am n 'Au,m ™ P])Il Am - Fpmlfl A (I pr"

1 1

P RS rs o
— Ax (DIJ’” -2 €y & [’B(p)m Q(p)rn - B(p)n Q(p)rm]} Is +
1 1 I} 1 1 1 1
45 s N . w7
+ X V;I’” 9(9)5:1 ’?” ‘Ez(o)wl B(v)’” n tl;(p)”v mi z [?(G)m 1fﬂ(pc)n - llg(c)n I?(pcr)m]} N(P)'
e G

Berunrannem (2.14%) ot (2.23") monyvaetcs
[fiﬁz (me up) A (T‘pm - fnp)] ‘t.?:O
T.e.

(2.24) A P;,m A”

V

a 3TO 3HAYHUTBL 4YTO TEH30D

(2.25) A = An Lon

t

CMMMeTpI/I‘{eCKMﬁ MO OTHOWIEHHMIO K MHACKCAM m, M.

Urax, ypasHenus (2.14) u (2.23) paBHOCUIBHBEL M B cuily (2.24) ceogarcs
x (2.14).

2.5. U3 (2.8) u (2.3) ang y=v=4 nouyyaem nsmoe YcaA08ue unmezpupye-
Mocmu AepuBaAUMOHHON dopMybt (2.17)

(2.26) R @ ton tn—2 10, (A4, 3+ % By, Nigy] =
2 v o4 p 4
{48 1 40
' l‘f’é‘”‘k” ;4"4‘"1 + fgl ?;'1 ’441) (DIH” 2" () g- [B(p)m Q(@)rn lj(.o)n %(P)rm]} 5 -+

DR [ [v4
+ 2 {‘f:’l S}'(D)sn A ‘Q(o)sm + B(p)’” ' R B(”)” | mt 2‘ [B(c)m P(pc n f(c)n 1f(,oc)m]} N(P)'
&

Mone3ysace (0.9b), (0.10b), (0.11c) u (2.2f, h), mpensiayliee ypaBHeHKEe MOXHO
HarcaTh B (popMe

YRmrc\u,v Cjﬂ tffv. 7(;1 {AI‘H |n— Afzf m ] A)I;l ( - (DZH T 2 P[jn) - A: ( - (I):)m I)m) -
2 2 4 2 4 2 1 v 2 1

- rs VP .
— X e(p) g [‘QB(p)m ‘22(;)“1 B(p)n gz(p)rm] (4 I‘ ”” I)f Z Z 12 I ”7” B(Q)p A

P

+ /3;' g‘z(msn ‘( (©)sm + B(o)’”l" B(o)” [l 2‘ [B(C')m P (podn B(G)n ‘5[ (pc)m]} N(@)’

l\)

6*
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T.C.
s ‘ P s
R LY (] fnz tn - {Am n An ni 2 Pnp Am Ant Ppn' 2 1—1/11/) An i An 1—‘/)m -
2
’ D s P AS rs 1 L%,
(226 ) — A, ('[)P" 4 An q)l-"” -2 €y 8 [B(:/)m Q(P)r/z X B(P)n ‘Q(&)rm]f Is -+
2 ! 2 1 o 2 2 2 2
S E L s , N N %
2 ‘LAm (-2(@)5” — A gz(p)s,” - B(p)m, noT B(p)n, m T 2 [B(c)m q:-ﬁ(prf)n - B(G)n IIP(,ca)m]j' N(P)'
¢ 2 2 2 2 2 2 om 2 2 2 2
Ecnu npuMednTs nmpelsiayuii comocob na (2.17), TO mosyuaercs
ruv 6] l,,, fn - [Am n l T‘IT/) m- A:I m oL m[) Aﬁ = m ([) ph AZ q);).m
2 2 2 2 1
g o v rs 1,7
(2' L7 ) -2 € & [Bi(p)m ‘(g(o)rn' lf(rz)u %(o)rm]f Iyl
S - 2 a4

! ‘|’ N Ny \qr ) 1 X
| 2 LA/” g"( S)Sn 4 9 e)sm + B(,z)m n lzg(p)n, m " 2‘ [f(c)m :E(po)n - 123(0-)11 \sz(pc)m]} A/(P)'
2 22 c 2

p 2
Berumtas (2.17") or (2.26"), nojy4nm
{AIIIPII/) AII; Fmp} ts = 7

OTKyIa
RSN T
(2 .27) m 4 ﬁII/) - A 1/H/) b
2 v v
T.e. TEH30p
. i P 7
(2.28) A=A Ui
2 2 v

CUMMETPHYECKHH MO OTHOILUEHUIO X MHaekcaM m, n. CorjacHo (2.24,27) BUAHO
4TO TeH30pPBI

Af?m = Aﬁ;z ]-‘]im (LU' = | 5 2)

3 [ v

CAMMETPHUUCCKHE 110 OTHOLWIEHUIO K /H, H.

Wrax, ypasHenus (2.16), (2.26) paBHOCHJIBHBIA 1 B ciiy (2.27) cBoasrcs
K (2.17").

2.6. Cornacno (2.9) 1 (2.3) nag p—3, v=4, 10JyIaeTCs wecmae YCA0GUe
UHme2pupyeMmocmy JepuBauMoOnHou dopmyiabl (2.17)

Do b s s P § P A
R mmn g = {Am i An | + Am (I)pn - An (I)[)m -
4 1 4 23 1 4 2

a
J

(2.29) - € & [B(O)m gz eyrn f(o)n ‘(zz(p)rm] } ty

©

5
+ L {A"’ ‘("‘(o)?n ’24" Q(p)sm + B(p)'” ln~ B(p)" m 2 [B(cr)m ‘1 (codn B(c)n t[ (m)m]f N(P)



O BeKTOpe KPUBU3HLI KPUBOU B MOANPOCTPAHCTBE ODODIIEHHOTO PUMAaHOBA . . . 85

Ecav 570 ypaBHeHMe YMHOKMTB Ha d,, !, HOJTyYaeTcs

R

S~ mn

t/? qﬁ = (A;n \ n Afz | m I A{; (—D;n o A{JJ (I)Isim) g]—,_g -
I 4 2 3 ) 4 2 3 -

(2.30)
— 2 €(o) [B(Q)m Q(o)lm - B(p)n Q(O)hm]’
[ I 2 2 1

4 eClM YMHOKUTH Ha duq NP

SR i {4 $
Riremn Nioy 4 = € \Am Q)5 — An L (gysm +
4 1 2 2 1
(2.31)
+ ‘?(@)’” fl” - JZB(G’/)”:!Z’” 1 %‘ [€(G)m 11:)’(@0_)” o ‘g(a)n qlﬂ(tpc)m]}'

3ameuyanne. Ypasuenust (2.30, 31) xak M COOTBETCTBYIOUIHE YpaBHEHUS
II0lyHarOLIKECH M3 TMPEABIAYUIMX YCIOBUM MHTEIPUPYEMOCTH — YPAGHEHUA MUNNA
Taycca u Hemepcona-Kooauu.

3. Ocodbie ciayyau

3.1.0. Ecou xpuras C, BEKTOP KpHUBU3HBL ¢* KOTOPOM pacCcMaTpHUBaEM,
acumnmomuyueckas auHus B Vi, Torpa K,=0, gug p=M+1,..., N 1 oTcrona
u oT (1.9) u (2.2) nMeem

(3.1a, b) Kiy=0, ¢"=1ti p',

(3.28-, b) A:n = (D;'iu /)i “I"p?"l? B(p) = Q(Q)impi'
YA "

1 {4 A

3.1.1. Ilpn mpenblayliux YycaoBUAX, T.e. OIS ACHUMITOMECKOH JIMHWH,
TIEpBOE yCJOBHE MHTerpupyeMoctu (2.14) nmpunmmMaeT BUZ

]Izaﬂu-v t? pi t;!)j; t:: -2 PIL:m [( (ll);u pi +])i:u) t? a8 % ?(D)iu pi N(O:D)] =
h 2

i 1
b P
1

s s s i 5 r i r s
N (I)irl. i (Din [)| m _Pi n|m + ((I)im pl +p[m) (Drn -
11 1 11 1 1 1

S0 i B L
= (I)im | npl -4 (I)im —5—[)
| I | L1 1

W ; v ¥ rs i j @
- ((lb in P! +pl| n) (Prm — 2 €y 8— [Slz(c)im P g(o)rn - 9(0)1’11 ./)l (ll(o)rm]} Is -
e

o f N : 5 s : § ;
+ 2 1((?”'" 4 +p|1’”) '(12(9)511 - ((Pi" P +P% ") 9(9)sm i

o

. i : i

-+ glz(p)if”l! n P+ ‘(‘I)‘(o)im pl‘ n ‘(;‘)‘(Q)in |]m D' — g‘;‘z(p)inpg’” 1

— : ST ’ @
! 2" [9(0),‘;”[)' l}{'(pc)” - 9(0)1’:1 pl ?(pc)lvi]} N(P)'
a
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Tax xax cormacuo (7) B [2]:
N 5 s ] r 5
Pimn—Plajm= Rimnpl =2 anp | ¥>
11 11 1 vl

TO Ipenprayliee ypaBHCHHE, ITOCHE BBIMHUCIIEHHS KOBAPUAHTHDLIX I[IPOM3BOIAHBIX
W YOOPAAOUCHU, TIPUMMET BUI

Roimv tlf—Z ti)n t;; pi = {Rsimn + CD.EHI, ¢ e (D;vn,m + (D:"m Ffu - (D;"n Ffm -
1 1 1 1 1 1
- (D.:"m F;"n ‘f‘ (-D:n F;n ”l‘ (Dtrm + q);"n . (D:?l (Df:m +
1 1 l 1 | 1
RN ¥ R T T &
(3.3) T2 66) & [Liowim Qrrn = v Barnl s DL +
4]
-2 D5 Qv = Do Qv+ Licrom 1 = Lvin m -
Ea im =2(o)sn in2e(@)sm ™" =(e)im, n (©Yin,m "
o 1 1 11 1 1
r r Vo art
|- Fi’" g3‘((3))‘11 - Fi" ?(p)rm =+ ) [?(c)im 1?1(90):1 - %2(6)1?1 1?(06)1;1] fp‘ N(P)'
o]
3.1.2. Ipyu ycnosusx (3.1.2) ypasuenne (2.17) mpumer BUZ
Ramw z:.": lsz t;\; pi = {Rsimn "“ (I)?n,m - q)?;n, n "|' (I);m ]—‘Is?r - q)lr'lz Plsnr -
2 2 2 2 2 2
’* (1')-'\.'“] ;1: - (I)fn Fr)zi 1 ®;’Fm (D:n, - (D::Il (Dim -+
2 2 2 2 2 2
;S rs ; O
(34) + 2 OR: [Q(Q)im ‘(-Z(O)m - Q(p)in Q(O)rivt]}pl Is -
e} 2 2 2 2
S ¥ S 3 .
+ 2 1 q)im gz(n).m - q)f" Q(@)xm + Q(p)im,ﬂ - gz(@)in,l” +
P 2 2 2 2 2 2

v R Al K - ; [#4
+ F’ﬂi gl(p)rn AT ‘(‘é)‘(p)rm + 2 [gzz(cr)im 1'];ﬂ(prr)n - gzz(c)in. %P(pc_)m]} 4 N(O)>
a

UTO A0Ka3bIBAECTCS TakuM dKe Cmoco0OM KakK B IpEIbIAYIIeM CJlydae.

3.1.3. VpassHenue (2.20) npu ycmoruax (3.1, 2) Oyzer

fed L I N e s i s s ; s i
R o Li [)I ((Dim | np[ “{- (D[m Piu - []| mln (I)z'n.\m pI - (I)iu /);m -
3 1 2 1 2 1 2 2 | 2 1
s r ; r s ro; r s
(35) “"'pin[m “{”((Dim[)l ! plm) (I)rn'_(q)inpt’{‘p]n) (Drm_
21 1 1 2 2 2 1

oY » rs P 1 1 [od
-2 Ce) & [9(..0)/”1 I 9(9)1'” o %(p)m P 9(9)1'111]J Is -
P ! 2

N7 S s : :
S 'L((Di"l DA P m) Q(s)sn - ((I)i" P+ piyﬂ) ‘Q(o)sm + Q(D)im|n Pl +
o 1 12 2 271 1 2
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- i .
I gz(o)uupl no ‘Q(p)m' n [) gz(p)in pi“’- "

. i i x
! 2 [?(c)im Z)I g(oc)n’ gz(c)irz pl ]liﬁ(,,c)m]} N(Q)'

G

Tax xax coryacho ypasHeHHIO (56) B [2]

s $ N
P [min P\ rim R rann ])r>
12 21 3
1/ a¢
i ~i i P i p NP i ~i
(36) izjmn I Jjneon Fnj,m - ij Pnp FII_/ ]-11)171 -+ I mn (r/zi _lj/;)

TEH30p KPHWBH3HBI TPeTbero poda TOANpocTpaHcTBa V,, (cm. yp. (55b, 52) B
[2]), To ypasHeHue (3.5) MPHUBOAUTCS X BUAY

’ o T s [
(3 : 5 ) ]5 Tmn Tf P' - Rmm r inr|n (Dm { m (I)Im (Di n (Dm (I)rm -
: 2 i

3 12

X , '
- E € )g [£2( Yine p O(O)Iﬂ ‘g‘z(p)in pl ‘(I)(p)rm]f p[ t.? -+

. NEI Ky
- Z {(D,',.,, g‘)‘(p)sn - (I)i,, Q(p)sm. + Q(Q)im ‘n T Q(p)injm =+
o I 2 2 1 1 2 2 1

+ E[Q‘(G)zm P(oc)n (c)m P(oc)m]Jp N(P)

3.1.4. Kax Hamu ycTaHoBJeHO Bomimie, B 2.4., ypaBHenus (2.23) u (2.14)
pPaBHOCHNBHBL K 00a cpojdTcsa X ypasHenuio (2.14'), a ypasHenue (2.14) npu
yeiaosud K ,~0, T.e. npu ycinosusx (3.1, 2) ceomutcsa x ypasHenuio (3.3). Uz
3TOTO CHeAyeT, YTO B Cllydae ACHMIIOTHYECKO# JMHMM ypaBHeHue (2.23) cBoau-
Test k (3.3).

3.1.5. Tem xe cmocoboM xak B NpelbiayIeM CJy4yae, 3aKJIK4aeTcs, YTo
ypaHeHus (2.17) u (2.26) B ciyyae aCUMOTOTMYECKOM JIMHWM CBOASTCA K Yypa-
BHeuuro (3.4).

3.1.6. VYpasuenre (2.29) B ciydae acUMITTOTHYECKOH JMHMM IIOANPOCT-
paucTBa V,, IPUBOOUICA X BUIY

(3 7) »Ramnn T? [7[ : {(D?m | n j)i + (Dli?m p|ln ) {" me | n- (I)fll p[lm - («Dfrl | m P[ - pfu fm -+
4 1 4 1 4 1 4 2 3 2 3 23
Y o s r i 2 : S !
| ((]-)im P[ 'f‘l)jrm) (Dr:z - ((I)in P' ’{ [)IIII) (D;m - 2‘ e(;) g” [Q(p)fm Q(O)l‘n -
| 1 4 2 2 3 o 1 2
; % o y s s Y 4
- Q(a)x‘n Q(p)l‘m] pl} Iy - 2 {(CD"’” pp '”) Q(p)sn - ((Din DD ”) Q(p).rm +
2 1 [} 1 1 2 2 2 1
- L Y i
- Q(O)inl}n P Q(.o)im Pin— Q(D)i” e P Sy Pym +
I l 1 1 2 2 2 2

+2 [glz(c)im \Eﬁ(.oa)n - ‘9‘(6):‘1; \;‘E‘F(pc)m] pi} N(Cé)

o)
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Tak xax cornacHo ypasHenuto (46) B [3]

s K K s : Rs »

l)!'”i" — Pnlm= p|)11|11"‘ p_n m = rmn P s
I 4 23 3 4 43 4

rae

i i i Z28 ot
(3 . 8) R’jum ' I-—‘;m, n- "4 nj m T Pﬁn 11'10 i ]'—‘ilj Ppm i FIII)HI (Pp/ j[))
4

TEH30p KPUBM3HBI 4eTBEPTOro poja NoAmpocTpancTBa V,, (cMm. yp. (45), (48) B
[3], To npurnmast Bo BuuMande 1 (0.11), ypasHenue (3.7) monydaer BuK

, ‘ s s o
(3.7 R 17 P = 1(1):/11 P = (Din'nl[”' “Royun p’
4 3 4

roogS ; RS ; rooTy roos
: (I)im q)rn [)I - (Din q)rm [-)1 - 2 /)‘ m l rn = 2 p{u [ o
1 4 2 3 1 2 v

v

) v |
-2 Clo) 2 [u(o)mz 2 (chrn ‘Q(o)/n Q(o)rm] [-' "
p

“ N ; B S & : li
" 2 {( (l)i"l /)‘ }]7} '”) 9(9)5!1 ((Pi"' i p|2”) ‘(Jz(c)xm + ‘g?(p)i;n{n.pl + %2(.3)1‘1” /)[l” -
2] Fa 2

— gzz(p)iugnl /)i —

o I~
N

i Y 1 o d
“(2)in Pim T % [‘Q(G)im 1F(pc)n ‘gz(a)in LI/P(pc)m] plf N(.O)'
2 o 2 2 1
3.2.0. Ecimu kpupasgs C reopesuveckad JIMHUS IIOANPOCTpPAHCTBA, TOTAa
=0 1 u3 (1.9) u (2.2) nony4aercs

(3.92,b) PO, g% X Ky Ny,
@

. ¥ - AN 5 rs - O Ay
(3] Od>b) A"l = e Oy ]((p) g Q(D)rm’ ¥B(0)m = K(p), m -+ % K(G) P(pc)m‘
) i I o

4 L

3.2.1. Hon ycmosusax (3.9a,b) (3.10a,b) u Tak xak coryacto (14b) B [4]
g =0 mna ve{l, 2, 3, 4}, ypasueune (2.14) mpuMeT BUA

R tin 2‘ Kiy Ny 2‘ er1e™[2 1‘Zm £~<o>m Ky (2 F'[:m Q(p)' v

i
[ (G)rm no

~ \ ~i i U - AT A .
i Slz(p)rn, m g'lz(,:)um rn ‘Ez(p)un P"’”) + % K(G) (Sl')(p)rm F(pd)n - “(i)‘(o)l'll F(F’G)Hl)l -
c

rp ¥ { 35
K(O) 8- [(D/)/“ "[“( shrn q)l«’” gz(p)rm] ;1 |- 2 12 H ’“” K(H)A
Q
(3.11)
rs - ) T p )
+ )3 [g“ 6)(cs') K(c) (gl)‘(p)sm gz’cr)rn ‘glz(p)sn ‘gl)(a)rm) Tt K(c) (lljf (sodm,n — \lP (eo)n,m T
o
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+ 2 1?l(ﬁcf)s F"'\L’) + K(G) ,2 (lI; (te)m 1? (go)n \?(ra)n 1F(pf)m).]} N(P)'

3.2.2. — 6. Mcnonp3yst ycaoBuUsL WHTEIpUPYEMOCTH Kak B ciyyasx 3.1.2.

-— 3.1.6., nas p'=0 MOXHO HOJYINTH COOTBETCTBEHHbLIE YPABHEHWS AJISI Teo-
JIe3NYECKOM JIMHUMA TOJIPOCTPAHCTRA.
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O VEKTORU KRIVINE KRIVE U POTROSTORU GENERALISANOG RIMANOVYOG
PROSTORA

Svetislav M. Mincié

U radu sc najpre dokazuje da se vektor krivine krive u potprostoru generalisanog Ri-
manovog prostora izrazava na isti nagin kao $to je to u obi¢nom Rimanovom prostoru. Za
taj vektor dobijamo dve derivacione formule (2.17), kao i Sest uslova integrabilnosti ovih
formula. Na kraju se posmatraju neki specijalni slucajevi.
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