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OT U3JATEJBCTBA

Kuura T, Tlomma u [, Cere «3anaud ¥ TeopeMbl M3 aHaIu3a»,
BIEPBLIE BLIUEAIIAas HA HeMeUKOM fspike B 1924 r. u B pycckoM nepe-
Bone B 1937—1938 rr., naBHO yXxe CTasna HACTOJAbHOM KHHUFOft Marte-
MATHKOB, pafOTalOWMUX HIM TOJBKO KeJaWLWUX OBIdLEeTh HABLIKAMH
HayuHo#t pafottt B ofnactd Teopud ¢yHkuui. B 1945 r. ona Owiia
nepeusnana (¢dororpaduueckum crnocobom) B CLIA u B 1954 r.—
B ['epMaHun ¢ wucCnpasieHdeM HeOGOMLWOro yucia OMIMOOK M OMeyaTok.
JlAs HacToflero, BTOPOTO PYCCKOTO W3LaHUs NepeBoj Obl1 3aHOBO MPO-
BEpeH W OTPelaKTUPOBaH. B HEKOTOPHIX MecTax JaHbl AOMOJHUTEAbHbIE
CCHIJIKH HA MaTeMAaTUYECKYIO JUTEPATYpY, MOABHBIIYIOCA HA DPYCCKOM
f3bIKe MOCJAe BbIXOJA B CBeT MNepsoro HusgaHusa. DBce penaxuyuonHbIe
NpHUMEYaHus OTMeYeHbl 3Be3J0UKaMH, aBTOPCKHE — LHPPAMU.



PEIUCIIOBUE

¢HTo 3HayMT NpemogaBaTs? — IJTO
3HAYUT CUCTEeMATHUYECKH HOﬁy}{{ﬂaTb y4a-
IMMXCA K COGCTBCHHBIM OTKDBITHAMY.

(Cnencep)

B maremaruuecko#t nmrepatype (Bo ¢paHuysckoft eule 6Gonplie, ueM
B HEMELKOH) MMeeTCsd MHOrO, 4acTbl0 MPEeKPAaCHHIX W 6OraThX N0 MATepPHa-
Jy COOPHWKOB 3alay, YylpaxcHeHud, MOBTOPHUTEIbHBIX KYPCOB H-T. M. Kak
HaM KadeTcsd, HACTOMLIAs KHMrA OT HHX BCEX OTAHYAETCA CBOEY Iienio,
MaTepPHaJoM, €ro pacrnojioXeHueM, a TakKe MeTonoM paloTel HAl Helt,
KaK Mbl €ro MbICAuM. BCe 9TH MOMEHTH HYXIAXOTCS MOSTOMY B MOSICHEHUH.

[naBpefimrell wenbio 9TOR KHUTHM #BJAAeTCA npuoOlieHWe JHLL, BOCTa-~
TOUHO TMPONBUHYBWIKXCA B H3YUCHHH MATEMATHKH, K CAMOCTOATENLHOMY
MBILUJIEHHIO U HCCJELOBAHUI0 B HEKOTOPHIX BAXHBIX OOJACTAX aHanuia
TyTeM pellicHHs CHCTEeMATHYECKH pAacnoNoXeHHeX 3anau. OHa BO/DKHA
CNYXUTb I/ CaMOLEeATeJbHOr0, A4KTHBHOTO U3YUeHHMI KaK B PyKax yua-
IWKUXCA, TaKk M npenogaeaTenelt. Yuawmiica MOXeT MOAb30OBATLCA 3TOH
KHuro# aubo nas yraybaesuns MaTepuania, NMOJYUEHHOTO DU CaMOCTOSN-
TEJbHOM UTEHHMH HJM Ha JeKuuax, J100 He3aBUCUMO OT HHX, MOJHOCTLIO
npopadaTeiBasd OTleabHbie ee uacTd. [IpenonaBaTesb MOMKET UCNOALIOBATH
€e 1ad NOArOTOBKH YNpaXHEHHK MM CEMHHADCKUX BaHATUH.

Hacrosuaa xHura oTHIOED He npenctaBafgeT coOoi mpocrtoro cobpa-
Hug 3afay. [aBHoe 3axawuaeTcss B pacNONOXEHUH MaTepuajal
OHO LOJOKHO TMOOYXIATL 4YATATeNd K CaMOCTOsiTeNbHOH pabore W rpuBH-
BATL €My leJ/ecoo6pasHble HABbIKM MATEMATHUYECKOrO MblujeHud, Mot
AOTPATHAA HA JLOCTHXeHHE BO3MOWHO Oogee 3(PheKTUBHOIO pPaCMONOXKe-
HUA MaTepuata ropasno OoJblle BpPeMEHH, CTapaHud W CKPYNYJIe3HOH
paboTh, YeM STO HA TepPBHIHl B3rAfA MOTJAO Obl MOKA34ATLCH HEOOXOMMMBIM.

Coofuwenne psaxa HOBLIX CBeJEHMH MHTEpecoBano Hac camo 1o cebe
AWlib BO BTOPYIO Ouepedb. B mepBylo ouepelb Mbl wejaaaw Obl CHOCO6-
CTBOBaThL BbHIPAOOTKE Yy uyHTaTeNnss INPABMALHBIX YCTAHOBOK, H3BECTHON
LACLMONMHB. MBILUJEHHS, YTO [PH M3YYeHHH MATeMaTHKU HeoOXO[uMQ
ewe B QOabUIeH Mepe, ueM NPK M3YYCHHH LPYTHX HAayK.




NPERAHCJQOBUE 11

Ham He wm3BecTHBl kaxue - Obl To HM Ouino «regulae cogltandi» (npa-
BUJA MBILIIEHHA), KOTOPbIe TOUHO MNPEANMUCHBAMM Obl MbIUIJIEHHIO HAUGO-

Jee uesnecoofpasmbie nytd. Ecaum 6bl mopobubie mpasuaa H OblId BO3-
MOXHBI, BpPAd Ju oOHM Obin Okl OueHb NOJesHb. Haunyuiuue mpasuna
MBIILIJICHHsI HeJIb3% TMOJYUMTh KaK-TO H3BHe, HX HYYKHO BHpaloTaTb Tak,
yTOGB OHM BOILJM B IJIOTb K B KPOBb U NCHCTBOBAJIM C CHJIOH MHCTHMHKTA.
[TosToMy 1AAs DPAas3BUTHS MbILIJIEHUS LEHCTBUTEJbHO MOJNE3HBIM HABJAETCA
TOMBKO ero ynpaxHeHne. (CaMOCTOATeNbHOE pelleHHe TPYNHBIX H HHTe-
pecsbix 3ajay OoJblle JACT YUTATENIO, YeM TNPUBOZUMEIE HAMH HHXe
aOpPHU3Mbl, ONHAKO AAA Haua/la M OHM OyLyT HeOeclOMesHbI.

Mpl neITaeMC BCE OCMBIC/AUTH: OTIejbHble (AaKThl — CONOCTABJIEHUEM
C pPOACTBeHHbIMYU (DAaKTAMH, HOBOE — NMPHBENEHHEM B CBA3b CO CTAPHIM,
HEIIPHBBLIYHOE — 10 aHAJOTHH C OOBIYRBIM, UYaCTHOE — NyTeM 0000w enus,
obliee — HaL/JIeKALIUM  CIELHaJIH3UDOBAHUEM, CJAOCKHOE — Pa3JOXeHUeM
Ha OTJe/bHble YACTH, €JUHHUHOE — BOCXOXICHHEM K O0LIEMY.

Ecte neuro ofulee B OPHEHTHDOBAHHA B TOPOAE U B Kakoi-HuGYIb
HAVUHON 064aCTU: HYIKHO W3 KAWAOTO 3aDAHHOTO MYHKTa CYMeTb JOCTUUD
moboro apyroro’). Eule nyullle opueHTHPYETCA TOT, KTO MOXET CPasy e
BhOpaTh, Hambosee YROOHLIH MM OslcTpuift OyTh. TOT ke, KTO oueHb
XOPOLIO OPHEHTHPYETCH, CMOMET BBIIOJAHATL U 00Jce CIOXKHbIE H CBOe-
oOpasHble  3ajJaHusl, HaNpuMeD MNpEeNNpuusThL NyTellecTBHe, 3apaHee
MCKJ/IOUMB KaK 3anpeTHbe HEKOTOpble OOBIYHO HCHOJAb3yeMble MYTH, —
9TO HMEET MeCTO, HANpuMep, B HEKOTODHIX AKCHOMATHYECKHX WHCC/Ie-
NOBAHUSX. _

Ecte Heuro ofuwee B TNOCTPOCHMH MOJHOTO M CBS3HOTO 3HAHUA U3
PA3PO3HEHHBIX CBeNeHMH ¥ CTeHHl W3 HeoOTeCaHHBIX KaAMHeH: Kaxiaoe
HOBOE CBeleHHE, KAaK M KaX[pl HOBHII KaMeHb, HYXHO pacCMOTPETh
CO BCeX CTOPOH, TNDHIOKUTb K PA3HEIM MEeCTaM, Mpexie 4YeM HOBOe
He Haflmer cefe HauOosee NMOIXONAWErO MeCTa B HAJAUYHOM, TAK YTOOH!
COMPHKACAIOUIASICA MOBEPXHOCTh OblMa KaK MOxHO Ooablueft, npodenb —
KaK MOM(HO MEHLUIMMM M Ledoe ObIO BO3BENeHO NPOYHO. :

[Ipsmaa onpenensiercst IByMa TouYkaMH. HO M MHOTVE HOBHIE TEOPEMEL
BO3HUKAIOT IYyTEM HEKOTODOM NPAMOMMHEMHONH <«HHTEepHONAUMH» M3 ABYX
KkpaliHux dYacTHBIX cayuaes?). [lpamas onpenensiercs Takke 3alaHHEM
TOUKH W HanpasJjeHus. TOYHO Tak Ke M HOBbIE TEOPEeMbl YaCTO BO3-
HUKAIOT B pesy/bTaTe CYACTAMBOIO CTeYeHHS HanpaBicHus pabOTH ©
OTAENLHOrO BAEYATASIOWEr0 YAaCTHOrO cayuas. [lposenenne napan-
JAefelt Takwe ABAAETCH HIAIOO/JEHHBIM METOLOM CO3NAHHA HOBHLIX Teo-
pem 3). ,

WMies, npumeHeHHas OLHAXKIbBI, TOPOXKAAET HCKYCCTBEHHBI MpPHEM,
TPUMEHEHMHas IBAML, OHA CTAHOBUTCS METOIOM.

) Cm., nanpumep, sapauy 92 u cocenmme ¢ He#t B VI o, nanee 3anauy 64
B VIII orn. ‘ |

2) Cwm., nanpumep, sanavy 139 B I otz

8) Cwm., nanpumep, IV ora, ra. 1, § 1, B wacrHocTH 3amayv 18 u- 14 -



12 MPF AUCAOBHE

[Tp¥ noKasaTenbCTBAX, OCHOBAHHBLIX HA MeTOoAe NOJHOH MHAYKUHH,
LOKa3biBaeMoe U NONYLLEHHOEe NMPAMO NPONOPLUHOHAALHBI: OHH OTHOCATCA,
kKak n--1 x n. [losToMy paciuvpeHde LOKa3bIBAEMOTIO MOXKeET ObiThb
BHIMOJHLIM: OHO pacwupsgeT aonyuledHoe. Jla u BooOuie HHOR pas
ObizaeT Jerue JokasaTb ofiiee YTBepKIeHHE, YeM UYaCTHOE: HMEHHO
B GopMyaupoBanuu Oojee OOWEro INOJOKEHUS KPOETCH IJaBHBIH
yCnex, Bblie/leHHe CYLILeCTBEHHOr0, NOJHOe NOHMMAHHe cyuiecTBa nejaal).

«Qui nimium probat, nihil probat» (kTo CAMIIKOM MHOrO JOKa3bl-
B4eT — HUYEro He [oKashiBaeT). KaXcloe N0Ka3aTeJbCTBO HYXKHO B3AThb
NOJA MOLO3peHHe: BCe JU NMPeNfnoI0KeHUd B HeM JedCTBUTENbHO HCHOML3O -
BaHbl? Henbss 1 MONYYUTL TOT Ke Pe3yJAbTAT NPH MEHbUIEM YHC/Ae Mpef-
NoJOXeHu# M0 INpH TeX Ke NPEeANONOKEeHUSX NoayddTb Gojee CHb-
Hpift pesysbTaT? [1ycTh JHUIL TOTIa HACTYNHUT YCIOKOEHHe, KOTAA TIPOTHU-
BOMOJIOXKHBIA IIpUMep MOKAMXeT, 4TO TPAaHMILEl BO3MOXHOTO AOCTHIHYTHI]

OaHako He HYXHO 3a0bBaTh, YTO CYLLECTBYIOT 0600leHUs nBYX
POIOB: MaJOLeHHble M MOAHOLeHHble. [TepBoie — 0600LWeHus nyTeM p a 3-
pexeHUs, Apyrue—nyreM cryuieHusd. Paspenurb — 3HauuT, Ha-
60/TaB BOJbl, MSTOTOBUTb XKUICHBKYIO MOXAEOKY, CTYCTHTh — 3HAYHT CO-
CTaBMTb MOJIE3HLI, NMTATENbHLIK IKCTPAKT. Coenudenne MNOHATHH, Mano
CBA3AHHBLIX JAPYr C HApPYroM n&asi OObIYHOrO MNpenCTaBJAeHHS, B OIHO
o0bemaUlee eCTh CTYUWIeHHe; TaK Crylaer, HalnpuMep, Teopdsa Trpymnn
PaCCy:KeHHS, KOTOPHIE Npexie, Oyny4n pacCessHHBIMU B ajarefpe, TEODUH
YHCeJl, TeOMETpHH, AHAJH3€, BRHINVIALCAM COBEPLISHHO pasaMyHbIMH. [IpH-
BeCTH npumeprl ofoOllenus nyTeM pasdpexeHus Ob1o Obl ewle Jjerue,
HO MBI He XOTHM HaXwuBaTb ceGe Bparos.

He Bcaku#t Martepwan noaxoiuT Ans 3anay. COOPHHK, B KOTOPOM
Oer OBl MCUepNBIBalOULe MpencTaB/eHbl Bce BaxHeAwwne objacty aHa-
iusa, Oul Gbl MO HEOOGXOIMMOCTH Yepecuyp OOJbIIHM K HEYNLOOOBADUMBIM.
KoHeuHo, BHIGOD MOM(HO MPOM3BECTH PasJHuHbIMH criocofamu. Mel ornanu
Haubosbpliee TpPEANOYTEHHE LEeHTPaabHOR 006/JaCTH COBPEMEHHOTO aHa-
JU3a — TeOpUH (GYHKUMH KOMMOJNEKCHOTO [MepeMeHHoro. TeM caMbiM Mbl
OKa3aJuCh HECKONbKO B CTOPOHE OT CTOAOO0BOH JOPOTH, KOTOPOH mnpu-
JIePKUBAIOTCA OOBIUHbIE KYpChbl JeKUMH, yuyeOHMKH W COOPHMKH 3anxad.
Caeteris paribus (npm nmpouux paBHLIX YCIOBHAX) MBI MpPEANIoYIn te 06-
AaCTH, KOTOphie GJWXe HAIIKUM MEePCOHAJLHLIM HAYYHBIM HHTepecaM. Mbl
BKJAIOUMAH 3ala4¥ K K3 TPYAHEHMX M MNPHTOM HAXOLAWKMXCH B CTaAHH
GricTporo passutus obaacreft, KOTOpHE JO CHX TOP COBCeM He Obuiy npej-
craBieHel B COOPHMKAX 3a5ay W MOUTH COBCeM — B yueOHOH JuTepatype.
[Tonpo6GHee Ha 9TO ykaxeT oraaBieHde. OTAeNbHbIE [JIaBbl MOTYT Mpen-
CTaBUTh HHTEpEC M AJf crheuuaaucToB. ONHAKO Mbl HATNE HE CTPeMH-
JUCb  JDOCTHYb TOJHOTHL MOHOTpaduM, NOCKOJbKY BHIOOD MaTepHana

1) B nanprefimem conmposoiKiaiouiee 3afavyy ykalaHue HAY IPYNNHPOBKA NPH-
JErallMs 3a1ai 4acTo yKa3LBaeT Ha yCHIeHHE HIH 0606IeHHe, KOTOPOe MOrao 65
QSzeryuTh pelueHne 3agaud. Cpasunte 3anaud 1 v 2, 38 4,5u47,6u8 8 | oTn.
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6L oAuMHeH Hawiel!t OCHOBHOM HEAM—PAaCMONOXEeHHIO, B HAH-
G6onbwelt crTeneHu Bo3OyxpawoweMy paboOTy MBCIH.

[To mpoucxoxnennio maTepwan oueHp pasHooOpased. Mpt uepnanu
€ro M M3 KJaCCHYECKOro JOCTOAHMA MATEMATHKH B M3 MEMYapOB MOC/EIHUX
JeT; KpoMe TOTO, Mbl COOpalu 3a0ayd, Y4aCTbi0 yxe OonyOaMKOBaHHBIE
B Da3JWYHBIX KYPHANax, YacTbld YCTHO COOOLIEHHBIE HAM 4BTOPAMH.
Becb 3TOT Matepmas Mbl NPUMEHUTENbHO K HALUMM UEJAM DPACIIUPHIH,
nepepaboTanl M 3HAUMTeJbHO nomoaHuau., Kpome toro, B (opme 3amau
311eCh BIepBble ONyOJNKOBBIBAIOTCS HEKOTOPkiE Hallk COOCTBEHHbIE Pe3y /b=
TaTel. Mbl HajeeMcs, YTO M 3HATOK HAMAET KOe-4yTO HOBOE.

Becb Matepuan pasfefeH Ha IBe 4acTH. [lepBas OXBaThIBAET TpH
orzena Gonee OOWIEr0, OCHOBHOTIO XapakTepa, BTOpPad CONEPMUT IUECTb
OTLEJOB, MOCBAULeHHBIX 0OJee CNeluaNbHBIM BONPOCAM M NPUMEHEHWAM.,

Kaxpasd yacth cCONepHHUT B CBOeH MepBOH [OJOBHHE 3aJayd, BO
BTOpOH — ux peuenud. Cpenu 38azay, ocofeHHO B Hauyane OTIEAbHBIX
rJaB, BKpanJeHbl TaKXe HEKOTODbie TNOACHeHHS, HMEKLLHe LEeJabl0 Ha-
NOMHUTb HEOOXOLMMble OO0WMe TMOHATUS U TeopeMel. 3agaudM 4acTo
ciabxeHbl yxasaHuaAMH. PeleHus H3M0XKEHH [0 BOIMOWHOCTH KPAaTKO,
B KOHCMEKTHUBHOM CTHJ/Ie, TPUBMAJbHLIE 3aKJIOUEHUS ONYIUIEHB; OAHAKO
NMpH Cepbe3HOM pasMbILUJICHHH HAM 3aJa4yel OHM JOMKHBI ObITb BROJHE
sicHbl. B HCK/IOYHTENbHBIX CIy4Yasx HaOpachiBAIOTCA JiMIlb OCHOBHbIE
yepThl AOKA3aTeAbCTBA, M udTare/]b OTChHAETCAd K JuTeparype. KlHoraa
TYT K€ NPHM pelleHVH YKA3HBAKTCH BO3MOMHBIE PACIUMPEHHs, HOBLIE
[IPUMEHEHHUsS, 4 TAK)KEe He paspeuleHHble ele BONPOCH.

OTnoensl pacnajalTcd HA TJIABLL, MOCAENHHEC B CBOI0 OuYepelb — Ha
naparpagul. [lepen noscHeHudeM HIM 2Ke HOBBIM LMKJIOM 32434 OCTABJEHHI
Heboubuine npodeis *) '

Pacrnonoxenne sazay BHYTpPM TJ4Bbl W naparpada sBaseTcs TeM
MOMGHTOM, KOTOPBLI OT/AMuAET HACTOAULYIO KHHI'Y OT BCeX H3BECTHHIX
HaM aHaJOrHuHelx pabor ewe OoJjblie, yeM BbIOOP MaTepuana. YTpax-
HEHUA B Y3KOM CMBIC/IE, MpPeNHasHAUCHKBIE IS MOSCHEHHS HOBLIX TEOPeM
B TOHATHH Ha mnoaxondawle noso0paHHBIX NpUMepax, 3aHUMAailOT OTHOCH-
TeJibHO Hebombloe Mecto. O6GocobaeHHEle 3afaud pelku. 3afaud 00b-
efvHenbl Cosibluedl 4acThl0 B AJAMHHBIE PALB, OXBaThiBAWOLINE, KaK
MpaBUJIO, LEJbA mnaparpad; HMX OPraHu4ecKkoe MOCTpoeHue ObIIO Mpef-
MeTOM Hame# naunGosbuieldt 3a60TH. |

3anaud MOXHO TDYHNHPOBATH MO PA3JIMYHBIM [PH3HAKAM: NO TPYI-
HOCTM, MO MNPHUMCHAEMbIM CPENCTBAM, MO MeTOAYy, Mo pesyabTaTy. Hu
OLHOMY M3 9THX TNPHSHAKOB Mbl HE OTLAJMM OCOGOr0 mpelnoyYTeHHs;
B PAa3JHMYHBIX CJAYyuYa#X Mbl [PHAEDWHBAEMCS  PA3JIHYHBIX TNPHHIUMOB
pacrnojoxenus MaTepuaaa, TakK 4TOOB OHO OTPAXaJo BCe MEePUNCTHH

*) B HacTosuleM @34aHHH B 9THX MeCTaxX OCTaBJEHbl, KPOMe TOro, KO p O I~
KHe YePTOUKH, :



14 NMPEAHCJIOBHR

CaMOCTOATENbHOrO HccaenoBanud. OnuH maparpad MOCBAULEH, HANpUMEp,
HEKOTODOMY MeTONY; BHaualle 3TOT MeTOl BKDPATLE NOACHASTCH, 3aTeM
NPUMEHSAETCH K DPCLIEHHI0 KaK MOMHO CoJjice pasHOOOpAa3HLIX 8alay U NpH
9TOM caMm BCe Oojee YTOUHAETCA M COBepLIEHCTByeTcd. B apyrom
naparpade aHaAOTHYHO NOCTYIM/IEHO ¢ KaKoH-HuOyib TeopeMOH; BHAdaJe
5Ta TeopeMa (POPMYJNHPYETCs (M HKOKA3LIBAETCHA, €CAM 9TO MOMHO CRefarhb
ObiCTPO M JIETKO), 34aTeM CJAeLylOT caMble pasHooOpasHble UaCTHbIE
CIyyad W npuMeHedud 3TOH Teopemsl. TpeTbM mnaparpadel MOCTPOEHLI
B «BOCXOJfAUlEeM» TMoOpsanke: o0ulas TeopeMa M[OSBAAETCS JHIGb HOCIE
psia [pernocollaeMblx €H WACTHBIX CJyyaeB Y OTHeJbHBIX KpPaTKHX
3aMeyaHui, NoHBOJALIMX BIJIOTHYIO K €& (OPMYJAUDOBKE MU 2Ke TMOJ-
TOTOBAMIOIIMX €€ A0KAa3aTenbCTBO. MecTamu C/I0XKHBIE M TpPYIHbIC
IOKA43aTe/NbCTBA pAa3JAOKeHb B JJIUHHLIE pal 3anay; Kaxiasa OTIENbHas
8anaya COREpPMUT KaKywo-HUOYIAb JeMMy U000 CaMOCTOATENbHY0 HacTb
A0KasaTeabCcTBa, AU00 HOBOE OCBeuieHHe MNpelMeTa; B COBOKYMHOCTH 3TH
3a0aull COCTABASIOT PAN MNePEeXOIHBIX CTyNeHel, MO KOTOPLIM HHUTATe/b
NOAHMMARTCHA, HAKOHEelU, K ROKasaTeabcTBY TpeOyemol Teopemnl. B He-
KOTOPBIX mnaparpadax (colepxawux «CMeLlaHHbie 3allaud») MaTepual
pacronoxen 0es TeCHOW B3aWUMHOH CBfA3H; 3i4eCb NpHUBeLEeHbl JUMOO NpH-
MeHeHHUs INpPellleCTBYIOILUX TeopeM K Oojdee TPYAHBIM cayuasM, aubo
OTHE/bHBEIE 33a1ay¥, MPEACTABAIOUINE CAMOCTOATENbHbIH HHTEepec.
Koe-rae dermipe caenyiowiie oAHa 23a Jpyro# sajayn obpasyior
«MPOMOPLMIO» B TOM CMBIC/AE, UTO 4YeTBEpPTAf HAXOMUTCA B TAKOM Ke
OTHOLIEHHH K Tperbel, B KaKoM BTOpafg —K nepsoht (o6ofwenne,
oOpaulenue, npumenenue). Hekoropele naparpadgs nocsdaueHs 00cTos-
TeJLHOMY MPOBENCHMIO M aHaausy auagorufil), OHM CcOLepxaT 3afdud
M3 NBYX napaaieabHbix ofnacTelt, pacrnofoxedHHble NapaMu, [0 OAHOMH
sanavye u3 Kawiol, W oOpasylowue, TaK CKasaTh, <«HENPEphLIBHY
NPOMOPUHKIO», IJTOT THUN PACNOJOMKEeHUsd, Kasanocb HAM, MOMET Ha-
TOAKHYTb YMTATeNs Ha HauboJee MA0LOTBOPHBIE Pa3MblLLJIEHHU.

K sToff xHure MOMHO NOJXOLUThb € pasHeIM¥ TpeOOBAHMAMH: HCKATb
B Hell 3ajaud O/ CaMOCTOATENBHOTO pewleHus Jaub0 Mmarepuaa Aas
yOpaxHeHu#t cTyneHToB, Jaub0 MaTepuasa IAA  uyTeHusl. B0 BCEX ITHX
CAYYaAX €10 MOMHO MOJb30BATHCH € LOBOJLHO GoJablIok cBOOOLOM.

a9 moHuUMaHUS NepBOH TrJaBel TOMO WIM HHOrO oThena Tpebyercs
fonblielt uyaCTbI0 OTHOCUTEALHO HeGOALINOH 3amac NpenBapHUTENbHbIX
cBelleHuit. PasjuuHble OTAe/bl, €C/id H He BIOJHE, TO BO BCAKOM Chayuae
B 3HAUMTEJALHON CTEHeHM HEe3aBUCUMBI IPYr OT APYra; TOUHO TaK XKe U
PA3/aMUHBIE YACTH OAHOTO M TOrO Xe OTAE]a 4YacTO oveHb ¢abo CBA3AHLI
MexIny coGoH, Tak uTo npx paboTe HAL HUMU BOBCe He TpedyeTcs TOUHO
NPHIEPMUBATLCA MOPALKA HMX CJeLOBAHHA,

) Cm. Il orm, ca. 2; 1V ora, ra 1, § I; V orn, ra. 1, § 1; VUI ora,
ra 1, § 4 ‘ )
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Ynurateap, xenawouwu# pewatb 8ajayu, AOMKEH NPUHUMATbL BO BHHU-
MaH¥e He TOJABKO YTO ChNpaluBaercds, HO M Kak ¥ rae. Muorue
3anauy, KOTOpble, OYAyUdM APEeRJOMEeHb H30JMPOBaHHO, Oblin Obl Hempu-
CTYyNHbl U A [NOATOTOBJASHHHIX MATEMAaTHKOB, 3[eCh OKDYXKEHBl 3a]auaMu
MOATOTOBUTE/BHOTO M INOSICHATEJIBHOIO XapakTepa M HpenojHeceHbl
B Takoft cBs3u, 4TO 0e3 0coforo Tpysa MOryrt OwlThb OCHJAEGHBI NPH He-
KOTOPO#t HaCTOMYHMBOCTH CaMOCTOATENbHO. [IpaBma, BCTPeuyarTCsl NOBOJBHO
TpyLHHe 3anayd u Oe3 npelBapuTe/bHO#l IOATOTOBKH, MO Ooablieit
yacTu B naparpadax ¢ OGosee cBOOOLHBIM NOCTpOeHHeM (COAepalluX
CMEIUaHHble 33a434H), ONHAKO 3TO —- eAHMHMUYHBIE CJYY3H.

Ykazauus, cTosii¥e TMPH 3aNayax, KOHEYHO, OTHIOAb He ROJKHBI
- CTeCHATH CBOOOLLI uuTaTe/Is B BHIGODE MYTH peuwieHUs COOTBETCTBYIOLIEH
3alauH.

Komy pemenude He jaercs cpasy, TOT IYCTb He OropyaeTcs; MyCTh OH
BCMOMHHUT, 4TO «COKPAaTOB MeTOL 00yyeHusi» BOBCe He COCTOHMT B HaTa-
CKHBAHMH Ha OblcTphle OTBeTH. EcAM M NOBTOpPHBIE MOMBITKU OCTAJHCDH
TUIETHBIMH, TO udTaTeMb ¢ TeM OOAbIIMM BHHMAHHEM NpPOaHANU3HPYET
pelleHue, NMpUBeJeHHOe BO BTOPOHN MOJOBMHE TOMa, M3BJleyeT OMIHHHYIO
CyTb Iesa, W T4 CYTb YJDKeTCA B ero MaMaTH NPOUYHBIM NpHOOpeTeHneM.

Marepnai HacTofwel KHUIH, HaXONMBlIEHCH elue B Mpolecce BO3-
HMKHOBEHHS, VXK€ HeCKOJbKO Pas HCMOJb30BaJACH NDU NMOLIOTOBKE YIIPax-
HeHWN A/19 CTYNEHTOB CDEeNHMX W CTapmux ceMectpoB. lIpu 3tom GoJtee
JEeTKHe 3aJauy pellajuch CTYAeHTaMM TYT ke YCTHO, OoJgee Xe Tpyl-
Hble — B MHUCbMEHHOM BHJE MO HCTeYeHHM HEKOTOPOro CPOKa; BaxHefi-
e, TUMUYECKME 8alayd pPelauch CaMyUM NipeniojaBaTedeM. B Teyenue
CeMECTpa, CyYuTad NO [1Ba Yaca B HeAeal0, OKa3aJA0Ch BO3MOMKHBIM IpO-
IWTYAUPOBATh NPUMEPHO MaTepuaa OIHOH I'aaBbl. ITUM fyTeM OwIO
NpoBepeHo M Ha OCHOBE MOJYUEHHOIO OmblTa YacTHYHO nepepaboTaHo
HECKOJBKO T/aB. Mbl MOMEM Termepb €O CHOKOMHOM COBECTHIO PEKOMEH-
ROBATL PYKOBOLUTENAM CEMMHAPCKUX 3aHATUH MeTON, COCTOAWHUHA B TOM,
YTO CTYNeHTaM InpenJaaraercs pellaTb He OTAeAbHbie pPa3pO3HeHHHe
ganaun, a ray6oko NpONYMaHHbLI CBA3HBIR pAl  3anad. [Toutn Bce
raBbl 3TOM KHUIM MOTYT OBITb HKCNOAbL30OBAHB [IPH BELCHUW B3aHATHA
stum Meronom. Camo cofoft pasymeercs, 4yTO npu 3TOM Tpedyercs
cOBJI004Th U3BECTHYI0 OCTOPOXHOCTb, PEKOMEHYeTCs 3aMEeHATh HeKOTO-
pble 8ajayd CXOAHLIMM C HMMH, HO MO TeM AW HHBIM npuuuHam Oonee
NpelnoYTUTeNbHbBIMH, H T. 0.

HenpepriBHoe uTeHHe, KOraa Bejel sa sajauefl TyT xe npocMaTpu-
BAETCA €€ pelleHyue, MBI MOXEM DEKOMEHIOBATb TONBKO HCKYIIEHHOMY
yutatesto. B ueaom 3T0 He cooTBeTcTBYyeT 3amblcay kuuru. OnHaxko
HEKOTOpPBIE TIJaBhl NPUCNOCOOACHL 1] TAKOPO UYTEHUS M B CYLIHOCTH
MOTYT OLITb HCNOJL30BAHb! B KauyeCTBe PYKOBOACTBA, TOJbKO H3JA0KEHHE
MOKaXETCs B 3TOM CJydae, MOXKeT OBbITb, HeCKOJLKO CXATHIM Y [1ay3bi
MeXALY (OPMYNUPOBKAMH H JOKA34TejbCTBAMH TEOPEM — CJAHIIKOM DE3KO
AKUEHTUPOBAHHBIMMY,
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Creaywoue yueGHUKH UHTHDYWOTCA HanGOAee YacTo, a MOTOMY TOJNLKO 110
damunuam aBTopoB (Hanpumep, Ceséaro, Hecke u 1. a):

E. Cesaro, Elementares Lelirbuch der algebraischen Analysis und der In-
finitesimalrechnung, Leipzig und Berlin, B. G. Teubner, 1904 *).

E. Hecke, Vorlesungen fiber die Theorie der algebraischen Zahlen,
Leipzig, Akademische Verlagsbuchhandlung, 1923 #*).

A Hurwitz—R. Courant, Allgemeine Funktionentheorie und ellip-
tische Funktionen. Geometrische Funktionentheorie. Berlin, J. Springer, 1922 #*%),

K. Knopp, Theorie und Anwendung der unendlichen Reihen, usny. 2-e,
Berlin, J. Springer, 1924,

G. Kowalewski, Einfthrung in die Determinantentheorie, Leipzig, Veit
& Co, 1909.

Hanee ocobo ynomsigeM cienywouide 0003HaAYSHHS:

Qy — @ O3HavaeT; @, CTPEMHUTCH K & (npu n —> Co).

Qp ~ by (4UTATh: @, aCHMITOTHYECKH paBHO b,) o3HaaeT: b,==0 npn

an
ROCTATOYHO OONBHIOM 12 H b_-+l (npu n — <0).
1

O (a,), coors. o{ay), a, >0, O03HAaYaeT BeJUUHHY, OTHOWEHHE KOTOPOH
K @p OCTaeTCAd OTPAHHYCHHLIM HIH COOTBETCTBEHHO CTPEMHTCA K HYymMo (1pu
n — o),

AnanorngHpie 0603HAUeHHA YNOTPeONATCA M B APYIHMX NPELEALHBIX Nepe-
X0ZaX, OTNHUHBIX OT 1 > Co.

X -—>a—+ 0 coorsercTBeHHO X —ag —0 O0O3Hawaer, 4TO0 X CTPEMHTCA K &
CTipaBa WM COOTBETCTBEHHO CJeBa.

exp (x) = ¢%, rie ¢ — OCHOBAHHE HATYPAJbHBIX JOTAPH(MOB.

Max (a4, ag, ..., @p) O3Ha4aeT TO (MAU Te) U3 7 YHCRN dy, s ..., &y,
KOTOPOTO HE NpPeBOCXOJAT BCce ocTanbuble. [logofHOe He 3HAUYEHHME HMeeT
Min (a4, as, ..., @yp). Ananornugnifl cmsicn umewt Max f(x), Min f(x) nas Bewe-

CTBEHHOH yHKuuM, onpexnesneHHON B uHTepBade [, O], eciu OHa MMEeT B HeM
MAKCHMYM MAW MuHHMYM. EcaH HX HeT, TO 3TH e 3HakKy nenecoobpasHo coxpa-
HHTb 0J5 0O0O3HauyeHHs BepxHeH uan HuwHeld rpaned Qymxuun f (x). Bce st0
pacnpocTpaHaeTcd U Ha chydaldh KOMIJAEKCHOTO NEePEMEHHOro 2.

sgn .x o3nauaeT cuMBOoa KpoHekepa:

4+ 1 nmpu x >0,

sgnx-:{ 0 npu x =0,

‘ l — 1 npn x <0.
[x] o3savaer Hauboabluee LENOE YACHO, HE MpPeBhIIALEe YHUCIA X.

Oxnaxko, ecad 3TO He MOIET BbI3BATh JOMHOIO NOHMMaHHHA, KBaIPaTHble CKOOKHU
Ges ocolnlx yKkasaHWil ynorpebaawTCa TakKe H B CBOEM OOBLIYHOM CMBICHE.

Z O3HAYaeT KOMILIEKCHOE YHCIO, COMPANEHHOE C YHCACM 2, €ClIH TOMbKO
MAET Peub O KOMIJNEKCHBIX uHCIax.

Onpegennrens ¢ OOWMM 9SAEMEHTOM &y, k, po=1, 2, ..., 1, COKpaLIEHHO
obo3nayaeTcd Tax:

’ n
|y, IY, uwan |Gl pmt, 0 e MTH [ @y Gz, ens G i

*y 9puecto Yeszapo, DaeveHTapHuld yueOHHK airedpanueckoro aHa-
AM3a M HcuucaeHus OeckoHeuHo wmanerx, 4. [—II, Omnecca, 1913 (¢«Maresucs),
2-e wmag, 4 I, J., 1936 (OHTH). B nanbheiinem CcChUIKH JATCA Ha H3JLa-
Hue 1913 r.

*¥) 9. lexxe, Jlexkuua no rteopuu aarebpadueckux uucen, [ocrex-
usnar, 1940.

%)y A, Iy peuy, Teopus aHaIUTHUECKUX M saaunTuueckux Gyakuui, F'TTH,
1936; P. Kypanr, [eoMmerpuueckas Teopua GyHKUUN KOMIIAEKCHOIO IEPEMEH-
Horo, I'TTH, 1934.
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[Ton o6aacmero Mbl NOHAMaeM CBA3HOE MHOMECTBO, KOTOPO2 COCTOHT U3
OLHUX BHYTPEHHHMX 042K, HOH 3AMKHYMOL 00aacmpi0 — 001acTh, HOMOMHEHHYO
ee npejelbHBIMU TOUKAMY. |

lon Henpepsisrod Kkpugoi Mbl TMOHUMAEM OQHOIHAUHLIH W HENPEepPLIBHLIA
o0pa3 mureppata 0<{f{< 1, T. e. COBOKYNHOCTbL TOWEK Z = X -} [y, TakHX, uTC
x= ¢(), y=14¢ (), npuiem obe byHKUMH @ (t) ¥ ¢ (f) HenpepPHIBHL B HHTEP-
Bane 0 < £ < 1. Henpepuiguas xpusasn sascnyma, ecnn ¢ (0) = o (1), ¢ (0) = ¢ (1).
Kpupas re umeem Osofinptx mouer, ecan u3d ¢ (£) = ¢ (&), ¥ (£) = ¢ (&) (<)
Heobxonumo caenyer £y =10, fp==1 Kpusyw 0e3 nBoHHLIX TOYEK Mbl HA3bIBAEM
npocmol. Hes3aMKHYTYI0O NPOCTYIO HENPEPHIBHYID KPUBYIO Mbl Ha3blBaeM npOCmol
oyzod. _

[Ipocras 3aMxHyTada HenpepbisHad xpeBas (Tak Hasdslsaemas rxpusas Hop-
dana) pasduBaeT NJAOCKOCTb Ha IBe 0044cTH, o0WeH rpaddued KOTOPLIX OHa
ABJAETCA.

KOHTyps! HMHTErpHDOBAHHA B KPHBOJMHEHHBIX H KOMIITEKCHLIX HHTErpalax
BCErja [PeRNnONaraloTcss HEeNDEPHIBHBIMH H CHPAMAAEMBIMA,

%



SANAYH

OTHEJ [TEPBH M
BECKOHEYHBIE PSIJIbI U NMOCJENOBATEJLHOCTH

FTABA'I
BHIUUCJIEHUA CO CTEIEHHBIMU PAJAAMH

§ 1. 3agaun U3 aAAMTUBHOH TEOpHU YHCeJ]

l. CxoabkuMu cnocoGaM# MOXKHO Ppa3MeH#Tb pyOJIb Ha MOHETH
pocrouHcTsoM B 1, 2, 5, 10, 20 u A0 koneexk?
2. O6osHaunm uepe3 A, uucio penieHud AUODAHTOBA ypPABHEHHA

x4+ 2y-+ 52+ 100+ 20v+ 50w =n

B HEOTPULATEJbHBLIX lLeablX Yncaax X, v, 2, #, v, w. Cymma psana

A AL AL A

aBjseTca- npobHol pauMOHaanoﬁ (byHxues nepemeHHofo L. Kaxoi

MMEHHO P |
3. CkombkumMu crnocobamu MOXHO Hakaeuth 40 Komeek MapxaMmu

poctoucTBoM B 5, 10, 15 m 20 xomeex, pacnosioXeHHBIMH B O LHY
AMHUIO, €CIM pPAacCMAaTPUBATL PACIOJIOKEHHS, OTAMYAIOWINECH ADPYT OT
Apyra MOPSNKOM CJeN0BaHUA NBYX MapOK HEOILMHAKOBOTO JOCTOMHCTBE,

KaK pasiudHbie?
4. Tlyctb B, —uuci0 BceX BO3MONHBIX MpPeNCTaB/eHull ueaoro

MONOXUTENBHOPO 4YHC/Aa M B BHIE CYMMBl CJaraeMbix, HMEKLHUX 3H4-
uedns I, 2, 3 u 4 (npuuem pnBe CYMMBI, OTJIMYAIOUWIMECH JHLIL MOPsL-
KOM cJaraeMblx, CUMTAlOTCA pasauunpiMu). Torxa psan

-+ Bl Byl ...+ B4 ...

npencrasiser APo6GHY paunoHaibHylo ¢ymkumio oT (. Kakywo?

B. Hexro o6namaer B0ceMblo pasHOBECKAMH BeCOM COOTBETCTBEHHO
B 1,1, 2, 5, 10, 10, 20, 50 2. Cxoapkumu crnocobamu OH MOXKET CO-
CTaBUTb W3 HUX 78 2, eciM CUMTaTh OTLEJbHO MDHUMCHEHME HABYX pas-
HBIX Pa3HOBECOK, XOTA Obl M OJHOIO M TOFO Ke Becar
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8. Cxoupkumu cnocobaMu MOXKHO COCTABHTb W3 PABHOBECOK MPEMbl-
Ayieit sapaud gec B 78 2, €CNM MOAL30BATBHCH OO EMMH YallKaMu
BECOB?

7« PaccmorpuM CyMMBl BUAA

2, 425+ 2854 De, - 10g, 4 1025 4 202, + 50z,

TAe Kawias W3 BEIUYMH &, &y, ..., &, MONKET MpHHMMATbH JHIIbL 3HAYe-
ue O wam 1. O6o3HAUMM 4HCAO MOAOOHBIX CYMM, HMEWWHUX 3HAYeHUE 72,
yepea C,. PasnoxuTb HAa MHOXKHTEJNM LEAYI0 DPAUHOHANBHYIO (DYHKUHIO

Co— Cyli— Col2— . . . - C 90,

8. [lycth Tenepb BENHUHHBI 24, &g, ..., &g NMPEIbILYLLEH 3a8aUU MOTYT
npuHUMaTh TPH 3HaueHus: — 1, O, 1. OBosHauyuM uyuCIO CyMM yKazaH-
HOTO B NpelblAylieH 3sanaye BUAA, HMEIOLUMX BHAUeHue 72, depe3 [),.

Pas3noxuTe H4 MHOMUTENU BBIPAKEHUE
)
2 Dy
n=— 99

9. O606wuts npenbiayulve 3anadu, Geps IAS Mepbl NOCTOMHCTBA
MOHET, MapOK ¥ pasHOBECOK He. onpejelieHHble 4YWcad, a BooOuwe a,
Qy, ..., Q.

10. CxoabkuMH crnocoBaMHM MOMHO BbIISAUTL TPYNOy B 7 JAUIl U3
o6L1ero yucaa p JuU?

§1. Cxonpkumu cnocofaMu MOXKHO DPaCOpeleNuTs A MOHET MEXILY p
JULAMH P

82, CkoabkuMu cnocoGaMu MOXKHO PACIpeleadTh £ MOHET MEKAY p
JHUAMHK TaK, 4TOOBl KaXABIH 0OAYuYMJ He MeHee OnHOf MOHETHI?

§3. Cxoabko uneHoB codepwurcad B ofulefl Uesol pauuoHaaLHOR
¥ ONHOPOIZHOU QYHKUKH /-H CTENEHH OT p MEPEMEHHBIX X, X3, ..., x‘ﬂ?

84. Vimes B pacnopskenun seca 1, 2, 4, 8, 16, ..., MOXKHO (105~
8yg9Cb ONHO#l uamKoO#l BeCOB) COCTABUTL JIOGOH LEABIR NONOKUTE LHBIH
BeC M MPUTOM TOABKO ONHHM CcHOCOOOM. MHBIMM CIOBAMH: KaXIoe Uenoe
MONOKUTENbHOE YHUCAO MOXeT OblTb B8aNMCAHO NO ABOWUHON CHCTEME K
NPUTOM TOJBKO OAHUM CrOceHOM.

i9. lmes B pacnopsokenwu Beca I, 3, 9, 27, 81, ..., MOXHO
COCTaBUTh JJIOOOM LeNbll NOMOMUTENbHEE BeC W NPHTOM JHWb OLHUM
cnocoboM, Moab3yach ABYMS HalKaMH BeCOB.

i8. Onpenennts KOIPDHUUKEHT @, B PA3A0OHKEHHH

(1400 + ¢+ 49 (1 4 ¢ (1 4 gL .. =
=ay + a0+ a2 4 a3+ ...
17. KaxkoB 3Hak n-ro 4ieHa B PaslOMEHWM POU3BEAEHNUS
d-all—>50—aa(—d)...=
=l—a—b+ab—c¢+4ac+ bc—abc—d- ...
(n=20,1,2,...)?
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A8. dokasatb TOXIAECTBO
(Lo D) (L0 L0 190)
X (1~ GL00 [0 1900y L = ! -

PaBHOCHJBHOE YTBEPMCAEHWIO, UTO BCAKOE LEJI0e IONOKUTENBHOE YHCIO
MOMeT OBITh 3aNMHCAHO MO AECATHYHOH CHCTEME M INPHTOM TOJBLKO OLHAM
crnocofboM.

9. '
: ' 1
A+0A+AFDA+D . =gga—ma—ma —o. -

20. Kaxinoe uUen0oe MOJOKHTEABHOE UYHCIO MOXHO HPENCTdBUTH
B BHAE CYMMBl pa3J/JM4YHBIX UEABIX MNOJOXKUTENbHBIX CIaraeMblX CTOMb-
KHMH Croco0amu, CKOJLKHMH CIMOCO0aMH ero MOXHO NpPEeNCT4BUTL B BHIE
CYMMBl OLMHAKOBLIX HMJYU PA3JUUYHLIX, HO He4YeTHH X Clarae-
MEX. Hanpumep, BCe BO3SMOXHbiE NPeACTaBJAeHUA uucia 6 nocpencTsoM
pasaUuHBIX CcjaraeMbelx OynyT:

6, 145, 244, 1-4-2-43,
MOCPEACTBOM HEUYeTHBIX:
1++5, 343, 1414143, 141414+14141.
D1. Kaxnoe uenoe nNoJdOKHTENbHOE YKCAO 7 MOXeT OwiTh 27—1 |
Pa3AMULLIMH  CIOCOOAMH MPEICTABIEHO B  BHAE CYMMBI MEHb L # X
LeJLIX TOJOMHTENbHBIX CHATaeMblX, €CJ¥ ABd NMPEACTABJIEeHHs, OTIHYAM0-

WHxcs x0T Obl NMOPALKOM CJaaraeMbiX, CUMTATb pasauudeiMu. Hanpumep,
o 2471 — | =7 crenywwux CyMM HMEWT 3HaueHue 4:

11411, 14142, 242, 143,
1+241, 3+ 1.
24141,
22. CoBoKymHOe 4YHC/IO HEOTPHLATEJLHBIX LEJOUUCACHHBIX pellcHub
IHO(AHTOBLIX YpaBHEHHH
x—+2y=n,

Qx—l—By::n—l,
3x—|—4y:n—-2,

x4 (n—-1)y =1,
(n+Dx—+(+42)y=0
papHo n— 1.

23. CoBOKYMHOE YUCIO HEOTPHUATEJNbHBIX UEJOYUCACHHLIX pelIeHHMH
DHOQaHTOBLIX YpPABHEHHUN
X+2y=n—1,

2x+3y=n—3,
3X 4y =n—2>a,
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MeHbllle YeM # -2, npuueM pasHOCTb paBHA UYUCIY Jeaureneil 4uc-
aa n—+2 (em. VII, ra. 1, § 5).

- 24. TMokasatb, UYTO COBOKYIMHOE UYHCAO HEOTPHUUATEAbHEIX pelneHul
AMODAHTOBLIX ypaBHeHUH

'x—{— 4y =3n —1,
4x + 9y =0>dn—4,
9 4~ 16y = 7n —9,

PaBHO 7.
25. Yucno HeoTpHUATE bHBIX peleHHH AHOPAHTOBA ypaBHEHHs

xX+2y+3z=n

n - 3)3 .
(7 9)2 Hesoe YuCIO.

12
28. Yucno HeoTpUUATENbHBIX LEJOYHCAEHHHLIX pelleduil ypasHeHus

ax +by=n,
rae @, b, n—nONOXHUTeJNbHLIE HeJble 4ucaAa U @, & - B3AUMHO Npo-

n n
CThle, PaBHO | —| WU |[— l.
 paswo | ] man | ]+
27. llycts ay, a,, ..., @;—Uenbie NOJOKUTEABHbBIE B3AUMHO MpO-
crhie  uucaa. Ecin A, —udCI0  HEOTPULATENbHLIX UEALX pelleHuH

Y PaBHEHHUS

TO MMEET MECTO npelc/ibHOe COGTHOUIEHHE

ecTh Oauxaliee K

: 1
lim 7% = : .
n—>cw 1 aias ... ap({ — )

28, UenbiMy TOYKAMU B NPOCTPAHCTBE HABBIBAIOTCS TOUKM C ILEJ0-
UMC/AEHHBIMM [eKapTOBHIME KoopaudaTaMu X, Vv, 2z. CKOJbKO ULeanIX
TOUEK JAEKUT HA MIOCKUCTH

xydz=n

B 3AMKHYTOM [MOJOMHUTENbHOM OKTanTe (x >0, vy >0, 2> 0)?
CKONBKG UeBIX TOYEK B OTKPLITOM oOKTaHTe (X >0, y >0, 2 > 0)?
29. CroIbK0 LeJbX TOUEK NeMUT B «OKTa9Lpe»

-’x1|+|x2|+-"+'xpi\<\n

p-MEpHOIO MPOCTPAHCTBA (A — Lenoe)?
3. Yncno uensix TOYEK B 3aMKHYTOM Kybe

—n<x, ¥, 2<n,
y,H.OBﬂeTBOpHH)UJ,HX Y CAGBHIO

—SLx+y 28,
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PaBHO
11 A8 2541
{ sin _2_r12|_ £\ sin 2 ;— f
2n / i
sin 5 sin 5

—-K

n, §—uensLie YUCAA.
31, Yucno nonoKUTeNbHEIX UEMOYHCACHHBIX pPelieHHR YpaBHeHus

Xty z=n
(n > 3), yBOBJACTBOPSIOLINX YCAOBUAM

xL<y+2 o y<Lz+x, zLx+y,
paBHO .

(n+8)(n—2)
8

7897
nd—1
8 b}
CMOTPSA MO TOMY, OYIeT Mk n 4YeTHO WM HEeUeTHO.

- § 2. bunovuansHbie KO3(PUHHUEHTH U UpoYee

BunoMHUabHBEIME KO3 dULHEHTAMHE (}:_) HA3LIBAIOTCA KO3(DUIHEHTEE

pas/oieHus
(P P- AP Nile " =

(l—i—z)k*_(o)-—{-(l)z—-}—(Q)z NI —{—(r)zf—l—..., (O)__.l,

rae w— npoussojbHoe uucao *). [ag ueasix p 4UCIO (t) MMeEeT

KOMOMHaTOpHBIH cMbica (10—13). B Hixecreaywouwux 3sajayax # —
lieJoe H HeOTPHUATEJbHOE.

32 (§) (1) (&) + -+ ()= (7).
33. (0)~(1)H(3 ) = )+ =0 ():

*) B pycckoit (u ¢pauny3ckoil) aUTEpATYpE BMECTO (t) ynoTpebuTennHo —-

npasna, . TOAbKO JANs LeJbIXx HEOTPUUATENbHBIX 3HAUEHHH P — KOMGHABTOPHO®
obo3nayenne C% ({IUCAO COYETAHHMHA M3 W SNEMEHTCB IO 7»).
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34%. V3 toxnecTs

k=0 I=0 1=z 0
o0 0 o0
a %
2 _k_ zk ﬁ zl _— 2 _Tﬂzn
! ! n
=0 I=0 7n=0

BLITEKAET
Cp = Oobn—+@iby_1+ Aol o+ - - - = aybo,
Tn = GoPn ( rlz) 2Byt ( g) P R
35. [oaoxmum
xMh = x (x — ) (x — 2h) .. .[x — (n — 1) A].

Toraa uMeeT MeCcTO TOXKAECTBO
(x 4 yyelh = xn[h_{_(’;)xn—uhyuh _|__(;)xn—2|hy2|h 4 eyl

36. ([Tponomxenye.) [oxasath crenyouwee OOGOOLICHHE —TOJHHO-
MUAJbHOH TeopeMbl *):

n! .
T Yoo e e

vedva! oo v
v, +yg+ ... +vl=n

37. (T)—Q(;)-I—B(g)m...+(—1)"—1n(2)=

IO npu  n = 1,
|1 npu an=1.

38. (1) —g(5)+3(3)— -+ 5()=
zl+%~—|—%+...+%.

39, ;} (—.1)n—k22k(”;iﬁl):n+ 1,

*)y Tlon <¢moiMHOMua/JbLHOH TeopeMoH» 3IeCh MOAPa3yMeBaeTcA TOMIECTBO,
obobmanuee popMyny 6xHHOMA:

n! v
(g -+ X910 a2 = Z —— XY XY . le.

Vﬂ‘-’g! . Vll
vt . +v1='n
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40.&(%_0;)( )xv(lmx)n uﬁ(x_a)g+x(1—x).

v=0

%l TTonoxum
o(x) =ayFax+ax(x —1)+ax(x—D(x—2)+4 ...,
tp(x):ao—f—%lx—{——g%x(x——l)—i—%x(x—— Dx—2)+4 ...

Torza

(8)e@+(Dem+(5)e@+... +(7)em =27

(3)@(0>—('f)‘9(”+(3>‘?(2)“'_" =1y )em =

= (— D" a,nl.
42. (8)( —n)? +( )(2—*—n)2 (’2’)(4-—n)2+...
(M@t .. =2,
43. (3)(0—11)2 ( j(?-n) +(’)(4—n)a_
-+(‘-—1)‘(f)(2v—n)2—{—...:{g 2‘;2 ‘Zij

§ 3. JudpdepensupoBaHue CTENEHHBIX PALOB

[TycTb y— HeorpauuyeHHoe YuCa0 pas Audpdepeniupyemas QyHKUU

d
or 2. Onepatus (z——) Y ompenengercs CAeAYIOUER peKyPpeHTHOR (Gop-
MV JI0H:

d\n _ d n—1 a
| (zzz‘) J’—Zzz‘(zzz) Yo 2z y=4V
Hanpumep,

Kaxnomy (mpoussonbHOMY) mOmMHOMY f(x) = ¢y ¢ x - cox® 4 . ..
. - ¢,x™ mpl OyldeM CTABUTb B COOTBETCTBHE CMEpalHio

ad 74 ad \2 ad\n
f(zE)y=coy+clzd—zy+cg(Zg;) y+ .- +cn(zd—z) Y

4%4%. TlokasaTb, 4TO

f(z%)zk — f(k) 2~
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%5. lMokasatb, uto ectu f(xX)—UENOUYUCTEHHBR NONHHOM
(em. VI, rn. 2, § 1), T0 cymMMa psza

FOLIDGIO L TB

npeacTaBaser cofo#l ueaoe KpaTHoe HHC/AA ¢ — OCHOBAHMUS HATypalsb-
HBIX JIOTapHU(MOB.
46. [Monowum

d\e 1 2 g .~ In(?d)
(zdz_) ——1_2_1”2—}—2% —+3n2s 4 ... =

(n=1, 2, 3,...)

ITokaszath, ur0 f,(2) ecTb NOIMHOM n-# CTENEHH C NOJOXHMTEJLHBIMH
KoaduuueHTaMH (3a HcKaAloYeHHeM cBoGomHoro uneHa f,(0) = 0);
nanee, 4to f, (1) =nl.

47. Ilycts f(x) ¥ g(Xx)— ABa NpPOM3BOJBHBEIX NMOJHHOMA, NpPHYEM,
OnHaKo, g(X) He HMeeT HeOTPHUATENbHBIX Leablx HyJaeH, T[lokasaTts,
YTO pAaln :

- 1 F({1) f(2)
Y= g(0)+g(1) g(2)

yAOBJETBODSCT AuQepeHl HaAbHOMY Y PaBHEHHUIO

eleiz)r=rled) s

pa3pelHMOMY MOCPEACTBOM Dsila MOC/AeLOBATENbHBIX KBaApaTyp..
48. Tlycts f(x) w g(x)—nBa B3aUMHO NPOCTHIX MOJHHOMA, NpPHU-
yeM g(x) creneHd He HWke ueM f(x), naree g(0)=0, vo g(1), g(@),

22

g(3), ... orauyusl 0T Hynad. [lokasaTh, uTO PR
(1) /@ AGNAOIACII
=2 22+,

YEIF e T e me® L TeMe@e® © "
YIOBACTBOPACT JMHEHHOMY ORHODONHOMY AUbGEpeHUNaNbHOMY ypaB-
HEeHHIO

d d
((e)y =)o
49, Pan

s e+

YAOBJETBOPAET ﬂu(’pd)epeﬂuﬂaanOMy V PaBHEHHIO

t(1—2 2 -2 Y L y—o.
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§ 4. Onpepenenue KO3(PPHUHEHTOB NPH DOMOMA
(yHKUMOHAJBbHBIX YPABHEHHH

50. Oysxuns
F@=1—g¢)(1—¢2)(1—¢%)... (lgI<)
pasaaraerTcst B CTeNeHHOH psn
F(2)=A,+ A2 + A22 -+ Ay2® ..

| Onperenuats KoappuuueHTsl A, 3T10ro pasnomemm M3 (pYHKUMOHANE-
HOrO ypaBHEHHH
F(2) = (1 —q2) F (g2).
Bi. Onpenenuts KOo9Q(MHUUMEHTH B PaB/IOHKEHUU
1
m :BO+BJ_Z+BQZQ+8328+ .« 0 oay

ree F(2)—Ta xe dyHKUHd, 4TO M B npeibiayuiefl samave,
B2. Onpenemnts xospdpunuventst Cy C;, Cy,...,C, B TOMIeCTBE
(1490 (A 4gz7 (1 +g*2) (1 4 ¢%2~ ). .. |
e (I +g 1) (1 F g1z D) =
= CyF-Ci (e 42704 Co (P 27H + ... ++Cp (22 2-7).
$3. s rompecrsa sajaun 52 npeneabHBIM MNePEXOKOM BHIBECTH
Gopmyay

I A+ + g e —gm= 3 ¢ (g]< 1),

n=1 7= —CO
. o ni+n
B4, [1—¢= 3 (—w °  (g)<1).
n=1 T =~ Q0
. - « 1 ; Io%) ni{n+h
~— 4 —9q —4q :
55. 1—_q .l_qa.l_qﬁ"'zzq i (lql<1)'

8BS 1-(].1———q‘3_1-—q3.1—q4 .
C Ty THE T TR T

| = 1—2¢42¢* —2¢°4- 2410 — . .. lgl<1).
57. TMokasarts, 4TO quHKum;
G = (1—“2)'f—1 ( —2)(1 —~q2)+

4L 3(1—z)(1—qz)(1—q2z>+ (gl <)

YA0BAETBOPAET (DYHKUMOHANBHOMY ypaBHeHmo
1+G@— 0@ =(1—g2)(1 —¢°2) (1 —¢%2)...
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58. Onpenenurs KO3PPHUUEHTE B DPasIOIKEHMH
G(2) = Dy Dyz - Dy2?+ Dgz®+ . ..

¢yukuun (G (2) npeablayulei sajayu.
« Jloxasats TOXIECTRO

c (1 —am (1 —an—1) ., (1 — gn-Fk+1)

—=n (=1, 2, 3,...)

l—ak
k=1
W BBIBECTH M3 Hero crenesHo#t pan aaga — In (1 ———x)
[Mmeem
G = —n (n=20, 1, 2, ...),

rae G (2)— ¢pyHKUxd, onpejeleHHas B 3anade 57.]
B0. Creneunoit pan

2 oz 6
f@=1+F+5+7+
YOOBAETBOPAET (PYHKLHUOHANLHOMY YPAaBHEHUIO

2z _ ‘
) =0+2/@ (39)

§ 5. MaxopanTHble pAAHI
Hycrb
By Qpy Ggyeens By s

— NpOU3BOJIbHbIE KOMIJEKCHLIE 4YHC/Id U

po’ P1s Pase«vs P
— BeuleCTBEHHbIE W HEeOTPHUATENbHbIE YMCAZ. [1OM0MUM
ay+az+ a2+ ... F a2t ... = A(2),
Pot P12+ P2t P = P(2).
Ecna uMeloT MeCTO OJZHOBPEMEHHO HepaBeHCTBA
oy <P o] <Py 8l <poeve s @l < -,

TO MBI OyleM TOBOPUTh: «F (2) eCTh MaxOopaHTa QyHKUUU A (2)» HIM Ke:
«A(2) ectb MHUHOpaHTa {yBKUUA P (2)» W 3aMUCHIBATL CHUMBOJHYECKH:

A(z) << P(2). |
6L. Ecim A(2)< P(2) n A" (2) <€ P*(2), T0 Takxe

A2+ A" () K P (2)+ P (2),
A(R) A () KL P(2) P (2).

82. /i1 BceX MOAOKHUTEAbHBLIX UEJBIX 7

(1 +3) <
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63. Mycm
f@y=z40a2° a2+ ... Fa2"4 ...

@) 1t
o) =1

Us ycaosus

BBIBECTH HepaBeHCTBa
la,| <n (n=1, 2, 3,...).

84. llycts ay, ay, ..., @;— lUeable NONOKHTEAbHBIe yHCaa. [Toxa-
8aTh 4) ¢ nomowslo 9, b) 6es nomowu 9, uTo

(142%) (1 +42%) .. .(1 +27) <
< : 1

<< .

(1 — 2% (1 —2%)...(1 — 2% l—zh—2% —  — 2%

TJTABA 2
NPEOBPA3OBAHHA Ps110B. TEOPEMA YE3APO

§ 1. [ipeo6pasoBanne NOCJEACBATENLHOCTEH B MOCAENOBATEIbLHOCTH
B CJayyae, KOIZAa B Kawpaoil CTPOKe CXeMbl HMeeTcCs
TOJNBKO KOHEUHOE YHCJO 3JEMEHTOB, OTJHYHLIX OT HyJd

65. [lycrte B TpeyroabHO# cxeMme

Poo»
Py Pias

Pagr  Parr Paze

BCe HHCJIA HEOTPULATEJbHE M CyMMa 3/eMeHTOB J000# CTPOKM paBHa

eruRule (P, 22 0y Puo+Puy+ oo +Pun=1 v=0, L,..., 0 n=
=0, 1, 2, ...). O6pasyem u3 3aJaHHON MOC/AENOBATEIbHOCTH 8,5, Sy,
83, « ..y 8ys « .. HOBYIO ITOCNENOBATENLHOCT &y, £y, Ly, + .., £y, « .. IO ChE-

AYIOUIEMY TNpPaBUHAY:

tn = PnoSo—t PuaSt —+ PraSo—t -+« = PunSn
Torna £, OyneT 3aKJ/IOUEHO MEXIY HAHMEHbIIMM W HauOONbIIMM H3 UuCe
Sgr Sg» S+ ey Spe
66. (Hpononmeme) [TokasaTe, 4yTO AMg TOTO, 4TO6H 13 CYLLECTBO~
BaHua lim s, ==§ BHITEKANO

n —» o
lim (pn030+pﬂ181 + T +prmsn) =S,

n—=> 00

HeOOXOLUMO W LOCTAaTOYHO, YTOOB 1Jd KaXIAOTO (PUKCHUPOBAHHOIO v OBLIO

lim p,,=0.

n ~» oo
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(ITpusenenHoe ycnoBue MOXeT ObITh BBHPAXEHO CACLAVIOWUM 06pa3OM:
UHCAOBAS CXEMa p,, coxpansem cxodumocms ). HacTueill caydalt onHOMH
BaikHOM TeopeMpr O. Toeplitz’a, cm. I, ra. I, § 5.)

©7. V13 cywecrsoBanns lim s, BhiTeKaer

% = oo
SotSi+ S+t ...+, 1
T = lim s,.
F)'OO n _l_ 7 = CO
&8. Eciu nocnesoBaTelbHOCTb NOIOKHUTEILHEIX UHCET Do, Py, Pas -« o
vy Pypress CTPEMHTCH K MOJNOXHUTEALHOMY TNIpeneNy p, TO TaKXKe
n+1fﬁ____ —
lim Y popype- - pn =0

> 0

. JY an : 1
€9. Csecru spiunciaenne lim 7 K soomcnenmo Him {1 —-—
=00 n >0 n

T, [lycrte naHb nBe GeCKOHEUHblE MOCAEROBATENLHOCTH
R N R -
bo, 01y by, ..., by,
Tlokasatb, 4TO M3 Tpex ycaosuil
| b, >0 (n=0,1,2,...),
b+ b;+b,+...+b,+ ... pacxomurcs,

. a
lim %ﬁ::s
>0 YN

“m ao—f‘at-‘—'az*’r---‘!—ﬂn —3
nooo Dot b+ b4 ... 0y

78, [pusectn BrlyuC/IeHHE

a-—-1 -1 u—1 1 a—1
hm 1 —l_Q +3a +.'," ! n (a>0)
> o0 1

BhITeKaeT, 4TO

K BBIYHCACHUIO

(n41)* —

a—1

lim
n—=> oo fl
(ATOT nocnenwufl Npeles U3BECTEH XOTHA On M3 ﬂmpqgepeﬂuuanbﬁoro
MCUVCEHUS.) .
T2. TIyctb Py Pis Pase s Dpoe - - — NMOCACIOBATEALHOCTL  TTOJOMHH-
TEJNLHBIX YHCEJ, YILOBJETBOPAIOLEs YCJIOBHIO

Hm P =0,
nscoPotTP1tpPot o+ Pn

) B 6onee oBWMX PACCMOTPEHMAX, IAe PAaBEHCTBO OGOMX NMpelesoB 3apaHee
He 00yCJA0BAMBACTCS, OKA3bIBAETCH YACOHEE HA3niBaTh TAKHE CXEMbl <(Pe2YAAPHO
COXpPanARIIHMH CXOQHMQCTDL Y.
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[lokasaTs, 4TO M3 cymecrBoBanus lim §, == § BHITEK4eT
- ‘ 7~ 0 :

m SoPnt S1Pp—y+ SaPp—2+ ...+ Supo
n > o P0+P1+P2+---+Pn

73. TlycTs IBe NOCKENOBATELHOCTH MOJOKHUTEIbHLIX YHCEN

= &.

pO’ pi’ p2' vesy Pus ..y go, ql’ oy «ovn Guv o ve

VAOBJICTBOPSIOT YCJIOBHAM
Pn In
nso Dot P+t oo+ Dn nsco fotqitqt...+an
[Tonoxum
I'n SPan_{_piQn—i +;DQQn—2+ v +ano (n =0, 1, 2,.. )
Toraa NOCACNOBATCABHOCTE 7y, Fys Fgre -y Fyye . TOXE OYyLeT yLOBIET-
BOPATb YCJAOBHIO
-
lim i 1 = 0,
noew o Tt ra ..y,
44 TycTs
Por P1» Par ce+r Ppooveed Goo d1s Gar ooy Gyyees

~— NOCAEL0BATE/NbHOCTH TPelblAylllel 341Uk U
So’ Sl, 82, CINC N Y Sn,
— NPOU3BOIbHAA NOCHAENGBATE/IbHOCTE. [Toxasate, 4T0 ecau 06a npenenaa

lim Sgpn+ SIP?L"J,"j_SZPn—Z + ree + Snpo
> o Potp1+pa-t ...+ Dn ’

im Sefn + 8190—-1+S29n-2 T ;- + 8nd0
n-> oo Got+gi+qat ...+ dn

CYLIECTBYIOT, TO OHM DaBHbl MeX(Ay cofo#t. (JTa TeopeMa NpPenITaBAsST

ocoOeHHBIA HHTepec B TOM cayuae, koraa lim Sy HE CYLWECTByeT.
1 —» 00}

[pu cywecrsosanuu lim &, Bompoc paspewaercs B 72.)

9 —> CO

78. lokasaTh, YTO eC/id psid

a1 T 4 ay27 a8 L e T (o > 0)

cxXopMTCa, TO

Aim (a4 a3 ... +ay)n"7==0.

N —¥ oo
(Psiibl  YKa83aHHOTO BHAA HOCAT HasBarue pados Aupuxae. Cu. VIII,
ra. 1, § 5.) |

& 3ax. 860. BazauM u TeopeMm M3 &HAIMIA
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?B. Mycts py >0, py >0, p3 > 0,..., pan py +pa—=-- .. +pa—+ ...
pacxoaswuica, py—po—...—+p,==P, u Hn p,P;'=0. Torza

=00
- nPT P Py
lim = 1.
n-> oo lnPﬂ_,
(0606LU.6HH8 COOTHOWeEHNs ] —i—rlg—l—-;;—}— e —}—%Nln n.)
47, Tlycte py, Poy- -y Dysvie M Gqy Ggsevesr Qe — IBE TMOCIE-

JOBATCJBHOCTH NOJMOXKHTEJbBHBEIX YHCET H

n -
Torza _' . ‘ |

lim ALt 2002+ 30qeF . A npngn B

n > oo n2ppgn a—+f

78. Ecau Bupaxeuue

(@ —ap)+(@g—ay)+ ... +(Gp——au)
0CTaeTCA OTPAHUYEHHEBIM NPH 72 —> CO, TO PAL &y — @y a5~ ... OTHIOAL
He 0043a8 ewe cxoaurbcd. Ho oH OyleT cXOOMTbedA, eCIH AOOABHTb
Y CNOBYSA

d1>aé‘>/a8,>/..., 1{1;1’1 anZO-
n co :

§ 2. [IpeoGpasosaHue noCAeAOBATEALHOCTEH B MOCHSJOBATENBHOCTH
(oOwuit caydait)

79. Tycry 6eckoHeunas ABOHMHAS MOCAENOBATENbHOCTD

Poor  Por» Poar -+
P Piyr Pios

Pas  Pap Pea
L] L] -- - . L] . . ]

COCTOALAA W3 HEOTPUUATEJbHBIX vyucea, o0Jdnaetr TeM CBOHCTBOM, HTO
pan, o0pasoBaHuBIM KaxAO# CTPOKOH, CXOUMTCA M ero CyMMa paBHa

CANHULE (P 2> 0, PogtPng+ Poo+ -+ P+ .- =1,
n,v=~0, 1, 2,,..). O6pasyeM u3 OrpaHaueHHOH uYKC/JIOBOH mocaenoBa-
TeJbHOCTH Sy, 8y, Sgy-++s Spy... HOBYI UHCACBYIO NOCIENOBATE/Nb-
HOCTb %4, f4, f9,..., fy,... TIOCPEACTBOM DABEHCTB

tn == ProSo 1 PrtS1 1 ProSet v+ PmSy 1
Torpa £, 6yner 3aKk/JOYeHO MexAYy HMKHeH W BepxHeft rpasuuams no-
CNEN0BATE/IBHOCTH Sy, S1y Sgre e Spros -

80. ([Tporomxenne.) Jag rtoro urobel u3 lm s§,==s BHITEKANO
. 7 —» oo

UM (PpoSo—F PpaSy+PraSa— -+« +an3v+ cel )=,

n-> o
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HEOOXO0AUMO W  NOCTATOUHO, 4YTOOB HJaf KawIOoro ¢GHKCHP OBAH-
HOT O v HMENO MeCTO MpellesbHOe COOTHOLIEHHE

lim p,,= 0.
. 7n—=>rco
(IBOHHBIE NMOCASLOBATENLHOCTH P, VAOBJIETBOPAOIHE 3TOMY YCAOBHIO,
Ha3bIBAKOTCH coXpansouumn cxodumocms. Cum. I, ra. 1, § 5.)
81. Ecin pan

¢+ 2¢9+3cg+4¢,+ ... Fre,+ ...

CXOIUTCA, TC CXOAUTCA TaKXe U Pl

n+26n+1+3cn+2+4cn+3+ nr
npu4eM
lim £, = 0.
n => oo

82. Mycrs crenesnolt psan

fx)=ag+ax +ax?*4 ... Fax" ...

cxomurcs npu x = 1. [lokasaTs, yTo CrenesHOH pml

@+ L LD e TS ey

rae O<cx<1 cXoAauTcs npu kA =1—a.

§ 3. IlpeoGpas3oBannsa nocAeR0BATENBHOCTEH B (DYHKIHUA.
Teopema Yesapo

83. llycrs dynukuun

(?O(t)’ cPi (t)’ P2 (t)’ ML Pn (t): .
HeoTpuuaTteabHs B uHTepBaike 0 <(f <1, npuueM BHUIONHAETCH TOMXIe-

T e O+a®+ .. O+

OO€pasyem ¢ TMOMOLUbIO OTPAHMYEHHON UHCIOBOH MOCAELOBATENbHOCTH Sy,
81, SQ, LI ) Sn’ LI ) (pyHKI_LHIO

P (1) = 540, (1) ~+ 811 (©) +32‘P2 O+ - 5,9, (t)—f—

Torna sHayenus P (f) 6yayT sak/Ii0u4eHb MEeXAY HWKHeH ¥ BepXHe# rpa-

HUUAMH [OCAELOBATENLHOCTH Sg, Sy, Sgre«+s Spyess
84. (Ilponomkenne.) TlycTh i KaxmoH cxopsuwedcss 4ducioBoft
NMOC/AELOBATEALHOCTH Sy, Sy, Sgre v s Spyv .+ HMEEM:
i {sogo @+ 58 O+ 5O+ o 5,gn@ 4.} = lim s,
- ‘ n ~> o

ITokasath, 4YTO AN STOro HeoOXOHLHUMO H AOCTATOYHO, 4TOOB AJA
KaXI0T0 (PUKCHPOBAHHOIO v -

lim ¢, (f) = 0.

t—>»1-0

a»
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85. llycTh AaHbl ABe YHCIOBBIE NOCIEL0BATENBHOCTH:

Qg @1y lgrevvs Qpoeoss bo, Oy byeun byl
[Tokasath, 4TO K3 TpexX YCJIOBHH
by, >0 (n=240, 1,
CXOOUTCS npu | £
b0+blr+b2t2+...+bﬂtn { pu £ <1,

lim
7n =¥ 0

PACXOLUTCA TIPH t==1,

CO

Un
BBITEKAET, UTO PAX
cxonuTCa TaKKe npu || <1 #
t—>1 o boF b1t b3+ .. F bt
(dra Teopema mpuHANIEKHUT He3a po; HIOKE OHA HAXOAMT MHOTOYMC/IEH-

Hble TIPUMEHeHNs.)
8. Eciu pan

= §.

ag+a+a—+ ... +a,+ ..
CXOAUTCA U UMeeT CYMMY §, TO

Um (@ a4 agt® - . —{— a "+ ... )=3s.

1—=>1-0

B7. Ioaroxum
Sp=ayt+a +a-+...+a, (n=0,"1, 2,,..).

Bcau CyuwlecTByer

So+ S+ 82+ ... 48y,

lim =
n - co n—+1 >
TO '
lim (ag-+af+at?+ ... a4+ ... )=s.

t=>1-0
(Jra TeopeMa yTBEPHAAET HEYTO HOBOE IO CpaBHeHMIO C 86 aulb B TOM

ciyude, KOTA PpAL @y a(+ag— ...+ a,~ ... pacxonurcs [67].)
88. Ecau BLINOIHAIOTCA Y CA0BHS

bﬂ > 0, 2 b, pacxopurcy,

n=0o
lim ao—l—“l—l—ﬂz-l— +an
nooo Bo-Fb14 a4 ..

lim St aitatii .. —l—azf’?'-l—
t>1- obo—l—bﬁf—{—bgta—{—- T

B NPELNONOKEHHH, YTO DAL B 8HaMeHaTenae cxoaurcs apu 7| < 1.

_—-3 ,

TO

=S
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89. Ecau o NoaoKHTENbHO, TO

lim (1—fr (1ot g 2ol 2 f 3181 [ fope-tpnt )

1—1-0

CyLleCTBYeT M OTJAHYeH OT HYJs,
Q0. Ecin 0 <2< | w & crpeMuTcd K CIAMHHLE, TO

dx i 1
— In

V- (1—Fx) 2 11—k
0

[11202].

91. ITycty A, ¥ B, — COOTBETCTBEHHO YHUC/INTENb W 3HAMEHATEJb
r-A noaxonsauweh ,u.poﬁn 118 O6ecKOHeUHO# HemnpepriBHOH INpolu

A E s s S

TaK 4TO

Ay a| a | a | a
anzH +|3.+|5 +"'+|Qn— (a > 0).

BoiuncauTh 3HayeHue 9STOR HenpephlBHOW Apolu (B MpesnooXeHH
ee CXOBHMMOCTH) C .MOMOUIBIO PALOB

« A 1 B
F(x):E—n%x“, G(x)mZ—rﬁﬁx”,
N i n=(

OCHOBBIBAICH HA TeopeMme 8B.

[Beaencrsre pexyppeHTHOR dopMyas:, cpasmBawouwer A4, n B,,
¢ynxuun F(x) u G (x) yaOBAeTBOPAOT HEKOTOPOMY JHHEHHOMY OIHO-
poaHoMy Au(epeHUHasbHOMY YPaBHEHHI0 BTOPOrO mnopsaxa.}

2. Ecan pan

gl +a2°4ad3 7+ ... +an+ ...,
rie o>'0, CXOOMNTCH, TO

Hm (1 —#p (e F-apf? Fag®+ ... + a4+ ...) =0 [75].

t—=>1-0

93. [TokazaTb, 4TO

lim Vl—tZ " — 21%’

t—>1-0 n=1

CyUleCcTByeT U OTpPHUATENEH.
94%. [lycry paHbl ABe YHCAOBblE MOCJAEL0BATENLHOCTH!

Qgy Qgy gy ooy Gy o vvy g, b4y by vy by, o0
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[ToxasaTe, 4TO €CIM OHH YLOBJETBOPSIOT YCAOBUAM

by >0,
o0
2 b,f" cxXooMTCs A BCeX sHaueHuil f,
N=0 »
. a
lim b—n =g, ’
n-»c0 ‘N

TO PAL
o Gyt ot F- oy g
TOUHO TAaK Xe CXOLUTCA OJIs BCex 3HaUYeHHH t, H

ay+aif+ a2+ ... Fantn4 ... _
tﬂﬁw%+wﬁ+ﬁW%q.~+£W+n~:3& (Cum. IV 72))

95. [lokasatsh, 4To ecau cywecrsyer lim s,==s, T0
n—> 00

¢ £ tn
lim (so—{—.s'1 T!——I—sgﬁ—{-...—i—sn—n—!—l—...)e-tss.

t-¥»+4co

96. lycrs pan
el T el I R

CXORUTCA M uMeeT CyMMy §. [lomoxum

t £2 tn
g(t)=00+a11—!+‘19§7+---+ann—1+-~°

Torna

o]

f e~lg(t)dt =s.
0
97. Cymmy pana

1 x\2 1 x\4 (— 1) [ x\2m
W= = (3) + oz (5) =+ Gr (2) 7

Ha3hLIBAIOT O2ccenesoll ¢hywxyued Hyneporo nophaxa. IloxasaTb, uTo

=]

J e=t J,(f) dt = V—l.g_—

FTABA 3

CTPYKTYPA BEUIECTBEHHBIX IOCJEJIOBATEJNbLHOCTEH
H PAAOB

§ 1. Crpyxkrypa GecKOHEUYHBIX MOCJAENOBATEIbLHOCTEH

98. [Iycrs uyucaoBas f0OCIENOBATENbHOCTD @y, @y, Qg, + .. YIOBJIE~
TBODSIET YCJIOBHIO

Opin < G t0p  (m, n=1, 2, 3,...),
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TOraa moc/aelroBaTeJbHOCTD

dl ag (Zg a :
T 9 B o o
,ﬂ‘OH}K.Ha Jauto CXOIHUTBCH, JIH60 PACXOOHTECA K ———OO, Hpﬂqu npeﬂ.e.fl

5TOH NOCAENOBATE]IBHOCTH OYIET paBeH ee HIDKHeH TIpaHu.
B9. Ilycts unciaoBasg NOCALOBATENLHOCTh @4, g, g, ... YLOBIE-
TBOPSIET YC/IOBHIO

Gt opn—1 <y < Qo+ Gy 1 1.

Torna cywecTsyer KOHEYHbI#t mpejen

a
Hm =2 = ,

n—>»co

on—1 < a, < on-+1 (n==1, 2, 3,.,.).

1@0. Ecin ofuiutt uien psna, He SBJAOLIEroCd HU CXONSIIUMCH,
HU PACXONALIMMCHA B COOCTBEHHOM CMBIC/AE, CTPEMUTCd K HYJ0, TO ya-
CTUYHbIE CYMMBI STOTO Ppsld DACHONONKEHB BCIOAY IVIOTHO MEXAY HX
HWKHUM M BepXHuM npeleaamu lminf u limsup.

10§. Ilycrs psn a,+agta5-+...4+a,~+ ... ¢ nonoxurens-

HbIMH YIEHaMH pacxoiauTcs, oaHaxo lim a, == 0. [loaoxum a; 4+ a5—+4 ...
n =0

. —-a, =8, u 0003Ha4uM uepes [s,] Hauboabluiee Len0e YHUCIO, HE
npesocxonduiee s,. OnNpele/JuTb COBOKYHHOCTb fIpelle/IbHbIX TOUYEK IOCa8-
L,0BATEAbHOCTH

ipUYyeM

Sg— I8, Sg—ISals oo vs Sp—1Spls v

102. Ilycrs nns nocaenoBaTeldbHOCTH £y, fo, o+, Fp o oo CYllE-
CTBYeT TaKas MOCJAeNOBATE/NbHOCTh CTPEMAUMXCA K HYMI0 MOMOMKUTENbHBIX
YUCETT €1, €5, « -, Eyy -.., UTO LJIF KAKIOTO A

tn+1 > tn -

Toraa uucia Ly, Iy ooy Ly, o .. JIEWKAT BCIOAY IJIOTHO MeXAY HX HWXK-
HUM M BePXHMM IIpeletaMu.

1€3. l'lyc'rb Vi» Vg, e eey Y ... — IIOJOXHUTEJbHBEE L@AB8 Yucia,
v < vy & v3\<, . COBOKYINHOCTb TIpeleJbHBIX TOYeK NOC/IeA0BaTE b~
HOCTH vy vy N,

5 T A

BAMOJHAAT BAMKHYTHIY MHTEPBAJ (AMHHA KOTODOTO DABHA HYJAI, eC/IH
9T2 NOCABAOBATENbHOCTb CTPEMUTCA K NpPeneny).

104%. Tloxasatb, u4TO u3 MOBGOH cxOonduUlefcd NOC/AeLOBATeNLHOCTH
MOXHO BBLAGAUTH IOANOCACAOBATENLHOCTD, YeHH KOTOPOR ofpasyior
NOC/AEJOBATE/IbHEIE YaCTHUHLIE CYMMBl HEKOTOPOro aGCOMIOTHO CXOJALe-
rocs pand.

105. Yucaosas nocnesoBaTeAbHOCTb, CTPeMsiasicsi K +oo HMeeT
‘ompeleNeHHBI MUHAMYM.
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1898, Cxonsasgca nocaenoBaTelbHOCTh MMeeT JauBo Haubouabiluh
yjgeH, AMO0 HaMMeHbluuH, AuGO W TOT W APYroH,

[IpuBosuMble HmXe TeopeMbl MOKA3bIBAIOT, UYTO HaKe Hauboiea
9KCTpaBaranTHble UYUCJAOBLIE MOC/AEN0BATENbHOCTH BelyT cefs MecraMu
BAKOHOMEPHO, T. €. KaK NOCJASAOBATEABHOCTH MOHQTOHHbIE.

1@%. Nycw Iy, Ly, ..., 4, ... — N0CAENOBATEIBHOCTS [IOJOKUTEND -
HeiX 4ucea u liminfl, == 0. Torna cywecrsyer OeckOHEYHOE MHOXECTBO
m—=rco
HOMEPOB n, ILJs KOTOPbIX [, MeHblue BCeX MPeAlIeCTBYIOWHX eMy uiae-
HOB MOCAEAOBATENbHOCTH [y, Iy, ..., I, .
188, Ilycs [, L, ..., I, ... — OCAEAOBATEALHOCTb MONOXKHTE/b-
ueix yucen u lim /[, == 0. Torna cymwecrByer OeCKOHEYHO MHOIrO HOMe-
m —» o
POB 17, 013 KOTOPbX [, NPEBOCXORHUT BCe CACAYIOLIHE 32 HUM WYJCHH
Lnvir nvor lnyss o+ (He Tombko yTBepkIAeHHe, HO H NPEANOJONKEHHE

OT/MYHO OT COOTBETCTBYIOUIMX B Teopeme 107.)
§89D. ITycry uucaOBLIE NMOCAENL0BATE/bHOCTH

Ly gy eeey Ly e (Iy > 0),

Sl’ Sz, LI ) Sm’ a b (Sl>0, Sﬂz+1>3m, m:l, 2’ 3, ill)
00/anaT TEM CBOMCTBOM, UTO
lim [, =0, Ilimsup/l,s, = -+ co.
m = co (i e

Torna cywecrsyer GeCKOHEYHO MHOTO HOMEpPOB 7, L5 KOTOPBIX
ONHOBDEMEHHO BHIMTOAHATCA HEPABEHCTBA

Ly > layir ln> ln+2’ lp > ln+3v trt
LSy > by 1Spqs IS > lnaSn_ay «+or 18y, > 15, (107, 108].
Ll Ly Lo
T THr v e e
cTpeMuTCd K —+co ¥ A mnpesmiuaer ee HaWMeHbmui uiaen [106], To
CYWeCTBYeT Takoft HOMep # (BO3MOXHO, HECKOJbKO TaKHux), n > l, 4To

. OTHOUEeHHA
L’n“"’Ln—i Lfn“Ln--z Ln"’Ln—s Ln

—

1 ’ 2 r o 3 L |
Bce He OoJablue A, a GecKOHeYHOS MHOXECTBO OTHOLIeHHf:

§i©. Fcau umciaoBag nocaenoBaTeNbHOCTD

Ln+1'“Lfg Lﬂ+2_‘Ln Ln-i-a“'“"Ln
1 ’ 2 ’ 3 e
BCe He MeHblie A. |
[Ec/iM HaMeTHUTh B NJIOCKOCTH TOYKM € KOOPAMHATAMU

©, Ly, (1, L)y (20 Ly)y oovr (my Lys -,

roe Ly == 0, To Aea0o 6yaer uaTi 06 yrJaOBHIX KOS(PQPHLHEHTAX HEKOTOPhIX
OTpe3KoB. 2Ke/naTeabHO TaKKe YHCTO 4HAMUTHYeCKOe AOKasaTelabCTO.]
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1§8. TlycTs OTHOCHTENBLHO YHMCIOBOH MOCAEAOBATEALHOCTH [y, [y, + ..
«vey by .. OPELNONATAETCA JHilb, YTO :

[Mycrs, nanee, A >{,. Torna cylwecrsyer takoit HoMep n, n > 1, uTto
OJHOBPEMEHHO BBIMIOJNHATCA BCe HEpPABEHCTBA

Iy I N P / [ R A
'ny-+1+ P+n1+n\<A<n+1+n+2T “Jr'n+

M~ o0

(p:‘zl, 2, ey 1 V'—"'ﬁl, 2, 3,...).

Ecin A — co, TO Takke M n — 0O,
112, [lycTh ymcaoBas mochaenoBaTeNdbHOCTb Ly, Ly, ..., {,, ... yno-
BJIETBOPAET yCJAOBUAM

11msup(l—{~l+ .+l =400, lim [, =0.

- co m—> o

ITycte, nanee, [, > A > (0. Toraa cywecTByer Tako# Homep n, n > 1,
YTO OJHOBPEMEHHO BBIMOJHAKTCA BCE HepaBeHCTBA

ln—p.+1+--°+ln-—1+ln A>In+1+lfn+2+---+lfn+v

m Z A y

w=1, 2 ..., 0 v=1,2, 3,...).

Eciu A—0, T0 n— oo.

§ 2. MNokazateap CXOAUMOCTH

ﬂon noxKasareaeM CXOAHMOCTH HOCJIBII.OB&T&JIEHOCTH iy, Fay + oo

ceey L O0< Ly ..., lim rp, == 0O) NOHMMAKT 4YHCIO A,
7 > 00
obnajaiouree TeM CBOHCTBOM, 4TO Dsl

S PRt e a ™

PU BCEX o > A CXOAMUTCH, TOrAd K&K npd ¢ </ A OH YKe pacxoiurcs.
Jad o == A OH MOXeT CXOAUTbCA MAH pacxoaurbcsa. Ecan ¢ =0, 10 psax
pacxonurcd; nodtoMy A > 0. Ecam paa pacxozurcs A/14 Bcex o, TO
noJaraT A = 0o.

183. lMokasath, uro

{im sup = A,
m —» co 1
4. Nycrs x,, Xy, ..., Xp, ... —J1i06ble BelIECTBEHHEIE YHCJA,
ne paBHble Hya0. Ecam cyuiecTByeT Takoe MOJMOXKHTENbHOE PacCTOSHHS
3, uto |x;— x| >0 npu [, k=1, 2, 3, ..., [ k, TOo nokasare1s
CXOQUMOCTH TMOCAENOBATENLHOCTH aOCOMIOTHBIX BEJAMUMH | Xy |, |Xg|, + .-

ey | *m|, -.. HE TPEBOCXONHUT €NHHHLY.
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115, Nycrs P Goablie moxasareds CXOAMMOCTH MOC/AELOBATE/Nb-
HOCTH Fy, Fg, ...y Py, - .. TOTLA CYHIECTBYeT GeCUMCIEHHOE MHOXECTBO
HOMEepOB £, AJSl KOTOPBIX - YAOBAETBOPAIOTCH 7 — | HePaBEHCTB

1 1 . 1
Iy 1\g ry 2\% Fn-1 n—1\g
rn<(n) ! rn<(n) >R, < n [107}.
Ei6. Iycrs noxasaTenb CXOOMMOCTH A  MOCAENOBATEABHOCTH ry,
Poy + ooy Py --. nodowutesed u 0 < a <A <Cj3. Torma cyuwecrsyer

OeCUMCNeHHOoe MHOXECTBO HOMEDPOB £, AN# KOTOPBHIX OILHOBPEMEHHO BbI-

NOJMHAWOTCA HepaBeHCTBA
: 1

Ty, B\a
> () e =t
1
ry VB8
F_.>(Tz.) npu vs:n+1, n+2, n+3, [109]
n - .

§ 3. MakcuMaapHbI YJeH CTeNeHHOro psja

E17. Tiycre 0 < r; <rg < ro < ... Ilpy Kakux sHavesusax x (x > 0)
m-¥# wieH psna

R i ST e

rita rirs .. o, RRRE
NPEBOCXOLUT BCe ocTanbuule (m =0, 1, 2, ,..)7?

i18. ycrs
0L r, LrglrgL v,

0 <5y <8y S vves

. r
lim %= co.

7 m->co Sm

Torna MOXHO HaftTH CKOJb YroAHO OoJbuide 8BHAYEHMS n M 7, 114
KOTOPBIX OLHOBPEMEHHO BHLINOJHAIOTCA HepaBEHCTBA

rk rirg...r sk

[ ] n \
... Ty r 582...5; Sﬂ

| S153.. Sy .
2 L1 (k=0,1,2,8,...)[111],

(ITo CYILECTBY slech, Kak ¥ B 122, peino caonmcn K CpaBHEHHMIO JABYX
CTENEHHbIX pPALOB:

L4 +,1,,2+ A
I+ 42+ )

815'2 $153.
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Myers po >0, p, >0, ..., pp >0, ..., IpuYEM Py, Py, Pa, - .- HS
BCe paBHBl HYJO0. [lycTh, najee, cTeneHHOH pan

Do~ pgX —Fpax® oo A PpX”

MMEeT Ppanuyc CXOAMMOCTH p (p > 0), npuyeM, BO3MOMHO, p == oo. [lpu
0 < x < p nocaenosaTeNbHOCTD

"2
pO' plx’ PaX®, o, p'rnxm’
CTPEMUTCS K HYJ/I0, CIeN0BATENbHO, B Hel cogep:dTcA HAMGOABWIHMH MO

peauyune uieH [105], Tak HasbBaeMbl MarxcumQibrblil 4aern, 3HAUEHWE
koToporo Mbl Oynem 0003HayaThL uepes p(X), Ta&K UTO :

P X" .U“(x) (m = o, 1, 2, ...).

Lienmpansnoim underxcon v(x) Mbl OyAeM HasbiBATb HOMED MaKCH-
Ma/JIbHOTO 4/IeHa:

w(X) = Py x” @,

Ecau epens uucen p,x™ HECKOJbKO paBHbl W (X), TO NmOA v(x) Mbl OyneM
MOHWMATb HAUOOJbLIHA M3 COOTBETCTBYOWHMX HHAEKCOB. [loapobhee
cM. IV, ra. 1. _

{19. B ueo6phiBawoueMcs BCIOLY CXOAALIEMCA CTENEHHOM psle Hu
ONWH YJeH He MOXEeT OCTABaTbCA MAaKCHMaJbHBIM IJISi BCeX 3HAYeHHH X.

§2@. Tlpu BoszpacTaHuu X HOMED MAKCUMAJLHOTO YJeHA NOCTOAHHO
BO3pacTaer. '

121. Ilycts pan

po+P,1x+P2x2+ v~ p XML

C MOOKHUTENbHBIMI KOSMPUUUEHTAMI M KOHEUHEIM PALUYCOM CXOAMMOCTH
p(p, >0, p>0) o6nanaer Tem CBOHCTBOM, UYTO NPH BO3PACTAHHU X
BCE E€ro UJeHsl MOCAENOBATEJIbHO CTAHOBATCA MaKCHManbHbiMHU. TOrna pan

B D aTRPE N

' P

1
uMEeT PadMyC CXOLAMOCTH - -.

B2, [lepesec MaKCHMaJbHOTO WIEHA BO BCIOLY CXOAAUIEMCA CTe-
nesHoM page OoJblue, 4YeM B HE BCIOAY CcXoadweMcs (HaubOJbLIHA OH
B noauHome). Tounee rosopsa: MNycTh PadHYC CXOLMUMOCTH HeOOGpbLIBAIO-
Lerocd CTENEeHHOTO pALa

Gy @ X+ agx? -+ ... +a,xm ...

GyieT OeCKOHEYEH, a CTENEeHHOro psia

By by by .o by

— KOHedeH; nycTh a,, >0, 4, >0 (m=0, 1, 2,...), npunuem
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Koo puunenTnl by, b4, by, ..., b,,, ... BTOPOrO pfAla TAKOBH, YTO BCE
YIACHb O, y™ 9TOrO psfia MOC/ASAOBATEAbHO CTAHOBATCA MaKCHMaJbHBIMH
[120]. Torpa npousBoAbHO OGOJBIIMM [OJOXKHUTENLHBIM 3HAUCHHUAM X
MOXHO MOCTaBUTb B COOTBETCTBHE TaKue [OJOKHUTENbHEIE 3HAYEHHUS j}

4YTOOBl CONPSIKEHHBIM 3HAYEHHAM X H 3)— COOTBETCTBOBAAU O LM HAKOBBI 8
,UWeHTpaNbHbBe HHAGKCH N1 W OPH 3TOM OLHOBPeMEHHO NJA BCex
k=20, 1, 2, ... BoNOJHAJHCL HepaBeHCTBA

ak}k

bkyk < 1.

an}ﬂ by

[Paccmo'rpe'rb MaKCHMaJ/bHbI} MieH psna Z-——sz

m=0
i123. lckaouureabHble 3HAYeHud X°, KOTOPHIM Heab3s TMOCTABUTD
B COOTBEeTCTBHE (B CMbicje 3anaud 122) HEKAKOroO y, eClu U CyUIeCTBYIOT,
TO BO BCEX CAYyYasiX «PedKU»; OHM MMEKT KOHEUHYIO JIOrapugMUYecKyIio
Mepy, T. €. MHOXeCTBO Touek In x*, rae x* — yxKasaHHble MCKAHUYUTENb-
HbIE 3HA4YeHMs, MOXKET ObITb 3aKJIOYEHO B CYETHOE MHOMXECTBO HHTEDPBaJOB
¢ KOHeuHOH o6wieH IJIUHOM.

§ 4. Yactu pagos

Pan a; -+ a;, + ... —Jy—a,g.n—{— vovy, THE By, foy .., 0y, ... —UE-
avie uydena (0 <t <& < ... <t,<...), HasbBaeTCA Hacmsio pALA

a4 ag+ ... 4+a,—+ ...

f24. Ecau B rapMOHHYCCKOM psile
1 1 1 1
T+ t+5+- o+

BLIUePDKHYTb BCe UJjieHbl, BHAMEHAaTeJX KOTOPbIX, 3aMUCAHHbE B JeCATHUHON
cucreMe, coiepxar uudpy 9, TO ocTaBwaAcs 4acTb psApa Gymer cxons-
wencs [113].

§25. Pan, kaxnas 4actb KOTOPOro CXORMTCS, LOMKEH CXOLUTHCA
g0CONOTHO,

128, OOs3aresbHo au  a6COMIOTHO  CXORUTCH  CXOAAWMHCA  pan
ai—g—ag—l—aa—l— , ofiapalowui Tem CBOMCTBOM, uTO mwbag ero

YyactTb
Ay Ay Opyop—+ Gpagr—+ - - o

B KOTODPOH HOMepa COCTABASIOT apUPMETHYECKYIO [POTPECCHIO, CXOLUTCS P
[27.. O6ssareabHo 11 a6COMOTHO CXOAMTCA CXORAWMMCT pan a, +
—+ay—+ag— ..., obnapaiomiuf TeM CBOHCTBOM, uTO /A4100ad ero 4acTb

Oy —t G~ Grpr—+ Grp
B KOTOPOR HOMepa COCTAaBJASIOT IeOMeTPHUYECKYIO IPOrpeccHio, rae &2 > 1,
[ > 2, sBagerca cxonswehcs?
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128. Mycts ¢ (%) == cxt—4~c; x4 "L+~ ... — gerosnaunsd TOAUHOM,
7. €. NOJYHOM, NPUHMMAaOW ki eble sHaUYenus npu uteanx x [VII, ra. 2];

nycTs, KpoMe TOro, cremeds ero [ > 1, a crapuu#t xoappuumenr ¢ > 0.
Buauennsa ¢ (0), ¢ (1), ¢(2), ¢(3), ... ofpasyor 06ollennyl0 apudme-
TUYECKYX NPOTPECCHI0 [-T0 MOpsAKa; BCASACTBHE [10JOXKHUTEJILHOCTH &
YL KOHEUHOe YHCJAQ WYJIBHOB BTOH MpOrpeccHd MoxeT ObTb OTpULA-

TeJAbHBIM.,
OGsi3aTe bHO AH 26COMOTHO CXOAWTCHA CXOAAUIUACH pan a, —+ a, -+
~+ ag—+ ..., obaanawwuit Tem CBOMCTBOM, 4TO Ji0bast ero yacThb

Bo(o) = To(1) T Co(e) T Lo+ - - >

B KOTOPO# WHIEKCH COCTaBAST OOOOIEHHY apuPMeTHIeCKyI0 npo-
rpeccuio (YJeHs ¢ OTPULATENbHEIMHM HHAGKCAME OTOPAacCHIBAIOTCS), SB/AAETCR
cxonsietcs?

129, Ecru pan a, + a4 ag— ... d6COMOTHO CXOOMTCA ¥ Kawias

8ro yacTh BUIA
| a;—+ g+ a5+ ... (=1, 2, 3,...)
umeer cymmy O, To rtorma '
ay =0y = Gy = ... =0,

§3@. MpoxecTBo Touek, 06pasyeMoe BCEBOIMONHLIMH YACTAMM pana
2 2 2 2
LA SR P SR

COBepIIEHHO M HHMrAe He MIOTHO. (Pedyb HMAeT O BCeX KaK KOHEUHBIX,
TaK ¥ GeCKOHEUHBIX YACTSX; CIONA, B YACTHOCTH, NPUYMCIAGTCS M «NyCTam»
yacTh, KOTOPOU HyMHO npunucaTe cymmy 0.)

31, Iycre unens cxonsAulerocd psana

pi+po+ . Pt .. =3
YAOBJIETBOPSAIOT HCPABCHCTBAM

pl}p?»"" 0<an‘§Pn+1‘|‘Pu+g—5—pn+B+..

Torpa xaxnpoe YHCIO 6 NONY3aMkHyTOro uHTepBana O <o <(s Moxer
ObITb NPELCTABACHO B BHUIE CYMMBl HEKOTOPOH OeCKOHeYyHOH uyacTH

pt,+pe o Hp =0

i32. Hatirn pan p,—+ps—+ ... +p+ ..., yIoOBIETBODSIOUIHY
Y CJIOBUSM
1
Plzj’ pnmpn+1+pn+2+pn+3+"' (n=1, 2, 3,...),

u yOeJUThCH, YTO B 9TOM Cayuae Kaxnoe 4uci10 ¢ 3anaud 131 smoxer
ObITh JUIUD eJWHCTBEHHBLIM 00pasoM ﬂpe,lLC’I‘aBJleHO MOCPEACTBOM OecKo-
HEe4YHOH 4aCTH pnaia.
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§ 5. [lepecTaHoBKH 4YJEeHOB BEINECTBEHHOrO psaa

[Tycte ry, 7oy rg, «++; Sy, Sg, Sg; ++.— IBE MOHOTOHHO BO3pacTaio-
WHe [0CAeN0BATENbHOCTH Ue/bIX IOJOXKHTE/bHBIX 4YHCEJ, He HMelllHe
OOIHKX Y/JIeHOB M B COBOKYIHOCTH = HCYepIbIBalOUIME BeCb HATYpPaJbHBIN
pan 1, 2, 3, o (i <Tumatr Sn<Spytyr Top 7 Sy LAF MOOHX 3HAUEHAH
m M 1), TAK UTO BCAKOE HATYPAJIbHOE YHCIO BXOIHT B OAHY M TOJBKO
OLHY M3 STHX I0C/]eleBaTeNbHOCTEH. [lBa psana

a?"l_!_a?"g—l_a’ra_'_"' H a81+a32+a3-’*+

HasLIBAIOTCS TOMNA GONOAHOMEAbHBIMUE HACTAME PANA (4 - &+ a5t ..

[lycTh NOCAeNOBATEABHOCTb %, Vg, Vg, ... LEJABIX MOJOKUTEIbHBIX
ykcea ofJgagaeT TeM CBOHCTBOM, dYTO KaXI0e LEJ0e [NOJMKUTEIbHOE
uncao 1, 2, 3, ... BXOLMT B HEro ONMH W TOJbKO ONWMH pas (T. e.

9TOT pANL TOJAYYEH HEKOTOPOH mnepecTaHOBKOM HATYpPa/ibHOrO psina).

losopar, 4to psn
a, +ay, ... —{—aun —+ ...
nojayyaeTcs U3 psna
a o+ . 4a,+ ...

nyteM nepectTaHoBKy 4aedoB, Ocob0 OTMETHM Te MEepeCTAaHOBKH,
NpU KOTOPRIX @y (M = 1, 2,3, ...)0cTaeTca 1 N10C/Ie NePeCTAHOBKY 7,,-M

YNEeHOM, T. e. IePeCTAHOBKH, OCTAB/AOLLNE UACTh @y — &, - '”_{_aﬂﬁ_“‘

Ha cBOeM MecTe. [OBOPAT, YTO MNEPECTAHOBKA JHIIb CMelldeT
ABE IOTIOJHUTEJbHEIE Y4CTH OLHY OTHOCHUTEJAbHO APYrot (4 xa-
KOV TEpeBONNT B caMoe cel), ec/id KaK 10, TaK M MOC/Ae NepecTaHOBKHU
a, ~CTOUT Nepel @, W Qg Tepen a, AR JoOuX m, n, rie m < n.

[133. Ecau onua u3 NOMOMHATENLHBIX 4YaCTell CXOLsLIErocs pana
CXONMTCSl, TO CXONMUTCA M APYTas, M NePeCTAHOBKA, JLIL CMEaiolas
oGe uaCT¥ OINHY OTHOCHTENbHO APYTOH, He U3MEHseT CYMMBl DHia.

§34%. Ecau 01na M3 NOMOJHHUTEABHEIX UYACTEH YCAOBHO CXOAALIEroCs
psIa PACXONMTCA K —00, TO zpyras pacxomdrcs x — oo. [lpurom,
ecAd BCE Y/ieHbl ONHOH M3 3THX uYacTel HMMEIOT ONMHAKOBBIE BMAKH, TO
MOCPENCTBOM MePeCTaHOBOK, JUIIb CMemaomux 0fe YacTH ONHY OTHO-
CUTEJbHO APYTOH, MOXeT ObiTh mOJyueHa Ajs pana mobas cymma,

385, Ecan panc nonoxure bHeIMY MOHOTOHHO YOLIBAIOIAMA YieHa MU
PACXOIUTCS, TO HMKAKMMH MepeCTaHOBKAMH DACXONMMOCTH €0 HE MOXET
ObITL VCHJICHA. \

§38. ¥V pacxonpsawerocs pama C MOJOKUTEJNbHHIME WICHAMM, CTPeMsi-
WIMMHCA K HY/IO0, MOXHO CKOJIb YTOLHO OCHaOHTh PacXOIMMOCTB TOCpeN-
cTBOM nonxonsilel nepectradosku. TodHee roBOps: NyCTh

Pn >0, lim p,=0, lim (p,+py—+ ... p,) =09,

M -» O 7 —> 0

0< Q<< . < Q< vy, lim Q=r00;

7 <> CO
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TOTJA BCerla MOXHO yKasaTb Takod pan p, 4-p,, -+ ... +p,n -+
NOJYyYEeHHbH NyTeM MMOAXOAfUIe NepecTaHOBKH, UTO IJs BCEX 3HAUEHHH
It == 1, Q, 3, —

| Py Dot P < Qe

i37. Mycms |
a+ag+ ... 4+a,-+ ... = s cxoaurcy,
lay|+a |+ .. @, ... pacxonutcs,
s <s < §” |

(s’ u s” — moBrie uucna, YILOBJISTBOPSIOUINE YKA3aHHOMY HepPaBeHCTBY).
 Tlpu DOMOLIM MepecTaHOBKH, OCTABASIOUIEH HA MecTe BCe OTpULLATeNbHbIE
YNEeHBl, MOXHO TIOJYYHTL B KAyeCTBE CYyMMBl pama 4ucao s’, a npu
NOMOLIM HEKOTOpOH ApYro#fi mnepecraHoBKW, OCTaBasdoulefl Ha MecTe BCe
MOJOXKATEAbHBIE UJeHbl, NOJYUMTh B KadecTBe cymmul uucao §” [136].

§ 6. Pacnpenenenne 3HaKOB 4YJEHOB pAja

188. Nycrs p, >0, py > pp>p;>. .., pid
pit+p+. o+t

| pacxopuTcsa, a pan
81p1+82p2+ s +enp'n+ Tt

rie MHOXHTEAW €, MOIYT MPUHMMATH JHlib 3HadeHus -1 wam —1,
cxoputrcd., Ecam npu 3TUX  YCIOBUAX NOJOXKUTEAbHBIE Y/JeHbl BTOPOTO
psNa COCTABJAOT HEKOTODHY onpeje/eHHbIH NPOUEHT, TO 3TOT NOC/Aen-
it pagen 50. Touuee rosops: '

< lim sup

T > CO

lim inf21+€2+n‘” +€”\<O

7 -» o

e t+eat...+tep
n

189. Nycts p, >0, py>pa>ps>... 1 pan
0 ™ 2% i, S O S

B KOTOPOM MHOXHTENH &, €, ..., &, +.., MOTYT NIDHHUMATB JHIIb OAHO
¥3 AByX sHauenmit — 1 waum -1, cxozmrtca. Torna

lim (g ey ... ko)) p, = 0.

7n > o0

([lBa KpARHUX CAYUAA € == 8, == ;== ... U3 = — g =gy = —¢,=...

AV

HE NPeICTaBASIOT 3aTPYLHEHHH.)



48 OTh. I, T4, 4. CMEUIAHHLIE BAJAUYH [140

F'TABA 4
CMEIUIAHHBLIE 3AJAYHU

§ 1. Ob6eepreiBaromue p.ﬂﬂbl

Ecne pan ay—+ay—ay—+ ... HaXOLWTCA B TAKOM OTHOLIEHWH
x uucay A, 4ro ana Bcex n=20, 1, 2, ... BLIIONHAETCA HEPABEHCTBO

A (g a4y )| < Gy,
10 MBl OyleM TOBOPUTb, YTO BTOT paAA ofsepmssaen uncio A. Obsep-

THIBAIOWMHA DSl MONMET CXORUTbCA WJAH PACXOAUTLCH; €CAH OH CXOLMTCH,
7O CyMMa ero paeHa A.

Mycte yucaa A, @y a;, Gy ... BCE BellecTBenHsl. Ecaum npu scex
2==0, 1, 2, ...
A—(agta;+as+ ... Fay) =00,
rae 0<, <1,
10 uMca0 A 00BepThIBaeTCA PALOM @y— @y~ a3+ ... ¥ NPUTOM Tax,

YTO OHO BCETAd JEXUT MeXIAY ABYMS IOCNeA0BATEAbHBIMA 4aCTHYHBLIMA
cymMamu. O Takux pamax Mol OyieM TOBODHTb, UYTO OHH, YHCiO A
oGpepThiBaloT B y3xom cupicae. G. A, Scott u G. N. Watson yno-
TpebasioT A1 0003HaueHus OMHOro OueHb OJHMBKOrO NOHATUS TEPMHH
xarithmetically asymptotic» (Quart. J., 7. 47, crp. 312, 1917). Paz,
0OBEepPTHBAWWHA B YBKOM CMBICAE HEKOTODOE YHCI0, HeoOXOLUMO
HRANETCS SHAKOUEPeLYioLuMce.

§48. Iycts f(x)— BewecTsendas (YHKLUMA BEULECTBEHHOTO Mepe-
menHoro x. Ecnmu. ¢ymxuma |f (x)|, [f7(x}|, ... upm Bospacrannu
x (x > 0) MOHOTOHHO YOBIBZIOT (B COOCTBEHHOM CMEICAe, T. e. YOBLIBAIOT,
a He NPOCTO He BOspacraioT), TO f(x) OOCBEPTHBAETCA CBOWM CTereH-
yeiM psaoM (psaoM MaxaopeHa) M NPUTOM B YSKOM CMBICIe,

i48., Pynxunn

o=, (142, (I4+x)"7  (p>0)

BeLIECTBEHHOT@ MEPEMEHHOro X NpH X > 0 0OBepTLHBAIOTCA B Y3KOM
CMDIC/IE CBOWIMM CTeleHHLIME DSIAMH.
142. (Tlponomxenne.) [lokasaTs, YTO TO Ke CNpaBedJINBO M [/

GyHKLHH 1)  cosx, sinx.

§43. (Ilponomucuue.) TTokasaTh TO ke AAf QYHKIUR

. 1 [x\8 1/ x\4 '
arcig x, .,fo(x)#1_ﬁ(2) -;-W(?) — ... [141, 142].

) KoHedHO, BO BHMMAHWE NDHHUMAIOTCA JHUIL UJCHBI CTENEHHOTO psia,
OTANUHEE OT Hyas. Hanpumep, n-it wacTHYHOA CyMMO#l CTeTIeHHOrO pana AAs COS X
CYHTaARTCA

x2 xd KxEn .
1—"_ T T s e s _""ln————— nzo 1 2..--
o T Ty =0 L)
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144, Tiycrs unewnr psana ay—a,-+—a,— ... NONEpeMEHHO TOMG-
JKUTEJbHEl W OTPHLATE/NbHb; AaJjee, NYyCTh CYWECTBYeT TAKOe 4hcaAo A,

470 Pa3HOCTD
A—‘(ao—}—al+a2—+— o T Oy)

MMeeT BCerza S8SHAK CJAelYIOWero 4iexa &, ,. Torza A ofpepTHBaeTcs
PSIOM B Y3KOM CMEICIE.
| §453. Ecm pan eyt a,-a,— ... C BeueCTBEHHHIMI dIeHAMH
00BePTHIBART BELIECTBEHHOR YMCA0 A HIPK 9TOM |a, [ > |ay| > | ag{> ..
TO @, @y, Gy, ... LOMKHB ¥MeTb uepeldyiouivecs sHakd u A Byner
0OBEpPTLIBATLCA B Y3KOM CMbLiCIe.

i48. LCcm dyuxuua  f(x), npuumMmamowmas A9  BEILECTBEHHAX
x (x> R > 0) BeulecTBeHHble 3HaYeHHd, OOBEPTHIBAGTCH BELISCTBEHHBIM
pPAIOM

aT
ao"_} xz
s x > R, TO ay, Gy, dg, ... LOIKHB UMETh UYepeNVIOUIMecs 3HAKH W
pan SIBASETCS OGBEPTHLIBAIOUIAM B Y3KOM CMbICTE,

147. ycry dyuxuus f(£) HeOTrpaHHYEHHO ﬂncpcpepeﬂunpyema npu

t > 0, npudeM Bce ee mpousponusie fir'(#)(n =0, 1, 2,...) npuf— oo
bemamT no abCo/MOTHOM BeJWYMHE W CTPEeMATCA K Hymo Torna unre-
O

rpan ff(t)cosxtdt Oyner nad BeWEeCTBEHHBLIX X oGBeprIBaTbcq

B yBKOM CMBIC/IE DSLOM

0 7)) f(0)
X2 + x(4) xE‘*

(TTpumep: f(f) —= e~t))

148. Ynucio % 06BEPTHIBAETCA PALOM

fVU (0) .

X8

+

OIHAKO HE B Y3KOM CMbIC/TE,

£49. 1). M306pasuTh reoOMeTPUUYECKH MOCACNOBATENbHOE  CHOKEHIE
MepBHX CEMM W/eHOB piia

. i 1 ! 1 l 1
pil— g L
| ty—w T wtE Ty e
KAaK KOMIJAeKCHBIX 4uced M .BHllI/ICJIHTb 9THUM INyTeM 3JHA4YCHHE et ¢ ToY-
HOCTbLIO 00 TpPEeTbero 3Hd4Ka.

150. [lycts dyukuma f(2) obranaer Tem csoﬁCTBom YTO MAaKCH-
MyMB MONyJeHt BCex ee TPOM3BOAHHIX BHOJb HEKOTOPOTO JAy4Y4a &,

1) B 3amavax 149—155 uwnexamH pafa ABAATCA KOMILIEKCHbIE 4HCNA, [IPH-
yeM ynorpebaserca ux reomerpuyeckoe n3obpaxenue [l T u cu].

4 3ax., 865. 3amaud H TeopeMH H3 AHaNHaa
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MCXOAstiero U3 Touku z == 0, pocrurawrca 8 Touke 2 — 0 M TOJNbKO B Hel.
VIHbIME caoBaMu, NpW BCeX sHaueHusax n=—1, 2, 3,

| f™ ()| < | 7 (0)],

ectd z JaexuT Ha § u [z| > 0. Torna
a) f(2) obBepThiBaeTcs BIOJb Jyya § CTENMEHHBIM PSAOM

JOREAUPRER ALY I (140);

(o8]

14
b) dyukuus F(2) = [e—tf(-z—)dt 0o0BepTLIBAGTCS BAOJAbL Jyuya &,
l‘é
NONIYUAIOILETrocsd OTpawmeHneM § OT BeUleCTBEHHOH OCH, pPALOM

f(0)+f’(0)+f”(0)+ f”’(O) 4 (147).

VInTerpai, pacnpoCTpaHEHHBI HA [OJAOXKUTENbHBlE SHAYEHMA f, IpH
YKa3aHHBIX MPENNONOXKEHHAX He0OXONIUMO CXOQUTCH.

i50. Crenennnie pann dynxuntt e~%, In(1-2) u (14-2)-2 (p > 0)
o0BepThiBAlOT 3TH ¢GyEKUMM npu Rz > 0, z 5 0.

iD2. Ilycrb 2 JexuT B ONHOM M3 YTIAOB

—rcage<y, Tcaga<® @0

zﬂ oo {a

Toraa GyHKUHUA e_‘;f e ¢ dt 00BepTLIBAETCA PANOM
/ .

1 1 1.3 [-3-5
L R i L

(M NPUTOM B Y3KOM CMBIC/I@ TPH BElIeCTBEHHBLIX BHAUECHHUAX 2).
i93. llycrs g, 4 b, — NPOM3BOJLHEIE KOMILIEKCHBIE HHCIA, OT/NY -

a
Hble OT HyaAd, npuueM 06a UMET ONHHAKOBHIH &pryMeHT (fi BellleCTBEHHO
n

5 HOJIO}KPITCJH:HO). Ecnu B Hexkoropolt Touke 2z <= 0 ofa psana

ay+ a2+ a2+ ... Fa2" ...,
byt biz—+b22 4 ... 02"+ ...

00BEPTLIBAIOT COOTBETCTBEHHO BHauyeHUs ¢ (2) K ¢ (2), TO B 3TOH TOUKe
cyMMa

Gy =0y~ (a, - by) 2+ (ay 9 22+ . .. (b P+
Gyner oOBepTHIBATL 3HaueHMe ¢ (2)-¢(2). (To ke cnpasenauso ¥ Ipy

o0BepTHIBAHMK B Y3KOM CMbICJe, €CJAM BCE BXOJSLIME BE/HYUHBI Belle-
CTEEHHD!. )
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154. Jlna 2z, jexawux B 0614CTAX, YKasaHHLX B 3ajade 152,
dysruua 2 cth 2z oOBepTHBASTCA CBOMM CTeNCHHBIM PALOM

(92) 5. (22!

- ¢
zcthz_-ze—{——e__—l—{—B By % +B,(Qz)

(1 TIpUTOM B Y3KOM Cszcne ecqu 2z BellecTBeHHO). Kosdpduuuenrn 5,
Bg, B;, ... HaswBaiorca uucsamu bepuyaru.
I155. dyuKyua

o(2) =1aT (1 v}—z)—-—(z—}—%)lnz—]—z—%ln@w) (1 31

npu Rz > 0 MoxeT OLITH NpeACTaBjeHa B HMHTerpanbHoOi ¢dopme
(oo

¢
o (2) = 2 faf‘”g? »

e‘ant —1

[cv. E. Lindelof, Le calcul des résidus, crp. 88, Paris, Gauthier-
Villars, 1905]. Iloxasate, uro mnoJyyawuuics 0rcioaa (pacxonawuiics)
pag CtupauHra
By
1.2.2- 34z3+56z5

ofBepTHBAET GYHKUMD ®(2), eciu 2z, Kpome ycaosus Rz > 0, orpanu-
YeHa cuwe ycCJOoBMEeM

i T
—Tg arg 2 < e

§ 2. Mpoune 3amauH, OTHOCAMMECA K BEULGCTBEHHBIM pAIaM

i156. [lycts ©(x) onpeneiesa IJjs NOAOKUTE/NbHBIX SHAYSHHH X,
ApUYEM NPH AOCTATOYHO GOJBWIHMX X MOXKET ObiTb NPEACTABICHA PALOM

a1 as an
cp(x):ao—l—?—f—}—g-—!— —}—x—n+ cee
TRE @y, G, Qgy v ..y Gy, = .. BEUIECTBEHHB. DeckoHeudsift pan

oD +o@-+ ... Fom+...

TOPLA W TOJLKO TOraa OydeT CXONAMMCH, KOraa ao__O @y =0,
157. (Iponomxkenue.) Iycts o (n) = 0 (n =1, ..). Beckoneu-

HOE MpOH3BeLeHHE
oD@ ... 9(n)..

TOTJa M TOABKO Torna Oyner CXOMAWMMCH, KOrLa
ao m— 1, 611 = 0.
158. (ITponomkenne.) B kakux cayyasx cxomurcs GeckoHeunsit psia

P(D+e(De@+oMe@e®) + - +o)e@ ..o+ ...
4*
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159. 19 xakux N0MOKUTENbHBIX 3HAYEHHH @& CXOLUTCH pPAA
oo i o.
ME—e)(2—e*). . (2—en)P
n=1

1 o0
160. fx“wdx—_—E n-m,
n=1
1] '

161. l/l+]/1+g/ﬁ=1+ S

EB2. Tlyctb ay, Gy ooy Ay o -« — NONOKHATEIBHEIE YHCAA H

by = l/é1+l/-a2+---+‘/a;'

Cx0pUMOCTh TIOCAELOBATEJbHOCTH

(t) . tl, tg; c-o,tn, LI N
QIpenendeTcs 4YUCIAOM

. nina
{im sup — " —q
R0 n
CIeLVIOUIUM OOpasoM:

ecmd a < 1n2, TO (f) cxonurcs,
ecid o >1In2, TO (f) pacxoaurcs.

i83. ([Tponomxenue.) TlocienoBaTenbHOCTb (£) BO BCAKOM caydae
CXOOHMTCS, €CIU CXOMMTCA Pl

<O

Y o Vra

. . e
1 o Valay... ap

n=

164. Ipu 0 < g <1 uMeer MeCTO PABEHCTRO

. ks 1
i GE) () (597 =

I85. [Tycro GeckoHeuHblt B 06OMX HANMpaBACHHAX PaA

...+f”(x)+f’(x)+f(x)+ff(x)dx+fdxfj(x)czx+...

. paBHOMEPHO cxoautcd. Kakywo (QyHKUMIO OH NpencTaBiaser?
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I866. [Tycs ¢, (x) u ¥, (x) — nomunoMu -4 crenenu (n = 0, 1, 2,...),
onpeneiseMeie HOpMYaaMu

Po(x) =1, CPn,(x)——"‘an,-i(x)s cpn(O)-:O,
bo(x) =1, Y (x+1)—d(x)=10,_ (%), ¢,(0)=0
- (n=1, 2, )

ITpocyMMupOBaTh pAREI

¢ X)) =0y () F+ 9 () ... o, (O)F+ ...,
G(x0) = () b ()= oo F0p (0) 4. ..
18§7. TTonoxum

1
Xp = Ype ¥, Yp=nln  Zeh,

-

TMoxasaTb, 4TO HHTepBadbl (Xy, V1), (Xa, Vo), (X3, Vg)y +.. BJIOKEH!I
OIMH B JpYyrofl, T. €. KaKAb M3 HUX COLEPHHUT NOCAEAVIOIHHE Kak
CBOI) YACTb. '

188. [MocaenosarenbHOCTB

n4-p

an:—_(l-{—%) n=1,2 3, ...)

1
TOrJA W TOMBKO TOTZa MOHOTOHHO yObIBAeT, KOrja P>z,

§89. IMocienosareabHOCTD
1 n
a-,n:(l +-n-) (1 —1—1’2) =1, 2,3, ...)

i
TOCA&, # TOJbKO TOrBa MOHOTOHHO yO6rIBaeT, Korna x>/§.

7. [Noxasars, UTO NpH LEAOM MOMOKHTENLHOM 7

e 1\" e -
2n—1—2<e—(1 “*“Z) <TmFi
§78. Kax wseectno, umciao e= lim (1 —}—%)n AJIs 10600 3Ha-
7N => o0 ;
geHusa 4 =1, 2, 3, ... 3aK/1i04aeTcd B HHTepBaJe
1\® 1\"+1 “
(1+,T) <e<(1+n—) [168].

B Kaxkol ueTBepTH 3TOrO HHTEpBaNa?
B7 2. TTochaenoBaTeALHOCTh

an:(l +—;‘lf)”“ (n=1, 2,3,...)

TOTAA M TOJABKO TOTA2 MOHOTOHHO y6mBaer, xorga 0 < x <2,
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173. Ilokasath, UTO #A-9° UTEpAUMs CHHYCa
sin, x == sin (sin, _, X), sing x == sin x

NpY BO3PACTaHWM 7 CTPEMHUTCS K HYJIO, IpHYeM NpH X > 0 uMeeT MecTs

npeleJpbHoe COOTHOLUEHHE
Ii 2y =1.
im7Y 5 sin,x=1.

n —>co
174%. Nycrs B marepsanre 0 < x < x, umeem 0 < f(x) < x,
flx)=x—axkF+4+bx'+ xte(x), lim e(x) =0,

x>0

npuueMm 1| < k<!, a, b nonoxutenvHel. [lonaraem

Vo=X, Vy=S(), Va=/S (), ..., ‘v,n::f(vn_l),

Tormpa npu n— o0
1 1
nk=1y —[(k—1)a] *-1,

k7 5. Vccnenosath CXOmNMMOCTh psina
] 8 3
ViVt Va b L.

vy =sinx, vy=sinsinx, ..., v,=sinv, 4, ...

rue

Oueprano, MOXKHO NPelNOJOKHTb v, > 0.
§7@. doxasatb popmyany

e — 1 =u 4w+ uuu,—+ ...,

gun — 1
i, = x + 0, am—_—ln”T (n=1, 2, 3, ...).

rane

87 7. Bouncauts
1 1 .
— cos®¢ ——gcos'3 3cp—1—§c033 3%—%(:055 3Bo4 ...

178. Nycrb a,, b, (b, + 0, n =0, 1, 2, ...)— ABe NOC/ACA0BATCIIb-
HOCTH, YIOBAETBOPAIOLIME CJAEAYIOUIUM VCIOBHAM:

<
a) Crenennoll pan f(x) = Eanxn objanaer pajuycoM CXOTHUMGCTH 7,

n=:
OTAUYHBIM OT HYJS.
b) Cyluecrsyer npened
. b
lim 2 =g.
n-aroob'n+1

npudeM |¢| < r.
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[Tonoxum Teneps |
Cp=0bp by ... Fap, (n=0,1, 2,...).

‘ ¢
[loxasarb, YTO NMpY BO3PACTAHHH 7 OTHOIIEHME ;2 CTpeMUTCS K f{g).

bn
179. lycrms
fo(X) = QX+ @ apxd+-... (n=1, 2, 3,...)

~— TIPOUBBOJIbHEIE (DYHKIHM, JJIS KOTOPHIX || << A npH BCeX wueabix
NOJOMUTEbHBIX SHAYEHUSX 7 U B, W Jlajee

lim f,(x) =0

> Co

npu O < x < 1. Toraa npu npoussonbHoM QUKCHpoBanHoM £ (R = 1,2,3,...)
lim amﬁ = 0.
n >

180. [Iycts panu
e e e I i e (n=0,1,2,...)
o6aanaloT obiieRr cxonduwelica MaxopaHToH
Ag- A Ay A .. =8,

T. €. JJis BCeX BHAYEHWM n ¥ & BHUTOJHATCA HEPABEHCTBA | @y | < Ap
[lycTb, nanee, CyUleCTBYeT

im a,;, = g, (=0, 1, 2, ...).

n—>r
Torna psan
a+a a4+ ... Fa+ ... =s
CXOMUTCS U
lim s, =s3s.
n —>r oo

188. ObocnoBat, npenenbubie mepexons B B3 u 59.
i82. lpu ¢PuKCHPOBAHHOM NONONKUTEJLHOM o U £, CTpeMaueMcs
K —— OO N0 LEJAbIM 3HAYECHHSM,

co

/ 1—a f 1\2
au—1¢pa __yoy\—2 N il
2 vi—l(p® — v%) 5 (G).

v=1

HlTpnx npu 3HaKe CyMMBl O3HAY4eT, YTO YJIEH C v ==I, K8K He HMew-
mu# cmbicna, orOpaceiBaercss, OTMeTuTh CaAyyai o == |,
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183. Tlycts uncaa ey, e, &9, -.., &, ... MOTYT NPUHUMATH JHLIb
Tp¥ 3Hauyenus: — 1, 0,-4+ 1, Torzma
. ] i i [e e}
o
201/24-511/ 24e )/ 24 ... = 2sin| 7 y LTt ]
=0

(IMoa BLipOXKeHHeM B JEBOY YACTH MOHMMAETCA Npeles BblparkKeHus

eol/2+81]/2+82V2+ +enV§

pH N —> 00; BTO BHIPAKEHMEe MMEET CMLICA MDPU BCEX BHAYECHUAX IL.)
i84. Kannoe uncno x unrepsana — 2 < x< 2 Moxer ObiTh npes-
CTaBJaeHO B Qopme |

x:%l/gjusi]/ 24}/ 2+ ...,

rie 4UCaAa ey, &, 9, ... MOTYT MPUHMMATb /MWL OAHO M3 ABYX 3HA-
ueHud —— 1 m - 1. YkasanHoe npeacras/ienne MOXeT ObITb OCYLLECTBACHO

JaKe ELHHCTBCHHLB M OﬁpﬂBOM, ecad X He uMeeT BUAd 2 COS d T,

24
rae p, ¢— ueawve, 0 < p <29, Tlocnennue uucaa SBJAAIOTCH €NUHCTBEH-
 HbIMH, MOTYLWHMH OblTb [PEACTaB/AEHHEIMH B KOHEYHOH QopMe

&g E/Q-—}—ali/Q—I—sg V?—}— Ce j{—enﬁ.

M3 9T0ro KOHEYHOrQ MNpeNCTaBJASHHA MOXHO NOJYUYHTb OeckOoHeyHoe
psosgskuM o8pasom: nonarad aubo

En+1zl’ an+23——~1, EMszeﬂ+4:"'zli
anbéo

E’ﬂ+1:__1’ en+2—_:-..—1, en+3::zen+4z.,,ﬂ1,

I85. (ITponomxenue.) Yncao X TOTAA M TOALKO TOrA4 OYIET UMETh
BUA X == 2 CO8 AT, [le £ DALMOHAALHO, KOIAA MOCAEN0BATENLHOCTD &,
8¢, 89, »++ , HAYHHAA C HEKOTOPOTO MeCTa, CTAaHOBHTCH NMEeDPHOILKUECKOH.




OTHLEJI BTOPOU
HHTEFPAJIbHOE UCYUCJEHUE

WIABA |

UHTETPAJl KAK MPEAEN CYMM IUIOMIAJEH
nPAMOYIrOJIbHUKOB

~§ 1. Huxuue u BepXHUE CYMMbl

Tlyctp f(x)-— orpanudensas QyHKUHA, 3a0aHHAR B KOHEUHOM MHTep-
Bate & < x < b. PazobpbeM 9TOT HHTEpPBAA TOUKAMU -

X, Xiy Xor ceen Xp_g Xp
rie

Q==Xg << X < Xg< v < Xy < X,=0b,

Ha # [OLWHTEPBAAOB; NycTb m, M M, 0603HAYAIOT COOTBETCTBEHHO HMK-
HIOIO ¥ BEPXHIOW rpadHd f(Xx) B v-M uUHTepBaJe

Xy L XL X, (v=1, 2, ..., a).
Torna :

n .
U = Zlmv (xv - xv—l)
y=

"
O = ZJM\r (xv_ x.v—l)
Y=}

HA3LIBAIOTCSA HIDKHEH M BepXHeH CyMMaMH, COOTBeTCTBYIOLMHMU pasdue-
HUO Xy, Xq, Xgs «.oy X, 4, X, KaKnad BepxHAf CyMMa MPeBOCKOILUT
(BO BCAKOM C/ayuae He MeHbllle, YeM) BCe HIKHME CYyMMB. Ecam cyuwse-
CTByeT TOJABKO OLHO 4HCI0, He Ooabllee, uYeM mobas BepxHaf, H
He MeHbillee, ueM J100ad HiDKHAL CYMMa, TO 3TO YHCAO HA3LIBAIOT
onpeneseHHbIM MHTerpasoM ¢yHxuud f(x) B unrepsate [a, b] u ofozua-
YaIoT

b
f f(x)ydx.
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$yuxkumo  f(x) HasbiBalRT TOrna (COOCTBEHHO)  urmezpupyemod
8 cmpicae Pumana B wHrepsane [a, D).

ITpumenp.
1
=5 (a > 0.
Hnmeem ,
1 1 1
—2 < < 9 [}
'xv xv-—lxv x-a-—l
OTKYy A
T n
Ky Xy—y \“1 Xy — X4y W K, — Xy
T2 N e N
y=1 %y v=1 Fy=1%y v=1 Fy-1
Ho
7n n
2" St e W)=
Xy—1X, Xy—1 X, a b*
= ‘)=1
. 1 1
Taxkum o6pas3oM, YKCIO — 7 OOJbIIE BCEX HUXHUX U MeHblle BCeX BEPX -~

#ux cyMM. OIHAKO, OJ% TOrO 4TOOBl OTCHHE MOMKHO ObIIO BAKJWUATH, UTO

1 dx
—7= ) A

a

& |

1 1
HYXHO elie IMoKaszaTb, YTO TOJbHKO 7z F o0nanaeT 3TUM CBOMCTBOM,

1
Benencraue MOHOTOHHOCTH ()YHKUMM —5 NOKA3aTh 9TO HE NPeiCraBiser
rpyia [cM., Hanpumep, Cesdro, crp. 692 #*)].

f. [yers @ >0, r—uenoe uucao, r > 2. T0Ka3aTh AHATOTHUHLIM
€¢rocoOOM, UTO

7

1 ( 1 1 1 )
" R + a0 s xq '_—x\’_ ):
Z r— 1 -’fz_I _{— x"“x‘ + _!— r—1 ( L

ve=1 Xy—1 v v—1 Xy Xy_1

1 1 1y
==t (@ —5)=

2. llycts @ >0 u 7 -—NOJOKHTE/NbHOE ilesioe Yncao, I[10kazate,
b

4]
*

[ dx
|
a4

xv

br+t — gr+t br+1 — gr+t
T. €. 4TO HHCIO
741

¥ —_
4TO Jx dx = Py ,

a
BC€ HHXKHHE CYMMbl U MCHLIUC BCEX BEDXHEKX,

PEeBOCXOAUT -

*) Ueszapo, 4 2, cTp. 251,



7] | § 1. HIDKHUE M BEPXHHUE CYMMBI - B9

Toukn DeleHHs Xg, Xq, X, « ey Xy_1» Xp OOPAZYIOT aPUDMETHUECKYIO
NpOrpeccuio, eciu

Xypg — X=X, Xy 4

upn v=1, 2, ..., n—1. Onu 00pasyiOT TreOMeTPHYECKYIO nporpec-
CHIO, eCaH

Xotrr KXy

Xy Xy—1
npu v=1, 2, ..., n—1; B HNOCAeAHeM CJayyae TMpennoiaraercd, uTo
a> 0. ¢

S CoCTaBuTh HUXHUE W BEPXHHE CYMMBlI 17 (YHKUHH e¥ B HHTEp-
gane [a, b], pacnosarad TOYKH [Le/IeHHUS B dPUPMETHYECKOH [POTPECCHH.
K kakomy npeneny CTpeMsiTCs 9TH CYMMBl NPH £ — COP

1 .
%. CoCTaBUTL HIDKHHE M BEDXHHE CYMMbl AJf QYHKLHH — B mHTep-

Bane la, b] (@ >>0), korza TOukH IHeJeHHd 00DPasyIOT FeOMeTpHULCKYIO
nporpeccuto. K KaxoMy Tpeneny crpeMsiTca 3TH CYMMBl TIPH 71 —> COP
8. HdokasaTh TOMIECTBO
1 ! ! 1 { ] 1 1
l—gt+s—7+ Fog—a—m=srrtiTs T+ T

Ha#itu npenea npu n— oco. [[IpaByio 4acth MOXHO pacCMAaTpPUBATH K4k
HIKHIOIO CYMMY BJs HekoTopo# ¢ysxkuum B unTepsaie [0, 1], pasnenen-
HOM Ha pA4BHBIE YACTH.]

®. DeckoHeuHas MoCAefOBATENBHOCTb, N-H UieH KOTODOH DpaBeH #-it
YaCTHUYHOH CcyMMe pana

sin x + sin 2. sin nx

: S L,

-
B3ATON ma4 .X.':-‘n—_{_—i“, CTpeMuTCsa K Ipeneay, OTJAHYHOMY OT HyJ4.

(M3 3rtoro caeayer, 4TO YKAas3aHHBIH DAL B OKPECTHOCTH TOYKH X =— O
CXOLHTCA HepaBHOMEDHO.)

4. lycre $yHrums f(x), © KOTopo# umer peus Ha cTp. 57, 8-
JAAETCH [POU3BONHON HeKOTOpOH ¢dyukumu F (x). Torza aas a0bX HMNK-
Aux u BepxHMXx cyMM U m O BpIIOAHAETCS HEePaBEHCTBO

UL F@G)—F(a)0.
(DTuM, OLHAKO, elle He CKAa3aHo, 4To F (b))~ F (&) ecTb e LU HCTBEH-

HOE UYHCIO, YHOBJeTBOpAOLIee 3TOMY HBOHHOMY HEpaBEHCTBY [MJIs BCex
Un 0)
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§ 2. Crenens npuOAHKeHnus

8. Mycry 0 <<t <1, ¢yukuma f(x) B unrepsane [0, £] MOHOTOHHO
BO3PATTRET, B uHTepBajse {4, 1] MOHOTOHHO yOLIBAeT M MaKCHUMyM €e
f(&) = M. Torna pasHOCTb

1 1 2
so= [ rwas— L)+ r(2) 4 ()]
: 0
APH 71— OO0 CTPEMUTCA K HYMO, Kak -;— Hmenno

M—7(0 M— f{1)
L f()\éAng f().

I i

5

D. Tlycrs f(x)— QyHKUMA C OTPAHUYEHHBIM H3MEHEHHEM B MHTEp-
paie [0, 1]. Tloka3aTe, YTO PA3HOCTD

1

b= j f(x)dx%-,i—[f(—,i—)+f(,%)+ o1 (2)]

1
Ipu L —> 0O CTPEMHTCA K HYZIO, KaK --. HMuenno

' %4
[Aﬂ ‘ < T
rie V —noanoe uaMeHeHue f(x) Ha uurepmaae [0, 1].

i1@. [ycrs f(x) B unrepsaje [@, b] uMeer OTPAHMHEHHYIO 1 HHTe-
rpupyemMyo Npoussoanyw. Honoxnm

( )

Qupezenuts lim nA,.
n~>r0o

b
n = J

1. Ecim f(x) asawam InuddepeHunpyema u f’(X) cOOCTBEHHO WH-

TerpupyeMa B MHTeDBaNe 4 < X < b, TO Pa3HOCTb

@

n ==

(a+(2v~1)b;1a)

1 _ 9,/
npn 7 -—> 0O CTPEMHTCS K HyJ/O, KaK —-. Doaee Toro, lim n'A, cyue-
: n n->co
crsyer. OnpemesuTb 9TOT mnpenel.

2. (Hpo,aonmeﬂne) PasnocTsb

ﬂ—fﬂx)dx— +1[f(>+92f(““" ==

\':1
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1 . 2,7
CTPEMHTCA K HYJO, KakK —. bosee roro, lim nA, cyutecrsyer. Omnpe-

nN—roo
JCIATH €10,
Kpome TOTO, MOKasaTh, uTo eclu [ (&) = 0 u [ (x) > 0 (e < x L b),
TO A > 0.
I3. ITyctsb

1 1 T
Un:n+1_|_n+2+...+§5,

V“Qn—|—1+2n—{—3+ +4n '

Torna
lim U, =1n2, Him V, ——In2
n—=>0co n=»co
1 1
im n(n2—Uy, =, lim n2(1n2——Vn)=§.
n->c0 n >
f4. Boipaxenue
l 1 2n
_;_ 27c+ .+ (n_l)n—-—;(ln%—f—C—lnn)
sln; sinT nT

[Npy BO3PACTAHHH A OCTAE€TCA OTrpanUYECHHLIM, C — Tak HasbiBaeMad no-

cmosnnnan Jisepa [pewenue 18].
1

G s

5. limetn 2 (112233 ...72"7 =1,

K adee
16. O603Hauum qepes X, (e,II,PIHC’I‘BEHHbIﬁ) KOpeHb ypaBHCHHUS

|

=TS =a (x>0

B uHTepBaste (n, oo). [lokasartb, 4TO
n-{—-% ‘
nlin:o S g =0 2],

17. fTycts x] 000sHauaer (eOMHCTBEHHBI) KOpEeHb YpPaBHeHH:

1 2x 2x 2x
yte—nte—zt  tamm=t ©@>0

B uHTepBaJe (n, oo). [lokasatb, 4TO

lim [x —(n-]- 2)}i§_mJ-—0 {12].

n—>oo

———
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18. Ecmu f(x) opu x> 1 nnddepenuupyema u f (X) MOHOTOHHO
CTPEMUTCA K HYJMIO NMPH X — 0O, TO

im (57O +/@+I@ + .. +f(r— D+

n—r o
7
1
o — | f()ax)=s
' 1
CYLIeCTBYET; ApH 3TOM, ecan f'(x), ckaxem, BO3pacraer, HMeeM:

S < 5 D+ FQ+ IR+ ..

A o=+ F ) — | fldx—s <0,

. 1
PaccMoTpeTh, B YACTHOCTH, cAyuaH f(x)=?, a2 Takie f(x) = —In x.

19. Ecin f(x) npu x> 1 anddepenuupyema u f' (X) MOHOTOHHO
¥ HEOTPAHWUEHHO BO3pPACTaeT NPU X —> CO, TO

SIOFF@Q+IB+ o+ fr— 1) f(n) =

— J F) dx L O1f ()]

1
Bo/see TOUHO:

0 < 5 /D)@ +FG) + ... +Fn—1)+

i — [ rewas< s rm— g7,

§ 3. HecoOGcTeennble HHTErpaJdsl B KOHEYHBHIX Npefenaax

TTycte ¢QyHKUHMA f(x) onpelefieHd B KOHEUHOM HHTepBane a < X < 0

34 MCKJIOYeHHeM TOUKH X = ¢ (@ <L ¢ < b), B OKPECTHOCTH KOTOpo# oHa

NPUHHUMAET CKOJb YTOAHO Ooabllve 3HAaueHus. [lycTb, Kpome TOrO,

f(x) cobcrBeHHO ubTerpupyeMa B JMIOGOM NOAMHTEDPBAJE MHTEpBaJa [a, b,
b

He cojepxaueM ¢. Torza ff(x) dx OmpeLe/isieTCAa KaK Npenes, K KOTO-

a
c—e b

POMY CTPeMHTC CyMMa f f(x)dx -+ ff(x) dx, xorga e u &’ crpe-
a

c+e'



23] § 3. HECOBCTBEHHBIE MHTEI'PAJBI B KOHEUHBIX TPENEJAX 63

MATCA K HYJIO:

ff(x)dx =

Cc—e

Lm | [ 7t ff(x)dx.

(Eciu ¢ coBnazaeT ¢ OIHHAM M3 KOHILOB & MJAH b, TO ONWH H3 HHTe-
rpajos B CKOOKax oTnanaer.) AHaJOTHUYHO STOMY ONpENenseTCcs MHTerpan
¥ B C/yuae HaJAWuud B MHTepBaJe [@, §] HECKOJbKHX (KOHEYHOrO UHCHa)
TaKUX TOYeK.

Ecau f(x) onpenenena Aand X > @ YW COOCTBEHHO HHTerpupyeMa

B A1000M KOHEYHOM HHTepBaje a4 < X < ®, TO ff(x) dx onpeneisercs

w

KaK npelel, K KOTOPOMY CTPeMUTCA f f(x)dx npu o — oo:

a

fof(x) dx = lim ff(x)dx

w —>r 0o

Hapnexaie BriOpaHHON JMHeHHOH NOACTAHOBKOH BCErZd MOXHO He-
coOCTBeHHH! HHTerpas OLHOIO M3 9THX J[BYX THNOB TMpeolpa3oBaTh
B HeCOOCTBEHHBIl MHTErpaJ Lpyroro Tuna.

20. Ilycrs f(x) monoronna B umutepsasie 0 < x < 1; mycTe, najee,

B opHOM U3 Touek X = 0 ¥ X = ] uau B oOenx (yHKUMS HE OTUpaHHYeHa,
1

HO TaK, YTO HecOOCTBeHHBI! MHTErpan f f(x)dx cywecrsyer. Torna
0

1) G ()

p r f(x)dx.

&

lim
N —>r 0O

21. ([Tponomxenue.) Tlyctb ¢(x) COBCTBEHHO HHTEIDUDYEMa B HH-
reppane 0 < x < 1. Torna

(V) D e () (5 j@wmx,

n

lim
i - CO

22, Tloxkasate uHBIM crocobom, yem 8 1 71, uro mpu & >0

i A TP o

lim —_—,
n > co ne o
23. INonomum
Zk““‘zﬂ“” > a2 (3, 8> 0).

n=1




64 OTH. 11, TN, 1. MHTETPAA KAK IMPEIEJ CYMM (24

[Tokazats, 4tO

lim nl-*—fq,
n =

cyuwecrsyer 1 oruden or wyas. (Ecam 0 <<a <1, 0<B <1, a 821,
TO Npu 2z =—1 pag uad mnpousBenenus GyneT pacxoNdiliUMCad, XOTH
pALLl 1A 000UX COMHOXHTeReH CXOAsaTcd.)

24. Yreepxaenne sanaun 20, BooSuie rosops, HeoOpPaTHMO: Cylie-
CTBYIOT MOHOTOHHbie B HuTepBate 0 < x <1 ¢yHKUMH, IS KOTOPHIX
npemnen B JIeBOW 4ACTH CYLUECTBYET, H TeM He MeHee HeCOOGCTBEHHBIH
 MHTEerpa/j B NpaBoOfl 4aCTH He CYLLECTBYeT.

29. Ecain f(x) B wmrepsane 0 < x <1 MOHOTOHHA, KOHeuma
B Touke x = 0 unu x — 1 u, Kpome TOrO,

/(AR 25

n

lim

N > oo .

1
CYILECTBYET, TO CYIUECTBYET TaK¥e W ff(x) dx.
n

2®. [lycrs f(x) monorouda B unrtepsade 0 <7 x < 1. TTokasaTh, 4TO
: 1

lim %gf(%;):of f(x) dx,

n —=> o

B NPEANOJIOXKCHUH, UYTO HeCOOCTBEHHbIH HHTErpaJj cnpasa CyULeCcTBYeET.

27- ﬂﬂﬂ 0'>0

a1 o1 a—1 e—1 _ 1yt a1
D et e o it e o P of Gt ) i AN

[+
n - co n

28. Eciu f(x) B unarepsate [0, 1] coBCTBEHHO HHTErpUpyema, To,

QUeBHUIHO,
() =r(2)+7(2)-- +<—-1)nf-(”:1)=0-

n

lim

¥ > O
[ToxkasaTb, 4TO 3TO PaBEHCTBO OCTAaeTCA B CHJAE TAKXKe W TOra, HOrxa
f(x) HecoGCTBEHHO HHTerpHDpYyeMa, eCJAH TOJbKO OHa MOHOTOHHA.

¢
29. Ecin f(x) monoronna npu x >0, nanee, 2, >, rae ¢ >0,
n lim e, =0, 10 ’
= 0O

1o+ Aot ) H (7)o (o ) J‘}f(x)dx.

0

lim

n > n

B IPEeANnONMOXKEeHUH, 4TO NoC/AeHNH MHTEerpajd CyluieCTBYeT.
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35] § 4. HECOBCTBEHHBLIE MHTEI'PANEI B BECKOHEYHLIX NPEIEJAX 65

§ 4. HecoGcTendple mHTEerpasnl B GECKOHEUHEIX NHpefgesax
30. Ilycrs npu x> 0 dyuxuua f(x) MOHOTOHHA ¥ HecOBCTBeHHBI
A .

HHTEI pas ff(x) dx cywecrsyer. Toraa
h _

lim B Lf(R)+f@R) -+ FBR 4. .. 1= lim & chnh) fﬂx) dx.

h>+0 h=a>+0 mn=1

3f. Pyukuua ' onpeneasercs piag o > 0 (Goaee obwe mag Na > 0)

KdKX WHTErpafa
co

I (&) = f e*ff’.x"‘-1 dx.

0

[Mokasates, ocuoBbBasdgch Ha [ 89, uto

a1
T'(¢)= lim n_nl

no @+ (a4n—1) (¢ > 0).

32. Kax wusBectHo, NOCTOAHHYI0 DHaepa C MOKHO NPELCTABHTH
B BHIE CAEAYIOLIEr0 MHTErpasa:

o 1 1
C:’ J"e w(l__e_m——x—\ldx
[cm. Cesdro, crp. 782 *)]. [lokasath, uTO
¢ £ f | £
C= lim [(1—-t)(1_t+1_t2+1_t5+...-|--1-_____-£,,_,+...)_

t=>1-0
1
—In 1—t]'

t—>1-0

, A £
33. lim (l‘t)(1—tkr+1+ﬁ+1+t3+'“

£ ‘
.+1—,t—n+...)=~_m2.

84. t—ljlino(l_m( +2 t2+ —{—n tn+ ) :g
85. lim VI —f(l -t P :?.
t - 1-0 , ,

*) B pyccxom uspauuu kuurd Yezapo sra cbopu;na OINylIeHa; ee MOXHO
HaiiTH, Ha%‘g‘uue? B «Ky ce compemaHHoro aHaausa» HTTekepa u Bart-
couna (T 934), u. 2, crp.

O 3ak, 865, 3asasd H TeopeMul H3 aua/maa



66 OTA. U, 4. 1. MHTErPAN KAK NPRIEA CYMM [36

Boo6uwe mpu a >0
lim YT—F( 42 )=

= 1—0

2| —
=
o
2]~
e
-

36. Buuucaurs

. 1 2t 2t 2t
im (7 + a2+ arE T Fazm )

t >+

37. lloroxum

o= +%5)  @>n
ITokasaTb, uTO "
(im Ingl(t) _ nn ‘
t>+o00 £ sin —~
38, Vcxonn us dopmyan

-sinl _eﬂ—e*ﬂﬂ_ (1 2 )
T —' i! T
‘n=1

CNpaBelINBOH# 1044 JI0O0r0 KOMILVIEKCHOTO 3HaueHus £, [IOCPeLCTBOM Mpe-
IeJbHOT'O TMepexoja BHIBECTH (BOpMyay

f In(l —2x-2cos2¢ -+ x~%)dx = 2nsine (O Lo m.
¢

a

39. Buuucants nurerpan f!n xdx, nens unrepsa (0, a] va yacTw
)

npu  noMoutn  OeckOHeuHOW  reoMeTpuuecKOd MNpoOTpecCHH 4, 4aq,
ag®, ... (0 <<g < 1) n paccmaTpusas noayudawumecs GeCKOHEUHBH e
CYMMBI TIPSAMOYTIOJbHUKOB.

40. TloxasaTb, Y4TO 0pU (PUKCHPOBAHHOM TMONOKUTEJBHOM £ U Leso-
UHCAEHHOM A —» OQ

’ “ ok okn 0 lc‘—I

20 ~m=5) 58).

v V k\=wn

ye=0

CpaBHATL ¢ M3BeCTHBIMH pe3yabTaTaMu npu R =1, & =2,

§ 5. Teoperuko-uncaOBbEIE NPHMEHEHHH

41. Bynem IeauTh llenoe MOJOKMTeNbHOE uucao n wa 1, 2, 3,...
oy Y. u., . OCTATOK OT NlesienVist 1 HA v 0003HAUUM uepes n,. Tak, Ha-
npuMep, 17,=2, 109 =10, OQuesugno, n=n, (modv), 0Ln, v



43] § 5. TEOPETHKO-YHCJ/IOBEIE MPHUMEHEHHA 67

, Y
KakoBa meposTHOCTB *) TOrO, 4TO 7, > 5 7

D)
Pewenue, Hmeem:

[ ]
n:—.:v_T_]—{—nv,
0TCI0Aa
2n [n ] __ 2n,
OS5 —25 =7 <%

Cnenosatesbho, B OJAaTrONPHATCTBYIOUIEM Cayuae (n‘,>/%) 6yner:

=25 =r

a B HeOAaronNpuATCTBYIOLEM (n\, < %) Gyner:

[_9_:_’.]_2_[{’_]:0 - (VI 3]

Takum 00pasoM, IR MCKOMOHM BEpOATHOCTH MOJAyuaeM BhIpaXKeHHe

o= X2 [2)):

I[Iph n—> 0O OHO CTPEMHUTCS K COOCTBEHHOMY HHTErpany
1 .

[([2] -2

n-1 n—-1
. 2 1 | . |
= lim J([—]——Q[—]) dx = lim —_ —
n—}oo\; 1 X X n-)oo; ‘J+ __1_ \"+1
v+1 2

(11,1 1
=2(3—1+g—g+...)=2m2—1=0,38629. ..

%42. ([ponomkenye,) BLuncauTh
|

i L8 G4 2),

n ~=»co
43. (ponomkenue.) Brruncaurs
lim ottt ... +ny,

71 =» cO n2

*) Baatb B rayectse neatens TO mau umoe umcao v (1 LY n) cunraercs
PaBHOBO3MOMXHBIM.

5*



68 OTA. I, I, 1. MHTETPAN KAK NPBIEJA CYMM [44

4%4%. (Mponomxenue.) OTHOWeHHe Yucaa TexX ApobeH

dal 3 T3 nn
T2 3 T

KOTOpBIE MEHDLLIE, YeM HEKOTOpOe @nKCHpOBaHHoe uneao a (0 < a 1),
K o0lieMy 4YUCIAY £ BCEX BBIMMCAHHBIX APOOEH NPU 7 —» OO CTpPeMUTCH K

1 .
1 YT,
f * dx | (VI 4].

1—x
0

45. ﬂyCTb 9, () — CyMMa @-X CreneHe#t BCeX HeauTened uucia n
(VIl, rn. 1, § 5) u

7

L0 =o(DFa@to @+ o= Y| F|w vl s
Torpa nas o >0 "
o m 2D (at 1)

j s
s netl a4+1

rae ((s) ectb C-qjymcunﬂ Pumana (cm. VIIL, ra. 1, § B). Jas a > 1,
§o/nee TOro, UMEeT MeCTO HEePaBEeHCTBO

2, (n) _Lle+1) ) ()]
PR S | o= n

(n=1,2, 8, ...).
I:(—l-—[—l—])x* COOCTBEHHO HHTErpHpyeMa B HHTepBane 0, 1], ecau

X x
a >0 [107]; [?]x“ ecTh (YHKLUUSA ¢ OrPaHHYEHHBIM H3MEHEHHEM

npu & > 1.]

48. OGosHaunM uepes t(n):—_;co-(n)‘qucm RequTeNel uncaa n.
Torna ' :

T(D) @)+ <3)+ () = Z[”]m

- .
=n(n n+20—1)+0 (Vn) [VII 791,
rae. C —nocrosadas D Haepa. [[Ipamenurs cooépameﬂm 3dapauun 9

K yHKIHHK %——-[:H B MHTEDBaJe (% 1), rae m == [} n) 4 1; peute-
une 18.] |

_ 4'7. OGosuauuM uepes U, qncno HEYEeTHBIX, qepes G, — uncao uer-
HBIX Jedqdreselt uuceaa . TaK Hanpmep, U20==2 GQOM4 Joxasars,

4TO _
tim YO U= Gak Uy — 0

fyco S n

% = n 2. |



50] § 6. CPEROHME 3HAUEHHS. IIPOM3BENEHUA 69

§ 6. Cpennune suaueuusa. INpoussegenus

Ilon apubMeTHYECKHM, reOMeTPHYECKUM U T3PMOHHMUYECKHM CPEeIHUMU
n uucea a, Gy, ..., @, NOHUMAIOT COOTBETCTBEHHO BbIPAXKEHMS

ay+aa-tag+ ... +a,
n

n

1 1 1 1
G ettt Ty,

n
,  Vaaga, ... a,,
B nByx mnocnenHux cayuyasx npeanonaraercd, UTO BCE YMCAA IOJTOMKH-

teabHbl. (Bosnee noppobuo o cpeanux cm. ra. 2.)

48. Tlycts f(x) coBctBeHHO uHTerpHpyema B wuHTepBane [a@, &)
Bsenem ofo3Hauenue

fm=T@y) (= "2).

[MokasaTh, uYTO

b
im f1n+f2m+f3n+ +on +fnn — 1 f(.?\,’) dx,
npco n b—a
[#]
)

n _ —a In f () d
UV FrnfanSons - Jom =€ & ,
n—>co

b—a
lim n ==
1 1 1 1 b "
nyoo . s _t
I i B S
p f(x)

DTH TPH Npejela Ha3bBAIOT COOTBETCTBEHHO &pPUPMETHYECKUM, TIeo-
MeTpUYEeCKMM M TapMOHHYECKMM cpeaHuMH ¢yHkuud f(x). B IByX no-
ClIelHHX CJyYasx MNpenrojaraeTcs, 4YTO HUWXKHSS TIpaHb QYHKuun f(x)
NOJOXUTENbHA,

49. Cnoco6om, uHHM, 4eM B | 69, nmokasath, 4TO

VA
n

lim
>0
CYWIECTBYET H pAaBeH TEOMETPHYECKOMY CpeAHEeMY OT X B MHTepBaJe
1
[0, 1], T. e. paBen e
56. llycrs @ u d — nonoxurenvhpie uucna, a A, u G, — apudme-

THYECKOe M TreOMeTpHUYécKoe cpenHMe uucel a, a—+d, a- 2d,
evvy @+ (n—1)d. Torna

lim - =

n—roo Aﬂ

Go _ 2
e



70 OTH. 1, TJ. 1. MHTRIPAN KAK TPEIEN CYMM 51

B01. O6osnauum uvepes A, u (, apudpMeTHUECKOe H TeOMETPHYECKOe
cpedHue OHHOMMAJIBHBLIX KOI(M@UUUEHTOB

G (D (@) e () ()

[TokasaTb, 4HTO

lim VA, =2, lim ]7‘0]:]/?.

=00 NP0

B2, [Tokasarb, 4TO

2%

1 2Inr opu r > 1,
ij n({l —2rcosx—4r?dx { 0 mpn 0<r< 1.

0

53. [lycTh 7 NONOKUTENBHO KW MeHble eIMHHULBl, X Mpoderaer HH-
repBan [0, 2w] u § obosnauaer O/mkaliiee K X 4YUCAO, M KOTOPOro

sit (x — &) = rsin x;

TOT /14
I an
1
5o | In(l—2r cos{~ rydx = In (1 — r2).
0
(PaccmoTperh ei®, ¢% i r B KOMIUIEKCHON NJAOCKOCTH.]
B4%. Eciw ¢yskuna f(x) coOCTBEHHO HHTErpupyeMa B HHTEpBaNe
la, b], T0, B 0H03HA4YeHHsAX 3adauK 48,
b
[ @ da

H-=>CO

B5. BuuydcauTh

(i AL D@EA+2) ... (2 n) !

nooo (N2— 1) (n2—2) ... (n2—n) ",

56. lokasaTs TOXNECTBO

(4 2) (1 )+ s )0 )

...(1+ (Qn_})a__1)(l—Tal——l)m

__(n+ha = (a4« (1)
(n+Da—1  (a+Ya—T """ (afnja—1"




60] - § 7. KPATHBIE HHTETPAJIBI 71

1 1 1
Orcwona BuTexaer, uto ecau a == 0, 1, T s g +ce» TO CTOHA-

1

ee B JIEBOH YACTH MNPOM3BeNieHWE TPA 71— 0O CTPEMHTCA K 2%,
[(2n)l=2%nl.1.3.5...(20—1).]
57. llycrs

G

a=1+%, b:l-—l-%, d=_"

n 3
rae @, B, 8 ¢uxcrposaust u 8 >0, [Toxasatb, 4TO

@ a4d a+2d  a+(n—Dd S
G b+d 642 b+ (n—0d =49 " .

lim
7 - o0

58. Ilycte n 1 v—uenwe umcaa, 0 <v<n. Ecam npu n— oo
TAKKE v—> 00 U NPUTOM TaK, 4TO

n
v__.—.—
lim — :}\,
7 => o0 Vﬂ
TO
Von(n 2 .
M a5 = — e—,
2" (v) ]/11:

= o0
it
59. ITycts 2 =—=2re"", rae {— QUKCHPOBAHHOE  BEIIECTBEHHOE
ydcno. Ilokasartb, uToO
2\¢
(&)

2n—1 2n—2 2n—3 2n —n

nlimoo z—1  z—32 'z 3 """ z—n

§ 7. Kparuble puTerpass

60. [ycry ¢ysxuua f(x, y) npelcrasiaser coOOR B NPAMOYTOb-
HiKke R

a<x<Lb, cocLyLd
BTOPYIO «CMELIAHHYIO» [IPOU3BOAHYIO HEKOTOPOR dydkuun F(x, y).

02 (x, y)

oy =T ).
{Tposenem yepes TOUKH

=X, <X < Xg.o . < Xp_y < Xpy=0,
=Y <Y <V <. . <Yy < Yp=4d



72 OTA. M, NI, 1. MHTErPAN KAK NPRIEA CYMM ' [61

npsMele, MapanielbHeie OCAM KOODOMHAT. IJTHMM NPAMBLIMH MPAMOYTOJb-=
HUK R pasnae]uTCs Ha TNPAMOYTOJLHEIE YaCTH R,

Xy K xL X, Y <yLy, =1, 2,..., m; v=1, 2,..., n).

O6o3HaunM HIKHIIO H BEPXHIO T'paHd f(x, y) B !i’ COOTBETCTBEHHO
yepesd m,,, M,, 1 00pasyeM BepXHIOI0 CyMMY

2 2 My, (%, — %, _)(¥,—Yy_y)

p=1v=1
¥ HHXHIOIO CyMMy

U= Z Z mp.)(x p—!_) (yv_y‘)—l)‘
p=1 v=1
TlokazaTh, 4YTO BCerna

< Fb, d—F (b, ¢)—F(a, d)=4-F(a, ¢) <O
&1

r f ln [sin(x — y) | dx dy =

Iy

[Bbmncnmb IBYMst COCOOAMEK KBAJPAT MOAYAA ONPEeNeHTe/s

1 1 1 A

1 s . g2 L =h—1

1 &2 gt . . . g3y '
1 en—1 z2(n-D gn—1) (n~1)

ori
re e—=e ™ |
82. Ilycrs f(x, V) COBCTBEHHO HETErPUPYEMA B I{Ba,ﬂ,paTe 0L x L,
0 {y< 1. lloxasate, 4TO

1
( ‘[.f(w‘ y) dz dy

lim H H[l_{—ngf(p‘ %)]ng 0

1 —r O _1 v=1

£3. B roM ke npeInoNOMKeHHH OTHOCUTENLHO [ (X, ) BBIUMCIHTD

i H{Hrng[ (& Dr(E D (2 }];;

- o

&4. [lokasatb, ocHoBbiBasice Ha [ 80, uT0 06DbeM fffdx dy dz
rpexMepHOl obaacTn B, onpelenleHHOR HepaBeHCTBAMU

— 1<%y 2L, —oLx+y+20,



68] § 7. KPATHHE HHTET'PAJBI 73

paBeH
oo
28 sin £\3 sin of
2 ( dt.
T t 4
—o
85. Iycrob Ay, &g, .., Op— [POU3BOJbLHBIE NOJOXHTEALHLE YKHEJI2.

O6pasyeMm dyHKUHU

f@=1""q2% Y =1, 2...., )

K NpOHU3BCIEHHE HX

[ToxaszaTb, u4TO

. Ay
n]})moo o+t .. +u. -1 =
- xp 7N — e, — o —x, Y dxy. . . dx
g1 1 et p—1 L ¥ p—-1v

rAe WHTErpaj pacnpocTpaHed Ha (p — 1)-MepHYW Terpa3apoobpasnyis
00/1aCTh, ONpeaenseMyld p HepaBeHCTBAMHU

X220, x20,..., %, 120, X 4x+... 4%, <1

86. ((Iponomxenne.) [TokasaTh, uTo

J‘J ..Jlx‘{" TR Pt 1(1 ——...—ch,a_i)“p—lafxt...a'xp_1 =

_ T (a‘l;) P (aB)' . 'I‘ (ag))
Tt at T

67. PaspepuyTh BHIDaXKeHHe, CTOsi(ee [OJA 3HAKOM Apepesa B b4 u
npencrTaBasiollee co60H TONMHOM #-§ CTENeHH OTHOCUTENBbHO 8,, 1O cTe-
neuaMm o,. IloxkasaTh, YTO KOSI(MOUUMEHT TNpH p-K cTeneHd 8, npu p
(OUKCHPOBAHHOM M A ~—» OO CTPEMUTCA K Npeleny

I J. Tt .[ f(xl)f(x?-)' . 'f(xp) dxt dxg. . .dxp —
Ll \p
68- HYCTI: Qm q)YHKU,Hﬁ .

fl(x)! fQ(x)’ ey fm(x)»
(%), Pa(X)y .ty P (X)



74 OTH. 11, T'M. 2. HEPABREHCTBA [68

cOOCTBEHHO WHTerpupyembl B HHTepBade a < x < b. Torna
b

b
ffl(x)‘{’t(x)dx Ji(x) gy (x)dx ... ffl(x)?m(x)dx

b

b b
[r@e@as R ewds ... [ fi)enx)ax

L

47

b b b
[In@ o @ dx [ 1@ e dx ... J'fm(x>@m<x>dx

b b Ji(xe Sfi(ea) oo i (%)
f AWJIM%) num

.
m!

fm (xl) fm (x,) fm (xm)

@1 (%) PL(Xa) + v Py (Xy)
Y% Po (%) Pa(Xa) «o0 Py ()

dx, dxg...dx,,.

O (X1) @ (%) -+ o0 @ (X))

[BhiuuciuTh ABYMS COCO0AMH «[POM3BEIEHHE» MATPHIL

” f") Hl veey M ” -\f)r':Uu:l, 2 veey m?

2,
1 2, ,n v=l, % 0 1
rie

—a b—
)’ (P(\‘,’;;:%(Q—I-V a

b
£ =1, (a4 %)
F'JIABA 2
HEPABEHCTBA

§ 1. Hepasencrsa

[lycts @y, @9y .., Qp,— m0OObie BelecT eHuble uyucaa. [lon ux
apugpmemuneckum cpeddum U(q) MOHMMAIOT BhHIPANKEHUE

M(G): al—{—@t-”—l“a'n.

Ecan BCce @y, @y, +.., G, MNONOKHUTEAbHB, TO HX 2eOMeMpuiecKoe u
2apMOHUMesIK0e CPeNHUEe ONpelesloTCs COOTBETCTBEHHO (POpMYyAaMH

@(a)::n]/alag...an, H(a) = 1 i - T
m ety




§ 1. HEPABEHCTBA 75

O603HauuM uepes m HaHMeHbﬂlee, yepes M wuaunboasiiee u3 HHCea
al, ag’ o 4+ oy an’ Torﬂa

mN@)L<M, mB@L mLH@)L<M

3necy nag & (a) u (@) npeanonaraerca m > 0. Taxum o6pasom, Tpu
yncaa N(a), ®(e) u $H(a) npencrasiawT cofolt cpeaHue 3HAYe-
HUSA YHCeN &y, @y, .., G, PaBeHCTBA JNOCTHralOTCH TOJBKO B TOM

cJyyae, KOTAa BCe @, paBHbl Mexny co0oH.

HUMeem: 1
1 1
| s =%) sa=2)
N(a—+b)=Ua)-+ UD), & (b)) = & (a) & (b), in @ (¢) = A (In a).

[lycrs f(x) COOGCTBEHHO HHTErPUPYeMa B MHTepBale Xy < X < Xj.
IMon apugpmemuneckum cpernam U (f) dynxuunm f(x) NOHUMAIOT BbIpa-
MeHHe

A (f) = —

Ecau, xpome T0ro, f(X) CYyWeCTBEHHO MOJOXKMTe/JbHA, T. €, IJd BCeX
3HauYeHU!l X INPEBOCXOLUT HEKOTOpOe MOJOXKHUTENLHOE UHCAO, TO ee 2e0-
MEMPUHLCKOEC U 2APMOHUMECKOE CPELHUE ONpeleasioTcd COOTBETCTBEHHO

dopMyAaMH

G(f)=e '@ . D)= 48],
dx
7@

. @,
O6o3rauuM uepe3 m HIKHIOW, uepes M BepXHWOW TpaHH (YHK-
LMH f(x) B vBTepBale Xx; < X < Xy, TOrla

mUNLM, mIBNHCM, nlHNHIM

Bnece aas & (f) u (f) npeanonaraerca m > 0. Taxum obpasom, Tpu
yucaa U (f), & () u H(f) apasorcd cpe IHMMHU 3HAUESHUAMHA PYHK-
uun f(x). Mmeem:

1 1 1 1
s =%(7) s=20%)
A+ =AN+AE, GU=6N®F, nG()="2u(n).

Jdas mo0biX NONOKHUTENbHBIX YHCEd Gy, g, ..., Q,, CPeIH KOTOPbLIX

HMelTCa Nno KpallHe#d mepe 1Ba pas/MMUHbIX, BLINOJHAKTCA HEPABEHCTBA
n ny———— _atat...Fa,
<Vaf1a2.--an< n ]

1 1 1
2 T T,

D (@) < B (a) <U().
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(Teopema 06 apudmeTHyeCKOM, reOMETPHYECKOM M FapMOHHYECKOM Cpei-
nux.) B cBoem «Analyse -algébrique» (Note 2; Qeuvres complétes,
cepus 2, 1. 3, crp. 375—377, Paris, Gauthier-Villars, 1897) Kouwn
IaJ 0cO0eHHO MPOCTOe UM M3ALIHOEe N0KA3aTeNbCTBO ITOH TeopeMel 1),

1y OueBHIHO, ROCTATOYHO N0Ka3aTs, 4TO U (a) > © (@). [IpUBOJUM MOTHOCTLIO
NepeBoi CoOTBeTCTBYOWeEro Mecra y Kouwmu:

«CpedHee 200MemMpuuecioe HECKOASKUX 4Hucen A B, C, D, ... scezda
MEHbIUE UX CPEOHE20 apudMemu1ecKozo.

HogasateanbctBo. [lycts n Gyner xomwuectBo wucen A, B, C, D,
HocrarouHo nokasaTh, uTo BOOGILE

——  A+BH+CH+DF..
}fABCD.”<: -

-, (1

HIiH, 4TO TO XKe,

K]
A&nx“<(A+B+%¥+D+'”). (2)
Ho npewpe Bcero ana n = 2 Mbl, OYEBHIHO, HMEEM:
2 — B\2 3
a5 = (ABf (A ) < (ALE),
2 2 ;O 2
Orczo,ua 3akjouaeM, nojaras nocjkenoBaTesbHO 7 =4, n =8, ..., HaKOHel,
n=2" uro
ABCD<(A+B) (C‘—;—D) <(A—]—B—L(—C—|—D) ,
4
,Mwnﬂmﬁ<(A+Bif*+DY(E+Ft§+J7)<
<(A+B-}-C+D+E-I—F }--G+H)8
8 2
T
Ammnqu+B+ng+”J2. 3)

[lycTe Temeph 7 He NPHHALJNEKAT FeOMETPUYECKOH mporpeccuu 2, 4, 8, 16, ..
O6o3nanum gepe3 2™ nepruiit uned 9TOH MpOrpeccHH, NPEBOCXOAALIHA 7, ¥ No-

JOXHUM
K AFBECHD+ ...

n

" INonaras Temepr B JeBOH uacTH cpopMy.m (3) 2 — n mocaeNBHX MHOXMTE-
Ael paBHBIMH K, MBI Oy UHM:

ABCD .. K _,n<l'A+B+C+D+ +(2m__n)K] ’

N
(‘:m

MiH, APYUHMHA caosamu, ABCD.. .Kgm‘" < K?‘m. CaenoBaTenbHO,
' A+B+CH+ D00\
[ -~
ABCD... < K™ == ( p. )

410 H TpefoBaxOCh M0OKA3aThby,

’
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89. Nycts ¢yukuma f(x) coGCTBEHHO HHTErpUPyeMa B HHTepBase
[X;, X3] H HMeeT B HeM NOJOKHTENLHYIO HIDKHIOI rpanb. Toraa

Ly

Xa -*-‘xi 1 [‘

@y o Sy — x| J(x)dx,
dx @,
F{x)

x,

T. €. BO BBeJeHHBLIX Bblle 00603HAUSHHUAX
SN AW,

T0. Iycts ¢ (f) ectb (ne obssarenbHo Aubdepenunpyemas) QyHK-
Hug, YAOBJASTBOpAiOUlas JAja MOOCOH napsl snauenud £y, fy (f; + ty) He-

PaBeHCTBY 0 (t1 -|2— fg) <9 () —%— ¢ (%) _

I_oma BOGOI1e
t—;—to—f—.l..—{—tn (Pt + X +...+(? tn

rue ty, f5, ..., t,— d100ble uKCI4, HE BCEe paBHble Meway cofoft,

PyRKUMIO @ (f) HA3LIBAOT 86N YKA0L CHU3Y B MHTepBAJe m < &< M,
ecnn Aaa Jo0oit napel sHaueHMH £y, fy (£ % f3) U3 9TOrO MHTEpBa/A
BLIMOJIHAEGTCH HEPABEHCTBO

o (trg fz) < ¢ (¢4) 4; ¢ () _

Cornacuo 70 torama BooOuie |
bttt ...+, ¢ )+ ... tn
‘P( 1+2+n I )< ‘P(;)—I"‘P(z)j“ + 9 ( ),

rae £y, &y, ..., L,— moObe ukcia us3 unrtepsana {m, M], He BCe paBHbie
Mexny cofolt. Ecam BMecTro sHaxka < WMeeT MeCTO 3HAK <, TO @ (f)
HA3BBAKT Hesoznymolh chu3y. Ecau BCOLy BMeCTO 8Haka < (CoOTBeT-
CTBEHHO <) ‘MMeeT MeCTO 3HaK > (COOTBETCTBEHHO 2>-), TO ¢ (f) Ha3bBAWT
8oin yKA0h csepxy (COOTBETCTBEHHO HesozHymoll cgepxy). B mocaenyio-
meM Me OyaeM paccMaTpHBaTh JHIIb OFpAaHUYEHHbIE BHINYKJble dYHK-
U¥H, OHH HemnpepruBHH [cM. 124, vacto MOxeT OblTh MoAesHO Taxoke 110].

748 llycrs  yHums f(x) COBCTBEHHO HHTEr pupyeMa B HMHTepBaJje
X, L x L Xy, npuiem m < f(x)< M. Tlycrn, nanee, @ (f) Bunykja
{HeBoruyTa) B uHTepnane m <_t<_ M. Torna umeeT MecTO HEepaBeHCTBO

Ty

qs(xz__x ff(x)dx) s>t | o

@,

cMoTpA Mo TOMy, GyAer au ¢ (£) Bbmyx.né CHH3Y WAH CBEpPXY,
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72, Tlycrs ¢ynkuns ¢ (f) onpenenena s unteppadte [m, M]; nycts,
pasnee, B 3TOM MHTepBade " (f) cywectsyer wu scoay 97 (£) > 0.
Toraa ¢ (f) sunykaa cuuady. Ecmu ¢” (£) amwe >0, 1o ¢ (f) Hesoruyra
CHU3Y. (qJYHKﬁI’.LHH MOMET OblTh BHIMTYKJ/AOH MM HEBOTHYTOR M B TOM CJIy-

vae, Koraa ¢ (f) CylecTBYeT He BCIOAY.)
73. [lokasats, uTo

{ t (0<k<]l) nmm Int
B 1I000M MOJOXHTENLHOM HMHTepBaJe BLIMYKJL CBEPXY,
th (<0 wuma A>1) wu ftint

B 1I000M MOJOHUTENLHOM HMHTEpPBae BLINYK/AL CHH3Y,

In(l+4+e) u ]/cﬁéi—t“ (¢ >0)
BCIOLY BBLIOYK/L CHHUBY. '
T 4. Tlycrs Gysxuus ¢ () Buinykaa (HesorHyTa) B udTepsane [, M.
Banee, Py, Poy evwy Pp— J100ble TOJOMHUTEAbHBIE YACIA U Ly by oan,y £, —
miodbie TOukH vHTepBana [m, M]. Torna

Pty pefat oo prity P13 (&) + po () 4 . o« 4= Pr (£1)
QP( prtrat .+ )< i > Prt+pit -+ 0n ’

CMOTPS NO TOMY, OyneT JM @ (f) BLIIYKJIOR CHU3Y MM CBEDPXY.
75. [ycts f(x) u p(x) COOCTBEHHO MHTErpUPYEMbl B HHTEpBa.e

, x,
X, < % < xy, nanee, m < (%)< M, p(x)>0 nJ' p(x)ds > 0. Tlycrs,
x.

KpoMe TOro, @(f) Buyk/JIa (HEBOrHyTa) B MerpBaﬂe m<t M.
Torua :

2y
fp(x)f(x)dx | fp(x)w[f(x)]dx

¢| = < > P ,
fp(x) dx J'p(x)dx
@,

CMOTpPS N0 TOMY, OyleT JM ¢(f) BRHINYKAa CHU3Y HAH CBEPXY.
6. Ecan ¢ (f) B marepsane [m, M| nsawmabl AnudpepeHnupyemy
@’ (£)> 0, To 1a9 MOOHIX MONOKUTEALHBIX Dyy Doy » ey Pp

(m + pofa 4+ ... —I—pntn) < Pie (_ti) +pa9 (fa) 4=« . . + Pa¥ (£n) .

P+ pPat oo+ Pa pr+pet+ o0 +0n
PaBGHCTBO JOCTHraeTCd TOrpa H TOJBKO TOrld, KOTr'ja t] —=
== ... =/,

7. lycrs f(x) u p(x) HempepbiBHE B HHTepBade X, < X < X,
panee, m < f(x) <M u p(x) CYWLeCTBEHHO TMOMOKUTeAbHA, [lycTh,
KpoMe TOFO, ¢(¥) ABAMIbl AubdepeHUnpyeMa B unTepsane m < ¢ M.
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npuyeM B STOM uHTepsajte ¢ () > 0. Toraa

[ 2, &y
[rarmax | [ petrenaex
4 = @, \<$1 &Ly *
fp(x)dx fp(x)dx
@, ] @,

PaBeHCTBO JOCTHraeTcs TOrjaa ¥ TOJbKO TOrAa, Koria

J/(x) = const,

78. IoxasaTh COpaBelMBOCTL CAEAYIOWET0 0GOOLIEHUs TEOpeMhb
00 apudMeTH4YecKOM, T[eOMETPHYECKOM M TapMOHHYECKOM CPeNHHX:
€CIN Pyy Pas oo o5 Ppp Qps Qos « ooy @y — MOOBIE TOJOKHUTENbHEIE UHCAR
H @y, Oy, «+sy @, HE BCE Mexxny COOOH paBHBI, TO MMEIOT MeCTO Hepa-
BEHCTBA

mna+p,In g+ ... +;Dn]n G

P1+Pa+---+Pn<e DADF e +D,, <P1¢1+P2a2+-?-+ﬁnﬂnq
PryPsy 4 Pn prorpat ooy
a, az Ap

Kpome toro,

»n Py "
— = .. +—1nag
11 In a|+ :l.) [n ag+ » "’ : n

PP Py
atat e, chitmt A,
iy Pay 4 Pn
ay ' a an
pPaing + pa.Ina,+ ... +pnanln a,,

Pt pada+ o Pty P P+ Pyt 0 +D 0 ‘
B ST S T i ~

79. Ilycre f(x) 1 p(x) HempepuiBHB W TOJOXUTEbHB B HHTEP:
Baje X < X < Xy, TpuueM f(X) He NPUBOLMTCA K NOCTOAHHON. Torna

&y
fﬂ(m)lnf(m) do
o e - @y
J-p(X)dx fp(w)dx fp (x) f(x)dx
e <e ® <t :
pLx fp(x)dx
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nafee,
f“ P @) =
Alrav=, In f (@) da _ J p@) f @ In f D) dr
. Wy &y @y
foo,  [rwa [permas B,
. @ " @, @ . '
e = < Py (x) ’ @y <e @
p(x f
- dx x)dx
() e
&, &,
80. Jas mo0bx AeHCTBUTENBHBIX &y, Qg ..., Gy, Oy, by ..., b,

‘UMeeT MeCTO HEePaBeHCTBO

2 2 2\ 12 2 2

(agby - axba+ . . el ) (et a oo an) (014 D -0p).
PaBseHCTBO NOCTHUraeTcs TOrJa ¥ TOJNbKO TOr4d, KOrLa 4ucna a, U b,
~ [IPOMOPLMOHAJLHE, T. €. KOrla AJs Bcex v=1, 2, ..., n BHNOJHACTCS

JPaBeHCTBO ha,—4pb, =0 (A2—+u?2 > 0)

(nepasencmso Kowu). |
88. Ecim f(x) u g(x) coBCTBEHHO HHTErpupyeMbl B HMHTEPBA®
Ix,, x5], TO UMeeT MeCTO HepaBEHCTBO '

Dq 4 @4 @,
( J f(x)g(x)dx) < [ Uerax [ g a

(nepasencmso Lllsapuya *)).
82. llycrb ay, Gy, ..., @,— 10OCHE IOTOKUTENbHEE YUCTA, HE BCA

‘paBHble Mexway coboi. Torma Qynxuus
. ) 1

at—{—ag-{—...—}—at 7
o=

‘MOHOTOHHO BO8pAa¢TaeT HPHU MOOCOM BHAUeHMU f. BHUMCAWUTEL 3HaueHUq

G(—00) Y(—=1), $(0), (1), $(+4c0).
{(Jas £ =0 ¢(¢) onpenenserca TpeGoBaHHeM HeNPEPBLIBHOCTH.)
83. Ilycrs f(x) coBcTBeHHO MHTRIpUpYeMa B HHTEpBaJe X, < X < Xq

‘M UMeeT B HeM TMOJOXHUTENbHYIO HIKHIOW rpanuuny. Torma dyHxuua
1

@‘(r):( 1 f[f(X)ltdx)?

X3 — Xy

qpaserca HeyOwnBalWEe! A9 BCEX SHaueHWH f. BHYUCAMTL 3HAYCHUS
¥(—o0), ¥(—1), ¥0), T, Y(+co).

Tpa soiuucaennn W(—co) u ¥ (—4-o0) dynkuuio f(x) HyXHO npea-
4IQJIATaTh HeNpepwBHON.

* 3HayuTeabHo panee [llsapua ero ycraHoBMa DyHAKOBCK A i
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84. g mobuix noaowurenbHLK umcea a, b, (v=—=1, 2,..., n)
HMEeT MECTO HEPaBEHCTBO
n = e = oo n - S T I
Ve +0b)(ay-Fby) . (@ +0) >V a@y .. ay+V by . b,
T. €.
® (a4-8) > 6 (@)1 6 (b).
PaBeHcTBO ROCTMraeTCs TOTHA M TOMLKO TOMAA, KOTAa
avz)\bv (Vzl, 2,..., n).

895. Eciu f(x) u g (%) COBCTBEHHO HHTErPUPYEMBl U CVIULECTREHHO
MONOWKHUTENBHLl B HHTEPBANE Xy < X < Xy 10
740 &y

‘ @,

: - b, , 1

o f o [f (@) +g (@) dz r—— f la Fiz) dr Py f In g (0} do
Z € @

e h —+-e , ,

. S6
G+ 2>® N+ 69

88. Ilycre fi(x), f(x%),..., fn(X) COBCTBEHHO WHTEIpUPYEMBl H
CYUIECTBEHHO TOJOKHTENLHBI B HHTEpBAaJe [Xy, Xy]; MycTbh, Ranee, p,
Daye v vy P — T0O0BIE NONOKHTENbHLIE YHCAd. Torna

&S (pfi oSt A PuSd 2= 2O (F) 0O ()4 0,8 (f).

87. Mycrs gyuxuna fi (x), k=1, 2,..., m, UMEIOT OrPaHUUYEHHOE
H3MEHCHHE B HHTEPBAJE X< X< Xy U Py, Par+ s Pp— M0OBE 0010~
wureabhele yucaa. [loaoxum :

F () = D)+ pafa () oo o ()

Pt Pa - P
Hoxasatb, u4rto ecaum Iy, Ily,..., [y, L-—nauas Qyr rpaduxoB ¢yHK-
uutt f(x), fo(x),..., [pn(x), F(x) (B Toukax paspuiBa BeJHYMHA CKAUYKA

NPHUKACHACTCH K AJHHE ,lLyrI/I), TO MMeEET MeCTO HEpAaBeHCTBO

L< pilit+pla—+ ... +pmzm.
= opitpee e Ao
88. llycrs f(x) noaonutenvHa, HenpepeisHa M UMeeT Nepuon 2.

[Myctb, pnanee, p{x) HeoTpuuaTe/bHa H COOCTBEHHO HHTErpUpyema
B uutepnate 0 < x < 2w, npuyeM HMEET B HeM MOJOKUTENbHbIH MHTe-

rpana. Torna ¢yHkuus
2n

fr®re+oa

Fx) ="

2"
[ p®ya

6 3:xk. 8GB. 3asaun M TEOpeML H3I ANd N33
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MOJOXKUTENbHA W HENP2pLIBHA, [pHYEM

2 A
1 wrede L nrwa
2n J 2r z
e 0 0

>

G (F) > B .

89. lycrs p(x) yaOBAETBOPAET YCAOBHUAM TNpeAbiAyWed sanaum;
eciu f(x) wMeeT TepuoR 2w W o0/najaeT OrpPaHMUCHHLIM HIMEHEHHEM,
TO TO Xe ClpaselJuBO M AAA (PYHKUHH

[ p®f G+ a

2n '

_( p (€) d&

F(x):—_

npudeM, o06osHavaq wepes [, L mauHbl Ayr rpaduxos cbymcunﬁ f(x) n
F(x) B uHrepsane [0, 2w, umMeeM HepaBEHCTBO

L

80. Mycto ay, ag,..., a5 1 by, by, .., by — m0GblE MOMOKHATEND-
Bele uucaa. HlouaoxuuM

. 2
M, (@) = (a14az4 ... +an)”
M, (@40 < wmn > M, (@) + M, (b),

cMOTpa 1o ToMy, Oymer au x> 1 uam < 1. PaBeHcTBO nocturaercs
JHWL B cayvae a,=Aib, (v=1, 2,..., n) i xe npu »=1. (Hatob
HCTONKOBAHME TEOPeMbl AAS cayuas x — 2.)

B, Mycrs f(x) cobeTBeHHo HHTErpHpyeMa M CYLIECTBEHHO MOJO-
KUTE/bHA B HHTEepBade Xy < X < X, [lodoxum

[Tokasats, uTO

1

M, ()= ( { [f(x)lwrx>T

[Tokasatb, uTo ecau g(x) NOLUYMHAETCS TEM Ke YCaOBUAM, yTo ¥ f(X), TO

V(48 < mm > M, (H4-I, (9),

cMOTDPA Mo Tomy, Oyner am x> 1 nmu »< 1.

Q2. Nycre a, A, b, B noaoxurenshsl, a < A, b < B. Ecau uncaa
ag, Gy . ov, @, JOKAT MOXKLY a W.A, a uyucna by, by, ..., b, — mexuy o
Hn B, TO BbHIIOAHAIOTCS HEPABEHCTBA

:‘TB a 2
| @2 Ly +b>< EE+1/Z§
- (@165 -+ &aby 4+« . ~F @by )2 = 2 ‘
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[lepsoe nepasencTso TowamecTseHHO ¢ 80. Bo sTOopoM 3HaK paBeHcTaa
HMEET MEeCTO TOrfia H TOJAbKO TOIrAa, KOrAa Yucha

A 8
a b
A B" A B
its 2T

nejple, TpUUYeM A& ©3 uMcea &, paBHbl @, OCTa’AbHble [ W3 uucen a,
pasdbl A, COOTBETCTBYIOLIHME Xe UM 4Mcaa b, pasHbl COOTBETCTBeHHO B
uau b.

93. Mycms a, 4, b, B nonoxurensvusl, a < A, b < B. Ecan dyux-
nMn f(x) 1 g(x) COBCTBEHHO WHTErpvYpyeMbl B HHTep3ate X; < X < Xq,
npuyeM 3HAYEHHH HX 3aK/AIUEHB COOTBETCTBEHHO Meway a¢ u A uau b u B,
TO BHLINOJHAIOTCS HEPABEHCTBA

f [f(x)zdxj g (O2de %__f+‘/%__1;
1<m1 <

(j‘f<x>g<x)dx)”

[Teppoe W3 5TUX HepaBEHCTB eCTb He UTO HHOE, KAK HEPABEHCMBO
[Ulsapya.

Q4. [ycts f(x) B unreppane 0 < x < | — HeyOuiBawWas, HeQTPU-
LaTefbHAsl, He TOXIEeCTBEHHO papHaa Hymo ¢yuxuusa. [lycts, nanee,
0 < a<b. Tlokasatb, uTO

(Jl x2t0 £ (1) d,sc)3

() <7 1.~ - <1
[ % () dx | £™ F(x) d
0 0

pU YCIOBWM CyUIECTBOBAHAS BCEX MHTErpaios. BTopoe M3 9THX Hepa-
BEHCTB YacTO BCTPeYaeTcd. B NePBOM DaBEHCTBO AOCTUTAETCS TOTAA U
TOJNBKO TOTMA, KOrAa f(x) MOCTOAHHA.

95. INon «yaeabHofl eMKOCTHIO» NDOBOLHAKA TOHHMZIOT OTHOLIEHHE
ero eMKOCTH K 06bemy. [loKasaTb, YTO YAEGAbHAS €MKOCTb TPEXOCHOIO
S/MUNCOMNA BCErNa 3aKJOUeHa MEXIY APUPMETHYECKUM U FapMOHHUECKUM
CDE AHHMH YIe/JbHLIX eMKOCTeH TpeX IAPOB, PaJdyCaMd KOTOPbIX CAYKAT
COO.BETCTBEHHO TPU (0JAYOCH SJJIMICOMAA.

AHaJIUTHYECKH 5TO PABHOCHILHO JOKA34TeNbCTBY CHNPABEANHBOCTY
HEPABEHCTB
_ ﬁ_{__b._}_ﬁ.
3 <#I du <bc ca ' ab
bo e, gt =2 ) Vietw @ty @t 3

Ans JAO0BIX MOMOWHUTEJbHBIX &, b, €, UCKJAIouad cayvalt a = = ¢,

6
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6. Ilycm )
! n
‘1
a,,> 0, %»ZZ a,,=1 x>0

poe=1 y=1

U
Vo = QX GuaXo+ -0 T QupXy (w, v=1, 2,..., n).

Torna

)’1)’2- * 'yn>’x1x2‘ <Xy

BT Mlycrs ay, aq,. .., a, — NONOKHTENALHbIE uucad, M— ux apud-
MeTHueckoe, G -—reoMeTpuuecKoe CpPeRHHE H & -— [OJOXUTE/IbHAS Tpa-
BusIbHAA 1podb. [lokasaTb, UTO HepPaBeHCTBO

M—G
S
BleyeT 3a COOOM HepapeHCTBa

Ifp< o<ty (=1,2,..., n)

rie p u p’ 0060BHAUAIOT *COOTBETCTBEHHO eNMHCTBEHHBIH OTpUuaTeNbHbIH
W eIUHCTBEHHBIHt TMOMOXKHUTE/bHbB! KOPHH TPAHCLEHACHTHOIO YpaBHEHHS

(1 x)e=®= (1 —e).

FJTABA 3
U3 TEOPUU SYHKUMHA JEACTBUTEJNBHOI'O [EPEMEHHOIO

§ 1. Huterpupyemocts B COGCTBEHHOM CMbIiCJe

98. [Nonokum
g (x) = sin® nx 4 sin® nx cos? nx - sin® mx cost mx . . .
. —sin® nx cos® my - . L,
WHterpupyema au QyHKiud

G(x)= lim g(nlx)?

1 —=> oo

Q9. Mycre dyaxuusa f(x) (cm. Tawke 169, VIII 240) onpeneneHa
CAeAYIOUWHM 00Pa3oM:

(0 nast vppaunoHaMbHBIX X,

7 () _{[ 7 Jifi 8 an,I/IOHaJIbeIX X = i;i, w, 9)=1, g>1.

[ToxasaTh, uTO OHa HelpepeBHA B KAWAOW HPPALHOHAALHOH TOUKE, pas-
PBBHA B KaxIOW palMOHAALIOW M B KAKAOHM UHTCpRANE COGCTBEMHO
HHTEr pUpyema.
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100, lycts f(x), co(x) CO6C’I‘BLHHO HHTETPHPYEML B WHTEpBAIe
a <. x < b, nanee,

a:x0<xt<x2<. ..<xnm1<xn:0,
X1 <y:< X Xy_g < My <xv (V: b, 2,..., n).

nO}(HSHTb, YTO TIpH CTPEeMJCHNH MAKCHMAJIbHON RJIHHBI HHTCpBaJ/Jdd pas-
OUEHUA Xy, Xy, X9,..., Xp_{, %y K HYJDO

b
lim X f) e () (8, — x, )= [ f(x)e(x)dx.
v=1l a

f@A. Tlycts f(x) coGcreenno uHTerpupyema B uurtepsase o < x < b,
© (x) coOCTBEHHO WHTerpupyema B uutepsane [a, b0 d] unycts d >0
Torna

lim f f(x) @ (x+8)dx = f f(x) 9 (x) dx.

B>40

182, llycrs ¢ynxuua f(x) cOBGCTBEHHO WHTErpUpyeMa B HHTEpBaje
a<x<b Ilna moboro >0 MOXKHO YKa2aTb NBE TaKHe KYCO4HO-

nocmonnusie *) dyukuun ¢(x), ¥(x), uro
4 () < flx) < W ()

BO BceM uHTepBaae [a, O] wu
b 7]
qu(x)dx--fdg(x)dx < a
a a

B vactrocTH, MOXHO poddThCH TOrO, urodhl TOUKM pas3pbiBa dyHKIUA
b(x) u W (x) 6b1M PABHOOTCTOALIUMH. :

162 (Hponom}{e,ﬂne) Eean f{x) umeer orpaﬁﬂqeﬁﬁoe H3MeHeHHue,
TO MOXKHO ©(x) u W (x) onpenemure Tay, 49T0o0b WX NGJHBIE M3MEHCHHH
HE MPEeBOCXOIMAM MOJHOrO UaMeHeHus (pyHxunu f(x).

104, Monoxum

4(x] —22x]+ 1 =s(x). *

Torpa aas mo6o#t dyHkuuu f(x), cOOCTBEHHO HHTErpUpyeMol B uHTep-
gate O x < 1, uMeerT MeCTo MpeledbHOE COOTHOLIEHHS

1 .
lim | f(x)s(nx)dx =20

n-> o
0

(n — nenoe). [Hauepturs rpadux dyukuun s{nx), VII 3.]

*) To-eCThb B KaMAOx KOHEUHOM HHTepBaje wuMewilde le fonee 4eM KOHeu-
HO® 'GICKO TOUEK Pa3PLiBa, A B NPOMEMYTKAY MEWAY MOCHEAHIMH — TOCTOANIILIE,
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i05. Ecan f(x) cobetBenno wmurterprpyema B HHTepsade |a, 6], To

b
lim ff(x) sin nx dx = 0.
y |

77— co

06, ([Tponomxenne.)

7 ->oo

b b
lim If(x)}sinnxwx::% J' f{x)dx.

IMyctb f(x) orpanmuena B wuuTepsate & < x < . Paspenum stor
MHTEPBAJ TOUKAMH

Q=X <X < Xy<... < Xpy < x,=0.

Of03HauuM uepes m, HUXKHIONW, uepes M, BepXHIOKW rpauH $yHKUuH f(x)
B v-M nomudtepsane [x,_;, x,J. Torma pasHocts M,-—m, pact xone-
Ganue f(x) B 9ToM HHTepBate. PyHKuua f(x) COOGCTBEHHO MHTErpUpyeMa
TOTAA W TOALKO TOILA, KOIAa IUIA KamJION mapsl NONOXHTE/LHBIX YHUCeJ:
e W 1 MOXHO BoOpaTbh Takoe pasbuende, 4robbl 06lUaq NJaAMBA TEX M[OA-
BHTEDBAJ/IOB, B KOTOpHX Koaedaune Oodbiue e, Optia MeHbluie 7 (kpume-

pull Pumana; cm. 1. c. 108, crp. 226, wmn, wnanpumep, Cesaro,
cTp. 695 #)). .
Q7. dynkuus (31? — [%D x%, rie ¢ > 0, coOGCTBEHHO HHTEr pUpyena

s uurepsane (0, 1].

§08. Ecan f(x) cobctenno unrerpupyema B uMHTEpBade [a, b], TO
TOUKH HENpPepBIBHOCTH (yHKuUUM f(x) B wuurepsaie [a, &] o0O0pasyior
BCIOLY IIJIOTHOE MHOXECTBO. '

809D, Ecim f(x) cobCTBeHHO uHTerpupyema B HHTepsaae [a, b], TO
pPaBeHCTBO

b
[1reonras=0

uMeeT MecTO TOrjia W ToJbko Torma, koria f(8) =0 Bo Bcex Toukax &
HenpPePHBHOCTH (MYHKUHM f(X), JAeXAWMX BHYTPH [AHHOIO MHTepBaJja.

B§3. llycrs dynkuua y = f(x) COSCTREHHO WHTErpUpYeMa B HMHTEp-
paste @ < x < b u sakmouena B HeM B rpannuax m < f(x) < M; nycrs,
nanee, ©(y) HenpepuBHa maa m <L y< M. Torna ¢[f(x)] Taxxe cob-
CTBEHHOQ HMHTerpupyeMa B HHTepBale a < x < b.

Rif. Ecan f(x) u ¢(y) coberBenno unTerpupyemsi, 70 ¢ [ F(x)], BooGiite
roBops, Ve He fABiadeTcs cOGCTBEHHO muTerpupyemotr [98, 99].

¥y Uesapo, u 2, crp. 256
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§ 2. HecoGcTpennpie UHTErpadbl
1
f82. Ecan f(x) monoronna B unrepsase 0 <x <1 u Jxaf(x) dx
G

CyLLleC’I‘ByeT, TO
lim xe+1f(x) = 0.

x>0
o

183. Ecim f(x) monoronna B untepane 1 < x < oo u f X0 (%) dx
1

CyllecTBYyeT, TO
lim xo+1f(x) = 0.
x> oo

l"%u ﬂJIﬂ Kakux nelCTBUTEeNBbHBEIX «, B wnhTerpan
P P

<o
f x“]cosx]m‘qa'x
0

CXOIMTCS M IS KaKUX DAacXOauTca?

BE5. Ilycro
fi(x)’ fQ(x)s"'! fn(x);--.

— (GYHKUMH, COOCTBEHHO HHTErpupyeMble B JIOO00M KOHEYHOM HHTEpBAAR
U YIOBAETBOPSAIOUIME CJAENYIOLIMM YCJAOBHAM:

lim f,(x) = f(x) paBHOMEPHO B KaXXIOM KOHEUHOM HHTepBaJe,
n->co

| fo ()| < F(x) w f F(x)dx cyulectByer.

Torna

7 > 0

Hm fw fo (%) dx = fof(x)dx.

[Ananor teopembr [ 180.]
§88. Nokazats b8 ¢ momowmsie VI 31.

§87. Ecau psid Hupuxse [VUI, ra. 1, § 5]
a1 42,2 4037 .. Fan T =D ()

CXOMNTCH Aas § =o, o>, TO, moaaras

ae”¥ - age~W 4-age=% 4. .. a0 4 ... = P(y),
6yneM HMEeTb NpH § > a:

DET(E) = [ P(y)y=tdy.
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§88. Ecau f(x) codcrBedno MHTerpupyema B JI06GOM KOHEUHOM MH-

+ oo
TepBale H f | f(x)|dx cyuecrsyer, 10
~ . |
(im J f(x)sinnx dx =0,
n»oowm
‘ 4o 420,
fim f f{x)|sin nxldx:g j f(x)dx.
n+w: ﬁﬂm

§ 3. Henpapeisunle, nuddepennupyerivie, BunyKasle GyHKIUN

119, Cywecrsyior a4 Boobule OYHKUME OT TpPeX HEPEMEHHbIX P
Toudee rOBOpA: MOMHO JM HAM Helb3s BCHKYIO NEHCTBUTENBHYIO (DY HK-
uuio f(x, ¥, 2) Tpex nepeMeHHHIX ELIPA3UTh uvepe3d e QYHKUUA ¢ (X, V)
u $(u, 2) ABYX NepeMeHHBIX CASAVIOLIMM 06pa3oM:

fGe, y, 2) =0(2(x, 1), 2)7
OTBeTHTL HA 3TOT BONMPOC B NPeNNOA0KEHUSX:
1) uro dynkumn f(x, y, 2), o(x, y), ¥(u, 2) onpenencub KIS BCeX
AeACTBHTE/IbHLIX 3HaYeHUH apryMeHTOB u
- 2) yTOo 9TH (YHKUME A9 pcex AedCTBUTE/IbHBIX 3HAUeHHH 4aprymeH-
TOR HeNPCPHIBHHI.
11Ba. Toaowum

x+yv=8x, ¥, xy=~F(x, W

yz b-zxtxy=S{P(x, v), P[S(x, y), 2]}

B stolt dopuyne yz—2x Xy BHpaMEHD uYepes YeTLipe «BAOHKEH-
Hble» APYr B Lpyra B Kau2¢TBe apryMeHTOB (DYHKUHH IBYX IEpeMeH-
HbiX. [loKa3aTh, YT0 4HANOrWYNOE NPEACTABIeHHE uepes TPU yHKUEHA
IBYX IepeMeHHLIX HEeBO3MOMXHO, €CAd NPHHATE, YTO BXOLAULHME B HErO
dyHKUYKY  LOMEHB ObITh HEOTPAaHMUEHHOE uACA0 pas Luddeperuupyemn
g BCeX NeHCTBUTENbHBIX 3HaueHUH aprymentoB. [[lokazartb HEBOBMONK-
HOCTb MpPEeAcTan/ierus yz—-2x - xy B Gopmax

e {Uly(x, v, 2l 2}, @lb(x, 2, v (v, DL @ {blx(x, ¥ 2], x}.]

§28. Tlycrs f(x) nuMeer HeNpepLIBHYIO NPOU3BOAHYI0 B HHTepBale
a < x < b. MownHo au nisl Kaxao# Aexalledl B 9TOM HHTepBaje TOUKH £
yKasaTh LBE Lpyrue TOUKM X;, X, U3 9TOr0 WHTepBaja, TaKue, 4YTO

TOTHA

f(xz) _'f(xl) "‘:"'fl (E) (xj_ < xg)?

Xy — Xy

(20« [Tycte f(x) nuddepenurpyema B HHTepBase @ < X < b, npnuem
fla)y=f(E)=0. Torna B [, b] cywecrByeT no kpaiHell meps onHa
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TOYKA £, B KOTOPOH BLIMOJRALTCA HBpaBeHCTBO

G ff(x) i

22, Econ dyaxuus f(x) Apakas paddepeHnypyema, TO Cylle-
CTRYeT TOuKa &, X,—r < k< xy—#, B KOTODOH wuMeeT MeCTO pa-
BSIICTBO (Do'l"r

ro=2 | r@—seldr

£

Ly—¥

i28. Ecm p,, py, Py -y Ppy - .. — HEOTPUUATEbHBIE YHCAA, U3
KOTOPHIX 10 MeHbllel Mepe ABA MOJQKUTENbHL, TO a0rapudM psaa

Dot P16% + Do€® ... - ppe™ - ..

GyaeT BHNYK/ION CHH3Y GyHKUMER OT x B MOGOM MATEPBA/E CXOAUMOCTH
pana.

i24. Orpaunuennas Bunykaas ¢ysxuus (crp. 77) BcioAy Hempe-
pbIBHA W HMMeeT MPOW3BOLHbie CJeBa M CIpaBa.

§25. Ilycto nefictButenpHass Gynkuus f(x) uMeeT B HEKOTODOM
KOHEUHOM MM GeCKOHEeUHOM MHTepBaJe HeNPepPHRHYI0 NPOU3BOAHYIO [/ (X).
PaccMorpuM TOYKM fnepeceveHHsi BCEX TODHM3OHTAJbHBIX KA&CaTedbHhIX
KpUBOH ¥ = f(X) € OCLI0 OpPAMHAT, T. e. MHOXecTBO M BCex Tex 3Ha-
uennt y = f(x), nas xKoropwx f’(x)==0. Jlokasarb, 4TO TOYKHU MHO-
wecTBa M He MOTYT 3amOJHATb HUKAKOrO HHTepRana. (Jrta TeopeMma
NONYCKAET 3HAUMTENbHOE YCUJIEHUE.) _

i28. Eciu MOHOTOHHAN NMOCAEHOBATENHHOCTL HENPEPLIBHAIX QYHKLAN
CXOLUTCA B HEKOTODOM 3aMKHYTOM MHTEDPBAJE K HElPEpBIBHON e (pynK-
UMH, TO CXONUMOCTb OYyILEeT paBHOMepHOH.

127. Joxasats caenyouryio Teopemy, Harnomusawwyio 126, Ecan
MOCACAOBATEAbHOCT, MOHOTOHHBIX (HeNpephIBHLIX HWAH DA3PLIBHLIXK) (yHK-
HUH CXONMTCH B 3aMKHYTOM HMHTEDBAJie K HEKOTOPOH menpepbiBHOH dyHK-
LIHH, TO CXOMMMOCTb OyaeT paBHOMepHOH.

§ 4. Ocolsnie uHTErpaJjisi, Tecpema Beilepwrpacca

128. [1ycrs venpepbiBubie B uutepsase [@, ] QyHKUIMY

pi(t)v‘ P‘z(t)s e pfn(t): voe
YAOBACTBOPAKT YCJIOBHAM

P®20,  [patydt=1 (=123 ...
a

Torpa Bce ujeHBbl [10CAEA0BATEALHOCTH

: b
[r@iwa, [pmesoa ... [p@rod
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COACPKATCA MEKAY HauMEeHbWMM 1 HAKWOOALIUMM 3HAUCHUAMH HelpephiB-
HOR dyuxuun f(£). (Cm. 1 65, 1 79, | 83.)

§29, Ilycre x — Hexoropas (GHKCHPOBAHHAA TOYKA MHTEpBada [a, b)
npeapayuled sapaud. g Toro 4robsi Aaa Kampof HernpepslBHOR B [a, 0]
GyHxuuyu f(£) BBIMOJHAIOCHL NpefeNbHOE COOTHOILEHHE

b
lim [ pu® f@Wyat = f(x),

- HeoOXOAKUMO H HOCTATOUHO, yToOBl UMENA0 MEeCcTO npeaeiabuoe COOTHO-
nieHue

-1 b
lim. ([ pawat+ [ parat)=o0
[#] T +s8

I BCEX TONOKUTENbHbIX &, YHOBJAETBOPAIOLIHX YCAOBUIO @ < X —e <

< x+e<b; B cayuae x = @ UM X = b mepBHI WIH COOTBETCTBEHHO

pTOpodt wuHTerpan mnon 3sHakoM lm ornapaer, (Cm. I 66, I 80, [ 84.)
B3, IToxasars, 4TO

oo

fim efe*'etf(t)dz:: lim f(#),

g-»+0 b >

B NPEANOJONKEHHH, YTO HHTerpal B JeBOW YaCTH # npeled B NpaBof
CYLIECTBYIOT.
§2§. Ecaw unrerpan

fo A (E) dt

cxonurcs npu A=a 1 A=4§, ¢ <B, TO OH CXOAMTCA BO BCEM HHTEp-
pate ¢ < A< H npencrasiseT B ITOM HMHTepBaJe HEMpEpPHIBHYK (YyHK-
UHIO OT A.

§32. lycre QyHxuuy

p(x, 6, po(x, Oy ovs pu(x, B, oo
X
JBYX TMEpEeMEeHHbIX X KM ¢ HEeNPephiBHH NpHU a < y < b, npuyeM nas

Kaxuoro n

b
Pal, >0, [ pu(e Hat=1,
a

[ToxasatTb, 4TO (PYHKUHU
b
fo@) = [ pu(e, Of 0@ (=1, 2,8, ..0),
a

rae f(f)— rexoTOpas HenmpephBHAT (YHKUHS, 3aK/IOYERbl MEWKAY HAH-~
MeHLIUKM M HaubGOabW KM 3HAuYeHusMYU f(f) naa BCex X.
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Hajsee, noxasaTth, 4TO

lm fp, (x) = f(x)

7i=> 00
npu a < x < b, ecad Aa9 KAKAOTO (PUKCUPOBAHHOIO MONOKUTENILHOTO 2
BLIMOMHASTCA MpPeNe/ibHOe COOTHOLIEHHE

Zr—1

b
lim (J’ pul, dt+ [ pua, r)dt>:0

a T-Fa

paBHOMepHO A @ &< x < b —e. CXOAUMOCTb paBHOMEpHA B JIOOOM
8aMKNYTOM MHTepBane, comepxauieMmcd B a << x < b,
§33. [lycro f(x) uenpepwBua B unrepsane [0, 1]. TTokazarn, 4To

lim 2.2, 2] J.f(t)[l—(xw—t)g]”‘dt:f(x)
0

N> Co

M PUTOM PaBHOMEPHO 8 JIOOOM QUKCHPOBAHHOM HHTepBane & < X < | —e,
1
rae 0 <e <L =5
i34. Eciu f(f) — HenpephiBHAs MepHONMUECKAA BYHKIHAA C (ePHO-

oM 2w , TO

1 ar sinrzx;t ’

7m0 sln
0 2

¥ MNPHTOM pABHOMEPHO IJS BCeX X.

BR5. Kawzaa (yHKuus, HenpephBHas B uuTepBade a < x < 0,
MOKeT ObITb pPaBHOMEDHO MNpPHOAMKEHa B 3TOM HHTepBale MNOAVHOMAMM
¢ M000H CTenmeHLK TOUHOCTH (meopema Belepmmpacca) .

§38. Kaxnas nenpeprBHAA NepHOAMYecKas (PYHKLUHMA C MEPUOAOM 27
MOXeT OLITh paBHOMEPHO NPUOMDKEHA TPHATOHOMETPHUYECKHMH MOJHHO-
mamu [VI, § 2] ¢ mo6ol creneHblo TOUHOCTH (meopema Belep-
HMpacca).

B3 7. llycts f(x)-— mobas byukiug, coOCTBEHHO HHTerpupyemas
B [a, b) (coorBercTBenHO B [0, 27]). KakoBo Obi HM ObIIO UHCIO &, MOXHO
YKa3aTh [1Ba MNOJMHOMA (TpUrOHOMeTPHYECKHX mosmHoMa) p(x) u P(x),
VIOBJACTBOPAIOUIMX OJHOBPEMEHHO HepaBeHCTBAM

p(x) L f(x) L P(x)

BO nceM unteprane a< x <o (0 L x < 2x), a Taike HepaBEeHCTRY

kg

b b on :
.[‘P(x)dij’p(x)dx<a (f P(x)dxm—-f p(x)dx<e>.

0
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§28. Ecin v dyskuuu f(x), HenpephBHO! B KOHEUHOM HHTEDBAIG
a < X < 0O, BCe «MOMEHTHI» DaBHBl HYJIIO:

O
ff(x)xndx:_-o (n=0, 1, 2,...)

T0 f(x)=0.
129. Eciu y ¢pynxuua f(x), cOGCTBEHHO HHTErpUPYeMOl B KOHEu-
HOM HHTepBade a4 < X < O, BCe «MOMEHTLI» DaBHBI HYJIO;

b
[rymax=0 (=012 ..

0 f(¢)=0 BO BCex TOUKAX HENPEPEIBHOCTH E.

§4€. Ecin n nepsoix «MOMeHTOB» QYHKUHM [f(X), HempepbiBHOH
B HEKOTOPOM KOHe4lloM WM OeckOoHeunom uHTepBane a < x < b, pasuul
HY 10!

ff(x)dx — lff(x)xdx —= ff(x')xg dx = ... = f)f(x) xn=ldx = 0,

TO 9Ta (QYHKUUS MeHfeT 2HAK B MHTepBade @ < x < b NO MeHbuUieh
mepe n pas (V, ra. 1, § 2), ecad TOABKO OHA HE paBHA TOXKAECTBEHHO
HY 0. ‘

f48. Ecnn pasun Hymo 2n -+ 1 11epBHIX «TPHUIOHOMETPUUECKHX MO-
MenToB» (KOo3dhduurentos Pypue, cm. VI, § 4) venpeprlBHOH nepuo-
aueckol gyHkumd f(x) ¢ nepuozoMm 2m:

J:f(x)dx: ff(x)cosxalx:j~ f()sinxdx = ...
0 0 0

2n

= f f(x)cosnx dx = f f(x)sinax dx =0,
0 0

10 f(x) B moGOM MHTEpBaJe NJUHLI, NMPeBOCXOAfAWel 27, MeHAeT 3HAK
no Mmenbiie#t Mepe 2n -+ 2 pasa (V, ra. 1, § 2), ecnu TOMBKO OHA e
paBiia TOMAECTBEHHO HYIO.

§142. Tyctb ¢(x) HenpepnisHa i Bcex x > 0. Ecaum uurerpan

o

J(k) = f e=k2g (x) dx

0

cxoourcs nas kR =k, u obpaulaeTcs B HYJb Ias 3Hauenu#t 2, ofpa-
3YIOWHUX BO3PACTAOLIYI0 apUPMETHYeCKYIO0 NPOTPecCHio:

J(ko) = J (ko) = J (kg 20) =. . .== J(kyHna)=...==0 (a>>0),

10 ¢ (x)==0.
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B4 3. loxasaTb, HCXOUS H3 HMHTErpaibHOrO TNPENCTABJEHAS TaMMa-
(hy HKLKH sl

Lis)=Im o ra

410 OHa He uMeeT Hyqe#. [I'(s—-1)==s1"(s), 142.]

O6pasyeMm naa kaxno#h ¢ynxoun f(x), sanagHolt B uHTepBase
0 x <1, NOAHHOMEI

Kn(x)::if(%)(f)x“(l—x)“” (n=090,1, 2, )

V=0

DTH MOJMHOMBL 3aK/I0YeHbl BO BceM HHTepBajde [0, [] mexay HmxHe# w
BepXHel rpaHamu ¢yskuumu f(Xx), fpUYeM HA KOHUAX COBMNAJalOT C 3TOMR
hyukunei,

§44. Boiuncints noamsomer K, (x), n=0, 1, 2, ..., nis

fy=1, flx)==x [fo)=x% [f(x)=e"

145, [TycTb x_—.HPOI/ISBOJIbHaH touxka uurepBata 0l x <1 u
n
L= Y (1) et —xr =34 3
v=0 )

I

roe 2y pPACHPOCTPAHSETCA HA WHIEKCH, YLOBAETROPSIOUIHE HEPABEHCTBY
- It

|v—nx| L nt, a > — Ha HHIEKCH, YAOBJACTBOPAIOUIUE HEPABEHCTBY
3

|v—nx|>n* (n>1). Toraa ,
1

2“< % n 2,

848. [Momunomn K,(x), 00pas3oBaHdble A/ HENMPEPLIBHOW B HHTEp-
paje 0 x <1 dyukuuu f(x), paBHOMEPHO CXOAATCA K .HeH B 3TOM
unrepiaje, (Hopoe noxasarTeabcTBO Teopembl BelepwmTpacca, 135.)

FJTABA 4
PA3JIUYHBIE TUIIbI PABHOMEPHOTI'O PACIIPEAEJEHUS

§ 1. Yucnosas ¢yuxuus. PeryasapHsie H0C/eI0BATENbHOCTH

B Hmmecnenyﬁ)mem (147—161) wMbpl paccMartpuBaeM MOHOTOHHBIE
NOCHEN0BATENbHOCTH NOA0KUTeNbHBIX yuces. [1on vucros0d dhynryueir N ()
TAKOH MOCHGNOBATENBHOCTH Fyy Fo, vy Fyy oony O r lrog ...
cew L F < vy, OyeM nOHMMATb  YMC/IO  UWIGHOB 9TOR nOChenoBa-



94  ora. m, ra. 4. PASAMUHLIE THIIL PABHOMEPHOIO PACTPRAEARHWA |[147

TEABHOCTH, He npesccxoiauiux r {(r > O)

N(r)y= 2 1.

7*n<1’

[Boobwe nox > f(ry), rie f(f) —xaxas-nubo dynxuwa, 3aiaHuas
rn<r
nas £ > 0, mpl Oyzem nosumarth cyMMy f(r)— f{ro)—+ ... -+ f(rn), roe
HOMED m ONpeje/deTCs HEPABEHCTBAMU Fp, <7 <y,

Hanpumep, aaa ri =1, ro =2, ry=23, ... umeeM N(r)=|r].

N (r) npencraBaser cCoO0H KyCOUHO-NMOCTOSHHYI HeYOLIBAIOULYIO VK-
LMIO C HEeJOYMCACHHBIMYU CKAUYKAMM, HeNpEpPHBHYIO ClipaBa B TOYKaX pas-
pLIBA.

§47. Mycre f(f) nuddepenunpyema u f'(£) coGCTBEHHO HuTErpPU-
pyeMa Ha KaX{IOM KOHEYHOM HHTepsaJe 3HaveHuh £ > 0. Torma umeer
MecTo dopMmyaa

3 fe=NOIO— [NOF @t
n 0

048. Eciu N(r) ectb uucaoBas (QYHKUMA MOHOTOHHO CTpeMALieHcs

K OECKOHEYHOCTH MOC/CNOBATEABHOCTH Fy, Fo, «vuy Fpy o oo, TO
, n P
lim sup ——= ( ) —fim sup —, lim inf —= N — im inf—,
P o) n-sco 'n ¥ = oo r n->co Iy
) InN(r InN(r . . oo dnnm
lim sup l ()_llmsup , lim inf 1 ():Hmlnfl
> 0o nr 7y 00 ln T’y nr neco M7p
E4DQ. Ilycte N(r) —uuciosas QyHKUMS M A — [0KA3aTeJAb CXOLM-
socrd I, ra. 3, § 2] nocnenoBaTeNbHOCTH ry, Fg, ..., Py, ... 1OTEAE
nN(r
lim sup ———-—(—) — A.
>0 In 7

i50. [Moaoxkurenbayio ¢yuxuuw L(r), onpepenexuayo aad r > 0,
Ha3bIBAIOT MEOAEHHO B03pACHQIOWel, eCJAH OHa MOHOTOHHO BO3pacTaer
M YIOBJIETBODACT YCJIOBHIO

L (2r)
i == ],
roos L(7)
[Toxasarb, uto aas Tako# ¢GYHKUMH BOOOUILE
L (er)
lim = ] ¢ > 0).
L) (

i58. Iycro ¢yuxuua L(r) samasa aaa r >0, MOHOTOHHO BO3pa-
craeT W IJd HOCTaTouno OOJbLIMX SHAYeHMH r ompenensercs GopMyaoH

L(ry=0nr" (n, )" ... (o, )% (a; >0),
rae ln, x = In,_, (In x). Tor;la L(r) sBasercq MeLJIGHHO BO3PacTaloLieH
dbyHKIHEH.



§52. Ecin L(r) ecTo MenjcHHO BO3pACTAIONIas (PYHKUHA, TO
InL(r)

— ={.
Inr

lim

¥ - 00

iI53. Iycty pas uncnosolt ¢yHkuwmn N (r) 10CIE10BATENBHOCTH 7y,

Fao «++y Ty ... BBHINOJHAETCHA COOTHOLICHHE
N(r)y~r*L(r),
rae L(r)-— Mendendo Bospacrawowas dydxkuud 1 0 < A < oo, Toraa A
€CThb IOKa3aTeb CXOAMMOCTH MOCACLOBATEABHOCTH 7y, Foyeuwy, Fpye oo
IMocnenoBaTeNbHOCTH 7y, Fgy « vy Py, oo, OBJANAKOWIHE YKA3AHHKIM

B NpenbloylicH 3ajaue CBOHCTBOM, Mul OyleM HA3BIBATL B JalbHeHllieM
(164-—189) pezyasnpuvimu, Jlozwe (Hanpumep, B IV 59—65) sto Hau-

MeHoBaHue OYAET paCHpOCTPAHEHO TaKXKe W HAd Te MOC/AeHOBATENLHOCTH,
rh

I KOTOPbIX N(r)r-um. [Ipg 5TOM paculdpeHMH NOHATHA peryasap-

HOH nocaenonatenbHocTH TeopeMsl 183—189 coxpansior cuny. llon pac-

LIMPEHHOE TIOHATHE PEryaspHofl MOCAenOBaTEJbHOCTH MOLXOANT, HAMPH-

Mep, MOCe[0BaTeNbHOCTh MPOCTHIX uucea 2, 3, 5, 7, 11, ...

§54. Yucnosas ¢yukuus N(r) peryispHod NOCACNOBATEBHOCTH
C MOKA3aTeAeM CXOLMMOCTH A YIOBJETBOPAET COOTHOLIEHUIO

N(ery
—N(—r)_-c* (¢ >0).

flim

¥ =0

155. Ilycty N (r) — unciosas GyHKUAS peryadpHOR [OC/IeH0BATENb~

HOCTH 7y, Fgy ++., Ty, ... C TIOKA3ATENEM CXOLHMOCTH A # f(X)-—KYy-

COYHO-MOCTOAHHAA (PyHKUHMA, 8adanHass B uHTepBale O < x - ¢ (¢ > 0).
Torna

P

vty Z02)= [ 16

¥y —> o0 v
r,negcf 0

o

)dx.

E56. [Ipenensroe cooruowenne 3anaun 155 cOXpaHseT CUAY TaKke
M B TOM caydae, Koraa f(x) ectb (QyHKUHA, COOCTBEHHO HHTErPHU-
pyemas 8 uHtepraaz 0 < x < c.

i57. [lycrb N(r)-—uucnosasa GyHKUAS PeryaapHOi NMoCAeROBaATeb-
HOCTH ry, Fgy «vvy Py, ... C NOKA3aTedeM CXOMHMOCTH A, U & — JI0008
noaoxKTe pHOE yucao. Toraa

J; (DY

. 1 N r, \e—h X . A
lim N Z (7) me __dx__ﬁ—;.

- Q00
rnC'r 0




i58. (Mposomwkenue.)
+ —&—A
. 1 A [ y A
v X (F) = ar=g
o> 1 :

59, lMycre N(r)-— unciaosas GpyHKuU#ES PeryaapHOH MOCAeLOBATENb-
HOCTH Ty, Fgy +.+y Fy, «.. C OKA3aTENEM CXOAMMOCTU A; QyHKUUA f{X)
onpelenena aag x > 0 M COGCTBeHHO MHTETpHpyeMa B KaXKLOM KOHEUHOM
uatepsane 0 < a < x < b. Ilycre, nance, B OKpecTHOCTH TOuKM X — 0

| Fe) [ < xo,
a B OKPeCTHOCTH OeCKOHeYHO YAAJeHHOR TOUKKM X == - O

| f(x)) < e (e > 0).

Torna

lim Vi)fjf( ) |f( )

¥ > co

1580. [ycrs f(x) monoronna B wunrepsaie 0 < x <1l ¥ B Hexoro-
pofl OKPeCTHOCTH TOUKM X == 0 yI0BJETBOPHET HEDABEHCTBY

[fOl<x (2> 0).

HOTOHHON TOJOMKHTENbHON MNOCAENOBATENbHOCTH 7y, Fg, ..., Ip,
(0 <A< ), TO :
1
1
1)
11F+£fN() Z (r) J f(x dx <
n
<1msupN() de( ) 1 115].
'n““?

[TocaenOBATEABHOCTL £, HEe AOMKHA OvTh 00A3aTeNbHO PEerynspHOMH.
181. [ycrs f(x) (x 0) — nonoxutrenbuad yoOwBaowaa GyHKUM,
B OKPECTHOCTH TOUKH X = ( yIOBJIeTBOPAIOUIAA HEDABEHCTBY

f () < x
4 B OKPeCTHOCTH GeCKOHeuHO yia/leHHOW TOUKH X == -~ 00 —HEeDAaBEHCIBY

flx) < x> (a>0).

lim mfN( ) 5: ( ) Fof(x%) dx,

Torna

T > o

roe N (r) — uncaoBas QyuKuua NOCISHOBATEABHOCTH £y, g, oevy Fpy - oo
npeanpyiielt sanaun [I 116].



§ 2. Kputepuu papuOMEpHOTO pacHpaaefeHUs

[TocaenoBaTenbHOCTh YUCAN
Xy KXoy oo vy Xy,

HasbIBAIOT pasHoMepro pacnpederennoid B uureprate 0 < x < 1, ecan
BCe 4MCiIa 3TOH MOCACOBATEAbHOCTH JIEWAT B 3AMKHYTOM MuTeppane [0, 1],

mpMueM  MA KawAoH - Qymkumx  f(x), COGCTBEHHO HHTErpupyemof
B 0 x {1, uMeeT MecTO npelenbHOe COOTHOWIEHUe

1

[ feas.

0

UCORSICHR SIS 3 {CA I

lim
>0

Haumewnopanue «PABHOMEDHO pacnpeac/ieHHas» OHpaBILIBAETCHA Caenyro-
LM KDUTEpHEM.

EB2. ITocnenopaTe/bHOCTb Xy, Xa, « .., Xy, - .., 0. < x, < 1, TOrna
w TOJ’IbKO TOrAa fBAACTCd DPAaBHOMEDHO pacipele’neHHOd B WHTepBaJje
<L x <1, xoraa «BepOATHOCTL» MOMALAHHUS HEKOTOPOrO HAYAAuy Bhl-
XBAUEHHOTO yuc/aa MOC/ASAOBATENBHOCTY B (UKCAPOBAHHBIN NOAMHTEPBAN
nurepsaaa [0, 1] pasHa pn/auHe 3TOro nopudTepsasa. Touuee T ORODA,
nycth o< X< $—mnonuurepsan uurepsania [0, 1]; o6o3naumy uepes v, («, B)

KOAMUECTBO TeX TOoYeK X, (v=1, 2, ..., n), KOTOpHE /JEKAT B 3TOM
nojuHTepBade. Torna AOMKHO BBUIOJIHATLCS TMPEASNBHOE COOTHOIIGHHE

. v 4

lim ”( Y (2, B) =8 —a,

B> oQ

kakoB Obl HH Onin nmomuHTepsaa {o, B] [102].

iB3. INycrs 0L a <L ? < 1. O6osnauum yepes s, («, #) cy\my Tex
M3 MEPBHIX 7 WIEHOB MOCAEAOBATENBHOCTH Xy, Xo, « .., Xy, ..., 0<Lx, <1,
KOTOpbIE JIeXaT B MHTepBante o < X <L 8. [TokasaTb, uTo AJA% TOTO, UTOSHI
MOCeI0BATENLHOCTE  OblIa PABHOMEPHO PACHpEeNC/ICHHOM B HHTepBAJE
0. x <1, HeOOXOIUMO M JOCTATOYHO BLINOJHEHHE MPELEABHOrO COOT-
HOILIEHUS

Sp(0,f) _ BA—a

lim 5

N ->S0
kakoB Obl HH Obl1 monuuTepsan [o, 5] unrtepsana [0, 1].
§B 4. [TocaenoBaTeNbHOCTD Xy, X3, « -0y Xy « ..y 0 x, < 1, TOrRQ
W TOJBKO TOTAA fBAACTCA DPABHOMEDHO pPACTpeliefieHHOM B HHTepBa-
e 0 x 1, KOTHA A KAKAOTO MONOMUTEALHOTO Heaoro A

k k !
B . nl P 1

lim = [137].
n->00 n k-1
(85. [TocnenoBaTeabHoCTh Xy, Xy, <. .\ X -+ ., 0 x, < 1, TOr 12

M TOJAbKO TOTJa SBASETCS PABHOMEDHO pAacnpele/eHHOH B nHTepBane

7 3ak. 863. Zamauu H recpemb M3 aHanH3sa



0L x <1, xorra AA8 KaXAOFO MOJNOKHUTE/NLHOTO HEJOTo ‘R OZHMOBpe-
MEHHO
cos 2nkxy -F cos 2nkxs -+ ... -+ cos 2nkx,

lim — 0
N—¥ 0O n
" A
lim sin Znkxy - sin 2nkxy -~ ... - sin 2nkx, —0 (137].
n>co n ,

§ 3. Pacnpejenienne KPaTHBIX HPPALUOCHANBLHOIO YHCHA

§66. Ecin § — uppaunuonanphoe 4ucao, TO MOCJAEA0BATENLHOCTD
\ X, = nfl — [n8] (n=1,2, 3, ...)

ABJIAETCA PaBHOMEDHO pacnpenenensoit B muteppane 0. x <1,

§187. llycrs U — uppanuonanenoe uucao. [loaowum e, =1 uau 0,
CMOTpPSt Mo ToOMy, Oyaer am Ommkaimee Kk afl ueioe uKHCaIO JiewaTh
CripaBa OT Hero wiy cjaesa. [IokasaTb, 4TO A% UEABIX Yucet @, d (@ > 0,
d > 0)

egtearatcearaat. -t arn-na 1

lim - —_
n->00 n 2

168. IMycts 6§ — uppauvonansbnoe vuca0 # o — APYroe HUPPALHO-
HalbHO® e YMCHO BHAA ¢ — gH, Tae ¢ —Ueaoe M OTIHUHOS OT HYyJId.
[Toxa3aTb, UTO ACUMNTOTHUECKOE TOBEAEHHE (YHKIUU

o0
fley= 2, (nh—[nt 2" (2| <)
n=1
Mpyu pasuatbHOM NpuOMMKEHMH K TOUKe e kpyra CXOAUMOCTH Xapa-
KTepusyerca Qopmyaoh
]

li | — rerie) — I 88].
r—>11]10( e ) rig [ J
iI69. Bouucauts npexes
f(x) = lim cos? mx -+ cost 2nx - cosé 3rx - .., 4 cos? nmx
_-n—-> o ' n

(X BelleCTBEHHOER),
B70. [Toxasats, yro AecaTuyHas ApoOb

6 = 0,12345678910111213. ..

(Bce HaTypa/bHble YKWCJ/a BHIMMCAHBI OLHO 32 LPYTUM) [IPEACTABAACT UPpA-
uMoHaAbHoe uucao. Coraacuo 166 uucna .

nd—(nb] (=1, 2,3,...)

PACIOJIOXe s TOrAa Bciony maotHo B wuurtepsate [0, 1]. TTokasartb, uToO
9TUM CBOHCTBOM 00JalaeT yxe MOAMHOMECTBO

1On6 —(1076] (n=0, 1, 2, ...).



i174. Yucno e uppauvonansuo [VII 258]. [Toxasats, uT0 nociaenona-
TEJAbHOCTE nle—(nle]  (n=1, 2,3, ...)

MMEET €IHMHCTBEHHYIO npeneabHyn Touky O,
172. Ecan noausom P (x)=a,x 4+ ax’+ ... 4 a,x" umeer no
KpaliHet Mepe OLHMH MDDALMOHAALHLIA KOYP(pPUUUEHT, TO NOCIeNOBATEMb-

HOCTH - P(n)—[P(n)] (n=1,2,3,...)

obsnanaer OeCUMCACHHEIM MHOXECTBOM HPEJEeJbHEIX TOYEK. :

§73. Mycts 0 — uppanmonanbhoe yncao, x, =nl —[nb], n =1, 2,
3, .0 U Oy, Uy, +.., &y, ... — MOHOTOHHO YOniBalOWiAf MOCAENLOBATE/b~
HOCTb TOJOXUTEABHBIX 4YuCen ¢ pacxonduiedics cymmol. [loxazars, 4To
A Kawpo# ¢yHxkuma f(x), COOCTBEHHO HMHTErpupyemMod B HHTEpBaje
0 x <1, uMeeT MecTo NMPeledbHOE COOTHOUIEHHE

1
i sttt

§ 4. Pacnpenenenne uutdp B Tabaune jgorapudmMoB
¥ aHAJOrMYHBIE 3a7a4H

174. Tlycts dynxuya g (F) (¢ > 1) ynoBaeTBopaeT ClelyiOLuM yca0-
BUAM;

1) g(f) nMeeT HenmpepHIBHYIO MPOU3BOAHYIO;

2) (z‘) MOHOTOHHO BO3pacTaeT N0 OECKOHEYHOCTH BMecTe ¢ i}

3) g’ (t) npu f{— 00 MOHOTOHHO CTPEeMUTCS K Hymo,

4) tg’ (t) — oo npu £ — 00,
Torna nocsienosaTenbHOCTD

gn)y—|gn) (n=1, 2, 3, ...)

BJSETCS PABHOMEPHO PACTpPENEeNeHHON B HHTepBATe 0L x 1.
§75. [MocrenosarebHOCTD

x, = an® — [an®) (n=1, 2, 3,...),

rae a >0, 0 <o 1, asaserca paBHOMEDHO pacnpeleJeHHOR B uHTep-
Bane 0 < x 1.
178. [TocaenonaTensnocTs
x, =a(lnny —[a(lnn)y] (n=1, 2, 3, ...),

rae @ >0, ¢> 1, pasHoMepHOo pacnpepesneHa B uurepsane 0 < x < 1.

I77l Pﬁﬂ.

sin 19 sin 29¢ sin 3 £ sin 19
R S LR R

rie 0 <{a<{ 1, £+ 0, alcONIOTHO CXOMUTCH TOrAa M TOALKO TOI'AA,
koraa p > 1.

7#



P78, 3anuwenm OGecKOHEUHBE NECHTUUHBIE APOOHM, [PEACTABISIOLIUE
KBalpaTHble KOPHH M3 YUCeJ HATypanabHoro psna 1, 2, 3, ..., a, ...,
;PYr NOR ADPYTOM B BHAe OecKOHeuHOH Tabauitel. [loxasaTe, uTO Cpeaw
uudgp, CTOAULEX HA j-M MeCTe cnpama OT 3andarodl (j > 1), Bce nudput

0, 1, 2, ..., 9 BcTpeuawoTCsl B CpellHeM OLHMHAKOBO 4acro. Toumee ro-
BOpA: 0003HAYUM uepe3d v, (n) YHUCIO TeX M3 A MEPBHX UeJHX uncea 1,
2, 3, ..., n, B DeCATHYHOM pDAa3JOXKEHHWH KBALPATHBIX KOplel K3 KOTO-
pLIX Ha j-M MecTe cnpaBa OT 3anaToil crour umdpa g. Torna
) vy (1) 1
lim 24—~ = _ (g=0,1,2, ..., 9).
1l 1
n->co
[78. Mycts x,=alnn—[alnn), n=1,2,3, ..., a>0. Ecm

1~ 0O Tak, 4YTO npu 3ToM X, —§ (0B« 1), ro nng mobod dyhk-
uru f(x), coOCTBeHHO MHTerpupyemoit B HHTepsane 0.7 x -7 1, umeer
MeCTO TNpesenbHOe COOTHOUEHHEe'

LG O PO

1

[ feok paz,

n
0
Ve
[ q“-‘l_ql qm_.ﬁuy.] an OQJC~§E»
K(X, &)= Ing z
‘q__lq‘””E anE<x<1, g—1e%, 0 < e,
K(x, 0)=K(x, =" g=

qg—1
§80. (MMponomwkenne.) TIpenefbHbie TOUKH BEIPAKEHUS
Fla)+ S (xe) + oo T (x)
1

(n=1, 2,3 ...)

3aNONHAIOT Lienbifl uarepsan J = J(a; f), 3apucainuit T04bKO OT @ u f(x).
DTOT MHTEpBAJ MPHUBOLUTCA K OBHOW TOUKE TOILA M TOABKO TOrAa, KOFria
B KAKNOU CBOEH TOUKe HENpephBHOCTU [f(X)=—=¢, rle ¢ — NOCTOAHHAd.
Kaxos Oynet wudrepBan J(a; f), ecid a-— odeHt GOJbLIOE HAM OYEHb
MaJoe UHCAO?

§8f. lMpencrasum cefe OGeCKOHEUHYIO TAGAMLY M3 BLIMCAHHBIX APYT
MON APYTOM HASCATHYHBIX JOrapudMos udcea HarypaisHOre psasa 1, 2,
3,... M pacCMOTpUM CT0J0el UHD, HAXOLAWMKXCA HA f-M MecCTe Chpasa
or 3amsatoit (j > 1). [lokasartb, YTO He CYUIECTBYeT HUKAKOH onpene-
JeHHOR BepOATHOCTH MOSBIACHUA CPeld 3TUX uudp OonHOH Kaxof-HuOVIL
onpeseaeHuoft uudpps 0, 1, 2, ..., 9. Tounee rosops: o603HauMM uepes
vg(n) KOJMYeCTBO TeX M3 NepBbIX # Ueablx udcea 1, 2, 3, ..., n, B ge-
CATHYHOM PpAasJ0XeHHH J0rapudmMoB KOTOPLIX HA j-M Mecre CIpaBa OT
vg (1)

zanarTolt crour uudppa g. Torad orHouwenue ---g-n—-— pH A — CO HE HMEET

HUKEKOr'0 OHPEAE/ICHHOIC npeacad, Bosee toro, npepedbHbie TOUYKH I10-



CAENOBATEALHOCTH 3THX OTHOWEHHK 6y.ay'r 3aNOMHATL LEJIbIH HHTEpBaa
NONMOMUTENBHOR IJAUHEL.

EB2. Iycre dynxuna g(¢) (¢ > 1) ynosaersopser yenoBHY:
1) g(f) umeeT HemnpephLBHYIO ITPOU3BOAHYIO;
2) g(f) MOHOTOHHO BO3pacTaeT N0 OECKOHEYHOCTH BMeCTe C [
3) £ () apu f—» 0O MOHOTOHHO CTPeMUTCH K HYIIO;
4) tg' (t)—> 0 npu f-— 00

(cp. 174). Torna uucna

n=gm—gmwl (=1 2,3 ...)

XoTa W Jsexatr B uHrepBase O0<x -1 BCiony IJIOTHG, ORHEKO He
IBAAIOTCH PABHOMEPHO pacrnpeleseHHhiMU B 9TOM uHTepBane. Pacnpene-
JeHde MX, HaMpOTHB, XapPAaKTepUayercs CACLVIOUIUM aCHMITOTHYECKUM
3aKOHOM: eCaM n Oe3rpaHHYHO BO3pacTaer TaK, 4TO IpH S5TOM X, — &,
0<e<Cl, o nag mobo#t ¢yHkuuu f(x), cOGCTBEHHO MHTErpUpyeMol
B uureprase 0. x < 1,
f(xl)—i"f('x?) "IL' ‘o _11‘ f(x'n.) :f(ﬁ)

n
B Mpeinoaoxenny, yro f(x) B Touxke § HempepeBHa. Ecau we [f(x)
B TOUKE § HMeeT pa3pbi3 NEpBOro poja, TO MHOMECTBO MNpelebHLIX
TOUEK OTHOLLEHUS

lim

Flx) -+ fxe) 4 ... Fxn)
n

NPH YKA34HHOM XapaKTepe BO3PACTAHUSA 7 3alO/AHAET LEeJIHKOM MHTEpBAJ
mexny f(E—0) u f(-+0). Yreepwneune OyaeT CNPaBefyIUBO TaKKe
aas £=10 wu £=1, eclIu NPUHATb NOMOAHHTeNbHO, uT0 f(0) = f(1), n
pacnpocTpanuTh f(x) 3a mnpenens uHTepBana O x <1, cpenap ee
nepuopuveckoil ¢ nepuonom 1. [Torpa f(1 +0)=f(+40), f(1—0)=
= /(=0
183. [Mocnenosarensuocts
x, == a(lnn)’ —la(lnn) (n=1, 2,3, ...)

(0 <o < 1) #BAfieTCA BCOLY NAOTHON, OAHAKO He PaBHOMEPHO pacrnpe-
neneHnodt B uxrepsane O <l x <1 (176, 179).

§EB4. [lpencrasum cede GECKOHeqHyI{) TaOMMLY U3 KBAAPATHBIX
KOpHEH JecaTudynbix JAOTapudMOB YMcen HaTypadabHoro pasa 1, 2, 3, ...,
T. €, U3 ]/lg n, n=1, 2,3, ..., u paccmorpumM cronben u3 uudp,
CTOALUMX HA j-M MecTe cupasa ot sangroft (f > 1). ITokasaTb, 4TO He
CYLLeCTBYET HHKAKOW ONpene/]eHHOHN BeDOATHOCTH MOABJACHHS CPEld 3THX
wudp onHOo# Kaxo#-muOymb oupefenesnsoit uubpsr 0, 1, 2, ..., 9.
Tounee ropopsa: 0603Haumm uHepes v, (n) KONMUECTBO TeX uuceld R U3
7 TIePBBIX HATYPaMbHbIX quces, LA KOTOPHLIX B HEeCATHUHOM pAa3JIOXKeHUH

Vig £ na j-m wmecre cnpasa or sanaroii crour uudpa g. Torna sua-

Vol
YyeHus OTHOILGHHUS J!FE— ) (n=—1, 2, 3, ...) nexar BCOAY MJIOTHO B HUH-~

TepBaae Mewxay O n 1.
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§ 5. Apyrue Tunsl pasHOMEpPHOro pacnpenesieHus -

185. IpeacrasuM cefe B p-MEPHOM NPOCTPAHCTBE NPAMOJMHEHHOE
PABHOMEDHOE JBIKEHHE, ONMPEIeNeHHOE YDPaABHEHUAMH

x‘l (t) - a‘; _+— U\}t’

roe a, 0,-—mnocrodnHsle, v=1, 2, ..., p u f—nppemsa. Iloxasars,
qro ecau uucaa by, Uy, ..., 0, pauuoHanbHO He3ABUCHMBI (T. €. U3 CO-
oTHOwWEeHHst Ay, — noflg 4 . .. 41,0, =0 ¢ paunoHanbHBIMK KO(DU-
LUEHTAMK My, Mg, ..., N, BHTEKACT, UTO fly =fg== ... =1, = 0), 1o
s Kaxaod Qymxumd f(xy, X, ..., X,), NEPUOLMYECKON OTHOCUTENLHO
Xy, Xg, +.., X, C NepuoaoM 1 U COOCTBEHHO WUHTETPHPYEMOR B eAMHHY-
nom Kybe 0 < x, 1, v=1, 2, ..., p, UMEET MeCTO Hpele/pHOe COOT-
HOWCHUE

lim + ff(x1 O %o ) -0 vy X, () dl =
t~>co h

t

1 1 1
::.—fja If(xl, Kop « ooy Xy)dxydxy ... dx,,
0 0 0

186. Mycrs o4, @9, B, By — npoussonbHLle YuCAad,

Olay <<ag<{1, O0LB <<,
HepaBeHcTBaMU -
o Lx—[x) <oy B <Cy—y1 <8y

BLILEAACTCS OeCUMCIEHHOE MHOXKECTBO [IPAMOYTOJbHHKOB €O CTOPOHAMM,
rapanjedbHbIME  OCAM KOODAWHAT, KOHTDYSHTHBIX Mo Moaymo 1, T. e,
MOTYIUX ObITh TOJYYEHHBLIMH LPYT M3 Ipyra CMeweHusMd Ha LUesne
yyc/a NMapadaeNbHO OCAM KOODAMHAT. 3alafAuM yDaBHeHUAMH X = a - 0,f,
y==>b- 0y, rae {—Bpema, HeKOTOpPOe paBUOMepHOEe MPAMOJHHERHOE
aBmKeHHe W 0003HayuM uepesd 7 (£) cyMMy BCeX TeX IMPOMEWYTKOB Bpe-
MEHH OT Hauyaja ABwxenus (f = 0) 10 Momenta £, B TeYeHHE KOTOPLIX
ABMMYULAACA TOUKA HAaXOIUAACh B KaKOM-JMOO M3 yKA3auHbIX OPAMO-
yroabHukoB. ITokasaTp, 4TO ecau oTrowenue H, : 0, wppauuoHasbHo, TO

r{)

Hm —= ={ey — ay) By — B

>

EB87. Bruumapasuit wap ABWKETCA HA HACANLHO TJALKOM KBalpaT-
HOM €TOJe maowany § npamMoIMHelHO M C NOCTOSHHOH CKOPOCTBIO, MpH-
yeM OTCKAKHBAeT OT CTEHOK NO B3aKOHY OTpa)keHus (YroJ MaleHus paseH
yray orpaxenus). O6o3naunM uepes T (f) oblIYy0 CyMMYy BceX TexX Mpo-
MexXYTKOB BpeMeHW OT HauaJja newikenus (f —0) xo moMenra f, B Teue-
HHE KOTOPBIX ULEHTD LIapa HAXOIWJACA B HEKOTOPOH OnpenesieHHOR
o0nacTH ¢ naowanplo {. [TokasaTb, 4TO eC/HH TAHIEHC YTA4 MEKAYy Ha-



MPABCHUEM ABWNEHHS M ONHOM M3 CTOPOH GU/IIMADIHONO CTOMA Uppa-
LAOHAJEH, TO 7 () i

lim —= = —

I->co t 8:'

Hucana

19 -
SR =123 ..

n’® n’ n n

noNyYallKecs Npu 00PA3OBAHMM CYMM MIOWEaAEH NpPAMOYIOJBHHKOB
(nmenHo npu nenennu orpeska [0, 1] B apuduernueckoli nporpeccun),
NPENCTABJSIOTCS B HEKOTOPOM ONPENENEHHOM CMbICJAe DABHOMEPHO pac-
TpeNie/leHHbIMA.  AHAJIOTHUHBIH  TUI DABHOMEPHOrO pACTpeNeNeuns TOKA-
3LIBAIOT JIBE HMKECJAeAYIOLLUC 3aLaud. _

188. OGosmauum uepes 7y, 7op .., oy UIBIE MOMOKHTEMbHBLE
HMCAAZ, MEHbIIME YeM /1, M B3AHMHO NPOCTHIE € HUM; NYCTb © = o (1)
6yner ux xoawdecrso [VIII 25]. TITokasaTb, 4TO U8 BCIKOH cOBCTBEHHO
wHTErpupyemot dyuxuuu f(x)

Tin Yan n 1
im f(—HF f(%)+ +f(rz ) — ff(x)dx (VI 35].
5

n-» oo ‘ ¢ (1)

189. Hanmwem Bce Hecoxpatumbie APOGHM, He MPEBOCXOAALIME efu-
HHLBI, YHCAHTENN M 3HAMEHATENH KOTOPHIX HEe NPeBOCXOAAT 12, B NOPSAKE
BO3pacTallled BeUHHbL:

W W, +v., W

1’ 2

(dpo6u Dapes: N

1 1 |
W=y oy =g, N=N@=0()+0@4 ... +o@).
[lokasaTe, 41O ANA BCAKOU COGCTBEHHO HHTerpupyeMod GyHKUMU f(X)

1
w,) -~ F(w, .
jim LL20 'f(w“)Nl_ RACII ff(x)a’x [170].

> GO

—————— e

Berpeuaplunecss B HeKOTOPLIX M3 MPeRLIAYHIMX 3aJay YUCJAOBLIE [10-
CAeJ0BATEABHOCTH ABJASJAUCL DPAaBHOMEDPHO pacnpeleNeHHbIMK, NOCKOAbLKY
BEPOATHOCTH HOMaZaHHA  YHCeJ 3ITHUX IOC/AEeNOBATE/NbHOCTEH B 3alMaHHLIH
yHTEepBaJ ObIM [PONOPLMOHAJBHE JAJNWHE 9TOr0 HHTepBaJa [Hanpu-
mep, 166, 175, 188]. B Hmxecnenyiowux saiauax 3TOro yxue He 6yner,
Ho 3aT0 aada KaxIoW H3 BCTPewaloWiMXcd B HMX UYHUCJIOBBIX MOCJENOBA-
TenbHOCTe OyaeT CYUleCTBOBATh ONpele]eHHas «MIOTHOCTb pacnpene-
JeHus BepOATHOCTH», KOTOPOH OyneT XapakTepH3OBATbCS DPA3JaUuUHAA
YyaCTOTa MONajaHMs B Pas/JMyHble MecTa OCHOBHOrO HHTepBa/a. Bnpouew,
C aHaJOrHYHbIM [OJOXEHHEM MB!I YK€ BCTPETHIMChL B 33Ad4e 159.



198, INonoxum
Vil

2’11 - §

o (b=0,1, ..., n, n=1,2,3,...).

. 2
Ecan dyskuus f(x), COOCTBEHHO UHTerpupyeMas B MHTEpBajIe [O, l/'}?]’

TAKOBA, YTO I/ HEKOTOPOTO MOMOKUTENLHOTO p NpousseneHue x—2f(x)
OPpaHHYEHO B YKAa3aHHOM HWHTepBaje, TO

400
P (Son) F F(St) = F(Sam) A e A S (Sn) 2 o
i v = [V 2o

190. OGosnaunm uepes
Xins Xans « s Xpn (—1<x,<1; v=1,2, ..., n)
nyau nomynomos Jléxannpa P, (x) [VI 97]. Torna

Xin . KXoy Xnn e
o 1n(1+T)+ln(I _jm—r)+...+1n(1+ : )_m>~+1/k‘3-1

1> 7 2k

— 0

Q2. (Mponomkenne.) [Moxkasarte, 4To A48 MOOGOro LEJIOrO MOJOMKH-
TEALHOTO & CrpaBelJivBa Gopmyna

k ko I A
T e Tk s TS N PN P 0 179).

n
o0
n-» 6

§9 2. (Mpomomkenne.) HOast mofoit gyuxuuu f(x), COBCTBEHHO HUH-
Terpupyemolt B unreppane — 1 < x <1, cnpasenausa Gopmyda

T

llm f(xlﬂ)+f(x2n) _f"' ‘s +f(x'n.n) :_}{ 'rf(COS ﬂ) dﬂ'.

n-=>roo n

v

[94. Mycrs o< x <3 —nmoBott noauntepsasj OCHOBHOIQ HHTED-
gana — 1 < x <1 u v,(«, B) —uucno uynett n-ro nonusomMa JlexaH-
npa, aexawux B [¢, B]. Toraa

lim Yn (a2, £) __ 2rccos a — arccos 3 .

™

-

n=>oo

Yrcna x,, pacnpeneiensl B uHTepBante [— 1, - 1] HepaBHOMepHO,
HO 32TO DaBHOMEPHO pacnpelensiorcs B uuTepnade [0, =] ynucria arccos X,
Ecnu mpl BoOGpasum ceGe unrepsan [— 1, ~+ 1] B BHAE TOPU3OHTAJb-
HOI'O JHaMeTpa Kpyra, a- KaxAyi0 TOYKY X, —— KaK TOPU3OHTaIbHYIO
DPOSKLHUIO napsl TOYEK OKPYMKHOCTH ITOTO Kpyra, TO TOUYKM HA OKPYXK-
HoCTH OYAyT pacnpeleneHsl PaBHOMEPHO, B TO BDeMA Kak (¥ HUMSHEO
MO3TOMY) TOUKM Ha Auamerpe OYAYT pacnpelelNeHbl yiKe HepaBHO-
MepHo.



fJIA[SA D
GYHKIMA BOJBIIUX YUCEN

- § 1. Meron Jlannaca

I95' Hych p]_! pga e ey _,Dl) a’]! (12, 0 ey al‘*"‘ ﬂpOHBBOﬂbeIE‘, HO"
NOXUTEAbrHBle Yucaa. Torna

n
lim ]/pla? ~+p,at ...+ par

i oo

CYLECTBYET M paBeH HaubOAbMIEMY H3 HMCEN &, Gy, ..., Q.
1998. Ilpu Tex ke MPeANMONOKEHHAX HMEEM TaKXKe:

' 1
- Pt ppay T L 4 paltt
n zL 3
nroo Py Py + o+ paf

197. [lycts f(x)— npousBoabHas LeJas palHOHANbHAHS (YHKLHY,
UMEOWAs Julb OeHCTBUTEAbHbE TONOKUTEAbHbIE KOPHH, U

—%{?:co+clx+czx9+'. A AL SN

TokasaTb, 4YTO

= Max (ay, a5, ..., Q).

Cn—1

X 1 )
lim T = lim .
Cn

CYlIeCTBYeT ¥ paBeH HAMMEHbLIEMY KOPHIO DyHKuuu f(x).
I98B. Mycs o(x) u f(x) HempepbiBHBI ¥ NOJOXKUTENLHE B HHTEp-
Balle @< x < b. Torna

(]

b
lim f o(x) [/ (x)|"dx

N~ 00

CYHIeCTBYeT U paBeH MakcuMymy f(x) B uarepsajte a < x L b.
€D, TIpu tex ke NMPEANOAOKEHHAX UMEEM TAKKe:

b
[ereo+tax
lim -2 > = Max f(x).
71 =¥ CO
[earrear

20D, Nycry o <E<b u k-—n0cTOSHHOE TONOKATEIbHOE HUCIO.
fTokasaTh, YTO MNpPH MOCTOAHHBIX @, D, E, 2 U # —> -0

b

[ g=kn@=0" gy ~ i/_ :
. kn

[




208, [Tycts dyukumn o(x), £(x) 1 f(x) = e"@ onpenenern B Ko-
HEUHOM WM OeCKOHEYHOM HHTepBane & < X < O W YIOBJAeTBOPAIT cCie-
LYIOUIAM YCJIOBUAM:

1. ®yuxuusg @ (x) [ f()]" = o (x)e"™ @  afconoTHO HHTErpupyema
B [a, O] npu Bcex weanx # =20, 1, 2, ...

2. dyhkuus h(x) [OCTHTAET B HeKOTopoﬁ TOUKEe i BHYTPH HHTep-
BaJa [a, O] MaKCUMyMa, NpPUUeM BepPXHsA TpaHb A(X) B KAKIOM SaMKHY-
TOM uHTepBaJje, He colepkawieMm &, MeHbule uem A(%). Janee, A" (x)
B HEKOTOPOH OKPECTHOCTH TOUKM & CYWeEeCTBYeT W HemnpephiBHa M, HAKO-
neu, A7 (%) < 0.

3. @(x) uHenpepriBHa B Touke x = &, npuuem @ (§) == 0.

[Toxazats, uTO ODpH 1 — -4 CO MMEET MECTO Caelylowlas acHMNTOTH-
yeckas gopmyaa !

b

| S
J@(x)[f(x)lj" ax ~ @U@ TY — =

a
| - on
= (%) enh (&) V AR

[OrpaHuunBaeMcsl YKA3aHHOM OKPECTHOCTBLIO TOUKM § M PA3BEPTHIEAEM
B Heft A(x) no crenedwaM X —£& N0 uleHAa BTOPOH CTENEHW BKJIOYHU-
TEJALHO. ]

DQ2. [0xasarb, OCHOBbIBAACH Ha (HOPMYJIE

ws| A

(2n—=1) =
2-4...2n 2

2
J sin?t x dx = J Cos2" x dx =
0 0

) Jlanxac cregyiowuM o06pa3oMm BbICKasbiBaeTca 00 ynoTpeOJeHUH mo-
NOAHBIX HHTErpanos:

«Mpl yacTO MPHXONHMM K BLIPDANEHHAM, COLEPHALIHM TAKOE KONWYECTBO uie-
HOB W MHOXMTeJeH, 4TO YHCAOBHIE NOACTAHOBKM CTAHOBATCA HEBbIMOJHHMLIMHU,
IT0 UMEET MeCTO B BOMPOCAX O BEPOATHOCTAX, KOTJa paccMarpHsaerca GOJbluoe
yneao cobprtuf, OnpHako TOrjga ObIBAGT BaX(HO MNOAYYHTHL UHCJIOBOE 3iayeHHe
(Gopmyn, urobbi Y3HaTb, KaKOBAa BEPOSITHOCTH Pe3yJAbTaTOB, KOTOPLIE COOBITHA
DACKPBIBAIOT IO MEpe yBeNuueHus ux yucna. (OCOOEHHO Ke BaXKHO NONYUHTH
34KOH, 110 KOTODOMY 39Ta BEPOATHOCTL HENPEPLIBHO UPHOIMHIKAETCH K JNOCTOBEP-
HOCTH, KOTOpOH OHa M pocruria Obl HaKoHew, €C/iH Obl YHCAO COOBITHH CTaao
GeckogeunuiM. C 3TOH Henbio s OOpaTWUA BHMMAHHE Ha TO, YTO OUpPEdeNeHHble
MHTerpaan JHOQepeHuHanos, YMHOWEHHBIX HAa MHOXHTEJH, BO3BEACHHLIE B BLI-
COKHE CTeNeHd, JanT o I{HTerHpOBdHHH (hOpMyabl, COCTOAL(HE H3 GOJbIIOTO
YHCAa YNeHOB M MHOMCHTEJeH..

YnorpebneHHpll UM aneM nepsbm mar KOTOporo npuseleH B 3agave 201
OH xapamepuayer nanee CIeyioLHM o6pasoM:

JIpueM, KOTOpBIH Jenaer pax Tem OLICTpee CXONAUIMMCH, YeM CIOoXKHee
cpopMyna, KOTOpas ero BhIpaxaeT, TaKk 4YTO STOT npuem Tem fojee TOYEH, 4UeM
6onee on neobxomum...» (Laplace, Essai philosophique sur les probabilités,
Qeuvres, 1. 7, crp. XXXVIII, Paris, Gauthier-Villars, 1886, [Jlannac, Onwr
@moco@mu TeOpHl BeposTHOCTEH, cTp, 52, 83, M., 1908])



(n — ueJaoe), 4To Opu n —> -+ 0o
1:3...(2n—=1) 1

0.4 90 Vum

203. llokasatb, yT0 AJs nonuaomMa Jiexanapa P,(A) n-ro no-
PAAKA [IPH A —> OO HMeeT MeCTO CASLYIOWas aACUMATOTHYECKAas (opMyda:

1 O+ V N2 — 1)
V 2nr V)Q
rae A > | — BellleCTBEHHOE UHUCIO K KOPHH 6epy'rc:ﬂ ¢ MOJOKUTEIbHBIM

sHakom (VI 86].
2904, Busectu us pasiowenus [aH3eHa

an ()‘) —

eitcosm:JO(t)+22 '], (£) cos vx,
v=1

MOTYLIErO CAYMHTL IS onpeledenus @ynkun#t beccens J, (f), cne-
AYOUWYI aCUMITOTHUECKYID QOpMyaAy: npu {— — co

et
S, ({) ~ =0, 1, 2,...).
(i) L]/'me o 2 )

205. [ToxasaTe, 4T0 npu n — co

(&)

In41)= f e=wn dx ~(2-)" )/ 2nn,
0

6oJiee TOTO,

( ) I‘(n—]——l)__.Vthn—{—O( ) (18, | 167].

2086. lpu n >+ 0 |
(nk—l—l)w(kﬁl)”( k )”““‘i"

n Vomn \k—1
(k wn [ Bewecrsenns, &> 1).
207. lpu BeuleCTseHHOM @ U £ — — 0O

oo

jx (x) V—Q*;t“”? et,
; .
208. [Mycrs 0 < a < 1. Torna npu 'c—-+—|—oo

St e -2
f "“*’dxw?'/l T 2(1'“) exp(laat 1““).

2@5- Hpn ac>0 ut——-co

j mt? dxwl/f——t"’ exp(e Lt )

0

Vn




. § 2. Mogugpukauun meroma Jlanzsaca

218. Npu n —>—+oco

nteVntd
_1_ J\ e"lxndx:A_‘_.B__._l_o(__l:).
n! : Vn Vnal
rne
T o
— 2 1. —
A — 1__ e * df, B — I_ﬁ(s—"a_.iz)e 4,
]/_271: A VQ’E 3

a @ U B — nocTofiHHbIe BelleCTBeHHbiE YKC/a.
200 Tlycrs A — noaowutebHas npasuisHas NpoGe W X, — eAUH-
CTBEHHLIH MOJOXUTEAbHBIH KOpPEHb TPAHCUEHAEHTHOIO ypaBHEHHS

x’??;

X X1
1+_F+T+--.+n—!:)\ev l\[ 42]..
flokasate, uTOo Npu n — co

x,=n-+aV n+8-+4o(l),

roe o ¥ 3 onpenessiorcd M3 CASLYIOIUMX yPaBHEHHMH:

A .
- 2
1___. I (4 2 dlc — )\, IS} == ’ -:!'— .
V or : 3
2192, ([lpoxomxenue sanaun 201,) [pu n — - oo
E+—,a,—
V 10 e

( ) f n ' ( )]n+——_) 1 J- . ?9 f
©(x dx ~ © (3 z N e % dt::

o — 00

-

ar

£2
. 1 —
Y (A Y] . — J@ “ dt.
29 V — nh” (5)

31ech o — MOCTOSHHOE BelleCTBEHHOe YHUCIO K
@ T
=y L8~y T
J (&) v
213, Iycrs dyskuun o(x), k(x) u f(x) = " @ onpeneiexsl B KO-
HeuHOM ar OeCKOHEeUHOM WHTepBajde @ < X < 0 W TNOJYHHEHB CACAYIO-
LUM  §CAOBUAM:
1. @ypknua o (x)[f(0))" == o (x) e** @  abcomoTno uHTErprpyema
B {a, b]; n=0, 1, 2,...

2. 3uauenue GyHxuun £ (x) B HeKOTOpOH TOuKe § BHYTpH [@, O] npe-
BLILIAET ee BEPXHIOW TpaHs B JI060M 3aMKHYTOM #HTepBale, Jexallewm




caeBa OT & u He cojepkaweM ;. Kpome Toro, B HexoTOopo# okpect-

HOCTH TOUKM % A”(X) cyulecrsyer u orpaumueHa. Haxonew, A’ (5) > 0.
3. @(x) HempepbiBHa B TOUKe X =75, npuuem o (5)=0.
[TokasaTh, UTO NPH 7 — —- 0O MMeeT MEeCTO CJeNVIOWAas aCHUMITOTH-
uyeckana Qopmyna:

elnn B

n T

( @(x) [f(x)]n A3 ~ /;P,((EE)) eﬂh’(-ﬁ‘) . nuh’(E,)-—] _ eﬂhlﬁ)

£+

(47

31eCh o M 3 — NOCTOAHHBIE BElLLECTBEHHDBIE UYKCIA.
B4, [lycTb & -— eAMHCTBEHHbIH BELIECTBEHHbIH KOpPEHbL TpaHCUEeH-
neHTHOTO ypagHeHus eltt:—1. Toraa npun n— - oo

tr+o ln n43

A
i etxndx ~n"B,

rne

A—gtTEt 1 g1

> 2’ ' 1/er+

¢ W 8- rnocrosiHHble BelleCTBEHHbIE UKCA.
Z15. [lycrb n HeYeTHO W — X, 0603HayaeT €NMHCTBEHHBIH Belle-
CTBEHHbIH KOpeHb YpAaBHEHHUHA

2 T
1+Iﬁl+%++x = 0 [V 74].

n!

oY
':-J

gy

“Toraa npu n —» 00

xp,=tn+alnn4+84 o(l),

raie % HMeeT 3HAYeHUE, OlipejeeHHOe B np_eﬂbmymeﬁ 3ajave, 4 Mo-
cTosiHuble o M B onpeneasioTcs GoOpMyaaMu

1 . [ -t
e =grrp P=rph (V).

2i8. [lycte g(x)-— MOHOTOHHO BO3pacTAalOWAad (QYHKUMA, ONpeie-
JeHHAs LIS MOAOXKUTEJBHBIX X, NpHYeM

-

lim g(x) = oo, fHim gécx—) = 0.

[Tonoxum

oo
a.,., — _l_ e—fc‘f'g (ﬂ.‘z‘)xi‘b d}C.
n 1l
0



[TokasaTbh, 4Y4TO eCAM CYUleCTBYeT TaK0e MNOJMOXHUTeAbHOe v, HUTO
B unteppane | —y <{a<{1+v

Hm g (ax}
2> +oo &%)

CydiecTsyeT H npeacraBaserT coOOH HEnpepuBHYIO (YHKIHKIO OT &, TO

Conepxauutica B 201 mMeTOL BHIUMCICHHA «DYHKUMH GOALIINX YHCE»
MOKHO 0000LIUTh CaAenyiomuM 00pasoM: NYCTh HYXHO BLIUMCAUTL HHTE-
rpa’n BuIa

0 b
Jh('P (x)f1 (x) f2 (x) . fn (x) dx = J © (x) ehl (@)+hy @)+ +h, (@) dx,

aQ

roe QyHKUMA £y (X), hs(x),..., h,(X),... [OJOXUTENbHL B HHTED-
=

Bajle a < x < § M JOCTUralT MaKCUMyMa B OAHO® U TOH ke TOuKe -
3TOro uHrepsaaa, npuuem @ (%5)=0.
3aMenseM npubAnKeHHO

() = by (8) 4 B (B (6 — B2 . ..
Ha

By () o By (B) (¢ — )P (v=1, 2,..., n).

Toraa ykasauHbifl MHTErpaj MOXHO 3aMEHHTbL Ha

o0
o hE b b+ h (B e 2
f o(B)e O
-_—O0 l
1 12 144
rpe S= —hy(E)— s (5 — ... — h, (). B kauectse ycaosuit Mmaxcu-

4 14 '
Myma B Touke § umeem A,(§) =0, k, (}) <0, rtak uro s > 0. 3axon-
HOCTb 3TOrO MeTOAd MOXeT OblTh [10Ka3aHA BO MHOFHX CJAydasnx, caM
METON MOXKeT ObITb eule yTouyHer H 00GOuieH B pas/iuylbIX HanpasJie-

HUAX.

3 “ N n102n cos Y |
2I7' n]meo f 1 (‘2nei8 — l) (Znei& — ‘2) (aniﬁ - 3)' . -(21’281":‘9 . ﬂ) ’d'a'--Q’IT

X

”

[[Toaaraem % = W npuHuMaeM BO BHuMahue 59, 115.]

>



§ 8. ACUMNTOTHYECKOE BHIUNCACHHE HEKOTOPBIX MAKCUMYMOB

218, dynxuus
Vx(x—Dx—2) .. (x—ma=2  (a>1)

B uHTepBate (1, —-oco) uMmeer onpeneaennnil makcumym M,. Tloka-
3aTh, HTO
nl " Y on mad

(a—1) *°

[16].

209, dynxkuns
x(x2— 1) (x?—2%). .. (x2—n)a-=,

rae a > 1, B uHTepBaje (n, —-00) MMeeT OnpeleleHHbt MakcuMym M, .
[Tokasate, 4TO | |

M, 1 (, /7 \en+i
(5L 7l
DB, Tlonoxum -
]/x = o (%),

— X X X ‘
Vx(l—-l—)(1_~7)...(1 -—_-n-)zcg,n(_x) n=1,2 3 ...)
[Toka3aTh, 49TO NOCAEAOBATEILHOCTD f

Qi (X)d“w, Qz (x)a—w’ vees Q,n(JC)a"x, P

I8 [OJOKATEJLHBIX X PAaBHOMEGDHO OUPaHHUEHA NPH @ > 2 U He OCTAeTCsi
y’e paBHOMepHO OrpaHuueHHOl, ecay 0 < a < 2.

228, Toaoxum
X = PO (x),

X2 X3 X2 X2
(1=7) (=51 =F) (1 —F)=Pum =123
[TokasaTbh, 4YTO MOCAELOBATENLHOCTD
P (x)a==, Py(x)a=*,..., P,(x)a==%,...

IS AOJOMHTENLHEIX X DPaBHOMEPHO orpaduyena npu a >3+ ) 8 wu
He OCTaeTCd YKe paBHOMepHO orpaHuyeHuod, ecnu 0 <a < 3+ )/ 8.
222. Nycts a>0, 0<p<]l u M, — MakcuMyM = YHKUHH
e-@+axMyn g yyrepsane (0, - oo). [loxasaTh, uro
n
lim (j—w—ﬂ) — e~ 4,

n oo\ 7




OTHEJM TPETUHU

SGYHKUUN KOMIJIEXCHOI'O NEPEMEHHOTI O.
ObIIAS YACTD

FJTABA 1
KOMIVIEKCHBIE YUCTA W NOCHAEJOBATEJNBHOCTH

§ 1. OO6Gmactu u Kpusbie. BblyHcaeHMA € KOMIJIEKCHBIMH YHCJAAMU

[TycTh KoMmaexcHOe MepeMeHHOe z 3alucaHo 8 dopme
z—:x—{-z‘y:re”,
rne X, y, r, ¥ BewecrseHur, npuueM 7 >0 m 0<% < 2x. Toraa
x = SRz Ha3bIBAETCA BELLECTBEHHON HaCThI0 2, y = \gz—- MHUMOHR 4aCThIO,

r =|z| —wmoayieM u ) = arg z — aprymeuToM. Hucno z = x — iy — re~
HA3bIBAETCH CONPMMKEHHBIM C 2.

l. 2} 2 — BeliecTBeHHOE, 2 — Z — UNCTO MHHMOE, 22 — BelUeCTBEeH-
HOe ¥ HEeOTpHllaTe/]bHOoe.
2, Kakue 4acTy NJI0CKOCTH 2 BbUIENAIOTCA YCAOBHAMH

Ne >0, R0, a2z, alargez L Nz =0;

2 —2p| =Ry |z—2)| <R |2—2| <R RL|2|< R, ER— l

W
(@, b, @, B, R, R’ — BeluecTBeHHbIe, 2, — KOMIUIEKCHOE, a < b, a <3 <

<O’-+Qus 0 RCR)?
3. Kaxue 4acTu MIOCKOCTH 2 BBLAGAMIOTCH VCJIOBHAME
|z —a|-+|z2—0b|=Fk, |2—a]+|2—0blLk £>07
%. Kakas 004aCTb MJIOCKOCTH 2 BLIAEASETCA YCAOBHEM

|22 az +4-b| < R*?
Jlns kakux 3Hauenut K s1a 061aCTh CBA3HAA, /A KAKHX — HET?
B. IMycts |a| < 1. Touku maockoctn z pasbupalorTcd HA TPHU KaTe-
ropun coo0paszHo rtomy, Oyaer am MOAYJL Bhip@KeHuUs
Z—4a

1—az
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MeHblie, paBeH uaHM 6oJblie elnHuubl. ['4e pacnofoxeHdb TOUKH KXo
Kareropum?

6. Mycrs Na > 0. Touxu maockocTn z pas6uBAIOTCA HA TPU KaTe-
ropud coofpasHo ToMy, OyAeT AW MOAYJb BbipameHHs

a—=z
a-tz
MeHbille, paBeH WJaH Goablue eawHyuubl. ['Ae pacrnosoMeHsl TOUKH Ka}i{)loﬁ

KaTeropuu?
7. TIyCTb KOMMIEKCHBIE NEPEMEHHbIE 2, U Zy CBA3AHBI COOTHOUIGHUEM

| 212y 42y 25+ 02125+ P22, = 0,
FAe @,  — BelecTBeHHbE, @ — KOMILIEKCHOE, BCe TP NOCTOSHHbIE, [lo-

. - 4
- K88aTh, 4YTO npu af — aa < 0 3HaueHus E; JeXaT Ha HEKOTOPOH OKpYyX-
. _

HOCTH My npaMofi. (/lesag cTopoHa YypaBHEeHHMA Ha3bBaeTCs PopMod
Jpuuma nepeMeHHbX 2, U 2Zj.)

8. Kaxue xpusrle onuceBalOTCA TOUKAME 2, == [a -} at, 2, == — lbe— 1,
g = la-}af —ibe~*, rge @, b—noaoKUTeAbHbIE NOCTOAHHbBIE, 4 Belie-

€TBeHHAd nepeMeHHas f of03HauwaeT BpeMar
@. llo xkaxo# KpuBOH mepeMeliaeTCs TOUKa
a+b

| z-—-(a—}-b)e“———be b

(@, b— nonoxuTe/bHBIE MOCTOSHHBIE, f{— BpeMA)?

10. Iycts paauyc-sekTop r U apryMment 4 — QyHKUMH OT Bpemenu £,
Torma KoMmmiekcHas (yHKUHSA 2z == ret® BelieCTBEHHOrO MEPeMeHHOTo f
MpelsCTaRSeT IBIKEHHE TOUKM 2 B MAOCKOCTH. BblYMCINTD KOMMNOHEHTH
CKOPOCTH M YCKODEHHUS TO HanpapJeHdaM, Napaaie/bHOMY M HepheHiH-
KyASpHOMY K. panuycy-BeKTopy. [[lBamnel nponuddepeHunpoBaTs 2 1o £.]

H

zh
. Ina kakux suayeHuRt z n-# ujieH ~r psna

BT R R i

{noxasaTeNLHOro pfa, PacnpoOCTPAHEHHOTO HA KOMMJAGKCHYIO TMIOCKOCTSH)
APEeBOCXONNT M0 MOAYJIIO KaXALHA Bpyro# uien storo pana (n=0,1, 2, ...)?
12. [laa xaxnx sHaueHudl 2z n-#f wied psna

—1 D(z—2
L T T
- 2(z—=1...(z2—n+1) v z
e o 12... + - Eo(n)
n=0

§ 3ax. 563 2anam w Teopen: HI 2HamMdA
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(GunomuanbHet pan aas (1 —-£f nApu £==1 M 2 KOMIIEKCHOM) MpPeBoC-
XOLMT 10 MOAYJMIO Kawiwlff apyro#t unen atoro pasa (n =20, 1, 2, ...)?
13. Moaoxum

P& =z Py =21 —2)(1-2)...(1—2)

(n==1, 2, 3, ...). Ilna Kakux sHayeru#t 2 uucno | P, (2)| npesocxonur
1P, (2)], s 1P @) P (D)), .7 (Pﬂ(z) ecTh n-e
HaCTHYHOE TIPOH3BELEHHE B Pa3/OKeHHH

sin w2 22 23 23

k4. Ecian B unrepsane a <t < b BeluecrseHnas ¢yuxuusa f(£) noao-
KUTENbHA M HemnpephiBHA, a BewlecTseHHas GYHKkUuA ¢ (f) coOCcrBeHHO
UHTerpupyeMa, To

b b
ff(t)e‘?m dl‘_‘{ff(t)dt.
@ i a .

PaBedcTBO MOCTHraerTcs TOrAa M TOJBKO TOrAa, Koria QyHkuus o (f)
BO BCeX CBOMX TOYKAX HENDepHBHOCTH HMeeT OLHO H TO Ke 3Haue-
nue mod 27,

15, [Tycre sewecrsentan dyukuusa o (£), ¢ > 0, coGCTBEHHO HHTEr pH-
pyemMa BO BCSAKOM KOHEUHOM MHTepBaJe. ﬂoxaaafrb, YTO TOTAA MHTErpaJinl

co . o0 :
J' e~ (+ie() df = P, rg*Q t+19()) dt —
0 0

YAOBAECTBOPHAIOT HEPABEHCTBY

4P?—2Q| < 3

npuyeM paBeHCTBO [MOCTUraeTcd TOTAA M TOJIbKO TOrna, kxoraa (¢yske-
uus @ (f) BO BCex CBOMX TOYKAX HEMPEepPHBHOCTY UMEET ORHO M TO We
3HaueHue mod 2«

§ 2. Pacnonoxenue KopHeil aarefpavyeckux ypaBHEHUH

B HmkecaedyIOWKX 3a8a4aX MEl PACCMATPHBAEM NOJUHOME A-H CTeneHn
_ - -2
P(z) = ag"+ a2 4-ag2" 2 L a2+ 4y,

C NpPOMBBOJBHBIMH KOMILIEKCHBIMH Koacp(pnunemamn; B GOJ/ILILHHCTBE Cay-
yaeB mpejnoJsiaraercs, 410 g5 = 0.
KomnzexcHoe uucio 2, Ha3biBAETCA HYJEM 3TOTO MOJIMHOMA, eClH

doZo —f—%zod ‘+ a2y " A A a2 4y =0

(2, ecTb KOpeHb airebpamueckoro ypasnenua P(2) = 0).



Ecan 2y, 25, ..., 2, —n uyae# noausoMa P(2), T0, KaK N0OKa3bi-
BaeTCA B axarebpe,

P(2y=—ay(z—2)(2—2) ... (2—2,).

16. MoauxoM Buna

zn__,__plzn'—l__pgz'n—a____ L. __,pﬂﬂlz___pn,

P10, P >0, .., >0, ppt-po+4 ... A p, >0,

nMeeT ENMHCTBEHHbH TIONMKUTENLHEI] HYdb.
17. Ecan z,— moboit nyav mosnHOMA

zn__}_ alzn-l _+__ agzn-—ﬂ_}_ L + Qs

TO |29| HEe MOMET NPEBOCXOIHTb CIHMHCTBEHHOTO MOJOXHTEJBHOTO HYJS

w

- HOGJHHOMA

rae

m—la |2t — a2t — .. —]a, .
i18. Hym nommnoma
P@y=z2t+a,z" ' aen~2+ ... -} a,,

rie a,+ 0, nmo MONYMO He MeHbille EeZUHCTBEHHOTO MOJOXKHTENbHOrO
HYJAA HOJHUHOMA

2|y | 20 |4y 202 By | 2— [y .

19. Bce nyau noavsoMa 2%-4-c¢ J1exaT HA OKPYKHOCTH C HEHTPOM:
1

2=0 u paanycom |c|".
20. Nycms dy, dy, ..., d,_q, dy— NOJIOKATEbHbIE YUCAZ W

dp >l |dy i ~as|dy g a,| do.
Hyau noavnoma |

2 a2t - a2 L A,
He [ApeBOCXoAfT MO MOLYJI0 HauOOAbIIErQ0 U3 uhCes
L VA VA v
dp—1 ’ dp-g’ dy—y , ’ d(}

21. Kopun ypasnenns

2P g2 - a2 P L 0, =0
He MPEBOCXOLAT N0 MOAYJI0 HAHGOJbUIErO M3 YHUCes

wlay), Valal ViTal ... Valal,

a TAKXEe HauOOJAbIUEro H3 uicen

% AL
=l (k=123 ..., 0.
Vo

g%



. 22 Iyers . .\ ;
Po> P> Py > o > Py >0, | ,
[TokasaTh, YTO B €LHHMYHOM Kpyre |2|< 1. He COLEPKHMTCA HH ONHOrO
HY /I MOJHHOMA

Po—t PsZ + P2+ .o - pp2t.
23. Ecan Bce KO3QDUILUEHTH Py Py, +++y Pp NOTHHOMA
P2 P2 - T DagZ P

NOJNOKHTE/bHBl, TO HY/H €ro JieXxar B Kpyrosom Koible @ < |z|<(8,
rie o — HauMeHbllee, a (3 — HauGoibluee M3 umcen |

Py B3 Py _Pa
T2 T R 2
. D4%. Tlycts ‘ay, @y, Qg .., @y, N> 1,—uudps HEKOTOPOroO

{n+ 1)-anHaunoro uucna

ao—{—aIIO—I—anO?—{— +a 1o,

Torpa Hyad NoJauMHOMA

ay+ a2 + 092% - . +an3"
Jaexat au6o BHyTpH /I€BOR [IOJYIAOCKOCTH, 1uGO B KpyTe

o< YT

B nocieiHeM cJAyyde TOYHAs BEpXHsAsd Fpadnua AAA |2| aakaodaercs
Mexiy 3 u 4. o
25. Ilycrs BCce HYIH MOMMHOMA

P(2) = ae"+ alz”"l -+ .. —[— Qp_42 + a,,

Jaexar B BepxHel noaymnockoctd 32 > 0. Ilycts, nanee, a, ==a,+if,,
a,, B, Bewectsenns (v=20, 1, 2, ..., n). Toraa .

U(z)-_ocoz“—f—a z""’i—{— Bl 1z+a
V(z) = 1302%+§12n—1 T+ B2+ pn‘

AMEIOT JHIUL BElUleCTBEHHblE HYJIH,

26. [lycms P(2) = O—anreﬁpamecxoe ypaBHeHue n-i#f CTENenx, BCe
KOPHH KOTOPOrO JexaT BHYTPH elMuuyHoro kpyra |z|<C1. O6osHauum
yepes P (2) moaunom, noaydenum#t us P(2) sameHo#t Bcex xodpduumeH-
TOB CONPSUKEHHBIMH YHCAAMH, W MOJAOKUM P*(2) = 2"P (z- 1). Bee kophu
ypasHenus P (2) P*(2)==0 O6yLyT JexaTh HAa OKPYMKHOCTH eLHHHY-
xoro kpyra |z|==1. |

2%. Ecin nosunom n-ft cremenu, n > 2, npuHUMaeT NpH Z2=a H
2 ==0b COOTBeTCTBEHHO BHayeHuss « u §, riae a4 ==b, « = [, T0 OH fpu-



o - - e memveacancasgaley  LLUT OIS L AYULA IS ¥

HUMaeT KaXJI0e 3HaueHue ¥, Jexaliee Ha OTpeske, COSNMHSIOEM o u B,
no xpaliHet Mepe ONMH Pa3 BHYTDH WM Ha TPaHuUe QUIYDbl, 06paso-
BAHHOM 1BYMA KDYFOBLIMH LYTaMH, U3 KOTOPHEIX OTPE30K ab BUIEH noz

T
yrJaoMm 7

§ 3. Hponoawxenue: Teopema [aycca

28. Ecan KOMIIEKCHBIE YHCHA 2y, Zgy - .., Z, (T. €. NPERCTABALIO-
Whe UX TOYKHM) JeXaT Bce IO OAHY M TY Ke CTOPOHY OT HEKOTOpOh
npsaMoHt, npoxonsuleit yepes Touky 0, TO

. 1 1 1
Zi+2z+... 2, %0, 5:“]“;2‘—}— ---+E;-#0.

29, Tlycrs 24, 29, + .., &, — JOOLE KOMIIEKCHbIE YHCAA C CyMMO# 0.
Torza xaxnas upsmas g, npoxonswlas yepes Touky O, pasneaser
YUCAA 2y, Zgy -+, 2y, T. €. OTH YHCAZ PACHOAOKEHBl YaCThIO MO OIHY,
YacThI0 MO LDYryio CTOPOHY OT NpAMOH £, €CH: TOALKO OHM He BCe
AeXaT Ha g.

30. lycte 2y, 2y, ..., 2, — A00HE TOUKH B KOMIUVIEKCHON IO~
ckoctn, my >0, my>0,..., m,; >0, m4+my+ ... +m,=
Toraa Kamnas npsMas, NPOXOAALIA Yepe3 TOUKY

2= m 2+ My2o~+ ... + mu2,,

pasnenseT TOUKH 2y, Zg, « .+, Zp, €CHAW TOABKO OHM HE BCE pacnonomeﬂm
Ha 3TOH NpAMOK.

——

Ecau paccmarpusaTb YdCla My, Mg, «ovy My 3303494 30 KaK MACCH,
COCPeNOTOYEHHbIE B TOUYKAX 24, 23, + .., 25, TO ONpPeNeNeHHas TaM TOUKA 2
6yneT NpencTaBAsiTh LEHTP THKECTH ITOFO pacnpejeneHdus macc. 3adu-
KCHDYeM TOUYKH 24, Zg, ..., Z, H PACCMOTPHM BCEBO3 MO X HBl e Nono0-
Hple pacnpefefeHdst MacC; TOrLa COOTBETCTBYIOULME WM UEHTPHl TAXKECTH
PACMONOKATCH BHYTPHM HEKOTODOro (HanMeHblllero) BHIMYKJAOrO MOJAWroHa,
COAEPKAUIETO TOUKH Zy, 2o, ++., Zp. LIOMHCTBEHHOE MCK/IOYEHHE npel-
CTaBAsieT caydvafl, KOTAA TOUKH 2y, 2y, ..., Z, BCe Jjexar Ha OAHOR
npsMoft. B sToM cayuae ueHprI TSHKECTH GYyAYT 3aNOMHATh HAUMEeHbUY
OTpe30K, cozepwalLnil BCe paccMaTpHBaeMbie TOUKH. _ |

31. Mpoussonnas P’ (2) nomusoma P (z) He MOXKET UMeTb HyJe Bue
HAHMEHbILEr0 BLIYKJONO MNOAUIOHA (COOTBETCTBEHHO HAUMEHBIIETO OT-
peska), codepxaulero pce Hyad P (2), npuueM Te HyIU P’ (2), xoropsle
OT/IMYHBl OT Hyneﬁ P (2), fexaT BHYTpP# 3TOrO MOJUTOHA (OTpe3Ka).

32. Ilycts 2y, 29, + 0+, Zy— AKOOLIE OTAHYHBIE APYT OT APYTa KOM-
nAeKCHbie uYucAd. PaccMOTpUM  COBOKYMHOCTL BCeX MOJMHOMOB P (2),
HUMEIoIMX HyasMHA (N0OOR KPaTHOCTU) JHMIIb 3TH TOUKH zi, Zgy « sy Zpe
IMokasaTb, YTO MHOXKecTBO HyJe#l Bcex P’(z) BCOLY NAOTHO B HAHU-
MeHbLIEM BLINYKJOM ‘NOJAUTOHE, COLEPKAWEM 2y, Zgy ovop Zpo.
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33. Hyau passocru ¢P’(2)— P(2) [P (2) — noausowm, ¢ 0] pac-
NOJIOXEHb B HAMMEHLIUEM BBHIIYKJOM MOJHTOHE, COASPMALIEM JYYM, ApPO-
gefeudble 3 HyJe#t P (2) napansenpHO BeKTOPY ¢, IIpu 3TOM Hyab pac-
cmartpuBaeMolt pasnoctd cP’(2)— P(2) MOMeT JexaTb Ha TFpanuue
yxasaHHo# o6JacTd AMlb B ABYX CJAGAYIOUIMX CJAyyasx: a) eCid OH ORHO-
BPEMeHHO SBJSETCS HyAeM Takxe nonuHoma P(2); 0) ecau sTa obaacTsb
IIPUBOLUTCH K Jy4y.

34« ITyctb py, pos - - vy Pp— TONOKATENBHBE, Gy, dg, - . -, By—AWO0bIE
KOMINJIGKCHBbIE uucaa U NOMHHOMB A(2) um B(2) COOTBeTCTBEHHO p-# M
(p— 1)-# cTeneHu ONpeneNdiOTCH TOXKINECTBOM

B(2) P1 P2

Pp
A(2) “z-——al—l—z—a@—J‘_ R z—ay"

[ToKa3aTh, YTO HYJH KaXJIOTO MOJHHOMA P(z), aBasouierocd Jenuresaem
noauHoMa A (2) P7(2)+2B(2) P'(z), 1. e. pnas KOTOPOTO BHINORHAETCH
TOXKAECTBO

AR P (2)+2B(2) P (2)=C(2)P(2),

tae C(2)-— NOJNUHOM, PACHOJOXKEeHBH B HAMMEHbLUEM BHIMYK/JIOM MONHIOHE,
COAEPKALUEM YHCHA Gy, g, +eay by

35. Eciin nmoausom f(2) ¢ BEUECTBEHHLIMH KOI(POUUAEHTAMA HUMeeT
JIMIUb BEUIeCTBEHHLIE HYJH, TO TO Ke COPaBelJdBO H 1/ ero ApOU3BOL-
ot f'(2). Ecim f(2) uMeer KOMIJEKCHwhle HYJAU, TO S5TH NOCAEAHUE
NOMapHO CONPSHKEHLI, T. €. [ONAPHO CHUMMeTPHUYHB OTHOCHUTENLHO Beule-
CTBeHHOH OCH. JlOCTPOHM Ha KaOXAOM OTpe3Ke, COeJUHAKILEM napy co-
npseHHBX KopHeH, kak Ha Auamerpe, Kpyr. ‘Toraa KOMIJeKcHble

KOpHH f'(2), B cayuae eC/JH OHH MMEIOTCH, OYILYT JewaTb BHYTPH TO-
I (2)

CTPOEHHBIX KpyroB. [PaccMoTpeTh MHHUMYIO 4acTb OTHOWIEHAS] -,

(2}

§ 4. KoMnaekcHbie YHCJAOBBIE NOCAENOBATENbHOCTH

36. Ecan uncna 2z, 25, ..., 2, ... Jexar Bce B yrae — &<

w
LargzLa, ¢ <5, 10 panbt 23+ ... 2+ ... H |2 ]
+ 29|+ .. .+ |2+ ... 60 06a cxomparcs, 1460 06a pacxonsres,
« Myctb unMcna 2y, 2y, .+, &y, +.. JACHAT BCE B MONYMIOCKOCTH

Rz > 0. Ecan cxonsarcs oba psna
st A AA A,
TO CXONUTCH TaKXKe U psib
2 P2l 2

38. CyuwecTsyloT TaKHe KOMIIEKCHBE MOCICIO0BATENBHOCTH 2,
22, " 80y z.n,’ s e o0y qTO Bce' pﬁﬂbl

sz—f—zf—k—{—z;’;—{— k=1, 2, 3,...)



CX0aaT1Ce, TOT LA KaK BCe COOTBETCTBYOILYE UM PAlbl a0COMOTHLX 3HAYCHHH

B Sl EAY L S S A L S (f=1,-2, 3, ...)
pacxomarcda,
39. Ilycrb 2, 2y, + vy 2y - - - — JOOBIE KOMNEKCHBIE yucaAa. Ecawu
CYWECTBYET TaKOe NONOXHTEeAbHOE PACCTOSHKE &, UTO | 2;— 25| > 8 nas
1=k (I, k=1, 2, 3,...), TO NoKasaTeJb CXOXUMOCTH MOCAEL0BATE]db=

Hoctd Mogpyaett |2z¢], |2yls +.+, |2,], ... He mnpeBocxomur 2 [I 114].
40. Tlpenenbuble TOUKH MOCHEIOBATEALHOCTH KOMIIEKCHBIX YHCeN

1o - Qbe - 3le Lo || | piv

n

(o BewecTBeHHO, n =1, 2, 3, ...) BanOJHTIOT OKPYXHOCTb C LEHTPOM
1

B Touke 0 u ¢ panuycom (14 a?) 2, [TIpuBecTn HHTEpECYIOUICEe HAC BBIPA-
JKeHHe B CBA3b C HEKOTOPOH CYMMOR, B npeje/e nepexondiiefi B untTerpan.]

~ 401, Tae pacnonoxeHbl mnpenefbHble TOUKH  TOC/IENOBATEALHOCTH
2y, Zoy ey Zyy .. C OOWMM UYICHOM -

()08 (44
42. Tonoxum
(o) () - () =20
¥ COENWHMM TOUKM 2, M 2, (=2, 3, 4, ...) OpaMOIHHEHHLIMI

OTpe3KaMM. ITH OTPE3KM HMEIT BCe ONMHaKOBYH aauny 1, m obpaso-
BAHHAS MMM JIOMaHag HpH YyBeauuyeHUM n# Bce Oogee npubimxaercd no
dopme K cnupasn Apxumena; T. €., noaaras z,=rype n, r,>0,
T
0 < opn—9ny < 5 HMeRM:
— Py 1 r 1
n_}ooq)'n_q)n"'l n—)oocP’n 2
it
43. Tlycts 2 == 2ne¥ ™, rae ¢ -— BeweCcTBeHHOE unca0. [ToKasarts, uTO

an! ' e i3
Hm l/n 2G=DG—2...c—n ¢
fIl 69; II 10, B cnerka W3MeHeHHOM BHIe].

§ 5. Mpononxxenne: npeoGpasoBaHug paIOB

M3 npoussoabHON OeCKOHEYHOH MOCAEROBATEALHOCTH 2, 2y, Zay « .+
«.vsy Zyy ++ . CTPOMTCA MPH NOMOLIM TPEYTOJbHOH YHC/IOBOH CXEMBHI
Qoo
Qov By
Qaps Qa1» Qo3



HOBas nocjael0oBaTeJbHOCTL Wyy Wy Wyy vy Wy, -.. O (pOPMYJIe

Wy == A2y~ Cpi2g —+ QpoZa 1=+« « T BnZiy (n-—O L, 2, ...).
[oBopsar, uTO ®Ta 4kC/HOBag CXeMa COXpaHsfierT CXOAMMOCTS,
€CJH C ee TIOMOILUbIO KaxXx nasad ¢xogdnlasacd nociaenoBaTeJbHOCTh ZO, 21,
Zy, «vvy Zpy ».. Npeofipasyercd B CXOLAWLYIOCS XKeE ROC/ASL0BATENbHOCTD
Woy Wy, Wy voey Wy, «.. (eM. I, Ta. 2). IIns TOTO yToOBI CXEMA COXpa-
HSJIA CXOOUMOCTE, HEOGXOJIHMO H HOCTATOYHO, YTOOHLI BHIOOAHANHCL Cle-
ﬂyxoume yC/IOBUS:

. Haa xaxaoro ¢GUKCHPOBAHHONO v CYILLECTBYET

im a,, = a,.
n > co

n
Ny
O = || =L
V=

vy=0

2. Tlonowum

TOT4a TOCAeN0BATENLHOCTb Gy, Iy, Og, «++y Op, .. CXOLUTCH, & NMOCHE-
nosareasnocts L, Gy, Gy, ..., Gy, ... orpanndena. [O. Toeplits,
Prace mat.-fiz., t. 22, ¢rp. 113—119, 1911; H. Steinhaus TaM Xe,
crp. 121—134; T. Kojima, Téhoku Math. J., 12, crp. 291—326,
1617; I. Schur,- J. ﬁir Math., r. 151, crp. 79—111 1921.]

%%. Jloxasatb GoJee Jerkyio YACTb YKA3AHHOM TeOpeMbi: N0CTATOY-
HocTh veaoeuit 1, 2 [I 66, 1 80].

%49. KakuM cBOHCTBOM 1HoOJKeH o6aanath pan uy—+ 4 4+ s~ .
eoo @y ..., 4TOOE NIpM YyMHOXeHHH ero Ha MoOo#H cxoaswmuitca pan
v+ v +v+ ... +v,-+ ... no npasuay Kowu (I 34, II 23, VI,
ra. 1, § 5] noayualowniics pang '

UoVo —+ (2gvy + u,v5) 4 (2yvg 4+ 40y - 905) 4+ ...
e M U2 el P SR o PN e o P
6L CXONSLMMCS? |

46. Kakum cBoficTBOM nomked 0o61aaaTh pan 4 a2y ...
eeo—u,+4 ..., uroObl IPU YMHOXEHUH er0 Ha JIOO0A CXOLAWHUNCK pal

v,+v%+...+v,+... 10 npaBm}y Hdupuxae (VIII ra. 1, § &)
noayvawoumica pan
110y —+ (303 4 tgvy) + (V3 gV} - o % ”t"’n ‘o
n
OB CXOASMIMMCA ? .
&7. ILna Toro yrolpl ¢ MOMOLULID NOC/Ie10BATE ILHOCTH MHO}KHTeHeﬁ

TO’ TI’ 72' LU | “{n: “ s

Kaxae# cxomswuhcs pan ay—+a,+a-4-...+a,-+4 ... npeobpa-
BOBBIBAJICS B CXONsUIMHACH XKe pal

To%o—+ 1181+ Y2la + - + Tnln—t o

HeOOXOZUMO ¥ LOCTATOYHO, YTOOBI PAX

|To“‘“'l’1|—|_l'h—"'l’2|+ '+“|'Tn—'fn+1|+

Oulsl CXOLAUIUMCH,



48. IloxasaTs, yTO TeopeMa: «HM3 CYLIECTBOBAHMA npejeJa

Hm (g -ty =+« A 2y - c2) =
n—>co

BhITEKaeT CYLIECTBOBaHUE [penea

lim (uc;—}—ul—{— veeu,  Huy)=a»

71-»00

pepha npu ¢ —0 ¥ npu ERc>é— M He BEpHA NpH {ch—;-,cq&O“.

49. Tlycrs uy, 4y, Uy, «v., Uy, ... — NPOUBBONbHEIE KOMIIEKCHbI®
wucia. Jlag Kakux 3HauyeHMi#t ¢ K3 CYUIECTBOBAHMA Mpenena

}im (un + ¢ 4+ ul;j—_|_' 1 + u”)

nN=yco

BRITEKACT CYLLIEeCTBOBaHuE npenena

lim u,?
n=» 00

50. Ecau psan ﬂuphxne
0,1 a2 4037 . a4

€XONMTCA NPU § == o it (g, T BelllecTBeHHn), rae ¢ > 0, To

lim (l—t)G(ait—-l—agt?—f—adtf’—}— cFatn4-...)=0[I 92].

t=p1-

§ 6. Mamenenne nopsaka 4JeHoB B KOMIUIEKCHBIX pAnax

Bl. Pan u3 xoMIIEKCHBIX WIEHOB, KaxIas 4acTh KOTOPOTO CXOAMUTCH,
A0MKeH cxomruThbca abcomorHo [I 125].
- B2, Ecam pan |z|+|2y|+ ... +]|2,]+ ... pacxomurcs, TO
cylulecTsyeT mno kpalinelt Mepe OAHO HanpaBAeHHEe CTyUeHHd a,
obaanainoulee TeM CBOHCTBOM, 4TO, KakosBo Obl HH Owbio e >0, psaa abco-
JIOTHBIX BEJHUMH TeX WIEHOB pana 2, -+ 2, + ... -2, + ..., KOTOpHI®
pacnosioxeHsl B yriae a« —e < argz < &, ABASETCH PACXOLALUMCH,

53. Ecm limz, =0 u HanpasaeHue I'IOIIO}KHTEFIbHOH BellleCTBeHHON
n—>co

noayocu SBAAETCH HanpaBJ/JeHueM CryweHuss aasa He abCoJIOTHO CXOns-
mierocd pana 2y 23—+ 2,4 ..., TO M3 3TOTO [OCAENHETO MOXHO Bbi-
Gpatb pAL Z, 2, —+ 2, = ..., BelleCTBEHHAd YacTb KOTOPOro pac-
XOAUTCA K —-|-oo TOrd KaX MHMMas 4acTb CXOLMTCA.

B4. Ecin psan 2z, + 24+ 23+ ... cxomurcs He a6CONOTHO, TO Halle
Aexcaulefl nepecTaHoOBKOH UJAEGHOB 3TOTO pAla MOXHO NOJAYYUTHL B Kaye-
CTBE ero CYMMbl JI0GYI0 TOUKY HEKOTOPOH MpsaMoft B KOMMIEKCHOM Nic-
ckoctd. [CMeureHus AByX AOMONHHUTE/bHBIX YacTel psma ILpYT OTHOCHTE/bHO
apyra; b2, 63, I 133, 1 134.]



FTABA?2
OTOBPAXKEHHA W BEKTOPHDBIE IOJS

§ 1. Juddeperuuaistnie ypasnennsa Koumu-Pumana

Ecnv kaxpoMy 3HAYCHHIO 2, JlexalleMy BHYTPH HeKOTOpo# obaactu B
KOMIEKCHOR INIOCKOCTH 2, MOCTaBAeHO B COOTBETCTBHE MO HEKOTOPOMY
ONpeleicHHOMY 3aKOHY KOMILIEKCHOe 3HayeHHe W, TO W HasbBAIT
dyHkuueit ot 2. OCo6eHHO BaXKHBLI 1BA FeOMETPUYECKUX NpPeNCTaBACHHS
(HYHKILHOHAABEHOH 3aBUCHMOCTH; B OJHOM HCIOJb3YyeTCH ONHA NAOCKOCTb,
B apyroM — jgBe. Mbl MoOxeM npencraBuTh cefe 3HauyeHue w (Mau, ecau

370 UenecoobpasHee, w), OTHECCHHOE TOYKE 2, B BHUAE BEKTOpP2, MPHUMO-
JKEHHOTO K 3TOH Touke. JDTuM B obnacTn B onpelensieTcd BEKTOPHOE
nonae. B npyroM npencTaBieHHM 3HAUCHHEe W, OTHECEHHOE TOUKE 2
MJIOCKOCTH 2, paccMaTpHBAETCs KAK TOYKA HEKOTOPOH NPYyroft KoMnAeKcHOH
MIOCKOCTH  (IIOCKOCTH 7). OTHM oflpeleiseTcs oToOpaKeHue
obaacti B Ha HEKOTOPYIO YaCTbh IJIOCKOCTH .

ITyete t =u(x, y) ¥ v ="v(X, y)— IBe BelLIeCTBeHHbe (YHKUUM
BELLECTBEHHLIX NepeMeHHnX X #M V. Toria @ = u - {v OyleT dpyHKuuneH
KOMIIJIEKCHOTO MNEPEMEHHOr0 2= X—{y. ITy (YHKUMIO Ha3HIBAIOT
aHaAumuteckoll B HEKOTOPOR 06MacTH, eCad # U U HenpepbiBHbI BMecTe
CO CBOMMHM HepBLIMM YaCTHLIMHM JIDOU3BOLHBLIMH W YILOBJACTBOPSIOT RU-
depeHuuanbHeiM ypaBHeHusM Komu-Pumana

ou_ v s _ o
ox  dy’ ody 0x’
Sty 1Ba ypaBHeHUS OGBEIMHAIOTCA B Clelyioulee:

du : 19 . dw
BE(u_lf_w)_’Té}"(u—l_w)"E'

55. fsasorca ¥ aHANMTHUECKMMHE Y HKLHH
| z, 2% |z|, 2?

586. Ha#ttu anamuruueckyio ¢yHKuMO or z = X -y, ofpamaio-
Wyocs B HYAb NpH 2==0 ¥ MMEIOLYI0 BELIECTBEHHOH YaCTbIO

x (1+ 22+ y?)
14 28— 2y4 4 (xed - y3)3”

57. Ilycrs a v b— duxcuposaunsie BeuleCTBeHHble uHcaa, a < b,
2 — TOUKa, H3MeHSIOUAACS B NOAYIIOCKOCTH 2z > 0, H © — nepeMeHHbI}
yroJ, Mol KOTOPHIM BHIEH U3 TOUKH 2 OTPe30K @< 2< b BeilleCTBeH-
Ho#t ocu. HatitTu, ecnim 3TO BO3MOXKHO, dHAAMTHUECKYIO GyHKUNHIO f(2),
HMeIOLYI0 CBOefl BeUIeCTBEHHOH YacTbl0 BEJAHUUHY .

58. llckasath, uro nas Kaxaoh ananauTuueckol Qyuxuuu f(2) =

= f(x+1y)

(7t 70) |/ + ) P =41 -1 P



59. Mycts f(2) — anamuTayeckas Gynkuua or z = x —7iy. Torna
0 02 41/ (x4 )
(7t

IE AR EE
§ 2. CnenuanbHpie aneMeHTapHble OTOGpAWEHHs

Kax wusBectrO, u3 nuddepenunanpyeix ypabHenuft Kowun-Pumana
BLITEKAET, UTO AHAMMTHYSCKAa (QYHKUHUS OCYLIeCTBAsSeT KOHPOpPMHOe
orobpaxeHue IMJIOCKOCTH 2 HA IJIOCKOCTb W (T. €. OoTroOpameHue, COXpa-
HAOUlee YrAB M HanpaBleHde BpALIeHHUs).

O reoMerTpuueckoM cmbicae LuddepennuasbHbX ypaBHenuit Ko u-
Pumana aas BeKTODHOTO MoAs MBI OyleM TOBOPUTH BIOC/ENCTBHH

(om. § 3).

60. Bsesem B npoCTPaHCTBE TNPAMOYrOJbHYIO CHCTEMY KOODAHHAT

t, w, . ByzeM npoexrupoBaTh Bce Touku (%, 7, ) wapoBo# nosepx-
noct £2—4-v2-+82 =1 (enunmuno#t cdeprr) u3 touku (0, 0, 1) (cesep-

HOTO TOJIOca wapa) Ha MIOCKOCTh & =10 (3KBATOPHA/JBHYIO IJIOCKOCT).
[lycrs npoekuuu TOYeK MMelOT koopauHath (x, y, 0). Beipasure x -~ iy
yeped E, 7, C u ofpatno & 7, § uepes x m y (crepeorpaduueckas
NpoeKus).

&8. (ITponomkenne.) Ilycte Touke P maockoctu { = 0 nocpencreou
crepeor padHuecKot MpoeKUUH OTHOCHTCA TOuka P’ eJUHMYHOM 1apoBo#
nosepxHoctd. [IpH NoBOpOTE Iuapa HA yroa T OKOJIO OCH § Touka P’
salimer Hosoe nosoxenue P”, KoTOpOMy no crepeorpaduyeckol mpoex-
uuu OyneT COOTBETCTBORATH Hexoropass Touka P naockocrm £, 7.
[lycts xoopruHatamu P 6ynyr X, y, 0, koopiaunaTamu P’” Gyayr u,
2, 0. Bupasuts u—-Ilv uyepes x-iy.

BeeneM Ha mnoBepXHOCTH eAHHUYHOTO Liapa reorpaduueckue Koop-
AuHathl ¢ M O (WHUpOTY M JOATOTY), MpPHUEM

| —s <L 5, —nLhLn
Kak wussecTHO,

E—=cospcosh, n=cosgsinl, L= sinch

PaccmoTpuM  KpYroBOH HUAHHIP, KacaloWHACS eNnHHYHOK cdepht
2+ 792+402=1 Baoap sxeatopa (6oaplioro Kkpyra B nnockoctu { = 0).
BBeneM Ha HeM KOODIMHATHYIO CHCTeMYy (4, ¥), MNEPeXOLAUWYI0O IpH
PasBOpauMBAaHUMA LMAHEPA B IPAMOYTO/NBHYIO NeKAPTOBY, NPHYEM 34 HAYAJIO
(# = 0, v = 0) Brbepem Touky (1,0, 0). 3a och # BO3bMEM BEepPTHKA/ILHYIO
00pasyouLylo, BeiOpas B KaueCTBE MOJOXKUTENbHOTO HANIPABJICHHS HAlpPaB-
JieHWe BBEPX; OCbld ¢ OyAeT CAYXUTb TOrja JHHHA, COBNAJAMLIAs
O pasBopauMBaHHA UMJIHHAPA C 3KBATOPOM, M 3HauYeHHs v OyayT



U3MEHATLCA 1O 9KBATOPY B TOM KE HANPABAEHUH, YTO M 3HaueHud §, or — =
po w=. [loayuamouinecs TakuM o00pas3OM TOUKM INJIOCKOCTA &, v OYnyT
34NOJHATL TOrNa BEePTHKAJAbHYIO NOJAOCY UWIHPHHB 2%, CHMMETPUYHYIC
OTHOCHTEJIbHO OCH .

C nomowrw npoexuun MepkaTopa TmMOBEPXHOCTb eNHHMUHOTO
I1apa B3aUMHO ORHO3HAYHO M KOHPOPMHO OTOOGDA3UTCS HA UUIHHED &, .
Il1pu 9TOM TOYKe LWapOBOH TOBEPXHOCTH € reorpaduyecKUMM KOODPAHHA-
Tamu ¢, O 6yleT COOTBETCTBOBATh HA UMIMHIPE TOUKA

u:]ntg(—g——{——g), v =0,

©2. Ha xakue nusuy UMaAnHIpa 0TOOpPANKAIOTCH MPU NPOEKUHH M e p-
KaTopa MepuiuaHel M Napaijiein eluduyHol cdepui? Ha kakue aunun
MIOCKOCTH OTOOpaXaloTcd OHM NpH CcTepeorpaduueckoil NpoeKkunu?

63. ([Tporomkenue.) IlycTs TOUKa enuHuuHON Cepbl OTOOpaKaeTcs
C MOMOIWNBIO cTepeorpaduueckofi npoexuuu Ha TOuky (x, ¥, 0) miockoctH
M, C Apyroff CTOpPOHH, ¢ MNOMOLIbI0 Npoexkuud MepkaTopa—Ha
TOuKY (#, v) umauHnpa. Beipasute x -+ 1y uepes u -4 iv.

©4. [lyctb 2==e¢¥. KaxkuM KPHBBIM MNJIOCKOCTH 2 .COOTBETCTBYIOT
B3aUMHO TNEpHeHAUKYJASPHbEe NpsAMble wa_.const., $w == const. mna0-
CKOCTH w?

&5. Ha kaxux KpuBHIX 0MOCKOCTH 2 BEUIeCTBEHHAs YacTb (QyHK-
unu 22 nocrosxua? Ha kakux nocrosuxa MHumas yacTb? O0a ceMeHcTsa
KPHBLIX 00pas3yioT OPTOrOHAJbHYIO CHCTEMY; NoueMy?

©6. KakuM KpuUBHIM MJIOCKOCTH 2 COOTBETCTBYIOT NpH 0TOOpaxe-
min w =12 npamie Rw = const. naockoct w? Kakum — npambie
$w = const.? [z = w?]

67. Ortobpaxenne w ==cosz npeoBpasyer mnpamble Rz = const,
MJOCKOCTH 2 B SJUIMICH HA TJIOCKOCTH w, NpaMble §2 = const. NJIOCKO-
CTH 2 — B THUMePBOIbL. SN

68. Hanucate ypaBHeHHs KPUBHIX MJAOCKOCTH X, ¥, COOTBETCTBYIO-
IMX ApH OTOOpaKEHHH

= W+ e¥ '(zzx—l—iy; w.—;d'—{—ib)'

JUHUAIM # — const., COOTBETCTBEHHO '0 = const. HTo cooTBeTCTBYyET nps-
MM v =0, v =m7? \

©9. Buouucaute naowans ofaactd, B KoTopyio npeobpasyerca npu
OTOOpaXKeHUN w == ¢? KBaApaT

a—eLxLate, —eLyLe

(¢ BewecTeeHHo, e moJoxuTeasHo u < ®, 2= x-1y). DBuuncants
npefle] OTHOWIEHMs MJowatelt nByx obaacTefl, KOrAa & CTPEMHTCS K HYJIIO.

[Ton rsunednoim uckasceduem oTobpaxenus w == f(z) B TOuke 2,
rae f(2) peryaapHa, mNOHMMAOT OTHOWIEHHE JIHHEAHOrO 3JeMeHTa



B TOUKE W == f(2) ONOCKOCTH W K JUHEHHOMY 3JeMEHTY B TOuKe 2
NIOCKOCTH 2. D10 pactskeHue pasuo |f'(2)|. Tlon nosepxwocmusim
acradcerues NOHUMAIOT aHANOTHYHOS OTHOLIEH!E SJEMEHTOB TIOBEPXHOCTH,
Ono passo |/ (2)[?. Takum ofpasoM, nyra L KpMBOH B MIOCKOCTH 2
_0TOOpa}xaeTcss Ha HEKOTOPYK LPYTyi0 AYyry B MJOCKOCTH @, AJIMHA

KOTOpOH paBHA .
| [1r@iaz;
L

obnactn F TIOCKOCTM 2= X—iy COOTBETCTBYeET HeKOoTopas Apyras
06JacTb B TWIOCKOCTH W, MJIOLWALb KOTOPOR paBHa

[ 17 @paxay.
F

ViaMenenne Hanpap/ienus JuHeHHOro oaeMenta npu  orobpaskenun
w = f(z) pasno arg f'(2). OHO Ha3EIBACTCE Y2404 NOBOPOMA B TOUKE Z
M omnpelneqeHO B Kawaoft Touke, rae f'(2) = 0, ¢ TOUHOCTBIO 1O uuCia,
KpaTHOro 2m. OO6bluHO npuHEMalOT, 4yT0 — < arg f/ (&) < n.

T0. Tpu oroSpaxennun w ==C0S2, 2z ==X iy NPIMOYIOJIbHUK
0<x<x<H< 5, 0<y, <y

npeofpasyercs BSAHMHO OHNHO3HAYHO M KOHPOPMHO B HEKOTOPYIO 00-
NacTb, OTPaHMYEHHYIO AYraM#d CO(POKYCHBIX 3J/JIHICOB, COOTBETCTBEHHO
runep6oa [67]. BruncauTb niowianb 3Tofl 00JaCTH. |
- 7h. [lo Kak#M JMHHIM PACROJAATAOTCS TOYKH PABHOMO JMHEHHOro
MCKAXEHHS NpU oToGpameHud w = 227 []0 KakuM — TOUKH C OLHHAKO-
BEIM YIJIOM [OBOpPOTA?
72. B kaxyio 064acTs npeofpasyercs KBAapat

—a<lx<a —a<ly<a

npu oTOGpaxeHun w =% 2z=x-{y? Jl0 KaKuX 3HaYeHUR MOIONKHU-
TeJbHOTO BO3PACTANOUEr0 MNapaMerpa a4 COOTBETCTBHE OyneT B3aHMHO
 OAHO3HAUHLIM ? J/s KaKoro 3Hauenus a o0jactb OyNeT MNOKPLITA POBHO
n pas? | .
73. Paccmorpum 06/1aCTh, B KOTOPYIO MEPEXOLMT KPYT 2| < r mpu
orobpamenun w = e?. [lycTb r nenpephiBHO BO3pacrtaer. Torna Ha
KOKIOM Jyue arg w = o HaflleTcd TOuKa, KOTOopas npu JMoOoR Beau-
yuHe PpACWHMPAKIIErocs Kpyra OyleT INOKPLIBATBCA ero obpasom He
MeHblIee YHCI0 pas, uYeM /wo6as apyras TOuKa 3TOrQ Jyuya. Ihe HAXO-
AATCA 9Ta TOYKar?

e ——

Peryaspuyio OYHKUUIO @ == f(Z) HA3BIBAOT 00HOALCMHOML B HEKOTOPOY
obnactu &, ecqu Kaknoe sHaueHHe, MPUHHMAaeMOe €0 B sTOH odaactd,
OHA TIPMHHMAeT B STOR 06AAcTH Amb OAMH pas. Hanpumep, dynxiua 23



14U Ud, 15ly Lel. &y /AW anaanasadanrs as  mrmemne - o o .

ONHONNCTHA B BepXHeR moaymiockocth Xz > 0, dpyukuus V' 2z onvoancrha
B MJAOCKOCTH 2 C paspe3oM BJOJb INOJOXHTeJIbHOR BeulecTBEHHOX OCH,
GYyHKUHNA €% OJHOJHUCTHA B rOPHM3OHTAJbHON moaoce — & < ¥z < ™, HO
yie HEONHOJMCTHA B M060# Oojee mupokoH noaoce {72], u 1. A.

OnHoaMuCcTHAS PYHKLUA @ == f(2) OCYWeCTBAsAET B3AUMHO OMHO-
3HAYHOE (OAHOMMCTHOR) KOHQOpMHOe orobpaxeHue obGaactd & Ha
HEKOTOPY10 ob6sacts § mnaockoctd w. [Ipw 3TOM 4Yacto ObiBaeT uene-
coobpas3uo OecKOHEeYHO YINaNeHHYK TOYKY, KOTOpas NpH cTepeorpadu-
yecKOH NpoekuMH Ha WIAPOBYIO MOBEPXHOCTh CTAHOBUTCA HUYEM [eOMer-
pHYeCKH He OTIMUMMON OT APYTHX TOUEK, paccMaTpHBaTh Kak OOBIKHO-
BeHHYI0 TOYKy. Ecnu ¢yHkuus f(2) onmnoancrHa B obaacta &, To
npousBonHan ee f'(z) BO Bce# 9roH oGaacTH oraudHa 0T Hyasa, O6par-
HOe HeBepHO [72].

14%. Pysxuna w=—2*-2z4-3 ONHOAMCTHA B OTKPHTOM Kpyre
:Z[ < 1,

75. Oyuxuua w == 22 oxHoaucTHa B BepxHe# nosymiockoctu Xz >0
H oToOpa)kaeT 3Ty MOC/AENHION HA TUVIOCKOCTb 7@ € pPaspe3oM BHOJbL
HeOTpUUATEJLHON BellleCTBEHHOH OCH.

76. TokasaTs, yT0 (YyHKIHS
w=ele 2%
1 —az
(a BeulecTBeHHO, |a| < 1) B3aMMHO ONHO3HAUHO OTOOPAKAET €NHHUUHLIN
kpyr |2| <1 Ha camoro ce6s [B]. [To KakuM JAMHUAM pPaCHONATAIOTCS
TOYKM TOCTOSHHOTO JUHEHHOrO HCKAEHHAP
77. Ectu K — npousBosbHas OKPYKHOCTb, PACTONOKEHHAA BHYTDH
eAMHUYHOTO Kpyra, TO BCerna CylWecTBYeT OTOOpaKeHHe 3ITOro NOC/es -
Hero Ha camoro ce0g BHIa
W == et =
| —az
(o Beutectsenno, |a| < 1), nepeponsuee K B OKDYKHOCTH, KOHUCHTPHU-
YECKYIO C eLUHUYHOH.
78. O106pasuTh BEPXHIOW MOJYIIOCKOCTh §2 > 0 Ha prr lw | <1
TaK, uTOOB 2 =} mepeunio B w=10.

79. Pynxuusa fcw:—z—(z—lf—?) ABASEeTCA  ONHOMUMCTHOH B HesaM-

KHYTOM Kpyre |2] <1 u oToOpamaeT NOCASAHAR HA DIOCKOCTb W € pas-
pe3oM Broab orpeska — 1 < w <1 BeuecrsedHoit ocu. Kakue xpusoie
Apud STOM COOTBETCTBYIOT ~KOHUEGHTPUYECKHM OKPYIKHOCTAM |2 =7,
r < 1, Kakhe — ayuaMm, BeIXOAMKM u3 Hayana? Kak Benet ceba OTO-
OpameHne Ha rpanmue kpyra |z|=17?

80. Haiith QyHkUMIO, OCYILECTBAAOINYIO OTOOpaXKeHHe KPYroBoro
koabua 0 <ry<|z|<ry Ha xoabueoOpasHyw o004aCTb, B3aAKA0OYAI0-
IMYHOCH MEXAY CO(MOKYCHBIMH 3JUIMACAMH

jw—2]|+[wt2|=4a, |v—2|t|wt2|=4e (1<6ula)

nrockocTH w. [Vlckomas QyHKUMA OnpeAeasieTcd Ha OCHOBAHUK 3ajavu 79



npH yCJaoBHH, 4YTO MeXAYy 34AaHHBIMH 4YHCAAMU Fys ra, Qg, @3 HMEET
MeCTO COOTHOUIEHHE

a;—V al —1 ag——]/aif—-l
- r

B!

rae KOPHH MOJOMUTEAbHI. ]
B1. Otobpasuth BepXHIOW MOJOBMUHY eNMHHYHOFO Kpyra |z| <1,
%2 >0 Ha BepXHIOW NOJYMIOCKOCTbL [79]. B KakuxX TOYKAX NJAOCKOCTH 2

1
AuHeHHOe HcKakeHHe OyaeT pasHO ,2_? B xaxux yroa nosopora Oyuer
} .
paBeH t-—g?

82. Ortobpasuth BEPXHIOO MNOMOBUHY eAMHMUHOTO Kpyra |z| < I,
%2 >0 Ha NIOCKOCTh 7w, Pa3pe3aHHYI0 BHOJb HEOTPHUATEIbHOX Beute-
CTBEHHOH OCH, Tak, u4ro0wl fpu 3TOM oToOpaxeHuu 2 =— ( nepewc
B w=0,2=1 —Bw=1 u z=={ —B w=c0co. B Kakyio TOUKYy
nepefiaer 2 =— -—17

83. Ilocpexcrsom QyHKUUH
2r

w = (e~ivz)f—«,

rie 0{a<<B<2n, yron a < argz<P orobpawaerca Ha muo-
CKOCTb W, DPA3PE3aHHYI0 BAOAL HEOTPUUATENLHON BEIIECTBEHHOH OCH.
84. MMycrs 0o <8< 2r. OToOpasuTh KPyroBolt cexTop

u <L arg z < B, lz| < 1
HA CAHMHHYHBIA Kpyr |w]| < L.

§ 3. Bexropunie noas

[pu wH3yueHuUH BEeKTOPHBIX TOJMeH, ONpelenseMbiX aHAMUTHYECKUMU
GYHKUUSIMHA KOMILIEKCHOTQ [epPEeMEHHOr'0, Mbl BOCMOJb3yeMCH CNelHalb-
HBMH OGO3HAUEHHSIMH, HECKOJbKO OTIHUAIOIHUMUCH OT NMPUHATHIX B OCTAb-
HBIX 4YacTaAx 3To# raasul. [TycTe

Z2=Xx+iy=rel
(x, y, r, & Bewecrsenusl, r 2> 0) 0603HaYaeT HE3aBUCUMOE NEPEMEHHOE

H NyCTh |
f=f@)=¢+=0v(, )+, )
- aHajquTHyecKas (yHKUuA OT 2 (o, U BewecTseHHn). [Tomoxum
| i

e = == — (U
dz “

(&, v BewecCTBEHHDLI); W= U — v TOKe 6y11e"r aHaauTH4Ye CKOR cpym{-
uHeH; orieand B COOTHOLUEHHH

: 1 0
-a—;(u——w): -i—-@(u-—w)



BEIIECTBEHHYD U MHHMYIO YaCTH, Mbi MOJAY4YHM AJs aToﬁ GyHKUHN DHb-
¢epenumanpybie ypaBHenus Kown-Pumana

du v du _ov

ay — ox’ ox oy
[TycTh K KawIO# TOUKE 2 == X -}-iy NpHUAGKEH BeKTOp W — u—+ Iv
{#e w!l). Bce 9TH BekTOpPH 00pasyiOT MJAO0CKOE BEKTODHOE MO0Je. IJTO
1oJIe MOXHO NpPelcTaBasTh cefe KAK 4acTh NPOCTPAHCTBEHHOTO
BEKTOPHOTO MOJs, NOAYyYAWOUerocsa, ecau K KaxAOH Touke Mpocrpan-

CTBa, NPAMOYTOJAbHO# INpoeKUMeH KOTOPOM HAa IIOCKOCTb 2 SIBAAETCA

TOUKA X~} iy, NPUAOKNUTHL (NApadNeNbHBil MIOCKOCTH 2) BEKTOD w.
[lonyueHHoe BeKTOpHOe NHoJe sBaAseTcds Oe3BH X peBblM; NEPROS
aupgepedunanbunoe ypaBHenne Kowun-Pumana

TIOKA3LIBAET, YTO BHUXPb €ro BCHOAY paBeH HYJM0. ([Be ocTanpHble KOM-
MOHEHTH BHMXPH 34ecCb, OUEBMIHO, PABHH HYA0). IJTO BEKTOPHOE IoJje,
KpOMe TOro, KAaK [MOKasbBaeT BTOpoe NuddepeHUna/IbHOS YpaBHEHHS

Kown-PumMana -
a0
ox ' Oy

uMeeT [AMBEpPreHUHUI0, TOXAECTBEHHO paBHyw HyJaw. (Tperse caarae-
MOe, BXoidulee B ofLlee BhIpAXEHUE A4 JMBEPreHLHH, 31eCh, OUEBHIHO,
paBHO Hy/10.) B TepMMHax rulpoAMHAMHMKM MOMXHO (Ka3aTb, 4TO pac-
CMATpVBaeMOe MNoJe COOTBETCTBYET TeUeHHI0 HeCHHMaeMOHR IKUAKOCTH,
NpuyYeM HeT HM HCTOYHHKOB, HYU CTOKOB.

85. Jokasath, 4TO WMEOT MeCTO paBeHCTBA
0 0"
._f. ’ tz} - ,_?'
o0x Oy
{9 (x, y) HASLIBAIOT NOMEHLUAAOM BEKTODHONO MOAA, JAUHWH ¢ (X, ) =2
= const., — IKBUNOMEHYUALLHOLME AUHUAMU.)
[anee, BLUIOMHAIOTCA PABEHCTBA
9o o

U= 0—}; ' U = %
(b(x, y) HaswBawT @Pyurxyued moxa, mmuuu ${x, )= const. —
AUHUAME MOKG WM e CUA0BbLMU AURUAMU B 3ABUCHMOCTH OT (u3u-
YeCKOW MHTepnpeTallid BeKTOpa w.)

86. Jluuuu ¢ (x, y)=const. ¥ ¢(x, y)==const. B3AUMHO OPTO-
TOHAJIbHH,

87. [Tokasars, uto cp(x V) yn,OBJIeTBOpHET Y PABHEHHIO

| dxd +dy4 =
{ypasnenue Jlanraca).



BB. Coenunum TOuKM 2 ==X, iy, ¥ Zy = Xy~ iy, Kpusow L,
NPOXOAAUIEl B BEKTOPHOM IOJE; HYCTh JUHEHHLIH 3/aeMeHT dS STOH
KPHBOW COCTABISET € WOMOKUTE/bHLIM HanpaBacHueM OCH X yroa t.
JlokaszaTs, 4To

f (cost—wvsint)ds = 0 (Xy, Vo) — @ (X3, Vi
L

T. €. KPUBOJMHEHHBI! HHTErpaj TAHreHUMaIbHON KOMIOHEHTH BEKTODA W
PaBeH DA3HOCTH MNOTeHNXAn0oB (padore).
88. Tlokasars, uto B 00603HaueHusx sanauu 88

f (usint—wcost)ds = (X, Vo) —b(x;, vp)
L
T. €. KDUBOJHHEHHBbIH HHTErpajl HODMAJbHOH KOMITOHEHTH BeKTOpa W .

paBeH H3MEHeHHI0 (yHKUMM TOKa (cujoroht nortox). (I1pM nponBmxeHHU
BIOL KPWBOK L HOpMaJb CuMTaeM HANpaBiecHHOW BT pPaBo:

—{(cost—isint) =sint—icosT.)

BexropHoe nmnoJie, nopoxaaeMoe HEKOTODPOW aHaIuTHYecKO#H ¢yHK-
uuel, MoxmeT GblTb KCTONKOBAHO KAaK IMEKTPOCTATHUECKOE [OJe, MarHuT-

HOE T0Jie WM NoJje TATOTEHMs; @ 03HAYaeT TOrLA CHIY noas. Ero MoxHO
NpelcTaBaIaTh cefe TaKKe KAK [0Je CTAUUOHAPHOTO 9JAEKTPUUECKOro
TOKA WM TeNVIOBOTO FMOTOKA; MNPH ITOM MOCAEIHEM HMCTOJKOBAHWM BEK-
TOp W O3HAYaeT naleHue ToTeHuua a M nNPOMOpUMOHANEH MJAOT-
N0oCTH TOKaA. HaxkoHel, BeKTOpHOe TMO0Je MOMHO HHTepPNpPeTHPOBATH
Kaxk 0Oe3sBuXpeBoe CTAUMOHADHOE TOJE NOTOKA HEeCHKUMACMONH XMOKOCTH.

896. s cBOGOAHOrO  CTAUMOHAPHOrO TOTOKA  HECKHMAeMOH
KUAKOCTY ¢ NOCTOAHHON IUIOTHOCTBIO 0 W IepeMenHbIM IABJASHWEM p,
UAYUIEr0 TapaafieibHO TIOCKOCTH X ——{y, KaK H3BECTHO 1), uMElT
MECTO YpAaBHeHHUH

du du 1 dp ov dov  1adp
aa;—'l——'vsy —P"a;-—-o, ua—f—"v—a-;—l—p-d—;—-o,

du du
-a;—{—ay— - O.

[MokasaTb, 4TO ecAM W =wu-—I[U €eCTb aHa/IuTH4YecKad (QYHKUUA, TO
KOMIIOHEHTbl #, U BEKTOPa W H

p = py— % (&4 v?)

1) Cm., wnanpumep, Riemann-Weber, Die partieilen Differentialglel-
chungen der mathematischen Physik, 6-e usg, 1. 2, § 164, crtp. 416. Braun-
schweig, Fr. Vieweg, 1919.

U 3ax. 865, lazauu Kk TeopeMid K3 AHATHIA



(popmyra bepryaarun) (p, NOCTOSHHO) YILOBJIETBOPSOT 9THM Ypas-
[IEHHUAM.,

Q1. 19 BeXTOPHOrO mOAH, MOPOKAAEMOTrO (yHKUMEH

W = ; s
HaliTH HampaBJerHe W MOAYJb BEeKTOpa W B TOUKe 2z == re®®, a rakwxe
noTeHuMan, QYHKHUIO TOKA, SKBHMOTEHUHAIbHBIE JMHUHM W JUHHM TOKA.
(HacTb MHTEDeCYIOUEr0 HAC BEKTODHOrO MOJS, 3aKIIOUAIOUIYIOCT B KDV-
rosom kospue 0 < r, < |z| < Iy, MOXHO HCTG/KOBATH-KAK JJEKTPOCTA-
THYECKOE [10Jle Mex.1y IByMA oOOKIankaMmud JeHneHckod OaHky uam ke
KaK [oJie TENJOBOrO MOTOKAa B CTeHke (pabpuuynoit TpyOLl.)

92. O6o3nauum uyepes © mnoTeduuan u yepes b HYHKUMIO TOKA
BeKTOpDHOrO mnoag sataud 91. Tlycere 2y ¥ 2, -— NPOUSBOJLHLIE TOUYKY
COOTBETCTBEHHO OKpy)HOCTCH |2 =7r, u |2|=1rs, ©, ¥ 0, — 3HAUE-
HHS [IOTEGHLMAMa B 3THX TOYKAX. BhlYdCIuTH

@y — ¢

[

(pa3HOCTb MOTEHUMANOB MexIy AByMa obkaankamu JaelneHckol OGaHku).

OyHKuUA TOKa ¢ -3anaud 91 oxaspiBaeTcs 6eCKOHEUHO MUOTLO-
aHayvyHoO#. [lpocienuTs wu3meHeHue ee 3HauyeHuH npu o06xone Mpous-
BOJMILHOH NPOCTO# 3aMKHYTON KpuBOW L, conepxauleficad mexmALy OKDPYX-
HocTAMU |2|=r, u |2|==r, [lycTs z— HekOTOpas TOUKA KPHUBOH L,
¢ — 3HayeHne GYHKUMM TOKA B 2 N0 0Oxona, ¢/ — 3HaueHue B 2 rnocie
onHoro ooxona kpusoit L. Boraucndrb

¢ —
(cua0BOH MOTOK, Nepexonduwluti ¢ ouHOH OOKJaUKM JAefisenckol OaHku
Ha APYyryio). BuuucanTb, KpoMe TOro,
1
=W =9
Yo — 91
(eMKOCTb UMAHHAPHUECKUX OOKJANOK HAa ENMHHUY JJIMHB oOpasywouleit).

B3. OrseTuTs Ha Te e BONPOCH, YTO ¥ B 3ajaue 91, 117 Bek-
TOPHOrQ M0Js, OnpeneasaeMoro dynxided

!
W= — —

<

(CTALLMOHAPHOE MATHUTHOE CHJOBOE [10Je, NOPOXKIeHHOe BeCKOHeYHo
MPOTAKEHHBIM TPAMONMHEHHBIM POBOLHUKOM 3/EKTPUYECKOTO TOKA, Nep-
NeHAUKYAAPHLIM K TIOCKOCTH 2). DYAYT J¥ B 9TOM NOJE MOTeHUMAN ©
U QYHKUHMA TOKA U ONHO3HAYHBIMH QYHKUUAMY P

- 94%. IIsa GeCKOHEYHO TIPOTSIKEHHBIX MPSMONMHEHHBIX [TDOBOLHHKA
JEKTPUUECKOr0 TOKA pACIOIONEHb MeprieHinKyMapHO K [IOCKOCTH 2
W NepecekarT ee COOTBETCTBEHHO B TOuKax 2 = —1 u 2z =1. Yepes
HAX TPOXOMMT TOK ONAHAKOBOM CuJbl, HO B TPOTHBOMNOJOXHBIX HANpa-



BJAEHWUAX . OHPGJ.LGJIYITI) SKBUNIOTEHUKANbHBIE JWHUH W JUHKH TOKA B NMOpPO-
HMAdEMOM 3STUMH [POBOLHUKaMHW MATHMTHOM II0JIE.

85, Uepes #n npimosuuednLIx NPOBOAHUKOB, NePIEHIUKYAADHAIX
K MJOCKOCTH 2 M NeP2CeKalollinX ee B TOHKAX 2y, Zy, « .., Zp, NPOXOLUT
B ONLHOM W TOM JX¢& HamnpasJeHWH TOK. [IOKAa3aThb, 4TO B MIOCKOCTH 2
cyilecTByeT camoe Ooubiuee #-— 1 TOUeK, B KOTOPbIX MAUHUTHAA CuIa
paBHa liyao (TOYKM paBHOBeCH); OHH COJEpATCH B HAUMEHbINEM BBHINYK-
JOM TIOJUTOHe, OXBAaThIBaIOWIeM TOYKH Z(, 2y, ..., Z,. [[locuenHee yr-
BepKJleHHe CTAHeT OYEBHAHBLIM C TOUKW 3PEHUS MeXaHHKd, eC/H NIOBEPHYTb
Bce Bextophl noaa Ha 90°. Cp. coorHowmenue Mexay sanavamu 91 u 93.]

Y8. llycrs nawsl xBa codoxycHmx sammnca ¢ GOKycaMu B TOU-
Kax 2 = — 2 M 2 == 2 W NOJYOCIMY COOTBETCTBEHHO 2ay, 20, W 2a,, 2b,,

2 2 2 2
al—b1::ag -[73"—: 1.

[TocrpouTs B 3akmouaiomedcs Mexncly 3THMH 3AAUNCAMK 00JIaCTH Takoe
Ge3BUXpeBOe BEeKTONHOE T0Jie C HYJ/eBOH nuBeprenuueil, uTobbl yKasaH-
Hble SJIIUICH CAYKHAM It HETO 9KBUNOTEHIMAAbHBIMH JMHUAMHU. (DJeK-
TPOCTATHYECKOE T0Je B KOHJEHCATOpEe, MMEIWEeM B KayecTBe OOKJIALOK
KOHPOKaAbHbIE AMUNTHUECKHEe UUIMHAPLL.) Kakyio ¢opmy OyLyT UMETb
9KBUMOTEHUNANbHbIE JUHUK M JuHuM Tokar? Onpeneauts eMKocTs [92].
{OTolpasurt MHTEepeCcyIOW Y0 HAC KOabUueoOpasHyo 00/1acTh Ha KPyrosoe
KOMLILO MEXAY NBYMA KOHHeHTpuuecKMMH OoxpywHoctamu. Cu. 80 u 91.]

B7. llycts 0 << a< b, a <3< a4 2n. Ykasate B 0GgacTu, omnpe-
NejleMOH HepaBeHCTBAMU

a<|z|<<b, aLargz B,

Takoe Oe3BMXpeBOE BEKTODHOE NOJe, He MMeouiee HCTOYHHKOB H CTOKOS,
1Jsi KOTOPOrO TpavdyHble KPYroBble BYTM CAYXKHUAM Obl JIMHUIMH TOKA,
a NpaMOIHHeHHBIE OTPe3KW — SKBUIOTEHUHAALHLIMA JAHUAAME. (DIeKTpH-
YeCKMH TOK B NJACTHHKE MOCTOAHHOH TOJILMHEL.)

[Tycre &, u &, O6ynyT 3HaueHWs QYHKUMH TOKA HA OKDYXHOCTAX
lzi=1a n |2l =0, a ¢, 1o, —38a4eHus NOTEHUHUANA HA JYUdX Arg 2 = *
u oarg z = 8. Brliuucaurn

P2 — @y

Yy — by
(COnpoTHB/AEHHE € TOUYHOCTHIO [0 MHOMMTENS, 3ABUCALETO OT TOJILLHHbI
¥ YAEJABHOTO CONDOTUBACHUSA [JIACTHHKH).

B Gosee TpynHBLIX 3amauax peKOMEHAYerCsl pPacCMATPUBATL TPH
(BOBMOXHO jaxe YeThlpe) IJOCKOCTH: MIOCKOCTh 2 (MAOCKOCTh MOTOKA),

MJAOCKOCTh W (IJIOCKOCTL CKOpocTel) u MmiaockocTh f (MAOCKOCTL NOTEH-
nMana) (BO3MONKHO, elle MAOCKOCTh w@). HaumeHopanus B CKOOKaxX CBd-
3aHBl C THAPOAVHAMHYCCKMMH npeicTasienuamu. Tax kak f= o4 il

. af
H W=u4—1I0= d_£ ABAAIOTCA AHAJUTHUCCKUMU CIJYHI{LLHHMH KOMNOJEKCHOI'O

9*



NepeMeHHoro 2= X~ iy, T0 INIOCKOCTH 2, @ u [ oTobpamaorcs

OLHA HA NPYIYVi0 KOHPOPMHO; YTO Kacaercs IIOCKOCTH W, TO HAa Hee
9TH MJIOCKOCTH OTOODAaXaloTcd € COXDaHEHWEM YTIJOB, OLHAKO C HiMe-

HEHHEM HANpaBjeHus BpalleHud. B uacTHOCTH, MAOCKOCTE W MOAYUYAeT s
M3 TMJIOCKOCTH @ YIOCPERCTBOM 3€PKAJLHOTO OTPamEHHs OTHOCHUTENbHO
BeLIECTBEHHO! OCH. ZJKBUNOTEHUMAJIbHLIM JAUHUAM M JUHHUSAM TOKA B IJiO-
CKOCTH IOTOKA (TIOCKOCTH 2) COOTBETCTBYIOT HA IJIOCKOCTH NOTEHUMASA
(maockocTy f) npsMble, napanjeibHble OCAM. JBYM NMPOUSBONLHBIM Belle-
CTBEHHBIM MOCTOSIHHBIM, COLEpXKAlMMCHd B @ M ¢, COOTBETCTBYET mapal-
JeAbHOe CMelieHUue NJIOCKOCTH f.

98. Vkasarh OGessuxpepoe MOJe C HYJACBOH NUBepreHiued, 3anon-
HAIOLIEE BCE NPOCTPAHCTBO BHe eNMHMYHOro kpyra (|z|2> 1) u raxoe,

YTO W AJI8 2 =00 PpAaBHO eNMHMLUEe, a4 Ha eNMHUYHOH OKPYMKHOCIH
HATlpaBJeHO M0 KacarteldbHO# K Heft. (OOTexkaHHe KUIKOCTBIO KPYTOBOTO
LUMAMHADA;, HA AOCTATOYHOM PACCTOAHHMH OT UMJAUHADA [OTOK paBHOMEpEeH.)
(M3 coobpaxcenuit cummerpum o00e uyacTH BeleCTBEHHOH ocu, ComepKa-
Wuecd B BEKTODHOM IM0Je, LOWKHB ObITb JUHUAMU TOKA. ['OpH3OHTabLHAS

KOMIIOHEHTA BEKTOpA W HarpaBJeHa BCIOAY caesa wHanpaso. Hakiiw
oToGpaxceHue MOJA NOTOKA Ha moAe NOTeHuuasnal]
99. B xakux TOYKaX BEKTOPHOro noas gagayd 98 BekTOp CKO-

pocty w oOpawaerca B Hyab? (Kputnyeckue Touxku.) B cxonpkmx pas-

JHUHBIX TOYKax 110JId BeKTOp w TINpUHMMAaeT paBHBIE sHauenus? [ e
LaBjJeHde p MHUHMMA/IbHO H rie Makcumanbuo [90]? Kakoea pe3yabTH-
pymuiaga BCeX JaBJeHHH, OKasblBaeMbiX HA HH-

§00. Ha uepr. 1 u306parkeHb KOHTYpPLI BeK-

TOPHOTO TOJS, ONPEJEJeHHOTO CACAYIOUUMU YCAO-

Demy— f BUAMM: Oe3BUXpeBOe INoJe C HyJAeBOW IuBep-
A resunel pacnpoCTPAHAETCS HA  BCK  BEDPXHIO

| MOAYIJIOCKOCT M YACTh HIDKHEH CHMMETPHUHO
OTHOCUTEJbHO  MHUMOM  ocu. [Has 2=—=o0

l l we=—1, g 2=0 w=20. VsBecTHn cienyw-
oo HiWie JVHWH TOKA: IIOJOKUTEJbHAS MHUMAas OCb X
(Mrockocms ¢} OTpe3Ku BelleCTBeHHOR ocu oT 2=0 no z =1
uor 2=0 10 2= —/ (Ha ueprexe CA, AB u

AD); cOOTBeTCTBYIOUIME HaNpPABNEHUS BEKTODA
ykasaHel crpeakamu. [lyctb, kpome toro, nse
OCTalolIMecs eule 4Y4aCTH KOHTYpPa — KPHUBBIE, HMACMajlawlue OT 2 =/
u oT z= —1 (Ha Yeprexe 0T B u OT D) HECKOJbLKO B CTODOHY U KPYTO
BHH3 10 OeCKOHEYHOCTH, — ABJAIOTCA OLHOBDEMEHHO JIMHUSAMH TOKA W

JMHMSIMM TOCTOSIHCTBA CKOpocTedl (T. €. BALOAb HMX BEKTOPHl W HAMpa-
BJIEHD! N0 Kacare/bHbIM H |w@ | MOCTOAHHO). HauepTuth cxemy orobparxe-

G=‘oo audap? Kako#l pusuuecku#l CMbICA HMeeT BEKTOP-
| HOe T0Jie, MOJAYUEHHOE MOBOPOTOM BCEX BEKTOPOB
“l namero noad Ha 90°?
,
1
i
|

Yepr. 1.



HuA 9TOTO noja Ha miaockocTsx w u f. (OOpasoBaHue HenoaBMKHOMN
BOALI TMO32A¥ 1WUTOOOPASHOTO HAPENATCTBHS, INOCTABAEHHOIQ TMEPreH/IH-
KyngpHO K Hanpasjenuwo noroka. Orpesok or z=—[ 10 z=—-1
MpefCTaBafeT ILHUT; B IEHTPE er0 HaXORUTCA KPHTHYeckas Touka 2 — 0.
B nesaropomeHHOH u4acTH NoJie MBICAMTCS pPABHOMEDHBIM C [OCTOSHHBIM
BEKTOPOM IIOTOKAa -—i. DB HenoJBMXHONM BOJe INaBJAEHUE [OOCTOSHHO;
penencTerie Gopmyarl Bepuyaau [90] orciona caenyer, YTO Ha JAUHUAX

TOKA, OTAGAMIOUIMX HEMOLBIXKHYK BOLY OT IBIXywelcd, |w |= const.)
R4, (Mponomxenne.) Buipasuts w kak @yHKLHO OT f U onpeje-
naTh orcoona 2z kak ¢yuxumio oT Jf [82]. Onpenenutb WHPHHY HENO-
JBWXHOH BOAE HA NOCTATOUHOM VIaJeHHH.
B2, (Mponomxenne.) Briumcants oOuiee [dBJEHHE HA LUUT, MPE-

lonarad, yro IJIOTHOCTH p =1 [90].

F'JTABA 3
FEOMETPUYECKOE NOBEAEHUE $YHKIIWU

§ 1. OrobGpaxenue OKpYHOCTH. KpHBH3HA
U OnopHBIe QyHKUKH

[103. [Tycrb Touka z OBWXKETCS ¢ MOCTOSHHON YIJIOBOH CKOPOCTHIO |
MO OKPYMWHOCTH |2 |==r. DBbiUMCIHTL Be/JMUHHY M HAMpaBJACHUE BEKTODA
CKOPOCTH JIBWKYILErocd BMecTe ¢ 2 ee o0pasa w = f(2) B IJIOCKOCTH w.

§104. Paccmorpum orobparkenue OKPYIKHOCTH | 2| == £ Ha MAOCKOCTH W,
ocyuectaasiemoe dyskuuedt w = f(2). Kax Beamko paccrosHue Kaca-
TeJbHOH B TOUKE 7@, COOTBETCTBYIOWIEH TOUKe 2, OT TOUKM w =07

EDD. Touka 2z mBbKeTcs C MNOCTOAHHOH YrIOBOH CKOpOCTHIO |

MO OKPYXHOCTH |z|=:r. Kakora yraiosas CKOpPOCTh BEKTOPA, COEAHHSIN)-
HIEro TOUKY w==0 MI0OCKOCTH W C ILBH}KyUleVICH BMECTe C 2 TOYKOH
w = f(2)?

I086. Orobpaxenue OKPYXKHOCTH |2|=r Ha IIOCKOCTb @, OCY-
wecrsasemoe QynxiMed w == f(2), UMeeT B TOUKe W = f(Z) KPUBUBHY

7 (2)
1 L o)
P 2 ()]

[CBOnuTCa K OnpeneneHHd YraoBOH CKOPOCTH BpALUGHHS KacaTedbHOU.|

§@7. (IMTponomxeune.) 3HaX KPUBU3HB 3aBHCHT OT TOrO, OVEET JM
HEeKOTOpass (UKCHDOBAaHHAS, He Jexallas Ha KPUBOH Touka (CKamkeM,
w =10) ocTaBaThCa cnpaBa HJd CJeBd, € BHIOYKIOH HJIM C BOTHYTOH
CTOPOHE Tpaexktopuu Touku w — f(2) [103]. KaxoBa uMeHnHO 3Ta 3aBU-
cumocth? [Paccmorpers mnpumep w@ =2"-}4, rie n BellECTBEHHOE,
@ KOMILIEKCHOE. |



108. Touka w = f(2) sanavu 103 onmucbiBaeT NPOCTYIO 3AMKHYTYI
KPUBYIO B HOJOXUTEJLHOM HAaNpasjieHdd. 2Ta Kpusas OyLeT TOria
M TOJbKO TOTAa BCIOAY BBIIYKJOH, Korna iad |z|==r

%(z—ff(z))>—~1.
f(2)

109. [Npocrag 3aMKHyTas KpUBAs HASKLIBACTCH 38€30000PASHOL OTHO-
CUTEJLHO HEKOTODOH TOUKH, Jexallel B orpanuumBaeMoft e obaacty,
eCAH KadIbiM JAYYOM, BHIXOUALUMM U3 9TOH TOUKHK, KPMBAS NepPECeKaeTcH
TOJBKO OAMH pa3 (MHLIMH CJI0OBAMM, €CJKM BCE TOUKH KDHUBOH «BUAHKI»
M3 YKAa34aHHOH{ TOYKH).

[IycTb OKpy®HOCTb |2 =7r oTODpaxkaercd ¢ MNOMOILBI QYHK-
LUK @ = f(2) Ha HEKOTOPYIO NPOCTYIO 3aMKHYTYIC KPHBYIHO, OOXOAHMYIO
B MOJNOXKHTeAbHOM Hanpasaeruu [103]. [loxasath, uto sTa KpuRas Oynet
TOTA2 M TOJbKO TOrga 3Be3a000pasHOft oTHOCUTeNbHO TOukM w == 0,

ecau Npu | 2| =r _
)
R (= 75) > O

- [180@. Orobpaxenue OKpYKHOCTH | 2| = 7, OCYIUECTBASIEMOE C [IOMOLIBIO
¢yHKUMM @ = f(2), TOrja ¥ TOJNbKO TOrJa BHIIYKJIO, ecau ee oTodpa-
JKEeHue mocpencTsoM ¢GyHkiuk w = 2/’ (2) 38e31000pasiO OTHOCHTENBHO
Touku w = 0. o

BIl. Touxy, OTHOCHTENBHO KOTOPHIX HEKOTOPAs SaMKHYTasl KPUBAf
3Be3noofpasna, o6pasyloT BHIIYKJIOE MHOXECTBO. IJTa UHCTO TEOMEeTpH-
yeckas TEOPeMa MOXeT OLITh JAOKa3aHa A% aHAJIHTHYECKUX KPHUBHIX Ha
ocHoBanHH Teopembl 109.

[IycTh B MIOCKOCTH w == ¥ —- (v AaHa KOHeuHas Beinykaas obaacte K.
Torna Boipa)kenue

i COS © - v sin @ = R (we'¥)

AAS KaXIOTO (PHKCHPOBAHHOTO ¢ MMeeT B 0OaacTd { HEKOTOpHIfL orpe-
JeJeHHbit MakcumyM, h(e). PyHkuug k(o) -— nepuonuyeckas, ¢ IMePHO-
OOM 27; ee HaswBawT onoprol dynryuerd obnactu . [Ipamywo

ucose—-vsing — (o) =10

HA3HIBAIOT OROPHOU npAmMod obnactd &, Hanpapiedue ee HOPMAJH
‘B cropoHy OT & cocTaBafeT € TOMOMHUTENbHBIM HallpaB/esueM OCH u
KaKk pas yroa ¢. Ecan & — OGeckoHeudo npoTsienHas odaacTe, TO Halue
onpejeseHne COXpPansgeTcs ¢ TOM NONPaBKol, 4TO KOHEUHbIK MAKCUMYM /2 (@)
CYILeCTBYeT JHIWb B yrae ¢ pactBopon < ®. Cayuau NOJAYNIOCKOCTH
¥ TIOJOCHE, OPPAHHYEHHOH NapaNfejbHEIMU HPAMBIMM, COCTABJ/SIOT UCKIIO-
yepye. Torna CylECTBYIOT TOJAbKO OAHA, COOTBETCTBEHHO [Be OMOPHbIE
npaMbe.



182. Onpesenvute onopryo GpyHKUMIO BRIMYKAOH 06AaCTH, CocTOAUleH
U3 eNMHCTBEHHOM TOUKM @ = |a| e, ’

13, [Iycte dyukuus @ = f(z) B3aumMbO 0IHO3HAYHO OTOGpANKaET
kpyr |z|<{r wa Buinykayw o6aacte &. Ilycrte, KpoMe TOTO, B rpa-
HUuHOW Touke 2, |z|=r, dyukuna f(2) peryaspua u f' (2) == 0. Toraa
yepes TPAHMYHYIO TOYKY w — f(2) obaactd & NpPOXOLWT OJHA BIHOJHE
onpeneneHnas ONOpHAas npsaMas (kacartesabHas). BrpasuTbh COOTBETCTBYIO-
uiMe sHavyeHus © M A (0) uepesd f(z).

114. Kpyr | 2| <1 oroBpanaercs ¢ noMowbld Gyakuug w == In (14-2)
HA HEKOTOPYIO OECKOHRUHYIO BHIMYKJYI0 006JacTh, COLEPKALIYIOCH B ON0CE

1 -
— 5T < Sw < —;—T\ MAOCKOCTH w. Ee onopHoit ¢yHKuue#t (onpenefeH-
HO# MWL A —~§<<p< g) Oyner |
h(w)=coso - In(2coso)+ osino.

I|5. Kpyr |2 <1 orofpaxaerca ¢ TOMOWDBI0 (YHKUHH W@ —=
— —arcsin {z Ha HEKOTOPYIO KOHEYHYIO ABYYTOMLHYIO BEMYKIYIO 06AaCTb,

conepmamymcn B HoMOCE —— - < Jw L n naockoctn w. Ee onopHoﬁ
GyHKUMEH sBAseTCH

cos o In (Vcos 29+ V' 2 cos cp) —+ 2 sin o arcsin (]/2 sin co)
npr 0. o < s

3

ho) =

ro| a3 e

Lo

)

o= A

lﬁSiH(? npu
h(o—7) = h(—o)=h(3).

[18. Ecin we-%+1 =2z, 10 Kkpyr [2|< | oTob6paxaerca Ha HeKo-
TOPYIO KOHEYHYIO BHIIVK/IYIO 0O0AaCTh C ONHOM BepLIKHOM, COMepKa-
uiytocs B noaynaockoctd Rw < 1. Ee onopuo#t ¢ynxuueit 1mpu

yis i 7T rk: .
-———4—<@<14~ caymur h(g) = coso; npn - < < - onopHaz PyHx-
UHAd MOXeT GbITh 3alaHa B MAPAMETPHYECKOM BHIE

: W
0) e =——R({—w
hio)e R ( )s
roe @ npoberaeT rpaHWuHBE TOUKH, T. €. |we~w+l|[=1.
§ 2. Cpensue 3HaueHus BIOJbL OKPYKHOCTH

B17. Iycry 2z =¢*. Torna

ar
0, ecmu k=~ |,
LI Wy I S B, 1=0,1, 2, ...)
QnJAZZdﬂ”{I, ecan k=1 (

0



Gyukunu 1, 2z, 22, 2%, ... o06pasyiOT, KaKk TOBOPAT, OPTOTOHAILHYIO
CUCTEMY Ha E€HHMHHUYHOU OKPYIKHOCTH.

B88. IMycrs dyuxums f(2) peryaspua B xpyre |z|<r. on apud-
metnueckuM cpenHum (11 48] ¢yHxumun f(2) uwa okpywHocTH |Z| ="
MTOHUMAIOT V

Fry+ Fro) +Fred) 4 oo f(ro®h

it

2a
o JA Fre®ad = lim
b n

>0

2ni
roe o, -—=e " . JloxazaTh, YTO

O

. j F(rei®) ay = £(0).

0

ViHaye roeops, AOKasaTb, YTO eCAU dHAJAMTHYECKas (QYHKLHA pery-
JApHA B KaXIOH TOUKE HEKOTOPOro Kpyra (BKJAKYAS M ero rpasuuy),
TO 3HAYEHHE ee¢ B LEHTPe XDyra paBHO apPUPMETHYECKOMY CpelHeMy ee
3HaYCHWH HA rpaHuUe.

{89, Tycts f(2) peryaspra w OTIHYHA OT Hyas B kpyre |z|<r.
IToxasate, 4YTG reoMerpuyeckoe cpelHee Monyas |f(2)| Ha OKpyx-
HOCTU | 2| = r ecTh

2w
1 P9
—2;[ In Il’(re‘ )l ad
0

¢ = iim VIF(NSGo)frel) . FrerD] =|f(0)].

n —r co

[Pyuxuua In f(2) peryaspua B kpyre |z|<r.] ,

BZQ. Tlycrs f(z) peryasapha B kpyre |z|<r u OTIMYHA OT HyASs
B Touke 2 = 0. [lycTs, nanee, mymu f(2), nexawwue B xpyre |z|<r,
OynyT 2y, 29, +.., Z,, NpHYEM KPATHEIE HYJAH CUMTAIOTCHA COOTBET-
CTBEHHO MX KpaTHOCTH. IloxasaTh, 4TO reoMeTpuueckoe Cpeinee MOALY s
[f(2)| Ha oxpymuocTH |2|=r naerca GopMymaoh

2r
;;fm{ #(ret®) 1 a0
e ¢

r’n
“lf(g)lizlzz...znl :

(f(@)=(z2—2)(z—2) ... (z—2,) " (2), npuiew [*(z) » Kpyre
| 2| <l r perynspHa W OTJAHUHA OT HYJIA.] ‘
20. B npexnonowenusix sajaud 120 TreoMeTpuueckoe CpejiHee
monyas |f(z)| B kpyre |z|<r :
r 2n

—1—‘ f flﬂl/’(peis)lpdp 4%

3

g(ry=e °°



BCETDd MeHbMIE, 4YeM IreOMeTpH4YeCKOe cpeiHee

pnd
2—111— Jﬂlnr f(r@w) | d%
G(ry=e °
Monyas |f(2)| na oxpyxuocre |z|=r. Vmenuo

(1_‘lz{ P42 . 47, |?
\ nyl

TG
S(r)y

122. Tlycrs ¢yuxuus
J@=a,+az+a2?+ ... +a,2"+4 ...

peryaspra B kpyre |z|<(r. [Tokasate, uTo apa(MeTHYECKOE CcpelHee
kBanpata Moayas |f(2)|? Ha OkpyxHOCTH |2Z|==r ynOBIETBOpSET COOT-
HOWICHHUIO '

é

P

“2"1; r | Flre®)2db = |ag P |a, 2| ag [Pri- ... 4-la, [2r2" 4 ...

i123. Tlycrs dyuxuns
fl@)=ay4az+a2% 4+ ... a2+ ...
peryasipsa B kpyre |z|<( 1. [TokasaTh, YTO YaCTHUHLIE CYMMBI
spn(@=ayt+az+a2+ ... +a,2" (n=0,1,2,...)

CTeneHHoro psama ¢ysxkuru f(2) o6Mafa0T CISAYIOWHM MHBHMAJIbHBIM
CBOWCTBOM: HUHTErpan

27
5 | 17 —P @ pa,
0

rae P(2) moxeT OblTb MOOLIM MOJAMHOMOM n-H CTeneHd, TOrBA ¥ TOJLKO
TOT4A NpPHHUMAeT MHHHMA/JbHOE 3HayeHwme, Korjga P (2)=s,(2). 3710
MHHMMAaJhHOe 3HaueHHe PAaBHO

,an—u |2+|an+212+|(1%3|2+

§ 3. Orobpawenne kpyra. [faomanr obxactu, nosyuaemown
npu o0TOOpaXKeHuH

124. Tlycrs dyunxuus
f@)y=ay+az+a2>+ ... 02"+ ...

peryaspua B kpyre [z|<(r. Torma orobpaxenne w = f(2) npeobpa-
ayeT Kpyr |2z|{<r B HeKOTOpYyH 004acTb HJOCKOCTH w, MNpPUYEM OT-
neJbHBIE YACTH 9TOH OOMACTH CYMTAKOTCS CTOJBKO pas, CKOJALKO pas



NPUHUMAKTCS B Kpyre |2|<(r cooTBeTCTBYyIOWKe 3HaueHusa w. [loka-
34Th, 4TO MJAOLLANL YKAa3aHHOH 0OMACTH paBHA

(e Pr24-2 o Pre+3|a; B84 ... Fnla,2rm— 0.

(912 miowank AANWTHBHO COCTABAeHA M3 (IOWAneH 0G;aCTEH, HA KOTO-

phie 0T06pamaeTca Kpyr |z| <7 ¢ NOMOWbLI0O OTHEAbHBIX CJaraeMbx

w=a,2", n=20, 1, 2, ...)
125. l’lyCTb P yHKUAS

(ea)
w :f(z) == 2 anzn = ... -—-I—— a._nz—nm_‘i‘_ a—n4-1-z_-;z4_1 + o
n=—0Cco
c~ba_ 2zt e taz - a2t

peryiaspHa B KpYrOBOM KOJble 7 <
HAa KOTOPYIO OTOOpa)aeTcsl 3TO KOJbLO, paBHa

K :S n|a

n=—00

2 ( R‘)n 27») .

(MHOrOKpPaTHO HMOKPHLITHIE YACTHU CUMUTAKTCH COOTBETCTBYIOLLEE YMC/IO Pas.)
126. lycts Qynkuns ~

w<z>~cz+c0+°’1+ 4. +Z+. (¢ +0)

perympﬂa M OLHOJHMCTHA BO BHellHell Kpyroeo#i obnactu |z| > r. Ilpu
O0TOOpaKenun w == ©(2) HEKOTOPas BIOJHE ONpeneaeHHas o6aacThb NAO-
CKOCTHM W OCTaeTcsi HenokpuTof. IlokasaTh, uTO ee mIOWAAb PaBHA

w(jc|zr—lalt_2ial  3lel
_ ra rd ré terye

A27. Ilycrb Gynkuus

oo
W= (%)= }S 0,2 = ... ~a_,z " a_,, 2
=00
. + aﬁiz“l +_ QO'{—" alz_+_ o '_'l" anzn

pery/spHa Ha OKDYXHOCTH |Z|==7 W B Pas3/NUYHbIX €€ TOUKAX HE MpH-
HuMaeT ONAMHAKOBLIX 3Hauenui. [lokasarts, yTo maowanb obnactu, orpa-
HAUMBAE€MO#l KDMBOR L, Ha KOTOPYI0 0TOODPAKAETCA 3T& OKPYXKHOCTD,

paBHa
0O

T X nla,|?r
Tow= — 00

[Mpu »TOM mJOWAlb CUATACTCA T[OJIOKUTEJNBHOW HJAH OTpUUATENBHOH,
cMOTDPS 10 TOMY, OyIeT JM TOuKa w = f(Z) npH NOJOKUTENbHOM 00X0oie
OKPYXHOCTH |2 |==r 00X0MUTh BHYTPEHHWIO 061aCTh KPUBOH L B 100~
)KUTEJbHOM MW JKE OTPULATEIbHOM HANpaB/EHHH.



§28. lycts f(z) peryaapua B Kpyre 2| = r 1 J(p) oOosHayaer
nowans 06aacTy, B KOTOPY mnepexonut kpyr |2z| < p npu orobpa-

wernd @ = f(2) (0 LpLr). Torna

4 j ——~————J;p) dp = f | f(re®) [2dh — 2= ] f(0)[2.
g 6

129. [Mycre pyaxums
¢ #) . B,
w=g(d) = rbeg b G B L

pery/ispHa BO BHewHe# KDPYroBo# obJaactu |z| > r u orofpaxaer ee
B3aMMHO OJHOBHAYHO HA B3aMKHYTYIO BHELUHIOIO 06.1aCTb HEKOTOPOH KpU-
Boit L msockocrd w. IlpejcraBum  cefe, 4TO HA OKPYXKHOCTH |2] =7
LAHO DPaBHOMEPHOE pacnpefeneHle MacChl, a Ha KPHBOHM L NIOCKOCTH w
Macca pacnpejeliela Tak, 4TO AyraM OKPYMXHOCTH |2Z|==r ' Kpugo# L,
CBA3aHBBLIM OTOOpaxeHHeM W = ¢ (2), COOTBETCTBYIOT OJMHAKOBLIE MACCHI.
OnpeleneHHoe Takum 00pasoM Ha KPMBOH L pacnpeieseHue Macc UMeeT
HEKOTODBIH OINpe/eNeHHbR LUEHTP TAKECTH § (KOHQOPMHLIM UeHTP TSKeCTH
kpusoft L). Tlokasarp, 4to
E:CO.

§ 4. IloBepxHocTh Moayds. [IpuHuMD MakcuMyma

Tlycrs dyskuusa f(2) = a— iv peryadpHa B HeKOTOpOH obaacti B
MIOCKOCTH 2 — X —{y. OTJOMHM 0T Kawno# Touku z obaacty B no
HANPABAEHHMIO BBEPX, MEPNEHNUKYIAPHO K INIOCKOCTH 2, OTPE30K NJHHOM

C=1|f(2)|? = u?+ o2

Iloayuawpowasca TakuM 00pa3sOM MMOBEDPXHOCTL NPEACTABJASET KBaLpaT
MOLYJIS GYHKIHMU f(2). Mbl OyleM HasblBaTb €€ ROBEPXHOCMLIO MOO VAL,
Mencen (Jensen) HAuBaeT 3TY NMOBEPXHOCTb «aAHAJUTHUYECKHUM JIAHI -
wadTom» [Acta Math., 7. 36, crp. 195, 1912].

§30. Obvem rena, orpandyeHHoOro CHMay kpyrom |z|<r, cGoky-—
BOCCTABJEHHBIM HA Nepudepun ITOr0 KPyra MNPAMBIM KPYTOBBIM  UMJIHH-
APOM M CBEDXY — IMOBEPXHOCTLIO MOAYAS (YHKIUK

f(@)=ay+az+a2® 4 ... - a2"+ ...,
e (CISTL TR E kAL i S )

E3H. [TycTh 7Y — yroa Mexny KacaTeJbHOH IUIOCKOCTBIO K ITOBEPX-
HOCTH MOAYJAS M OJAOCKOCTBIO X, y. Torna

gy =2|f@||f @].

paBeH




i22. Touxku noBepXHOCTH MONYJSA, B KOTOPBIX KacaTeibHas IJ0-
CKOCTb TOPHUBOHTANbHA, PACHANalTCd Ha JABA PAasNHUHBIX BHLA (<HAMBI»
U «CeIJOBMHLI»). EC/IM KacaTehbHOH MIOCKOCTbIO CAYMKUT MJIOCKOCTh X, V,
TO Ha Hel JexaT Jullb W30JAMDPOBAHHLICE TOUKH MOBEpXHOCTU. Ecinm ke
KacaTeNbHasd TJIOCKOCTh OTAMYHA OT IVIOCKOCTH X, ¥, TO OHa MepeceKaer
NOBEPXHOCTL BAOJL HEKOTODOH KpHBON (NMRUHM  ypoBHA), cocrosiiel
U3 21 ‘BeTBeM, 7 > 2, BHIXOLAIMX M3 paccMaTpuBaeMofl TOUkW ¥ oOpa-
3VIOWIMX MexAy co0OM paBHble Vrabl. DTHUMU 271 BETBAMH OTACJAAIOTCH 27
yraoo6pasuHuix ofracTe Ha MOBePXHOCTH MOLYJS, KOTODLIE J€XAT TO-
NMepPeMEHHO BbIEe W HHXKe KacaTenbHoH maIockocTH. (Bce «aMbi» Jexar ua
MJIOCKOCTH X, .), BCE «CEeNJOBMMBI» — BhIlle, HA Pa3JWUYHBIX YPOBHAX).

13 3. Jluuua nepeceucHus MOBEPXHOCTH MOALYJIS NOIKHOMA, UMEIOULETO
JHLIb BEIIECTBEHHBIE HYJIM, C NJOCKOCTBIO, NMEPHEHIUKYIAPDHOA K OCH X,
BRITYK/4 CHH3Y, NMpHUEM HAWHH3IAA ee TOYKA JCIKHT B TJIOCKOCTH X, &.

iE4. Tycte f(2) peryaspma B xpyre lz—z | <lr u M 0603Ha-
YaeT MAKCUMyM MORYJIA |f(2)| Ha OKDPYIHOCTH |z——zol_4r. Torna

| f(zy) | < M.

[Ipa sTOM paBeHCTBO [moCTUraeTcd UL B TOM Caydae, korma [(2)
NOCTOAHHA,

835, Ilycre f(2) perynspha u ONHO3HAYHA B HEKOTOPOH 8aMKHYTOH
obnactn B u M ofo3HauaeT makcumyM monyas |f(2)| va rpamuue B,

Torna sryTpu B @) < M

eClH TOJABKO f(2) He ecTb mnocrosuHas. ([lpungun maxcumyna,
cM. ra. 6.)

136. C xaxum CBOWCTBOM TMOBEDXHOCTH MOLYAS CBA3AH TNPUHUMN
MAKCUMyMa?

§37. Ilycte B MIOCKOCTM 3a0aH0 7 (UKCUPOBAHHBIX  TO4EK
P, P, ..., P, u P—nmnepemenHas Touxka 3TOH maockocTH. [lokazarts,
4TO HYHKUUA TOYkM P

PP, . PP, ... PP

ny

roie PP,— paccrosiiie Mexay Toukamu P u P, B KauNOoH 3aMKHYTOH -
obsacTH MIOCKOCTH UNPHHUMART CBOe MaKCHMa/lbHOG 3Hayenue Ha rpa-
Huue obaacTu.

E38. ycrs f(2) peryadpsa M 0JHO3HAYHA B HEKOTOPOH 3AMKHY-
Toit o6nact B n orimuHa B mHeth or Hyas. Ecau f(2) He ectb 1OCTOIH-
Hasg, TO MOAYJb |f(2)] MOXKET MPUHUMATL MHHHMALHOS 3HAYEHUE TOJBKO
Ha rpauuie ofaacta B.

1S9. Tlycrs ¢uxcupoBannbie Touku P, Py, ..., P, n1exar BuyTpH
Kpyra paamyca R W nepemenHas Touxa P np06erae'r nepudeprIo 3TOro

kpyra. Torla
n

V' pPp,.PP,... PP,

(reoMeTpuyeckoe cpefHee 7 paccrosuuft PP} uMeeT MaKcuMyM, O60Jb-




weEl R, W MHHAMYM, MeHblWiui R. ENMHCTBEHHOE HCKJ/OUYCHHE JIpel-
craBadeT cayualt, xorza sce Touku Py, Py, ..., P, COBIanaioT ¢ HeHT-

DOM Kpyra.
148, ([Tponomkenne,) J[as MaxcuMyMa apugmMerTdyecKoro CpPenHero

1

M3 n paccrosuuit PP, yTeepxaenne sanayu 139 cnpaBennuBo, onHaxo
LS MUHUMYMA4 OHO HECIpPaBENJHUBO.
f48. (Ipomomicenue.) Jlasi MUHYIMYMa PaDMOHHYECKOIO CDELHErO
n

1+1+”_+1

PP, ' PP, PP,
n paccroauuit PP, yrteepwienve sanaud 139 cnpasennuBo, oxHAKO 24
MAKCUMYMa OHO HeCnpaBelJ/HBo.

142, Buyrpu obnactd, OrpaHMUEHHOH MDPOCTOR 3aMKHYTOH JHEHEH
YpOBHA (T. €. JHHMeH, Ha BCeM NPOTHKEHUH KOTOPOH |f(z)|:const.)
v cojepwauielics BMecTe ¢ rpawuuedl B OOJACTH DPeryAsSpHOCTH (PYHK-
uan f(z), nexur no kpalHell Mepe OLMH HYJIb 9TOH QyHKUUR, ecau
TOJALKO f(2Z) He ecTh MOCTOAHHAS.

143 [lycts B 1JOCKOCTH 3aR4HO 7 (DUKCHUPOBAHHLIX  TOUEK
P, P, ..., P, n P—nepeMeHHas TOuKa 3TOH mrockoctd. [eomerpu-
YeCcKOe MeCTO TeX TOuek, AJsi KOTOPLIX NPOM3BelLeHHe DPACCTOAHHH

ﬁ—ﬁl.fTog ... PP, = const.,

HASKIBAIOT <«JEeMHUCKATOH ¢ n doxycamu». (OOLIKHOBEHHAR JeMHUCKATa
COOTBeTCTBYeT cayuaic’'rn — 2, ¢m. 4.) [lokasarh, uTO JEeMHHCKATA C A
GOKYCAMU HE MOXET COCTOATH GOJblUe YeM U3 A OTHLEJbHbIX 3aMKHYThHIX
KPUBBIX.

i44. Mycrs ¢ynxuna f(2) peryaspua B xpyre |z|<r. OGozua-
UHM Yepes 2, TY TOUKY OKPYMXHOCTH 9TOrO0 Kpyra, B KOTOPOH MOLY/hL
J' (2)
f(20)

byuxkuun f(2) mocruraer csoero maxcumyma. Toraa z

BELIE-
CTBEHHO W monaoxuTensuo [103, 132].

F'TABA 4
AHTEIPAJ KOHIXW. MTPHHIIUIT APITYMEHTA

§ 1. Huterpasn Komu

§45. Ilycrs

T v t __z‘i—l—"-zv
» 2vzaw, v T 2 ?

ve=1, 2, .00, 0, 25=2y, @ QUKCHPOBAHO, & = (.



Boiuneants cymmy

2y —Z2 2y — Z Zy = 2 By =y —
1 0__{__ 2 1+ 3 2++ T 27 1,
CI G L C—n

3

dz
KO'l‘Opaﬂ HpH n-— O C’I‘p&MHTCH K HHTera.ﬂy §?, BBS’[TOMy B OJNb

OKpy®HoCcTH | 2| =|a]. :

i48. Tlycts k& —uenoe uucao, otauynoe or — 1, u L —npocras
3AMKHYTas HeNDephiBHAsi KPUBad KOHEUHOH IJIKHBI, He NMPOXONsLLag uepes
Touky 2 =0 npu k+J-—2;, nycrs, KpOME& TOIO, 2(, Zg, ..., Zp_1,
Z, — [0CJAe/l0BATe/IbHO PAaCNo0KeHHbe TOUKW KpHBO#H L. Paccmarpusas

HHTET pan ’ﬁzk dz Kax npenes CyMm BHIA
b/

Az —2)+ 2 (2 —2)F . (2 — 2y (2y=2,)

[I1 1, [I2], nokasatb, uTO OH paBeH HYJIW.
147. Bounciurh, unterpan

e ]

§> dz
1 4- 247
B3ATHIH MO 3JAJNUNCY :
 z=x+iy, 2—xy+yP+x4y=0.
148. lpu x >0

S

xdy 7 :
x4-sin?d T oY T xB°

0

149. Nokasats dopwmyay

J”_(l—]—?cosﬂ)?f-cosn% A = 2n (1-——r—-1/'1—2r——3r3)'“
— o ,

1 —7r—2rcos b V11— —3r2

0

— 1 <r<—é—, n==~0,1, 2, ...

150. Bouncants KpUBOIMHEHHHIH HHTErpad

(l—=x2—ydx-+ (1 + x4y xdy
1 4 2x2 — 292 - (x2 |- y2)2 ’
B3ATLIA Mo saauncy ¢ gokycamu (0, — 1) u (0, 4 1).

i5h. Mpu 0 < Rs < 1

& irs

f x8-le=i* dx = D(s)e 2

0



I152. Ipu n> 1

co

sin(x”.) 1 AN (n—1 =
f xn~dx.-—n~—__ll(;)sm( " 5).

0

153. Ipu u >0, O<a<~g—, n=20,1, 2, ...

A

o0
. . 1 /1N . (n-
b ) \

\

PacCMOTPeTb, B 44CTHOCTH, cayualh o = um.

i154. MMoxasars, uro npu p >0, x > 0 (r NOCTOAHHO, X NEpeMelHO)

+co

lim x™*? J” e~ cos xtdt:'l”‘(u.—l—l)sin’%i.
i We sl (3
199. ITycrs a > 0. WUurerpar

a+ oo

1
/(@) = 2l (‘
a——gicx::

pacnpoCcTpaHeHHbIt [0 NapannejbHOR MHUMOH ocH npaMmol s = a -t
— 00 < £ < 400, abCOMOTHO CXONMTCA N4 BCEX BEUIECTBEHHBIX 3Ha-

yeHu#t «. Iloxasathk, 4TO

J(O.'):{

0, ecoin a < 0,

o, ecan a > 0.

155. O603nauum uepes p(f) MaKCHMaAbHHIB uleH psna

1' ¢ 2 (m
—]-ﬁ—i—g!—-{—..._]—;ﬁ—}—...

[TycTh 2-— eMHCTBEHHBIA MOMOMKHTENbHbIl KOPeHb YpaBHEHHS

-2 —e 7 =10,
rae A > 1. Toraa

jg(t)e—'%fdt:—i—.
0

+co i(n+%-—t\)u L
( J. e sin—g { [, ecot n<<t<n—+1,

dn =

u

[11]

0, eciu ¢t < n WM t>n+1._'



A57. Horunonw Jlescandpa P, (x) Moryr GbiThb ONpefeseHbl Kak
KOO PUUMEHTH B DAINOKEHHUH

1 _ Py (x) P1(x) Pz (x) Py (%) .
V11— 2zx-F 22 Tz + aa Tt Zn+l . [VIOL
Busectu orciona gopuyry Jdansace (V1 86)
Py (%) = —j&+~Vﬁ~4qu_ﬁ

u gopmyry Hupuxae-Merepa

9 cos (n —{—-%_) £ 5 S osin (n -+ -1—) {
P,(cosHy= = | — dt = “:J dt
T J Y2 (cost — cos 9 T J YV2(cosd—cost)
©<b <)

(KBaLPATHBE KODHM CUMTAIOTCA MONONKUTEILHLIMU).
i58. lycre & — noaynonoca, Bbiae/elHas HepaBeHCTBAMH

Mz >0, —m{Jz <=,

u L —ee rpanuua, coCToslias M3 Tpex NPAMOJHHEHHBIX 4acTeft. MHre-
rpaij

1 [ e .
2”J — d. = E(2)

(rAe Hanpas/eHue My TH MHTET PUPOBAHUS TAKOBO, yTo & ocTaeTca cnpasa)
OnpelesseT HeKOTOPYI QYHKUXIO £ (2) M NPUTOM JAUIIbL B TOYKAX, Je-
xKauwux saeso ot L. [loxasarb, yr0 £ (2)-— Uenas QyHKUHS, MPUHUMAIO-
uias AJd BellleCTBEHHLIX 2 BelleCTBEHHbIE 3HaueHHs.

i58. (lMposomkenue.) [Mokasats, uTO

1 [t

_— e al, =],

QRIJB N .
L

§60. (ITponomxenve.) J1okasaTs OFPaHHYEHHOCTh (YHKLUH

& (E @) + ‘?)
sHe & u QyHKuuM
z? (E (2) — e¢® 4~ l—)
suyTpu ®.
F8l. [Tosoxuy
23
z(z—1)(z—2)...(2—n) = Ju(2).




ITokasath, 4ytoO

In(2)dz
lim 21z = {,
e G if (@)l dz]
|z |=2n

rAe KOHTYpbl OOXOLATCH B MOJOKUTENbHOM Hanpasaenun [[[ 217].

62, Ilycry f(2) peryaspua B xpyre |z|<r K OTJHUHA OT HYJA Ha
ero rpanmie | z| = r. Toraa MakcuManbHOe 3HAYEHHe, IPHHAMAaeMOe BHIpa-
/(2) '
f(2)
Hyaeht ¢bysxuud f(2) sryrpu kxpyra |z|<r. -

163. Iycm 2, 25, ..., 2, — NPOUSBO/IbLHLIE HE DABHBIE APYL APYTY
KOMIJIEKCHEIE uKc/ia M L — NpocTas 3aMKHyTas HenpephiBHAash KpuBagd,
NpHYeM TOUKH 2y, Zg, ..., Z, COLEPKATCA BHYTPU 06/1aCTH, OrpaHHMUYEH-
HOHM 8TOH KpuBOH. [lycTh, KpoMe TOro, dynkuua f(2) pery/aspHa BHYTpH
yKasanHo# obnacty u Ha L. TTonowuB o (2) = (2—2)(2 —2y) ... (2—2,),
noKasaTb, 4TO HHTerparn

I

Kenuem R (z ) Ha OKPYXHOCTH |2|==r, OyleT He MeHbllie uuUCAA

o@® L—=2

npescrasaseT TOT ONHO3HAYHO OfNpeleneHHBIH noauHoM (n— 1)-# cre-
eHH, KOTODLI B TOUKAX 2y, Z9, ..., Z, COBNAmAeT ¢ f(z).

164. Iycrts dyuxuua f(2) — ananuTnueckas Ha oTpeske a <z b
BEelECTBEHHON OCH U NPUHHMAET HAa HEM BelleCTBeHHble 3HaueHud. [1ycTs,
pganee, L -—— HeKOTOpas npocras 3aMKHYTas HenpephBHAS KpuBas, conep-
wainas BHYTpu 06nacTH, OrpaHnunBaeMoit e, orpesok @< z < b, npu-
yeM B 9Toft oOnactum f(2) peryasgpHa. [lokasaTe, uTO, 'Kaxkopel Okl
MM OBLIM TOUKY 24, Zo, ..., 2, OTPe3ka a <2< b, Bcerna Hatiaercs
TaKaf TOuKa 25 < 25 b, 4To

f(2) f(2)

; (;~21)(2*22)---(z~3ﬁ)dzz§( — Z)" az.

165. [lycrs uenas dynxuma F(2) ymosaetsopsaer BO BCei Mmio-
CKOCTH 2 = X -} i) HepaBeHCTBY

|F(x—419)]| < Cer ¥,

rae C W p— NMOJOXUTE/bHbIE NMOCTOAHHBIE., Toraa

to0 (— )P F nr
;E(gn(?z):_ Z P (pz——mt()ap)

1= —CoO

[Tpumep. F(2)=-cospz.

1() 3Bax. 865. 3anmaus W TeopeMal Ha aHANMIA
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i158. ITycrs uenas wevernan dysxuus G (2) yaosaeTROpaeT BO BCEH
MIOCKOCTH 2 == X —~ [y HEePaBEHCTBY

|G (x—-1y)| < Cer 1Y 1,

rae C ¥ p— NONOXKHUTeJbHbIE NMOCTOsAHHBIE, ‘Torna

6o _i—*mﬁ(ﬂ%’ﬂ).

2pzcospz [(n+ Yg)] & — 324

n=0

[Tpumep. G(2)=slnpz.

187. Ilycrs dyuxuus f(z) peryispHa s prre |2] < 1. IToxasats
41O
y |
jf(x)dx-——— § f(z)lnzdz___g— & f(z)(inz—in)de,
|} =1 | &5t |

1

J‘x"f(x)a!.:c:-—g—_m—?’.},glTl § 2Ef(z)dz (B>—1, R+0,1, 2, ...).

0 j2]=1

3echb UHTErpHPOBAHUE IO X MPOMBBOLUTCS MO MPIMOJMHEHHOMY OTPE3KY,
coenvHsouteMy O u 1, a wHTerpupoBaHde MO 2 — B NMOJOKUTEJAbHOM Ha-
(IpaBJEHUH BLOJb eILI/IHHLIHOH OKPYXHOCTH, HAUMHAACh B TOuKe 2 == !
¢ ToOH BeTBM Inz, COOTBeTCTBEHHO 2%, Ha KOTOPOH MONONKUTENLHLIM 2
COOTBETCTBYIOT BeUIECTBEHHBIE, COOTBETCTBEHHO TOJOXHUTe/bHbIE, 3HAUE-
- HUA 3TUX (QYHKUHH.

188. [Tycts dyukuusa f(z), perympuaﬂ B eLHHUYHOM Kpyre |2 [ 1,
NOAUYHHEHA YC/AOBUIO

2

[17e®ar=1.

0

[lycts, kpome Toro, & >-—1. Torna
1
1 —_—

Jlxkf(x)dx <

0 | 2|sinkx]’

eCiu £ 1eJoe,
ecad k Heuesnoe.

189. Kpanpartuunas ¢opma OGecxOHEUHOrO YMC/Aa BellleCTBEHHBIX Me-
PEMEHHBIX Xy, Xg, Xy, + ..



orpasuuyesa, T. e, CyUeCTByeT Takas NocTosHHas A, He 3aBHUCALLAR
OT A, YTO
non

ZZ?\—I— +a <M,

A=1p=1

€C/IM MEPEMCHHBIE X, Xg, ..., X, [ONYUHEHB YCIOBHIO xi -+ x5 .

.+ ;’%: ;o n=1, 2, 3, ... [lpu sTOoM Ang UeJbIX & MOXKHO B3ATbL
M=—=m, a4 1A9 HEUeJnlX ¢ MOXHO B34Tb M — lTnnaF

07€. Tlycte dymcunn  f1(2), f3(2), ..., fa(2), ... peryasphs
B oBmacty & m B kawno# couepxauleiics B Hell 8aMKHYTOH 08aacTH
PaBHOMEDHO cxonatcs K ¢yukuun f(2). Torna f(z) pery.ndpsa Bo Bceft
obaactu . :

§78. [lycre B Hekortopo# obaactu & naockocty 2z — x -+ iy 3anauHa
HENpepbBHAA KOMIIEKCHass ¢yrkuua f(2) = u(x, y)+iv(x, y) Belle-
CTBEHHbIX NepeMeHHeX x W y. [lycTb, KpoMe TOro, M3BeCTHO, YTO HHTE-

rpan
§f(z) dz,

B3ATEI MO A1060H OKpywHOCTH, conepxawetces B &, pasen nymo. Torna

f(z) npencrasaser cOOOH aHAMUTHYECKYIO (GYHKUUIO OT KOMIJIEKCHOTO

MEPEMEHHOr0 2, PeryfsipHyio Bo Bceft ofaactu . [BoluuciuTs uamene-
HKe IBOHHOTC MHTErpaja

F.(2)= ff f(z+E4-indean
447 L r?
NpH BapPbUPOBAHWK BeLIECTBEHHOM, COOTBETCTBEHHO MHUMOM, vacty z.]
§ 2. $opmyaws Ilyaccona u Hencena
§72. Ilycrs ¢ynxuna f(2) perynspHa B oTkpeiroM Kpyre |2 <1,

OrpaHuyeHd B 3aMKHYTOM KpyTe |z | < 1 u, 3a uckmoyenues, ObITb MOXKET,
KOHEYHOro uycaa To4ueK, HenpepnBHa. Torpa

= | remas =70

(O600utenue teopemnt 118.)
i73. Iycrs dynxuus f(z) peryaspHa B Kpyre |z| R. Torna
nmeeT Mecto ghopmyaa I1yaccona

| L Ry
Jlre?) = FQ?t"J / (RQTU)RB 2Rr cos (@;.__3) +r 2d® O<r <R
§

10%



074%. [ycte ¢ynaxkuua f(2) peryaapHa ¥ OFpaHuYeHa B [OOAYIIO-
ckocrn fz > 0. Torpa npu x>0

+c0 |
feti =1 | fendaeg izt

§75. llycts dynkunsa f(z), mepomopduas B xpyre |z|< 1, pery-
JgpHa M OTINYHA OT HYJf B LEHTPE U HA OKPYXHOCTH ITOrO KpyTa.
[IycTb, lafee, OHA MMeeT B STOM KPYTe HYAH &y, G, ..., Oy H [AOJKCH
by, by, ..., b, (TAe HyJAb WM MOMKOC r-fi KPAaTHOCTY BRIMHUCAH r pPas).
Torna mmeer MeCTO gbopMyﬁa, Hencerna

ln|f(0)[-|—1n —Jr~ln [—}—- . —1n

| gy, |

2
1 ] | 11 T
nl—m———lnm-—-—... ———-lnT_,)—_._2 J‘ln’f(el)]d{).

[OKOIO BCeX HYyJeH K NOMOCOB (GyHKUUM f(2), HAXONAUWUXCH B Kpyre
2| <1, K4K OKOJIO LeHTPOB, OMUCHIBAIOTCS OKPYKHOCTH PaNMyca e CTO/b
Majaoro, 4ro0nl -3TH OKDPYXKHOCTA He
nepecekanuce HM MexXLy COOOH, HH

C OKpyxHOCTBIO |2|=1. DTH OKPYX-
HOCTH COBAMHSIIOTCS C  OKPYMKHOCTHIO
|2| =1 He nepecekaOWUMUCT MEKLY

coOoit nyTaMu (HanpuMmep, PpagHycaMu
e IMHKYHOT O KPyTa, €CIH apryMeHThl BCeX
HYyJeH W TOJMIOCOB pasaHuYHbl, 4epT. 2).
[Tocne ynanenusa us kpyra |2|<1 Bcex
E~-KPYXKOB H COENMHUTEJbHBIX TNYTEH
ocTaeTcd  OAHOCBA3Hag ofOaacts  &,.

Hy:kHO B3aTh TOra HHTErpall Jlﬂf__é(;) dz

Yept. 2 BLOJb TpaHMuel 3TOH o0f6sacTd B moJjo-
KATEALHOM HanpaB/JeHuH. |
7R, [ycrs ¢ynxuua f(z), mepomopbuas B kpyre |z| < R, péry-
agpHa M OTAMYHA OT HYJJ HA ero TIpaHdue, a BHYTPU HEro HMeerT
HYAH @Q{, Qo .., G W DOMOCH by, by, ..., b, (Pde HYAb WIH TOJIOC
r-# KpaTHOCTH BHIMUCAH r pas). [loKas3aTe, YTO eCId TOUKA 2 = reid,
r < R, He 4BjfeTCs HU HYyJAeM, HM MOJI0OCOM GYHKUMH f(2), TO

i) 7
"
Z In

1n|f<z>|+21n

1 R2 — ra
I I In|f(Re’ ®)|R3 2Rr cos (B — ) - r2 a9.
0

RI—b,2
TR

R:—a,z
(a,—2)R




R77. Mycrs dyukuua f(2) mepomopdHa B8 noaynaockoctu Rz > 0
Ha rpadulle ee peryJaspHa W OT/JHYHA OT HYJd, 4 BHYTDU HMEET HYJIH
a, o, ..., &, W mOmOCH by, by, ..., b, (rae vyJIb HIH NOMOC F-H
KPATHOCTH BbinucaH r pas). [lokasaTh, 4To eciu f(2) perynaspHa B Gec-
KOHEYHOCTH H, KPOMe TOrO, pPery/ipHa M OTAMYHA OT HYJS B TOUKe
z2=x-+1y, x>0, To Torna

- z—l—b
In\f<z>;+§]ln e Z —
w=1 v=1
+00
! o : s =Y
.__;_:J' ln| f(in)|darctg PR

Ykasansas Qopmy/na CHpaBei/iuBa M NPH MeHee CH/BHBIX MPeAnoo-
WKEHHUAX O noBeleHuH f(z) B OeCKOHEUHOCTH.
§178. Iycrs dyuxuma f(2) 8 obnactu

B: r<lz|<R —5<age <45

peryaspHa, Ha TpP4HHLE OTIMYHA OT HYJIA, a BHYTPH 06AACTH HMEET
HYJIH
19

ai,,aa,..., a?n, ap_:rp’e p‘, P-:—-—:l, 2, LI A | m.

Moaokum In| fpe®) | =U (p, D). ﬂoxasaTb, 4TO

D (_I__IR%)COSf} 1_va U (R, 9)cos9dd—-

=
w[a

+3 ) =) [V 3)+0 [ —3)] a0

anecb ¢yHkuus y(R) npu R —>co ocCraeTcd OrpaHUYEHHOH, r U f(2)

1 dz
MBICAATCA MOCTOAHHBIMU, [Baate uuterpan §]n f(2) (—z—2 _I_Rd) BLOJk
KOHTYpa, aHaJOTHYHOIO YKa3aHHOMY B 3anaue 175.]

§ 3. MpuHoun aprymenTta
179. Jloxazars TeopeMy 25, uccaenys MaMEHEHue, NMPSTEpHeBaeMOe

V (x)

arcth( j» korza x IPOGEraeT BEUECTBEHHYIO OChb OT —- 0O 10 — 0o,

s,

[lyctb Ha MAOCKOCTH 2 3aIaHa 3aMKHYTas OPHMEHTHPOBAHHAsS Hempe-
pLIBHAs KpuUBas, He npoxonswias uepea Touky 2z ==0. Korka 2z, Hauunas
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C Kakol-1u00 NPOU3BOABHOM TOUKM KPUBOM, OOXOLMT BCIO KPUBVIO B 3a-
JAHHOM Hanpas/jeHud W BO3BPALLAETCHd K MCXOJNHOMY MYHKTY, TO JIDH
9TOM dpPryMEHT TOYKHM 2, HEeNpepLIBHO H3MEeHfschb, lpeTeprneBaer B pe-
3yJbTate W3MeHEHMEe Ha UYKHC/I0, KpaThoe 2w, T. e, Ha uucio 2aw. Ilenoe
YHCAO NI Ha3bIBAOT “UCAOM 060p0OM08 KPUBOH.

180. Kaxnmit ayu, ucxonswn#t us touku z = 0, npu obxome TOU-
KOW 2 YKa3aHHOH KpHBOH nepeceiaeTcss Mo MeHblieh mepe |n| pas.

B mmxecaenyrowux sapauax (181—194) non L nonumaercs npocras
3aMKHYTass HeNpepblBHAS KpUBag, MOA B — OrpaHuueHHas 3TOH KDPHUBOH
3aMKnyTagd obaacrsb.

[Mycrs dyuxuus f(2) peryadapHa B B, 3a HUCKIOYeHUEM, OLITE MOKET,
KOHEUHOTQ 4HMCJAa TMOMCOoB, & HA L KOHeuHa ¥ OTJaHMYHA OT Hyad. Korma z
0OXOIUT KPUBYIO L B MOJOKUTENbHOM HaNpPaBJACHHM, TO TOUKa w == f(2)
ONHUCHIBAET HEKOTOPYIO BaMKHYTYIO HernpeprBHYX Kpueyw. Ee uucao
000pPOTOR D4BHO uKuCAy HyJeR dyvkuuu f(2) B obnacte B, yMeHblUEH-
HOMY Ha u4ucaA0 noawcos. [[pawyun apeyienma, cv. Hurwitz —
Courant, crp. 84, 102 #*).]

Teopema ocTaeTrcd cnpaBenauBCil ¥ B TOM ¢ayudde, xoraa Gyukuus f(2)
HAa TPaHUYHON KPHUBOH L TONLKO HENpephBHA ¥ OTAMYHA OT HYJs.

f81. [lycte dyskumm o(2) 1 U(2) peryaspue B obsactu 9B, 3a
HCKAOUYeHneM, OBITb MOXET, KOHEUHOTO Yuc/a MOJAI0COB, 4 HA M'DAHUUHON
KpuBOH L 3TOH 06/M4aCTM KOHEYHB! W OTJAMYHL OT HyJAd. [lokasate, 4TO
uncyao oBOpPOTOB KPMBOH, B KOTOPYIO NepexOuuT L npu 0ToCparKeHUH
w=— f(2) = (2)4(2), paBHO CyMMe uuce] 00OpPOTOB KPHUBLIX, IOAyUae-
MbIX TPH OTOOpaXeHuax w =— ©(2) U W= H(2Z) B OTAEJBHOCTH.

I182. oxasaTh NPUHUMO apryMeHTa g fOJMHOMA.

83. Vs npumnuna aprymenta eniTekaer: ecau ¢ (z) B obaactu B
peryJaspHa ¥ OTJHYHA OT HYJAs, TO YUCIO OOODOTOB KDUBOW, OnNuChHBaE-
MOH ToOuko# ¢ (2), korma 2z npoferaeT KpUBYIO L, OrpasuyuBalolyio
9Ty 00GaacTb, PaBHO HYJMO, T. €., HMHBIME CJI0BAMU, apryMeHT dyux-
uud ¢ (2) BAseTCAd OAHO3HAYHOH Qynkumeit Ha kpuscf L. Brsectn
obpatHo ofwyio GOPMYAUPOBKY NpPHHUMNA apryMeHTa M3 9TOr0 4acT-
HOTO Ccayuas. '

f84. BewecrsenHblt TPUTOHOMETDHUYECKME NOIHHOM &, cos mit—-
b, sinmb—+-a,,,, cos(m—41)¥+4-b,,,, sin(m-+4 1) 84 . . 4a, cos n -
—~+ b, sinnd obnanaer MHHMMYM 2m M MaKCUMYM 24 HYJAIMH B HHTED-
sane 0. ¥ <« 2n. [PaccmorpeTts

P(2) == (a,,~— iby,) 2" - (@ppy — i0ppq) e 4~ 0oL - (a, — 1b,) 3".]
I88. TpuronomerTpuueckuit NOJIHHOM
ay—+a, cos -4 a,co8 28+ ... 4~ a, cosnd,

“YTypsuu, crp. 117 n 144



rae 0 <agy,<la <{ay<...<a, uveer B murepsare 0.LNH < 2n
21 BEUIBCTBEHHBIX OTIMUYHLIX APYr OT Apyra Hynef [22]. (CienosarenbHo,
MMeeT TO/NbKO Bewecrsenube Hymu: VI 14.)

i88. [lycry dynxuna f(z) mepomopopua suytpu obaactn B u pe-
FyJaspHa Ha ee rpaHuuHo# kpusBod L. Ecam [a| npeBocxomuT MakCHMyM
mMoayaa |f(z)| Ha xpusoit L, To BHYTpu 00AaCTH, OFpaHMunBaeMO# L,
Jf(2) nMeeT POBHO CTOJBKO JKe a-TOYeK (T. e. TOUeK, B KOTOphIX f(2) == a),
CKOJbKO MOJIIOCOB, -

187. dyuxuus

. W == gn:z I e—-rl:a

B NOJYIOAOCE

1 el 1
{RZ>O, m§<32<_§_

NPUHAMAET KaXI0e 3HaYehne w ¢ NOJOXUTEeNbHON BelleCTBEHHOH 4acThlo
OJYH W TOJMAbKO ONMH paas.

i88. [lycts f(z) peryaspua B xpyre |[2|<r ¥ B DaSAHUHBIX TOU-
Kax  KOHTypa |2 |-—r npuuuMaer pas/iuyHble 3Hayenus. Torpa-kpusas,
B KOTODPYIO NEPEXOMUT OKPYIKHOCTb |2 | =r npu orofpamennn w = f(2),
OGXOLUTCA B TOM € HaNPasJeHH#, YTO ¥ 3TA OKPYNKHOCTb, M (QYHK-
uua f(2) omHoaucTHA BO BCeM Kpyre |z|<Lr

2z 22
i188. Bce wyam uenott dyuxunum J'e_— * dx, 33 HCKJIOUeHHEM
¢
Toukn 2z==0, conepxarca B obnactu N (2% < 0. [Cnuapars Kopuw.
Cwm., nanpumep, P. Drude, Lehrbuch der Optik, 2-e usn., crp. 180,
Jewauur, S. Hirzel, 1906.]

190. Nycrs Qyukuus f(2) B xpyrosom koasue r < |2z | < R onHo-
BHAUHA, PEry/ApHA U «BHIYCKAET» HEKOTODOE ONpelesNeHHOEe 3HaUYeHHE @
[T. e. He npuHEMaeT 35TOro aHaueHus|. Torma Bce NPOCTHIE 3AMKHYTHIE
HeNnpeprBHLIe KPHBBIS [IOCKOCTH 2, LEMHKOM COJepiKaulMecsd B yKasad-
HOM KDYTOBOM KOJbUE ¥ OXBATLIBAIOLUKE OKDYMXKHOCEL |2 |=7r, Nepexonar
npu oTo0pamenny w = f(2)— a B KpHBbIe INIOCKOCTH W C OAHHUM H
TE@M JXe uYdCcAOM 000POTOB.

091, INycrs f(2) peryasgpra B ofnactd B M MOCTOAHHA TIO MOLYJMIO
Ha rpaHuyHOl kpuso# L. Jlokasarsk, ¥To npu 00xone TOUKOH z KpuBO# L
apryMeHt f(2) uaMedsercs MOHOTOHHO. (OTC%O,[LEI BbITEKAeT HOBOG AOKa-
8aTebCTBO Teopembl 142.)

192. B npesnosonennsx sanaus 191 byukuus f(2) umeer B 06ia-
CTH, OFpaHWueHHOM Kpupo# L, omHuUM Hyhem Ooubiue, ueMm f/ (z). (Yrtou-
Henne TeopeMb 142.) DtoMy aKTy MOXKHO HaTh CACLYIOULYIO TFeOMeT-
PHUECKYIO MHTEDNPETAUNIO: YUCAO «AM», SAKJIOYEHHbIX BHYTPH MPOCTOH
BAMKHYTOW JIMHHH YPOBHA NOBEPXHOCTM MOAYJA, HAa eJHHMLY IIPEBbLIILART
YHUCN0 «CeAJIOBHUH».

183. Ecan dyukuna f(z) perynspua B obnactn B, a f'(2) B orof
o6aactH He obpaliaercd B Hy/Jb, TO W == [f{2) OTHIOLL HEe 00A3ATENLHO



NOPOKAAET OAHOMHCTHOE 0OTOGpakenue obaactn B (72]. Onnako ecan | F(2) |

va rpanaue obaacty B nocTosHHO, TO B 9Toﬁ obnact ¢yHKuUa f(2)
CIHOJHCTHA.

§ 4. Teopema Pyws

194. lycrs Qynkumn f(2) u ©(2) peryaspab BHYTpH oGaactd B
1 HempepeiBubl Ha rpaHAyHON KpuBoft L. IlycTe, xpOMe TOro, Ha Kpu-
BOM L BLINOIHEHO HepaBeHCTBO | f(2) | > |0 (2)|. Torna ¢yHruus f(2) + © (2)
uMeeT BHYTpPH 00aactH B CTOMBKO xe’ Hy /el CKOJIBKO H f(2).

K95, lokasars, uTo ypaBHeHue

Z

?

rae A BCUIECTBEHHO M GO/blie eNMHUUBbl, HMeeT B eILMHMYHOM Kpyre
|2| < 1 OOME eIMHCTBeHHbi!l KOpeHb. DTOT KOpeHb SBASETCS BeLLECTBEH-
HBIM M TOJIOXKUTE/bHEIM.

196. Ypasuenue
A—z—e*=0,

rae A BEUIECTBEHHO W OOMbINE eNMHULB, UMeeT B NOJAYIIocKocTH Mz > 0
OZMH eIMHCTBEHHbIl KOpeHb, ABJIAOIIMHACH, CJAelL0BATe/]bHO, BELleCTBEeH-
HBIM. ‘

197. Kaxnoe otobpaxenune, npeobpasylouiee 3aMKHYTHH eAMHAUHKIHA
Kpyr B 00JaCTh, IleJMKOM COAEPXAWYIOCH BHYTPU ELMHHYHOTO Kpyra
(v He 0053aTeAbHO OJHOKPATHO MOKPHLITYIO), HMEET B TOUHOCTH OJHY
HEMONBWKHYIO TOuKY. MHubimu caoBamm: ecin f(2) B kpyre |z| <1
pery/isipEa ¥ no MORYJ/IO0 MeHblie eIUHHiUB, TO ypasHenue f(2)-—z =0
MMEEeT B 3TOM Kpyre B TOYHOCTH OIMH KOPEHb. '

198. dyukuns NPUHHUMAET B MOAYNOJSOCE

1
T(2)
- d <%z <d, Rz<0

Kaxaoe 3HaueHHe OeCKOHEYHOe MHOXeCTBO pas (d MNpPOM3BOJBHO).

199. Ilycry f(f)— 3ananuas B untepsaie 0 < ¢ < 1 BewecrBenHas
QyBKUMA, HMEIolas HenpephBHLE MEPBYI0 W BTOPYI0 NPOH3BOLHBE.
Ecau |f(1)| > |F(0)], To uenas dynxuns

1
F(2)= J' F(t)sln z¢ dt

uMeeT GecKOHeYyHOe MHOMeCTBO BelleCTBEHHbIX W JMILb KOHEYHOe 4YHCJI0
KoMIIeKCHBIX HyJel; ecauw xe O <|f(1)|<|f(0)|, To ona wumeer
JVLIb KOHEYHOE YKMC/JAO BeUleCTBEHHBIX Hyuwel, HO 3aT0 y:Ke OecKOHeuHoe
MHOXeCTBO KoMmiekCHbX. [Hyan F (2) B OTHOWIEHMH MX BellleCTBEHHOCTH
WA KOMINIEKCHOCTH BeAyT ceOs COBEPIUEHHO TaK Xe, KaK M HyaH (pyﬂ-
‘K f(0) — f(1)cosz.)



200. Ilycre a-—nocrosHHas u |a| > 2,5. Tlokasats, yTo uedas
G yHKIMA, ONpele/eHHas CTeNeHHBIM PALOM

RN R AR )

a°
Ha rpaﬂnue KaXaporo I{pYI‘OBOl‘O KOJIblla
CJaPrr<lz|<fafr (n=1, 2,3, ..)

OTJMMYHA OT HyJs, 4 BHYTPU HEro uMeeT B TOUHOCTH ONMH Hyab. [Mc-
C/e10BATh MAKCUMAJbHBIA UieH Ha okpyxuocTd |z|=|al??, T 117.]

201. ([1poromkenne sanauu 170.) OGosHaunm yepes IR MHOKECTBO
comepxawnxcs B & Hygeit oyskumtt f,(2), n=1, 2, 3, ... Ecmu
npeneibHas GYHKUMS He PABHA TOMIECTBEHHO HYJIO, TO €€ HYJIH, Jiexwa-
‘wue BHyTp &, coBmamaioT ¢ HpeReNbHLIMM TOUKAMH MHOXeCTBa SR,
JexauuMu BHyTpu O, . ‘

202. Iycrs Pysxuus

f1) o @) - (@), -

OMHOJMCTHBl B eIuHWYHOM Kpyre |2z|<{1 ® B KaxiAOM BHYTpPEHHEM
kpyre |z|<r <1 paBHOMEDHO CXOIATCA K HEKOTOPO} mpesenbHOR -
¢bynkuun f(2), He paBHOM TOxHAeCTBeHHO HY/0. Toraa u dyukuus f(2)
Gyner OIHOJAHMCTHOM B Kpyre |z|<C 1.
203. llycre g,(2), £3(2), ..., g,(2), ... —ueasle @Qysxuny,
WMeroulMe JUllb BeliecTBeHHble HYau. Ecau cyuiecTnyer
lim g, (2) = g (2),

n-~-» o

npudeM CXOAUMOCTH PABHOMEPHA B KaxXIOH KOHeyHON of6aacTH, TO Leaas
GyBruMd g (2) Takke HMEeT JMIIb BELLECTBEHHbIE HYJIH,

204%. llenan dynkuus
nw
E a,cos(a—4-vd)z,
v=10

rie
O<ag<<ag<La . .. Kay a20,d>0,

HMEeT J/Mlib BELHECTBEHHbIE HYJH.
205. llycts f(f) — nonoxureapas HeyGuBaollas GYHKUMA, 32/0aH-
| 1

Has B MHTepBaJIe 0.t <1, npuyeM wHTErpan ff(t) dt KoHeueH, [Toka-

0
3aTh, YTO Lienad ¢yHKLKA

1
f f(t)cos 2t dt
0

¥MeeT /JMINb BeulecTBeHHble Hyam [185).



20%. [Mycrs o6aacte B CONEPKUT BHYTPH O’I‘peBOK a Lz b
BelecTBeHnoN ocu. [lycTh, nanee, pynkuum f, (2), fo(2), . fn(z)
peryaspuel B B, B BeLIeCTBEHHbIX TOYKAX 2 MNPHHHUMAIOT BEUleC’I‘BEHI-IbIe
3HAaueHHs M Ha OTpeske & <2< b Bce orinmysbl OT Hyasd. Ecan dysxunu
fi (@), f5(2), ..., [,(2), ... paBHOMepHO cxOnsTCS B 06aacTd B K HEKO-
TOpO# npenenbHoll ¢yHkuuM f(2), He pPABHOM TOXKAECTBEHHO HYIO,
TO 9Ta mnpeneabHas ¢GYHKUMS f(2) TOYHO Tak Ke OTJAMYHA OT HY/AA HA
orpeske a4 2 b.—3IJTa TeopeMa He BepHA,

'TABAS
NOCJIEAOBATEJLHOCTHA AHANUTHYECKHX &YHKIUM

§ 1. Pap Jlarpanka u ero npuUMeHeHHs

Crenennoft psn

ozt a2+ ... Fa "+ .. =w (a; & 0),
KDYT CXONMMOCTM KOTOPOrO He CBOAMTCS K TOUKe 2 = 0, B3aMMHO 0NHO-
SHAYHO M KOH(POPMHO OTOOPAKAET HEKOTOPYIO OKPECTHOCTh TOUKU Z == ()
H& INIOCKOCTh 7. 1109TOMY 3aBHCHMOCTb MEXAY Z U W MOXeT OHTh
npencTaBAeHd B HEKOTOPOH OKpecTHOCTH TOuKH @ == 0 Taixe pasfo-

Keunem
byw—++byw?+ ... Fb,0" 4 ... =g,

roe ab, = 1. Iaga 3ppekTMBHOrO BHIYHCACHUS BTOPOrO pfma nocpen-
CTBOM NEPBOro 1ojaraem
1 .
b4 z Y
a +apz a2t . Fayt-T ¢ (%)

Tax xak ©(2) 'peryﬂﬂpﬂara HEKOTOPOH OKPeCTHOCTH TOuKM 2==0 u
©(0) %= 0, TO U3 PaBeHCTBA

z .
w::zm
BLITEKA@T, 4YTO
of
wﬂ dﬂa—l [(? (x)lﬂ
o= Zl-ﬁr[ AT ]m-::oa
n=
Boo6uie ecau f(2) perynspHa B HeKOTOPOH OKPECTHOCTH TOYKH 2 == 0,
TO HMEeM:
d"-157(x) [ (in"]
f(2)=1(0) +,§1 e e et T (L)

'[Pna Empﬁtana-.ﬂazpamca. cM. Hurwitz-Courant, crp. 128%).]

*) prhuu, ctp. 184



267. B npeanonoxenusx ¥ 0603HAUEHMSX MpeAbIyLIEH 3anaun
HMEEM:
o0

f(2) w” [d™ f(x) [ ()]"
1 — w9’ (2) Z [ dx™ L 0

Brisectu sty dopmyay uns Qopmyas Jlarpanwma wam, o6paTHo,
dopmyay Jlarpasixka wu3 3TOH, NPaBUILHO MCIOAL3YS YCAOBUL, TPH
KOTOPLIX Kawjasa M3 9STHX Gopmya umeeT MecrTo. [M3 cnpaBenauBOCTH
ONHOM M3 3THX HOPMYJa LA HeKOTOpoH (YHKUMH [(2) HenoCpenCTBEHHO
BhHITEK&eT BTOpad (GopMynaa I HeKOTOpOM Apyroi dyuxumn f(2).]

208. loxasate dopmyny szanaun 207 HENOCPEACTBEHHO, BbHIpAXad
Ko3(hduuUeHTE NpH w" ¢ MOMOLIbLI0 unTerpana Ko wu.

209. Pasnomntb KOpeHb TPAHCUEHIEHTHOTO YDPAaBHEHHS

2e % = ,

ofpawatowriics npu @ =~0 B HYJb, MO BO3PACTAIOLLUM CTENEHSM .
210. ([Iponomkenne.) PasnoxuTh e*, rie o — NPOM3EOAbHAT TO-
CTOSIHNAS, 1O CTETHEHIM W,
201. Pazioxurs N0 BO3PACTAIOWHM CTENEHSIM W TOT KOPeHb X
TPEXWIEHHOrO ypaBHEHHS

I —x 4+ wx? =0,

koropuit npu w = 0 ofpawiaercs B elHHALY.
202, ([Iponomkenue.) Pasznoxurs X*, rle o — MPOU3BOJLHAA TIO-
CTOAHHAas, QO CTEeneHsIM w. (x“ﬂ‘-‘ﬂy ABJAAECTCH DEUIEHHMEM TpPCEXUJICHHOTO

ypaBHEHUS
: 1 B

| —y% 4wy =0.)
213. ([Tponomxenue.) Paccmorpers uwacthble cayyan 8==0, 1, 2,
—1, % ¥ BeBeCTH passioxenus 209, 210 nyrem npeisabHoro nepexona

us 211, 212. |
214. Hatity cymMMy CTRIeHHOro psiaa

4+ Y et

=l

KaxoB panuyc CXOIUMOCTH ®TOrO panaP
215. Iokasarts reopemy 156, onupasce Ha pesyanaTu sanauu 214.

218. Pan
1+(“Ta)w+(ﬁ#)wﬂ+ . ..-|—(“J;"p)w"+

B C/yuae, 8CAM ¢ U [ — pALMOHA/AbLHBIE uMCAd, TPeACTaBAfeT airebpau-
YeCKY10 QYHKUMIO OT w.



2017. Bunmwen nocienosatensHele CTenmeHu TpexuneHa |- w - w®
B TPeyroJpHyw Tabauiy
: 1

14+ w - w?
I 42w + 3w? 4 2w® -} wt :
| + 3w+ 6w? - 7w? + 6wt - 3wb + b
Torpa cyMma cpennux uiaeHOB (HaOpaHHBIX B TAOJIHUE MKUDHBIM WPHPTOM)
paBHa |

14+ w4 3w 7w+ ... - V1~2;_3w3°

208. BumumeM nocsenosaTenbHbie Crenedd GuHOMa | -~ B Tpe-
YroabHyo tabauny

1
1+ w
1l 42w+ w?
143w + 3w? 4 wd
| +4w - 6w? ++ 4w - w?
(mpeyeoasnux [Ilackang). OnpeleiuTb CyMMY CpelHHMX 4JeHOB (Ha-
Opanublx B TaOJMLE XUPHBIM WPUPTOM) ¥ BOOOWE CYMMY UJIEHOB JI0GOTO

BePTHKAJILHOTO psla.
219. Yemy paBunl npouspoadwMe QYHKIUHUM n0AuHOMOB P, (X),

PP (x), LY (x), onpenenenHsx creayownMn QOpMYyIaMu:
1 a7
L Py () = gy gom (F° — "
(noaunomor Jewcanopa),
. (0,8) (— L)y Jan
2. (1 —x) (1l — PPy (x) = o (1 — x)n+e(] < x)n+8]

27 n\ ,
(@>—1, §>—1)

‘nosuromul Srobu); |
_ (%) 1 danr . _. '
3. e7@x" Ly (%) = 5 7z (e72x"+) | (@ >—1)
(0000ujennsle noaurnomsr Jlazeppa).

(Cm. VI 84, VI 98, VI 99. [Ton npoussodsuei gbyiryuel nonuuo-
MOB Jle aH A pa DOHEMANT pel

Po(x)~ Py (%) WPy () w2+ ... - Pyp()w" 4 ... ==
3x% —1

= 1 4 xw—+ 5 (ERE

CYMMY KOTOPOrO Kak (YHKUMIO OT X M W HYXHO ONpeneauTs. AHa-
JOTMMHO [ OCTaJbHbIX C/Ay4deB.)

———————



B crenyiowinx 3anauax OyleM M[O/Jb30BaThCA OOLIYHBIMU 0OC3HAUE-
HHUAMM.

A (2) = Fle+1)—F (@),
APF (2) = AJAF (2)] = F (2 2)— 2F (2 1)+ F (2),
AnF(z):F(z+n)m(";)F(z+n_ 1)

+(§)Fletn—2—. .. (=1 F @)

220. laa F(2)=-e%, rge s§— L0CTaTOYHO MO 10 MOLY.IIO
MOCTOSAHHOE UHC/NO, UMEIOT MeCTO Cielylouue (POPMY.IbI:

L F @) =P O+ AP O+ 25 1)A9F(0)+
(z=1).. 1) iy
5 nl = F©O)
2. F'(2) = |
— AP (2) 5 A%F (&) 5 NOF (2) — ... - (— 1y=1 - APF (2)p

3. F@=FO)+FO+2C2p @4 ..

42T pm @y 2001
4. F(2)= F(0)+ Z 22(22—19) (22_(22?2)' {2 2“_(”——1)2]A9”F(-—-ﬁ)—|—

2(2—129(22—29),..[22—(n—1)?] A-2[F(—n+2)— F(— n)
+Z (2n — 1) 9

212, 216].

221. Popmyan 1, 2, 3 u 4 sanauy 220 cnpaseriuBb 14s A1060H
eJof pauuoHadbHOU dyukuun F(2) (B 3TOM cAydae, KOHEYHO, Palbl
06GpLEIBAIOTCA).

222, dopmyan 1, 2 samaun 220 copaseiauBul TaKKe Mad JOGOH
ApoOHON pauuoHaAbHON QyHKUMM F (2), eCiM TOJbKO BeLIECTBeHHAH
yaCTh 2 MPeBOCXOJHUT BelleCTBEHHLIE 4acTW BceX Noawcos F(z), pacro-
JOMKEHHBIX HA KOHe4YHOM pacctosHuu. [Ipu 3TOM aas CnpaReMliMBOCTH
Gopmy/bl | HEOOXONMMO HAJNOKHUTb ellle TO OrpaHuueHue, uro F(2)
peryaspua.B toukax z2=20, 1, 2, 3,

CnpagenJusel au u Gopmyasl 3, 4 nas ApoGHLIX PALROHAJBHBIX
(QyHKUAH P



B sanauax 223—226 noaoxeHo

n

n :
Anak - ak+n“‘“‘( 1 ) ak+n—1+(2)ak+n—-2_ coe e (— l)n Q-

223. IMpu npoussoabHbix KO3DdUUUEHTAX ay, B =0, == 1, =£2, ...,

(1—2)" X @k = D Atguer+k,
k=a~co fe==—00
D24, Tycto
F@)=a+az+a2®4 ... 4-a2"+ ...

[lToxasath, uToO '

! £ ‘ 2 n, M
1_{.5F(1_|_t):ao+Aaot+A‘%f2+---—{—A agt” + ...
225. Iycms
F(2)=ay4 20,2+ 20,22+ ... 4+ 2a,2" 4+ ...

ITokasarb, 4uTO
1 F(1+2tm1fi"-_|:?1?)=
V144 ot
=a,+A%_f+Aa_ 24 .. 4+ ATg_ " ...,

TAC TOJOXKEHO Q_,, == &,.

226- g
F(2) =2a,2 + 2a,2%+ 20523+ ... +2a,2"+ . ..
HMeeT MecTo QopMyaa

| (1 h%— VIT&
LTp(AER= VIR ) o (A — A%t

+(Ata_y —AMa_ )24 ... +(A@%a_,  —A0Ma_, "4 .. ..

rie THOMOKEHO @_, == — @,.

(e8]

227. 11 (1 +505) =0y

n=1

228, sinnz asiagercda oQHO3HAUYHOH dyuKuMed ot w = z(l —2),
[ToxasaTh, 4TO BCe KOS(DGMUUMEHTH PA3JOKEHHS Sin M2 N0 CTeneHAM w
(3a uckmovyeHuem CBOGOMAHOrO ujeHa) MOJOXKUTeMbHB! [227].

229, MokasaTb, 4TO

{' A" (m— x)"" 1 cos x

0 n'——:o, 1,2,--;.
dxn _ ]a::=0> ( )




§ 2. BemecTBeHHas 4acTh CTENEHHOrO pALA

230. Iycts dynkuus
f(2) =ay+ a2+ a2° 4 .. - a,2" +

peryaspHa B kpyre | 2| < R. BripaauTb KOYPOUUHEHTH &y, Gy, . . ., Gy, - . .
yepe3 BEUIECTBEHHYIO, COOTBETCTBEHHO MHHMYIO, 4acTb f(2) HAa OKDYXK-
Hocti |2|=r, 0 <r <R.

231. ([Mponomkenne.) [Toaoxum Rf(re®) =U(r, 8). Ecm f(0)
BELECTBEHHO, TO B Kpyre |z|<r |

f@) = o fU(, ’+z‘“’_'d8

_—2e -8

232. (Nponomkenne.) Ecan f(z) Ha OKpyXHOCTH |2 |==r He 06-
pallaeTca B Hy/db, @ B Kpyre |2| <7 HMEeT HYAH Cy, Cgy - - .y Cp, TO
B 9TOM KpyTe

mf@r*w4*§}nz LSS z[mkﬂnﬁﬂr+i2wdﬂ
rile Y — HEKOTOPOE BeuweCTBeHHOe NOCToAHHoe uucao. [[loayuaercs
3 231 rak xe, kax 120 uz 119.] '

233. llycrs dyukuua f(2) peryaspHa ¥ HMeeT MOAOKUTENAbHYIO
BElIESCTBEHHYI0 4aCTb B OTKPBITOM Kpyre |z|<( R #, Xpome TOro, He-
nmpepbiBHa B 3amMkHyToM Kpyre [2|<CR. Ecam BewectsexHas uvacrp
GyHKOEKA f(2) TOMAECTBEHHO PA4BHA HYJ/I0 Ha HEKOTOPO#t Ayre rpaHuu-
HO# OKPYXHOCTH, TO MHMMas 4YacTb f(2) Ha STOR Ayre MOHOTOHHO H3-

MeHsieTCsl, a MMeHHO yObiBaeT NPH BO3PACTAHMM aPryMeHTa 2,
234. Tycts dyHkuus

f@=ay+az+ ... +a"+ ...

peryasipua B kpyre |z|< R. Tlonoxum f(re®)=U(r, N +iV(r, ),
rae U(r, ) n V(r, ) BewecTBenssl. TOrAa COOTHOLIEHHE

A

f [ (r, %})]Qd{}:f (V(r, D2dd
0

0

fyner wumeTb MecTo mas Bcex r B wHrepBane 0 < r < R, ecauw TO/MBLKO
oHo ynorjiersopsercs mas r =10,
235. lycts QyHxuus

f@=g+azt .. o+,



DerynspHa B kpyre |z | < ! 4 uUMeeT B HeM NOJOXKHUTENbHYH) BelleCTBeH-
HYIO uactb. Tornia

la,| <1 (n=1,2, 3, ...).

Hu B onHOM u3 3THX HEPABCHCTB HEJb3Ad 3aMEHWTL €AHHHUY MEeHbLUINM
HHCJIOM. -

236. Mycre hyHKuus
f@)=@a,+az+a2*+ ...+ a2+ ...

peryaspsa B kpyre |z|<C R, npuuem B 310M Kpyre ff(z) < A. Torna
nasa Bcex r B uHTepBase O < r < R uMeeT MeCTO HepPaBEHCTBO

- 2
|@o| 1@yl r 4| 124 o A lanl " K | A 5 (A—HRap).

ITpumep.

f(z):~i+—1, R=1, A=—20,.
z—1 . .
937. Tycrs pan Jlopana
()= 2 a,"
N=—c

cxonuTcd B KoJbueoBpassolt obnactn 0 < |2 | < oo (waposas nosepx-
HOCTL € M3BATLIMU NOAIOCAMM) W B TOuKax 2 =0 H 2 == 0O uMeeT CyLe-
cTBeHHble ocofeHHOcTH. (OO003HAYMM MAKCUMYM BellleCTBEHHOH uacTy
(ynxunn (z) Ha okpymHocTH |z|=r uepe3 A(r). Torna A(r) npu
r— 0o Bo3pacraer Onicrpee M0G0 CKOMbL YroAHO GOJBWIOK cTeneHu r,

a npu r— 0 —o6bicrpee aw000OH ckoab YroasHo O60/bILOH CTeneHu i.
) r

bonee TOuHO

limm]ir—):—{—oo; lim Mr—):r-{—oo.
I dee] nr >0 in _1_
P

238. [lycry yHKUKS
f@)=at+az+ ... 4a 2"+ ...

peryaspHa B kpyre |z|<<R. OG6osxHauum vuepes A(f) Hauboubliee
KoJebauue BellecTBEHHOH uyactd f(z) B kpyre [2]| <R, T. e. Bepx-
molo rpars aas | f(2) —Nf(z)| npn |z| <R, |2,1 << R. Torna

g | R ZA().

| 2
[lpn sToM nocrosdHHas — 8I8Cb HE MOXET ObTb 3aMeHeHa MeHbliefl.

Kakylo reoMerpHueckyl0 HHTEDAPETALMI) MOXHO AaTh ITOH Teopeme?
239. lycrs dysknus

f(2) = a0+‘alz+ R A R



peryaspua B Kkpyre |z|<R. O6osuauam dyepes D(f) Haunboubliee
- konebanue f(2) B kpyre |z| < R, T. e. BepxHwo0 rpaub 1s | f(2,) — f(2)|

npu |2y | <R, |2,| < R. Torna
|0 [R< 5 D(f).

1
Hpu stom - He moxeT ObIThb 3aMeHeMa 31eChb MeHblIeH NMOCTOAHHOH.

KaxoB reomerpuueckufl CMBICA 3TOH TeOpeMb!?

249. Tycts gyukuus f(2) nonunHeHa CASKYIOUIUM YCIOBUAM:

1. f(2) peryaspua u | f(2)| < M B kpyre |z—s| .

2. }(2) He ofpaiuaeTca B HYyJ b B 3aMKHYTOM Noaykpyre |z —s| <7,
R(z—s)> 0.

3. f(z) B xpyre lzfslg—g—r HMEET HYJIH €y, Cg, v .y (.

Torna

I
gl 2 M N
N e <77 )\;m =5

{Moxwuo npuuars, uto s =10; 232, 120.]

§ 3. lloarocsl HA rpaHuBe Kpyra CXOJHMOCTH

P48, Ecan cTeneHHON pej MMEET CBOMM KPYrOM CXONUMOCTH efH-
HAYHBIE  KPyr, NMPHYeM HA TpaHAUE 3TOrG KPYra JeXKAT JHUILb [OJIOCH
NepPBOro MOpsaKa (M Het HUKAKUX JAPYrux ocobenHocred), TO Torna
MOCAe10BATEeAbHOCTL KO3(h(ULUHEeHTOB OTrpaHuueHa.

242. Eciv Ha rpasHuMue Kpyra CXOAMMOCTH CTENEHHOTO psia

[¢9]

o ,
Z, Q2" JeXUT UL OfHa ocofas TOUKa 2, a MUMEHHO MOJIOC, TO TOrlad
n=0 : :

. a
lim —&——_—zo.
n—>co #n+1

o0
D43, Iycts Y, 0,2" — CTENeHHOe  DA3MONEHHe  PALMOHAABHOH
n=0

(YHKUMK, B3HAMEHaTe b KOTOPOH (NMPelNNOJIOMEHHBI B3aUMHO NPOCTHIM
¢ uydcauTeneM) uMeer crteneHb ¢, [lycTe o OyaeT paiMyc CXOLMMOCTH

u A, —Haubonbmee us g uuced |a,|, | @y 4|, -+, |@y_ g4y | Torna
n__ 1
lim A =
(rounn#t npenes, a He limsup!).
24%. lycth v, — YHCIO He PABHBIX HYJIO U3 1L YHCEN @y, Gy . -+ ) Gy _qo
Ecau Ha TpaHuUe KPyra cXOMMMOCTH CTENEHHOR pal oyt a2+ a2 ..
co.+apz®—+ ... uMeeT JMilb NOJIOCH (M HUKAKHX LPYTHX O0COOEH-

. n
HOCTell), TO YHCAO HTUX NMOACOB > limsup —,
' : n->co N

11 3ax. 865, 3apaux u Teopemn M3 aAHaMM3a



[Tpumep.
1

— i

| 2420k 2% L = 7

245, [lycrs K0apdUUMEHTE! Gy, Q(, ..., @y, ... CTENEHHOIO PAna
g+ 02— ...+ a,2"-+ ... BeueCTBEHHH W Ha TDaHdlE ero Kpyra
CXOJUMOCTH MMelTCA Jaulb JABa noawca pe™ u pe ** (0 <a<=w)wu
HHKaKuX Apyrux ocobennocre#t. (OO003HAYMM UYHMC/AO MEPEMEH 3HAKOB

B TIOCAEROBATENbHOCTH &, Gy, Gy, ..., Gy_y, @4, uepes V,. Torna
. Vv a
lim 2 = — [VIID 14].
Nn—> 0 n n

24%. Eciu cpenn ocobbix TOUeK HAa TpaHule KPyra CXOZUMOCTH
uMeeTcss X0T OBl OAMH MOMIOC, TO CTENEHHOH psl He MOMXeT CXOAMUTbCHA
HH B OLHOH T'paHM4HOH TOuKe.

247. Ecan crencHHOR pan

f()=az+ 022+ ... Fa"+ ...,
CXOAALAACS B eIHHUYHOM KpyTe, MPEACTABIfAeT (QYHKHUI, PEryspHYIO
B Touke 2 =1, 10 pan Jupuxae
D$)y=al8+4a2 5+ ... 4+an 5+ ...

(npennonaraeMbit CXOAd4WMMCA 418 HEKOTOPLIX 3HauyeHuM §) npejcra-
BAseT uenyw ¢yuxkuuio. Ecam f(2) uMeer B TOuKe z=—1 mnoawc
h-ro nopaaka, To [D(s) npeacraBageT MepOMOPOHYI0 (PYHKLUI, MOJ0-

caMH KOTOpPOH MOryT CAyXuTb TOUKH S =1, 2, 3,..., A (auum
nocnenHAs HeoOXoammMo Oyier NOMICOM), MNpUUYeM BCe TMOJIOCH — fep-
o0

goro nopsaxa. |Mmeem D(S)F(S):f x5t f(e~®ydx, oM. Il 117;

0
oo

WHTET pal f x3-1f(e=*)dx npu o >0 npencrasaser coboi weayio

o
GOYHKILHIO OT §.]

§ 4. Toxnectsensoe obpalieHHe B HyJb CTENEHHbIX PAICH

248. [lycrb uncnoBas NOCJIEAOBATEABHOCTL G, Gqy oy o v vy Oy oo e
MOLUMHEHA YCJAOBHIO
. In|a. .
lim sup nlanl —_p (h > 0).
n~3»c0 V”

Torpa pan

B (s) = 2ay-+a; (65 e~ ay(eVFsf eV .
oo ta, (eVrs eV 1,



CX0NHTCA B OeCKOHeuyHOR moJoce
—hMs <k

IIOCKOCTH § M NpATOM a0COMIOTHO M PasHOMEDHO B KawAO#l BHYTPEH-
Het mnoroce —h-f-eLl RsLCh—e, e¢>0, u npencrabaser s TOMH
OecKoHeuHOH noJsoce aHanHTqucxy}o ¢yukunio P (s). dra dyuxuua
MOXeET ObITb TOKAECTBEHHO paBHa HYJIO JHIb B TOM CAydYae, echu

BCE KOY(PPUUMEHTH @y, @4, Gy, ..., Oy, ... PaBHB HYJO. [Boiuwcaurs
a+ ico
| g—us o
F(u):% f CI)(S)—ST—ds 0<a<h, u>0); 165.]
a—ico

249. Tycrs creneHHOH pan
(&) = ag+-az+- a2+ .. +anzn+

CXOAHWTCA BHYTPH €AAHHYHOTO Kpyrd, IpHYEM €ro 3Ha4YeHHe BMecTe
CO 3HaUYEHHUAMH BCeX ero npou3BOLHLIX CTPEMHUTCA K HVYJ/IWO, KOrna z

npubmpkaeTcs M0 BelleCTBEHHOH ocu K Touke 2z =1, 7. e. lim f(®) (2) =
Z->1

=0, n=0, {, 2,... Torna aubo

1) f(2) TownecTBEHHO paBHa HyJaO, T. e. ¢, =0, n=0,1, 2, ...,
6o

2) 2 =1 ectb ocobas Touka (yHxkuum f(2).

Ecau ykasauHbift cTeneHHO® psan  CXOAWTCH B HCKOTOpOM Kpyre.

6onbUleM, UyeM eJHHHUHLIR, T. €. eCaH
%

. In|a
lim sup Injan| < 0,
n o n
TO HeoOXOmMMO MMeeT MecTo caydail 1). BBIBECTH TO e 3ak.aioueHue
u3 6onee cnaboOro npennoNOXKeHus

. In ]an]
lim su i 0.

[Cocrauts ¢yukunio P (s) zanaun 248.]
250, MocaeaHee yTepxkienne 3afnaud 249 yie HeCHpabelluso,
ecay Ha KOSMOMULMEHTH @y, @y, Gy, vy &y, ... PALA f(2) BMECTO yCIO-

. In|a
Bua lim sup ]—”I<0 Ha10XeHo OoJjee caaboe ycaoBHe

n>o Yo
) 1n|an| 1
fim sup ——2— <0 (0<p<-2—).

1> 00 Il
[TTonmoxuth

f(z):f e~@" cosvz gin (xv sinpm)e~®{1-9 gx; 153, 11 222.]

.0

Ik



§ 5. Pacnpocrpanenue CXOZMMOCTH

Hixec/enyiomue npuMepsl MNOKAsbBAIOT, YTO Y MOCAEA0BATEIbROCTEN]
AHAJIMTHUCCKMX (QYHKUMH CXOZMMOCTb 3a4dcTyi 061anaer CBOMCTBOM
cBOCOOPASHON «34PaBUTENLHOCTHY.

250. Ecu pan

gD+ @+ g (D ...+ g™ @+

CXOOMTCA XOT9 Obl B OLHON TOUKe peryaspHoctd Gysxuun g(2), 1o
9Ta (QYHKUUSA SBASETCA HEeJOM © Pl CXOLUTCA B KAXAOH TOUKe, MpHU-
TOM PABHOMEPHO BO BCAKOHW KOHeuHo#t 0OMACTH IMIOCKOCTH Z.

252. Ecin nocaenosaTebHOCTb

g@L VIZ@, .. VIem@l,

orpandyesa xoTd O6ul B OJHOH Touke, TO g(2) saBAfeTCa LejoR dyHK-
uuefl ¥ MOCJAefOBATENbHOCThL OCTaeTCd OrpPaHMUYEeHHOW BO BCEX TOUYKAX
NJOCKOCTH 2, NPHYEM BCIOAY MMeeT OLMH M TOT Ke BeDPXHHI npepned.

253. llycmb
ao, al, a2, ¢+ oy a%, . a4y
CO, cl’ 62, v s oey Cﬂ, [

— nBe GeCKOHEYHbie UYMCJAOBLIC MOCAeNOBATENbHOCTH, U3 KOTOPHIX BTOpAad
MOoCMeNOBaTe/bHOCTh MNpOM3BOAbHA, a B nNepso#t a, #+ 0, a, + a, 114
m, n=0,1, 2, ..., ms%n, upan

1 I 4 1 1
?z?+_é:+a_g+”' Tt
aBCONOTHO CXOAUTCA. ¥ paBHEHUSIMU

Qn (ao) = Cop» Qn(ai) =Cq ey Qn(an) = Cp

OLHO3HAYHO ONpenenserca nojusom Q. (z) crenemw < rn. Ecmm nocie-
JOBRATeJLHOCTDL

QO (2’), Ql (Z), Q‘Z (Z)! .. ‘- » Qn (Z), ..

CXONUTCH XO0Ta OB B ONHOH TOUKe, OTAMUHOH OT @y, a4, Gy ..., TO
OHA CXOOUTCA BO BCeX TOUKAX 2 M INIPUTOM pPaBHOMEPHO BO BCIKOH
KOHeUHON 00J1aCTH NJAOCKOCTH 2.

254. Iycs

LR c._.rn,r C...n.}.j_l L 609 R | Cfn,._ls Cny

—— npou3BoabHAA OeckoHeyHas B oOe CTOPOHH UHCAOBASA IMOCHELOBa-
TEAbHOCTb U (g, (2) — MOAMHOM cTeneru 27, YAOBJASTBOPAKINMH yCJIO-
BYUAM

Qopn(—n)=c_p Qou(—n—+1)=c_pt, -+, Qou0)=¢4 ...
vooy Qou(n—1)=c¢y_y, Qo () =10y,



Ecian nocnenoBaTenbHOCTs NOJAMHOMOB
Q@) @), Q@) ... Qu@, ...

CXOIMUTCS XOTA O B ABYX PA3JUYHBIX HeUeJOUYUCJIEHHBIX TOUKAX, TO
OHa CXOIMTCI B KaMAOH TOYKE 2 W INIPUTOM PpAaBHOMEPHO BO BCAKOW
KOHeuyHoH 00/4aCTH IIOCKOCTH 2,

2%5. [Mycrs naHbl NPOM3BOALHAA YHCAOBAA MOCAENOBATEABHOCTD

€or Cis Coy v vvy Cpyy oo U NOAMHOM @, (2) creneHd < n, ONHO3HAUYHO
onpenedeHHbt 1+ 1 ycaosuamu
Qu(0)=c, Q(D=c¢;, Qu(D=1¢s, ..., @ (n)==¢, [VI 76, VI 75].
Eciu nocaenosareibHocTs

QO (Z)! Ql (Z)’ Q2 (Z), v Q’n (z)’ v

CXOAMUTCS XOTd Obl B OnNHOM Touke, orTauuuo#t or 2z—=0, TO 0HA CXO-
IUTCA BO BCeX TOWKAaX 2 M NPUTOM pPaBHOMEPHO BO BCIKOH KOHEUYHOH
00/aCTH MJAOCKOCTH Z.

—

255. [ycrs dynxuan fo(2), f1(2), fo(2), --., Jp(2), ... B KpPyTe
|2| < 1 peryaspHel, OTAMUYHEl OT HYJf U BCE MO MOAYJI MEHbIUE eid-

nulbl. Ecam 1im £, (0) =0, 1o lim f,(2) =0 Bo BCcem xpyre|z| <1
n > 7 = SO
M NPUTOM DAaBHOMEDHO BO BCAKOM BHYTPDEHHEM KpYTe.

257. [lycts rapmoHayeckue §YHKUKK
o (x, ), w,(x, ¥), ag(x, ¥), ..., Up(x, ¥, ...

PeryJsApHel M BCIOLY NOJAOKUTEJNbHE B Hexkoropo#t ofgactu & mio-
ckoct X, y. Ecau psn

Uy (X, 3) ity (X, WAy (e, M)A o, (e, P4

cxonutcs xors Obl B onmHo#t Touke obmacti &, TO oH cxozmTCH BO BCei
sTofl 00JacTM WM NPUTOM pABHOMEDHO B KAXKIOH 3aMKHYyTOH ee dacTy.
| 258. Tlycrs dyukunn f(2), f1(2), f5(2), - .., fa(2), ... peryaspus
B obnactu &, npuuem BelueCTBeHHBlE YACTH MX B KaXIOH BHYTpEHHeli
8aMKHYTOM 00/JaCTH pPaBHOMEPHO CXoadaTcd. Torna mocaeloBaTelbHOCTD
MHUMBIX 4acTefl nub0 He CXOAWUTCA HM B ORHOM Touyke, AuGO PAaBHOMEPHO
CXOLNTCH B KAXIOH BHyTpeHHeH 3aMKHyTOH ofnacru.

§ 6. CxonumocTs B pasiedeHHHX obaacTax

2 5 9- Pﬁ,ﬂ.
2 4

Z g
Iz T UFa0F8 TAFaa+HTTH T

28
TOFaaFmaFAHaFS T



P3BHOMEPHO CXOMUTCA B KawAOH 00JacTH, Jexatdefl LeJWKOM BHYTPH
WK UEeJHKOM BHE eNMHMYHOrO0 Kpyra, W HMeeT CYMMO# 2z wm 1,
cMOTpst N0 ToMy, Oyner au |2 | <1 wum |2]| > 1 [1 14].

268, Pan

oo

n—-1_n,—
1+2a(a+l’z’) XM (a -+ 0)

n!

n=1

PABHOMEDHO CXOAMTCS N BCeX TOJOXKHUTENbHLIX 3HayeHUH X, ecau
¢. — [IPOM3BOJIbHOE NOCTOSHHOE uKcao. B unrepBane 0 < x < | on npen-
crapaseT QyHKUHIO e**, a B wuHTepBase | <X < 0CO—OTHAHUYHY O
0T Hee aHAJUTHUECKYI (DYHKLMUIO.

280, TTocnenoBaTeabHOCTL PYHKUMA C OOWIMM YIeHOM

{H e +[g] 24 +H-]nz
n (2T Yy

PABHOMEPHO CXOIUTCA B KaXAOH KOHMEeYHOHK 3aMKHyTOH 00.aacTH, He CO-
jJepxamed TOUeK MHHMOH OCH. .

82, Ilycrs

fn(2) =

r 1
¢ (Z) — dz + P) —z—' ’
rue
o > 0, 18>0’ O(—}—B:l.
[MocaenoBaTe sHOCTh «UTEPUPOBAHHEIX (DY HKIMH»

¢(2), olo(@l, ofele@)]}, ...

cxoputea K ~1 mna Rz >0, cxomurcs k — 1 gaa Mz <0, naxowel,
pacxomurcs ana Mz =0. '

§ 7. llopsagok BO3pacTaHua NOCJEIOBATEJILHOCTEH MOJHHOMOB

263. llycth z=re® u h(0) —onopHas OGyHKUHA OeCKOHeYHOH
BLIMYyKAOH o6jaacTH, pacemorpensoil B 3anaue 114. [Tokasatb, uto nocne-
J0OBaTEeAbHOCTD

Vz (z—1)(z—2) ...(2’-—n+1)(z_”)e-—rh(tp) n=1, 2,3,...)

n!
orpaHuueHa BO BceHl noaymnsockocty Rz > 0 _[12, I 220]; /1 (v) asasercd
HauMenbie! GyHKuued yraa ¢, obaanawweif 3TUM CBOUCTBOM.

264. Ilpyn Ttom e 3uauenun k(@) [115] noxasaTy, yTO MOCAENO-
BATENLHOCTD

9 2
(=815 (B omtan



orpasnmueHa Bo Bceit maockoctd [13, II 221]; /2 (¢) sBasercs HauMmenn-
el ¢pyHkuvel yraa ¢, odsnanamwedl 3TUM CBOHCTBOM.

D65. [Tycts 4 (o) — onopuas GynKUMs BEIIYKAOH 0OaacTy 3anayy 116.
HOKaBHTb, YyTO BO BCell MAOCKOCTHU 2 BBIMOJHSAETCH HEPABCHCTBO

n

< e~ TP 1 (n=1, 2, 3, ..., z=re%).

] =
Ty

F'TABA 6
NMPUHIHUIT MAKCHMYMA

§ 1. Pasanuneie GOpMYJNHpPOBKH OpPHHUMOA MAKCHMyMa

Ha ocnoBe mpuHUMNA aHAAUTHYECKOTO MPOAO/KEHUSA 3HAUYSHUA, NPUHK-
MaeMble aHaNUTHUYeCKO# (PYHKUMeH B pPasMuHLIX HacTdXx ee 00JacTH Cylle-
CTBOBAHMA, CBA3aHb Mex1y cobof Tecnefuum obpasom. Henbsqd uameduts
TeyeHue (QYHKLHMU B OLHOH, CKOJb YIOAHO MaJjol 4yactH, uyrodul BmecTe C
STHM He HBMEHWJOCh €e TeueHWwe BCoAy. Mbl MOXeM, TakuMm 08pasoM,
CPaBHUTb AHANMUTHUECKYIO PYHKLHIO C OPrAHM3MOM, OTAMYMUTEIbHOM 0cobeH-
HOCTBIO KOTOPOTO fBJSETCA KaK pas TO, UTO BOsAeHCTBME HA MOOYIO €ero
yaCTh BBLI3BIBAET COJMAADHVIO DPEaKIK Bcero ueaoro. Mel Morau, Hanpu-
Mep, CPaBHUTL NPONOMKeHHe obaacty cxonumocru [251—2B8] ¢ pacnpo-
CTpaHeHueM MH(peKuMu M T. M. Ppapuysckuft mMatematk bopeab clie-
Jan moaof0HEIe CPABHEHHS NMpPeIMeTOM CHEeUMaAbHBIX OCTPOYMHBEIX PacCMOT-
peuntt ). Mer ceftuac O3HAKOMHMCH C TeM, KaKUM 00DA30M CBA3aHbI MEXAY
coGoli MOAYJHM 3HAUEHHH, NMPUHHMAEMbIX (PYHKLHeH! B pasJuuHBIX OGJIACTIX.

[ycte ¢yukuus f(z) peryaspHa B kKpyre |z| << R. Yepes M(r)
0003HaYal0T MAKCHMYM ee MOAYJfS HA OKpYyXHocTH |2|=r, r < R.

2606. Maxcumywm monyas | f(2)| 8o Bcem Kpyre |z | < r pasen M(r).

287. M(r) MOHOTOHHO BO3pactTaeT BMCCTE € F, €CAH TOJMBKO f(2)
He eCTh MOCTOAHHAA.

268. lycrs dynxuwsa f(2) peryaspEa B ONHOCBAZHOW *) BHeIIHEH
kpyrosofi obnactu |z| > R. O6osznauum uepes M(r) MaxCHMyM MO-
nyas | f(z)| Ha oxkpyxHOCTH |2 |=1r, r > R. Toraa M{r) cayxuT Taxxe
MaKCHMYMOM MoOLyJas | f(2)| mas Bce#t BHewHed xpyrosofl o6aacTu
l 2| > r, npuyem M(r) MOHOTOHHO yOhliBaeT BMeCTe C F, €CAH TOJLKO
f(2) He ecTb MOCTOAHHAS.

2869. llycrb f(z) — noaunoM n-# crenenu. Torna

M (rl) > M(ZZ) (0 < ”1 < ,.2)'

n.
v ry

PapencTBro uMeeT MeCTO TOALKO OJ8 NOJAMHOMOB BHIA cz™.

) E. Borel, Méthodes et problémes de théorie des fonctions, Paris, Gau-
thier-Villars, 1922. Introduction.
*) To-ecTb f(2) perynspHa TaKkke B TOUKE & == 0O,



278. Tlycts f(2) —nonuHOM £n-# CTemneHy, npuyeM B BeUieCTBEH-
HOM mHTepBane — 1 Lz 1

[f@) <M

Torza npu BCAKOM 2 8a npeleiaMH STOrO MHTEpBAla
| f (2} | < M(a—+0)",

roe @ u O —noayocu sJaunca ¢ gokycaMmu — 1 u 1, NpOXoAsiLIero
yepes TOUKY 2.

Hto naer 3Ta Teopema mpu 2 — co?

278 Tlycte f(2)—nonusom n-tt creneun, E, u E, —nsa codo-
KYCHBIX SJUIANCA C TOAYOCAMH @y, b, U ay, by (a,t<aq, by < b3).
Torna, ofosnauad makcuMmymel |f(2)| na E; u Ey COOTBETCTBEHHO 4epea
My n My, nmeem:

My > M,
(@ + 80" 7 (ap+bg)" -

BriBectu otciona Teopemnl 269, 270.

272, Ecmn anamituyeckas QYHKUMS PeryJspEa B 3aMKHYTOM Kpyre
M He NPUBOAMTCS K IIOCTOSHHOM, TO ee MONLY/b B EHTPE KPYyra MeHblle
apUPMETHUECKOT0 CPEeIHEero ee MOLYJAeH Ha KOHTYpe.

273 Eciu Monyap aHaiuTUuecKod (VHKIHH COXPAHAET MOCTOSH-
HOe B3HayeHue Ha UeJOd 061acTH (HANpHMep, TOBEDXHOCTH Kpyra), To
caMa (pYHKUMA #BJSETCH TOCTOSHHOMN.

274 Tlycts Gyuxiun o (2) 1 $(2) Pery/aapHb B 8AMKHYTOM Kpyre
|2| <1 v He oOpawawrca B HYJb B OTKpeITOM Kpyre |z| < 1. Iycrs,
kpome Toro, @(0) u ¢(0) BeuwlecTBeHHB M NOJOKMTEJAbHb. Ecau mo-
nym |9 (2)| u |[$(2)| na rpanuue |z|==1 cOBnasawT, TO TOXKACCTBEHHO
0 (2) = 4(2).

2% 5. llycts dyuxuua f(z) peryadpHa W OQHO3HAYHA BHYTPH HEKO-
TOPOH saMKHyTOM ofnacTd B u HenpephiBHAa Ha ee rpamuue. llycts M
ecTb MaKCUMyM MOAyad |f(2)| wa rpasuue B. Toraa suyrpu obnacta L

)] <M,

ecnu ToAbKo f(2) He ecTh nocrosuHas. [Cunbuee, uyem 135.]

DT8B. Tlycrs {—BHYTpeHHad TOUKA 3aMKHYTOM obGaactd B u N —
COBOKYMHOCTb TeX FpaHHYHBIX TOYEK, DACCTOSHME KOTOPHX OT { He
npeseiuaeT p. IlycTs, Kajee, HA OKPYXKHOCTH pamuyca p € UEHTPOM
B Touke { wuMeeTcqd .ayra, He npHHaAjIexawmas k B, AAMHA KOTO-

2n
poit :}—ni, roe n—ueaoe uucao. [loxkasate, 4ro eciau Qynxuusa f(2)

peryJfpHa 4 OJHO3HauyHa BHYTPU M HempephiBHA HA rpanuue obaactu B
u npurom B toukax M |f(2)| < e, a B OCTANbHBIX IPAHUYHBIX TOUKAX
J(&) | LA, a<A, TO EMCET MECTO HEpPaBEHCTBO

1 1

FO] < anA " m,



n—1 and
'[PaCCMOTpeTb 1Ipou3sBeseHMe Hf[C—{—(z———ﬁ)or”], w—=¢e", B HaANe-
v=0 :

Kaule BHIGpanHOH 06/4aCTH.]

277. Tlycrs  ¢yukuma  f(2) peryJsipHa ¥ OrpaHdyeHa B yrae
0 < argz < a u HenpepHIBHA HA BELECTBEHHOH OCH M NYCTb [PU HEOrpa-
HUYCHHOM BO3PACTAHWH X MO NMOJOXKUTENLHbIM 3HAadeHuaM lim f(x) = 0.
Torpa

Him f(2)=0
lz] = co
paBHOMepHO B KawaoM BHyTpeHHeM yrie 0 <largz L a-—e < a.

278. [lycrs ananurTuueckad GyHkuusa f(2) o6GnanaerT CACAYIOWMMHA-
cBoHCTBAMHU. :

1) f(2) peryaspra BO BCex TOUYKaX HEKOTOpOH# cBs3HOH obmactu &;

2) f(2) onHosnayHa B ®;

3) CyliecTBYeT TaxKoe MOCTOSHHOe I[OJNOXHUTebHOoe uucao M, uro,
KaKkoBa Onl HM Obiia Touka Ha rpaHdue & u ckoab Ob Mano HA ObiJO
MOJNOXKUTEbHOE &, BCerna HaWzeTca Taxas OKPEeCTHOCTb paccMarpuBae-
MO# TpaHMYHOM TOUKM, YTO p#JAs BCex 2z, NpuHagiexamux & wu nona-
AAWUX B YKA84HHYIO OKPECTHOCTh, BHITOJHAETCA HEpPABEHCTEO

[f@ ] < M-

Torna Bo Bcel oBaactu & -
lf@)| <M

u paxe |f(2)] << M, ecin Toabko f(2) He ecth nocroduuad. [Tounee,
ueM 275.]
279, Tycrs dysxung f(2) peryaspra u orpanuuena B kpyre |z | <1,
npu4YeM B HEKOTOpoM cexkrope & <L ¥ <8, a <f paBmOMepHO
lim f(re")=20.
r->1

Torna f(2)=0.
§ 2. Jlemma IlBapua

280. llycrs B kpyre | 2| < 1 dyukuua f(z) peryaapua u | f(2)| < 1.
Ecim f(0) =0, to mmubo wumeer MecTo O0Jee CHIbHOE HEPABEHCTBO
| f(2)| < | 2|, mibo f(2)=e¥2, rae a BeUleCTBEHHO.

8. Tlycre 2 =9 (0), w =0(0)— nBa ONHOMMCTHBIX OTOOpANKEHUs
exunuunoro kpyra |C|<C 1 na obnactu & u  nockocredt 2 u w, npu-
yeM ueHTpy Kpyra {— 0 COOTBETCTBYIOT TOUKH Z = 2y ¥ W — Wy. [1yCTh,
nanee, ¢ u f—samknyThie ofnacTd, B KOTODBIE NEPeXORUT NPH yKa-
sauueix orodpaxenusx kpyr |{|<Cp, 0<<p<l. Ecmm w = f(2) ectp
peryasgpHas B (& aHamuTHyeckas QYHKUMS, 3HAYSHUS KOTOPOH Jexar
B obaactm &, npuueM [f(z,) = w, 7TO 27a byHKUua f(2) MpuHAMaeT
B uactu § obnactn & smauenms, nexamwue B yactu b obnactu . Bonee
TOFO, 3TM 3HAYEHMA JEXKAT CTPOTO BHYTPH J, ecam TOAbKO f(2) He cO-
Bnanaet ¢ GyHkumed, onHOIMCTHO oToGpawxawuei @ nxa $.



282. INycrs B Kpyre | 2| < 1 dynkuus f(2) peryaspua u }f(z)l
Torna

F@—1O)| <zl =2 0 <lzl< .

PaBeHCTBO MOXKET HMETb MeCTO TOJbKO IJa JuHeHHOH PpyHKUMM BHAA

- 64"12'—1'"' Wy
f(z)_— 1 + wyeiez

{0 BelleCTBEHHO).

283. Ilycrb f(2) peryaspxa B kpyre |z| < R. O603naunM uepes
A(r) makcuMymMm BeulecTBeHHOM uacta f(2) B kpyre | 2| <r, 0L r<R.
Torza uMeeT MecTO HepPaBEHCTBO

AN RTrAO+ g AR 0<r <R),

rae nosoxeno lim A(r)= A(R). [A(r) MOHOTOHHO BO3pacTaeT BMecTe
>R =0

¢ r, 313.] PaBeHcTBO uMeeT MeCTO TOMbKO A9 JUHeHHOH PyHKUWN Buaa

Rwy+ [wy—2A (R)] ¢ 2
R — etvz

f(2)=

{¢. BeweCTBEHHO).
28%. (ITponomxenue.) das maxcumyma monyas f(2) s kpyre |z | < r
HMEET MECTO HEePaBEeHCTBO

2r

M(r) < MO + o [AR) — A (0] < 7

M(O)—|————A(R)

285. Tycre B kpyre | 2| < R ¢yuxuua f(2) peryaspsa, oTauyHa
OT HYyJd W OrpaHuyesna. Toraa

B—y 2

M(r) < MOYEY M(RYEFT (0 < r < R),

Ti1e noaoxeHo lim M(r)= M(R).
>R -0
286. [lycts dynxunn f(2), fo(2), « vy [p(2), «.. peryisipun, OT-
AWYHBL OT HYJAS M MO MONYJI0 MeHblue eluHuubl B Kpyre |2| < 1. Ecin

paa
AO A+ £0)4 .o A SO+ ..
a0COMOTHO CXOAMTCH, TO CXOMUTCA TaKXKe M pal
L@ @P+ o+ [fn @+ ...

1
=5 -

- B87. llycers B kpyre |z| < 1 dyuxuus f(2) pery.rmpna H ee Belle-
CTBEHHAsl YacTb NOJOKHUTEbHA. [1ycTh, kpome TOro, f(0) BelecTBeHHO.

# TpUTOM abcomoTHo 1pu  |2] <



Toraa

O 5 <RI@<I O

2]’
2]z

RF@< SO 2L
FO {1 @ISO =S 0<]zl< D,

PaBeHCcTBO MOXET MUMeTb MECTO TOJbKO AJS (YHKIHUH BHIA

rne W, ¥ o BELIeCTBeHHH H w, > 0.

288. Ilycte B kpyre |z|< 1 . dyuxkums f(2) peryagpHa o
IR f(z)| <1. Ecam f(0) =0, 10 BBIMO/NIHACTCA OOJMee CHAbHOE HEpPABEH-
CTBO

IR < —arct“|2| O <z <1

Kpowme toro,

S/@I< 2= o<zl <D,

| 2]

PaBeHCTBO MOXET KMMETb MECTO TOJbKO IJIs (DYHKIHHA

1 - pluz

F(z) = 1 —- e’w‘z

(o BemeCTBeHHo)
289. llycts f(2) peryaspHa B kpyre |2| << R u A —xoneGauue
ec BElIeCTBEHHOM 4aCTM B 3TOM Kpyre, clenosaTenbHo, aad |z, | < R,

| 2o | R
ffﬁf(zl)—i}?f(zg) | <A,

Torna nanboabliec KogeHaHHe ee BELIECTBEHHOM 4acTU BO BHYTPEHHEM
kpyre |z|<r, r <R, NOLYMHEHO HEDABEHCTBY

Rz —Rf(2)]| < arctg I (2| <7y |2, <rl)-

s nHaubosbiiero KojaefauuMs MHHMOH 4aCTH B TOM JKe Kpyre uMeeM
OLLEHKY
R—{—r
|~Sf(z1)—,\5f(z:g)| (IZL|<": ‘ZQ'Q”)
R

290. OGosnaunm uepes 3 GeCKOHEUHYI 06J4CTb MAOCKOCTH 2 ==
= X~} {y, CHMMETPHUYHYI0O OTHOCHTEJbHO BEUIECTBEHHOH OCH, Bblle/se-
MYI10 HepaBEHCTBAMH

x>0, —kx)<y<kx),

rie R(x)—nojoxuTenbHas HenpephliBHAS  (PYHKILMA, OlpeleneHHas



pasa x > 0. Toraa cyiiecTByeT Henpe puIBHAS NOAOKUTeAbHAS DYHKIHA A (X),
8aBUCAllas TOJMbKO OT J, o6/ajaiowas CACAYIOUUM CBORCTBOM: AJf BCA~
Ko#t ¢yHkuuu F(z), peryiaspHo#l W OrpaHMueHHO# CHU3y B ofaact 3,
| F(2)| > ¢, ¢ >0, otHowenne
In | F(x)|
h(x)

OCTAETCA OTPAHUYEHHKIM CBEDPXY MPU BO3PACTAHUHM X MO [MOJOKUATEIbHbIM
gHaueHusM 1O OecKOHeYHOCTH. (ITa TeopeMa OCODEHHO HHTEpecHa B TOM
calyudae, KOrna £(x), MOHOTOHHO yObIBasA, CTPeMUTCH K HYJIO, TaK 4TC
00acTh 3 NpUHUMAeT «S3bIKOOOPasHyio» ¢GOpMYy; B CAMOM NeJe, B TO
BpeMsl KaK BAOJbL M30JMPOBAHHO B3ATOTO JAyua aHaJuTHYecKas (PYHKUUS
MOXET BO3pacTath C¢xoJb yroauo cuasHo (IV 180), 6nicTpore ee Bo3pa-
CTAHHA K/JI44eTCd ONpene/eHHbI npenes, MOCKOAbKY OHO NPOUCXOLHT Ha
NPOCTPAHCTBE 1EJNOH «A3bIKOOOPAasSHON» 064acTU. DTOT PeaynbTaT MOXHGC
HECKONbKO IpyGO BLIPA3UTL TAK: €CJHH HH OAHA M3 TOUYEK MOBEPXHOCTH
MOLYAS B 00/MaCTH 3 He [OJIKHA ONYCKATbCH HMXE ONpelelleHHOro ypo-
BHS, TO HM OJHA He CMOXET W CJAHMIUKOM BBICOKO MNOMHSTLCH.)

290, [ycrs ¢ysxuna f(z) B enunuuHoM Kpyre |z| <1 peryasp-
HA 4 0O MOAYJ/MIO MeHblle envuHHLB, N0yCTh, Rajee, OHA pery/aspHa B
‘Touke 2 =1, uakoueu, nyctb f(0)=0, f(1)=1. Toraa S (1) Be-
1eCcTBeHHo U > 1.

292. lycrs dyukuna f(2) B enuHuusoM Kpyre | 2| < 1 peryaspa
M 0 MOIYJI0 MeHbiie eauHuubl. [lycrtb, Kpome TOro, f(z) perynaspHa
ang z=1wu f(1)=1. Torna f' (1) BewecTBeHHO U

ry L If@R  1—|zf ‘
f(l)'ﬁ'_]_f((?)llz> |1_§|2 (lz] < D).

293, [Nycrs B BepxHeH noaynaockoctd Nz > 0 ¢yukuus f(z) pe-
TyjaspHa ¥ UMEeT FOJOKHUTeNbHYI0O MHHMYIO uacth, §f(2) > 0. Ilycrs,
KpoMe TOro, f{(z) peryiaspHa B HeKOTODOHl TOukKe 2z ==a BewecTBeHtoH
ocu, npuueM f(a)=~>, rae b BewectBerHo. Torna f’(a) BeLleCTBEHHO M
NOJIOKUTENLHO, K B BepxHe#l noAymaockocTd 2 > 0 BHIMOJHAETCH He-
PaBeHCTBO ,

1 o
ST=r@ 7S G=ar @

294. lycrs B xpyre |2| <1 dynkuna f(z) perynapna, umeer
HYJH 2y, 23, +++y 2, 1 N0 MORYMIO He mpepocxomur M. Torma B 970w
Kpyre BBIOJHAETCS 0oJiee CHIbHOE HEPaBeHCTBO

z—2y 2—23 Z2-—2z,

| f) < 1‘ =" con ="M,

—z12 1 —2z92 1 — 2,2

NpUYEM PABEHCTBO MOXET BHIIOAHATLCA JMOO s BCEX TOUYEK Kpyra
|2| <1, auGo um aas onsot. (Teopema 280 noxyuaercd OTCKOIA Kak
yacTHbIft cayuait npu n=1, 2, =10.)

o



295. Iycre B nonymaockocty Rz >0 ¢ywkuua f(2) peryaspua, |
MMeeT HYJIM 2Z{, Zg, ..., &, U YAOBJAETBODAET HepaBeHCTBY |f(2)| < M.
Torna B 9TO# NMOJYMAOCKOCTH HMeeT MecTo GoJee CHABHOE HepaBeHCTBO

21—2 22— 2 zﬁ-——z
2tz mtz  zptz

IpUYEeM DPABEHCTBO MOXeT JMUOO0 BBINOJHATHCS IJIS BCEX TOUEK YKA3aHHOH
TIOAYIVIOCKOCTH, JUOO He BRIIOJHATLCI HU AJs OJHOH.

29&8. dynxuus, MepoMopdHas B 3aMKHYTOM KPyre W MOCTOAHHASA MO
WMORYJI0 HA ero rpaHulle, fBJISETCA PAHMOHAJbHOH, & MMEHHO C TOYHO-
CTbIO O TMOCTOSHHOTO MHOMXUTENs COBManaer € [pou3BeleHNeM APOOHO-
JUHeMHBIX ¢YHKUMHA, OTOOpAXAWUWMX paccMaTpUBAeMbli KPyr HA BHY-
TPEHHIOID MJAM BHEINHION 00/J4aCTH elHHHUYHON OKDYKHOCTH.

287. Ecin 8 kpyre |2z| <1 ¢yuxuns f(2) peryngpHa m orpamnu-
yeHa H ofpawaercda B HyJb B TOYKaxX 2y, Zy, 2i, ..., TO TOraa aubo pan

(CyMMa pacCTOAHUM HyJeH N0 OKPYKHOCTH eIMHHYHOTO KPYTa) — CXOAst-
uubcs, nubo f(2)=0.
298. Ecin B nonymiockoctn Mz >0 dyukuua f(2) peryaspua u

f@|< M,

orpanuueHa v o0pamiaercs B Hy/Jb B TOUK2X 2y, 2y, Z3, ..., JEWALHUX
BHY TPH 9TOH NONYIOCKOCTH, HO BHE eIMHMUHOro Kpyra Rz, > 0, [z, > 1,
n=1, 2, 3, ..., 10 Torna ubO DAL

1 1 1
%Z+mz+m73+
— cxonqwuiica, nubo f(2)==0.

§ 3. Teopema Apamapa o Tpex Kpyrax

29%9. CyMma Monynel HeCKOJbKUX AHAMUTHYECKUX (YHKIUE AOCTH-
T4eT CBOEro MakcuMyma Ha rpauuue. bojaee nonpofHO: nycTh (HYHKUMM
f1(®), f5(2), ..., [, (2) peryaspHb ¥ OJHO3HAYHL B 3aMKHYTOH obaactu B.
Torpa ¢yukuus ‘

@ =@ [+]fa@I+ ... +1fa(@],

HenpepbiBHAA B 9Toff OOMACTH, HA ee TpaHulie NOCTUraeT MAaKCUMyMa,
S00. (ITponomkenue.) Ecam dyukuun. f;(2), f,(2), ..., fn(2) ue
BCE MOCTOSIHHBEI, TO © (Z) DOCTHr2eT MAaKCMMyMa CTPOr0 Ha rpaHdue o6-
dacta B, T. e. 3nadeHHs ee BHYTpPU O9TOH o6jacTH 6yAyT MO MOLYJIO
MeHbIlle YKa3aHHOI'O MAaKCUMyMa4.
300. [Tycts B npocTpaHcTBe 3afaHbl n (QUKCHPOBAHHBIX TOYeK P,
Py, ..., P, u nepemenHas Ttouka P. [lokasaTb, u4TO (yHKUUA TOUKH P

CP(P):]TPJ_‘[)—})gc--P_Pn



(PP, ectp paccrosnne Mexniy P u P)) B kawxno#t samMkuyTo#t o6nacru
nocrtdraeT makcuMyma Ha rpanuue. (O6o6uenne Teopemsl 137.)

S02. Ilycre dyukuun f,(2), f5(2), ..., f,(2) peryaspHs u OnHO-
8HauHbl B 3aMKHyTOH obnactn B. [loxkasath, uT0 QyHKUHUSA

(@)=L @P A+ L@ P ..+ S|

(rie Py, Poy -+« Pp— MOJOKHUTENbHBIE YHC/A), HENpPepbIBHAS B 06aacTH B,
LOCTHTaeT MAKCHUMyMa Ha TpaHHue 3TOH 001acTH M NPHUTOM TOABKO HA
rpandie, ecan Qynxuumu f, (2), f3(2), ..., f,(2) He Bce MOCTOSHHEIC.

303. [ycty ¢yuxuns f(2) peryaspHa B MHOTOCBA3HOH 3aMKHYTOH
obnactu B u, kpome Toro, | f(2)| [HO He obasateabHo f(2)!] aBasercs
B B onnosHauxolt ¢yukume#t. Torna Makcumym moayas | f(2)| noctu-
raerTca B ONHOH M3 rpaHu4sbeix TOuek obaactd B. [lpu srtom, ecan f(z)
He 0CTOAHHAA, MAKCHMYM He MOXET JOCTHraThCsl HM B KAKOH BHYTpeH-
Hel TouKe.

304%. [Mycrs f(2) peryaspHa B Kpyre |2z | < R. [lokaszaTb, 4T0 mpu
O <ry<ry<ry;< R BHNONHACTCA HEPABEHCTBO

Inrg—inrg Inry—lnry
I M(ry) < ra—] M(rs)+ Inry —lInry

In M(ry).

—In

MupiMi cioBamu, usobpaxas In M (r) kak ¢yHKiUKIO OT In7 B npamo-
YyroabHOH CHCTeMe KOOPIMHAT, MBI M0JYYaeM KPUBYIO, HEBOTHYTYIO CHHU3Y
(reopema Apamapa o Tpex kpyrax). [Meccaenosats 25f(2), nono6pas
HapjexauumM obpasom a.]

305. ([Iponomxenne.) In M(r) sBagercs CTPOro BHINYKJIOH (yHK-
uwe#t oT lnr, ecau TOABKO [f(2) He MMeeT BHMLA aZ*, The 4 U o —MO-
CTOSIHHBIE W ¢ BeLIeCTBEHHO. IIHLIMM CJA0BAMH, JAMILb AJF 3ITOTO HCKJIIO-
UWTENBHOrO  C/y¥as B HEPABEHCTBE  3aNauH 304 Mmoxker NQOCTUTAThCs
PABEHCTRO.

306. Iycts f(2) peryaspHa B KpyTe |z| < R u He uMeeT BuAA 2",
rae ¢ — nocrosayuas. [lokazatb, 4TO (QYHKUHA

2

B = | e Py

(apudmeTHuecKOe CpefHee KBampara MOAyAs |f(2)[* Ha OKpyXKHOCTH
|z|=r, r<R) MOHOTOHHO BO3pacTaeT BMecTe € r, npuauem In/y(r)
ABJAAETCS BBIMYKJIONH (yHKUUH or Inr.

307. llycrs f(2) peryaspua 8 kpyre |z|<{ R. TlokasaTe, 4ro
PyHKUHA

an
= flnl £ rethy 149
&(ry=e °
(reomeTpuuecKoe cpefHee MOAYJA | f{2)| Ha OKpyxnoctu |2 |=r, r < R)

He yObiBaeT Mpu Bo3pacTanuu r, npuueM ln @ (r) ects nesormyras cHHsy
dyHkuua or Inr.



308. Ilycrs f(2) He TOXAECTBEHHO MOCTOSHHA M PEryJ/aspHa B Kpyre
| 2| < R. Tlokasatb, 4ro QyHKUUS

n

1= o [IfGeD]ar (<R

- 0

MOHOTOHHO BO3pAacTaeT Npd BO3pacTaHuu r, npudyeMm [n/(r) ectp He-
BOrHyTas CHH3y ¢yHkuus oT Inr [299, 304].

2?9, Orobpaxenne w = f(2), rae f(2) He eCTb MOCTOAHHAA H
peryaspHa B kpyre |z| < R, npeofpasyer okpyxkuOCTh | 2| —=1r (r < R)
MBOCKOCTH 2 B HEKOTODYIO KPHBYIO MIOCKOCTH @ C AjauHOH [(r). TYo-
L(r)
2nr

300. [Mycry f(z) He ecTb NOCTOSHHAA M peryagpHa B Kpyre
| 2| < R. IlokasaTb, 410 (PyHKUASA

Kd3dTb, 4TO OTHOIUEHHE MOHOTOHHO BO3pAaCTdE€T BMecCTe C 7.

2

~fireenrar v <r)

0

]p(r):

roe p— NOMOXKUTENLHOE YHC/AO, MOHOTOHHO BO3pacTaeT BMeCTe ¢ 7,
npuyem In/,(r) ectb HeBoruyTas cHudy dyuxums ot Inr. (Cp. vactHie
ciyyau p—2 u p— 1 u npenenvHele caydau p =0 u p=—= oo B 3ana-
yax 306, 308, 307, 267 u 304; ananoruunsift cayuaft cm. B IV 19.)

§ 4. l'apMonuueckne QyHKOUU

31l. 3navenns anamutvueckOf GYHKINH, Pery/aspHoi B 3aMKHYTOM
kpyre &, He MOTYT ObiThb BEWECTBEHHH BO BCEX TOYKAX HA TpaHule
9TOFO KPYyra, e€civ TOAbKO (PYHKUMS He TPHUBOLHUTCH K MOCTOAHHOMU.

312. Ecau rapmoHuyeckas (GYHKUWS PeryaspHa B 3aMKHYTOM Kpyre,
10 ee a0COMOTHO® 3HAYEHHWE B LEHTPe KpPyra He MPEBOCXOAMT Cpel-
HEro apH(pMeTHUECKOr0 ee aBCOMOTHLIX 3HAYEHWH Ha rpaHulLe,

Korna uMeeT MeCTO paBeHCTBO? |

213. lycthb rapMoHnueckas QYHKUUA PETYJASDHA W OZHOSHAUHA
B HexOTOPOH 3amkHyTo#t obnactu B. [lokasaTe, YTO OHA NPHHHMAET:
KaK MAKCHMATbHOE, TdK M MHHHMAJAbLHOE 3HAUEGHHS HA rpanuue B U npu-
TOM TOJABKO HA TpaHHlle, €CAW He SBAAETCS TOMAECTBEHHO NOCTOSHHON.

31%. Ecin rapmonnueckas QYHKLUHUs, peryaspHas M ONHO3HAUHAs
B HEKOTODOH 3aMKHYTOH o6aactu B, paBHA HYMO BO BCEX TpPaHHYHBIX
TOUKAX 3TOH OBGIACTH, TO OHA TOXIAECTBEHHO PABHA HYJIO.

215%. Onucannoe B pewedur 381 TNOJAOKEHME DPAEBHOBECHS He:
YCTOHUHBO,

3i8. [lycrs rapMmoHuueckass QGyHKUMA, HE NPUBOLALIAACT K TMOCTOAH-
HOM, ONHO3HAYHA B 3aMKHyTOH oGaactu B. [1ycTb, KPOMe TOro, oHa
peryaapHa B 3TOH 00JacTH, 3a MCK/KOUEHMEM KOHEUHOTrO -uKucJ/ia TOoueK,



B KOTOpBIX OOpaltaercs B — oo (T. €. Npu NpUOMDKEHHMM K 3THM TOY-
KaM CTpeMuTCcd K —cO). B TakoMm cJaydae 31a GYHKUUS JLOCTHUTAeT
MaKCMMyMa Ha TpaHuue.

S87. [lycrs dyukuns f(z) peryaspsaa B kpyre |z|<{ R u oro6pa-
XdeT ero Ha HeKOoTopyw o0aacThb MJCCKOCTH @, TpaHHUA KOTODOH
3ge31000pa3Ha oTHOCMTE N bHO TOUKK @ =— 0. TlycTb, kpome Toro, f(0)==0.
“Torma u 06pasel = KOHLEHTPHYECKHX OKDYXKHOCTeH |2z|=r, r <R
OyayT 3Be30000pa3HL OTHOCHTEJbHO 7w —= 0.

218, Nycrs pyuxuua f(2) peryaspua B kpyre |2| < R u orobpa-
}aeT er0 HA HeKOTOPYI0 BBINYKAYIO 061acTb MIOCKOCTH w. Torma Kax-
Jasi OKDYKHOCTb, Jexauias BHYTpH Kpyra |z|< R, oroGpaxaercs
B BBINYKJAYVIO KPHUBYIO.

309, Ilycrs

uy (X, ¥), Ug(X, ¥), oovy Uy(x, y) (z=x—+1y)

— NPOU3BRO/NbHEIE TaPMOHNYECKHe (QYHKUMH, PeryiaspHble M ONHO3HAaUHbE
B HeKOTOpO# azamkHyTol obaactu B. [loxaszatb, 4T0 QyHKUUSA

|y (x, 9) |~y (e, D)oo =g (x, ),

‘HenpepbiBHAd B B, nocTHraeT MaKkCEMyMa Ha TrpaHdAue 3ToH ofaacTu.

320. Iycts  A(r) — MakCUMyM, TMpUHMMAEMbl HA OKDYKHOCTH
| 2| = r rapmonvuecko# QyHkuueH, peryaspHol B Kpyre | 2| < R (r < R).
Tlokasars, uro npu 0 < ry < r,<rq< R  BLNOJHAETCA HEPABEHCTBO

Alry) < 1 A(ry) + A(ry),

WHBIMY  CI0BaMM, yTo A(r) ecTb HeBOTHyTas CHU3Y GyHKUUS OT Inr,
321. Brisectu Teopemy Anamapa o Tpex kpyrax (304) us reo-
pembl 320 u ob6patHo 320 us TeopemMnl Ajpamapa O TpeXx Kpyrax.

nry—Inry
nry—Inry

Inry —Ine
mrg—Inry

§ 5. Meron, ®parmena u Jlungenddpa

322, Tycrs ¢dyukuua f(2) peryaspHa B Yraoso#  06aacTu

. '
—a Y L a (z=re®) czanannnm a, 0 < a < 5 - ITycTh, KpoMe TOro:
1) CYeCTBYIOT TaKHE ABE NOJOKUTENbHBIE MNOCTOAHHEE A M B, yre

B YKas3aHHOM yriae —a < %< a BHNOJHAETCS HEPABEHCTBO
| f(2) | < AeBl2;
2) Ha rpaumue yraa (T. e. BIGAb Jyued ¥ —=-—a u ¥ = a) Bul-

OaHAeTCd HEpPaBEHCTBO

[f@)] <L

“Torna |f(2)| <1 Bo BCcemM yriae.
NokaszateabcTBO. [lycTh A— QUKCHPOBAHHOE YUCIO, VIOBIE-

I
“TROpsioUIee HepaBeHCTBaM 1 < A < Bg * PaccMOTpHM BCIOMOraTeAbHY IO



(Y HKIHMIO ¢, rue HMeercd B BUAY T4 BeTBb 2%, AJA KOTOPOH M0J0-
KUTEJbHBIM 2 COOTBETCTBYIOT MONOKHTe/bHbIe 3HaueHHs 2*. ra dyHK-
LAA peryJadpHa BO BCEM 3aMKHYTOM YIJe, 3@ HCKIOYeHHeM TOYKH z = 0,
rae, OJHAaKo, oHa HenpepoizHa. Ha o00ouXx KpalHux sayuax, T. €. L4
d=—an ) =a, umeenm: o

) A os
‘ez ’:e? coska}l’
ke .
Tak Kak 0 < Aa < 5 - Ha nyre oxpyxsoctu |z|=r, —a < 0.7a,
HMEEM:
2 r* cos )4 7 cos ha
|e* | =e v e *,

A
(BeciomoratesabHas GYHKUAA €9 NMOUYTH YAOBAETBOPAST MNPEANOJOKE-
HUAM TEOpPEMbl, He MOAXO0Af, OAHAKO, N0I ee yTsepxieHue. [Ipennono-

. N . [
MMM, — 4TO BANPELIeHo, — uT0 A =1 win A= 5~-; B MEDPBOM H3 STHX

HEeML03BOMEHHBIX NpelNesbHLIX CAyUYaeB BBICAHANOCH Obl NPEANONONKEHHE 1),
BO BTODOM — NPeNNoJOKeHne 2), OSHAKO HH B OAHOM ciyuae o0a npeanoio-
MCEHHS He BHIMOJIHSIOTCA OAHOBPEMEHHO W HH B OAHOM Cilydae (QYHKULUA e
He 6ymeT OrpaHHYeHa B pPAcCMaTPHBAGMOM YTie.) '

Paccymorpum Ttenepb QYHKUHIO f(z)e‘szl, FIe € — MOJOXKATENbHOR
YHACJA0, B HEKOTOPOH (DUKCHDPOBAHHON TOuKe Z,, Jexauieh BHYTpH yria.
3aKA4uM 5Ty TOUKY B KDPYrosBOH CEKTOp, OrpaHMyeHHBfl JAydaMmu

) = —a, ¥ ==« ¥ OTCekaeMOH HMH AYTrO#l OKPYKHOCTH |2z|=r, I'le
1
, 28 1 In A
r> %], r>(eCOS?\o:) » > B’

Ha npaMonnHeRHOE yacTW IpaHHUbl CEKTOpPa HMEEM COTIacHO I1Peilono-
WEHN 2) -
B A
| f(2)e—"| L 1 - e-ermoosha 1
Ha nyre |z|=r cexropa BCReACTBHE NPEANOAOKeHHA 1) M HepaBeHCTB

er* cos ha > 2Br, eB" > A umeem:

A y LA
|f(z)e-sa ' < ABB”B"E' co8 Ao < Ae-—Br < 1.
CJIeJlOBaTe.HbHO, no IMnpaauuny MakKCuMyMa TakKe H BO BHyTpeHHeH
TOUKe 2 CEeKTOpa
) N
- 8%
| flzg)e” | < L.

Taxk Kak 9TO HepPaBeHCTBO CHOPABENIMBO AJdA JOOOro CKOAb YTOAHO
MaJoro &, TO Teopema 322 noxasasa,

323. Vrsepxiesue nmpenbiayuiel Teopemsl, a KMenHo, uto | f(2) | <1
BO BCE&M yIJe, COXpaHgeT Culy, eCAd MpeinoloxeHde 1) 3aMeHHTD
caenyiounM, Gosee caaboiM: Tpebyercsd, 4ToOel HepaBeHCTBO

| f(2)| < AeBizl

12 3ak. 865. 3apaun 4 TCOpeMsl M3 aHanM3a




BBHINOJHANOCHL HE BO BCEeM YrJe, 4 AWllb HA 34KTIOUEHHLIX B 3TOM yrije
Ayrax okpyxuocre#t |z|=ry, |2l=ry ..., |2|=r, ..., THE

lim r, =co. Kakumn Qosee OOWHMMH KDUBHIMH MOXKHO 3aMEHUTb 3TH
n-—=>wo

KpyTroBble AyTH?

324. llycts npennosokenne 2) sanaun 322 H3MEHEHO CACAYIOLIAM
o6pasom: tpedyeTcs, 4rTo0bl BHYTPH yraa -——a < & < @ CyUecTBOBAH
IBE BLIXONGLIME M3 HAYyaaa W B JajbHeHlleM He mnepecexainliuecs KpHU-
Boie [, u Iy, npocrupawiuuecs B GeCKOHEYHOCTL, BAOAbL KOTOPHIX
| f(2)| < 1. Torna np# COXpaHeHUHd NPELNONONEHHsT 1) HepaseHCTBO
| f(2)| < 1 BumosHAeTCs Takxke BO Beeft 061aCTH, 3aKkMoyeHHO Mexny I'y
u I. :

328, Mycrs dyukuua f(2) peryaapua B monymaockoctd Rz >0 u
VIOBJETBOPACT CACAYIOIUM TPEM Y CJIOBHMSIM:

1) cywecTByIOT ABe Takue MNOMQKHTEAbLHLIE MNOCTOAHHLIE A, B, 4T0
BO BCeH MOAyIIOCKOCTH

| F(2)| < AeBF;

2) nna r =0
FUn <L, [f(—=in|< L
3)
lim sup nl7n1 |j;(r)| < 0.
¥ —>+00

Torna so Bce#t moaynaockoctu Rz >0

f <1

JokasatenbcTBO. [IpH noxasartelbCcrBe TeopeMul 322 Mul npu-
MEHWIX MOPUHLUUI MaKCMMyMa, BBeAsl OLMH [IepeMeHHBIl [napaMmerp
(ddcsio &); Temepb  BBeleM 1aBa napamerpa. Pyukuma | f(r)| e~V
(n > 0) nepeMeHHOr0 r 0OpPU + —> CO CTPEMUTCH COTAACHO YCAOBUIO 3)
K Hymo. CaenosatenbHo, OHa NOCTHr4eT CBOCTO MakcuMyMa — 0003Ha-
YUM ero uepes F,—B HEKOTOPOH Touke ry (7, > 0). Ecmm ry =0, to
corfacHo ycaosuio 2) Fo< 1. DBubepeM HeKOTOPOE (UKCHPOBAHHOE

. 3
uncao A, 1 <A <2 (ganpumvep, A== 5 ), 4 PaCCMOTPUM AHAIHTHUECKYIO
(Y HKUHMIO
_
f(z)e—'f]"ae-'—ﬂe 4 2')\

(e > () B KBampaure 0<8<%. (BetBb 2 onpeneasercd, xak B 322.)
Toraa B yK4a34aHHOM KBaLDAaHTE

iir

- —eh 0os Ay 2T
f(z)e-'qze—se 4 z)‘ ¢ © ( 4 )

=|f(2)e""|e :
AT

COS ()\1‘} — %“) > €OS (i —4~) > 0.




Orciopa Ha ocHoBaHuu ycaosuft 1), 2), 3) TeM ke crmocoBOM, Kak H
npu Jnokasatenabcrse Teopembl 322 (2 — 0), saxaiouaem, YTO B KBAj-

w
payTe 04%}4—5 MonyJb | f(2)e~"%| He mpeBOCXomuT GOABIIETO M3
yucen 1 wu F,. Ho To e MOXHO 10Ka3aThb ¥ IJs KBa1paHTa

__;‘_\gﬂ<0. Msl yTBepxDaen Tenepb, uro F, < 1. [lelicTBuTeasHO,
ecmd Oel Opio Fp>> 1, T0 BO BCeft NOAYTIOCKOCTH MBI MMENH Obl
| f(2)e | L Fy, a B HEKOTOPOH ToukKe z:r0>0 BElIECTBEHHON ocH
Opi0 BBl | f(7o) e ="70| = F, (cM. Bpuue). Ho 9TOro ne moxer OblTb,
TAK KAK MAKCUMYM He MOMET NOCTHIaThCs BO BHYTDEHHEH TOuKe 2 == r.
Taxum 00pasoM, OCTAeTCA JMIIb OJHA BOSMOXKHOCTh F, <1, B coenu-
HEeHUW ¢ NPeABAYLIMM 3TO JAdeT, YTO BO BCel noaymiockocta Rz > 0

| f(2)e—w| < L.

Tak Kak 3TO HepaBEHCTBO BHIOJHAETCA IJA BCeX q>0 TO TeM CAMBIM
TeopeMa ILOKasaHa.

3aMmeTdM elle, 4TO B YCAOBHA J) MOJOMUTEABHVIO BeLUECTBEHHYIO
OCb MOXHO OBIIO Obl 33MEHUTb MHOOLIM JYUOM, BHIXOLAUWMM 3 2 =0 u
nexaiuM B noaymaockoctd Mz 2> 0. Kawawp Tako#t nyy pemut mouay-
MJIOCKOCTbL HAa JBa yriaa, o0da ¢ pacTBOPOM MeHplle =, a TOJAbKO 3TO U
cyutecteenno [322, rawoxe 330].

S28. [Tyvcry Qyukuma f(2) peryaspHa B moaynaockoctd Rz > 0 u
YILOBJETBODPAET CACAYIOLMM Y CIOBHAM:

1) cyuecTsyT aBe Takue MNOJOKUTeNbHble MOCTOfHHbBe A u B, 410
RO pCelt mONymaOCKOCTH

|/
2y npu r >0

fEnNI<L 1 f(—inl<h

3) CcyuieCTByeT Tako# yroa o (—{;- < a< —g_) , 4TO

LY A e T
r

e i e

— 0,

[Toxasatb, uTO Taxkas QYHKUHA AOMKHA ObITh TOXAECTBEHHIO pasHa
aymo. [PaccmorpeTs 2% f(2z), o >> 0.]

227. Nycrs Qyuxung f(2) peryaspHa B noaymiockocts iz > 0
¥ YIOBJETBOPSIET CACAYIOILKM YCIOBHSM:

1) CyuiecTBYIOT IBE TaKHE HOJAOMHTE/bHbie MOCTOSHHEE A M B, uro

BO BCeH MOJYMJIOCKOCTH
| f (@) < AeBi=l;

2) cywecTBYIOT ABe TaKHe NOJ0KUTedbHEEe MNOCTosiHHee C H Y, 4To

nag r >0 .
|f(Eir)| < Ce,

12*



[Mokaszath, uTO Takasa GYHKUMAS HOMKHA OblTh TOKNECTBEHHO pasHa
nymo. [Paccmorpers f(z)e—Peine+i) )

328. dyukuua sin w2z sABAfeTCS HAMMeHbLIER M3 KJaacca aMajuTHye -
CKUX B noaynaockocty <Mz >0 u obpawawowuxcs B HYJAb B TOUKAX
z=0, 1, 2, 3, ... TouHee rosops, UMeeT MECTO CIEAYOULas TeopeMa:

[Tycts ¢yHKuus f(2)— aHanuTHYecKas B MOAYIAOCKOCTH Nz > 0 u
YIOBJAETBOPAET CJACLYIOLHM Y CJIOBUSM:

1) cywecTsyor nBe TaKHe MOJOXKHTE/AbHLlE MOCTOAHHBIE A U B, uT0
ana he >0

| f(2)| < AeBlel;

2) CYLeCTBYIOT [Be TAKHE MMOJOXKUTE/bHblE MOCTOSHHBE C U 7, 4TO
s r 220
| f(2=ir)| < Cete=p

3) fFO=f)=Ff(Q)=...=f(n)=...=0.

Torna f(2)=0.

329. Ilycrs ©(X) — NOAOKUTEIbHAN GYHKUMA [OJIOKUTENbHOMN
nepeMeHHOR X, BO3PacTawllas ¢ BO3PACTAHUEM X W BMECTe C X cTpe-
Mawaacsd K OeckoHeyHoctu. [lokasaTh, 4TO He Cyw ecTBYeT (YHKUAH
f(2), peryuasipuofi B noaymiockoctn Rz >0 M ynoBrerBopsiouieft BO
BCEX TOUKAX 3TOH MONYIIOCKOCTH HEPABEHCTBY

| f(2)| = e=tlz0lzl

330. Iycrs tpyHKLmﬂ f(2) peryaspHa BO BCeX KOHEUHBLIX TOUKaX
yriaa ¢ LU <3 u <1 Ha ayuax ) =a u 1 =8, [Tycthb, xpome

TOTr0, CylWEeCTBYeET Ta}{aﬂ HOJ'IO){(I/ITE.HbHaH MNOCTOAHHAA 8, YTO BBIpdAXEHHE

|f(z)1exp(——|z\5’i_a"’)

orpasuueHo B yrae a < < 8.
Torpa BO BCAKOHW BHYyTpeHHEH TOUKE 3TOro yraa

|f(@)] <1

kv
JEE—1 !
[BBHTb B KauyeCTBe .BCIIOMOraTelbHOR (PYHKUMU eX p(zﬂ—c'- )]

331. HyCTb f(2) peryaspHa B yrie a<1}<p [lycts, Kpome
toro, |f(2)|<( | na kpafiumx ayuax D =a u ) =0, U 419 KaXKLOrO
e >0 MOXHO HaWTH TaKoe r,, 4TO AJAA BCEX 7 >ry B halleM yrie
BEINOJIHAETCSH HEPAaBEHCTBO

—_

™

. .@...
| F(re)| < e
Torna, csepx TOro, BO BCEM Yrie

S

[[TpuMeHHTL METOL NOKasaTeabCTBa TeopeMbl 32b.]



332. lycts g(2) — uenas QyHKUHA U M(r) — maxcumym nMoayas
g(2)] na OKPYXKHOCTH | 2| = r. Ecau

lim In M (1)

- =0,
7= D0 1/-.”

T0 g(2) He OrpaHHMuYeHA HM HA KakoM Jyue. |[B wacrHocTH, Taike Ha
OTPUUATENBHOH BeUEeCTBEHHOA OCH. |

333. Ilycre dyukuus f(2) He ecTh NOCTOAHHAS W pEryJ/aapHa
B noaynosoce &, ompenenseMoit HepaBeHCcTBAMH

—

T

x =0, —§<}y<

02| B

(z =x-+1iy). Eciu cyuwectBylor nBe Takue noctosHHele A u a (A>>0,
0 << a<1), uro B moaynonoce (& BHIMONHAETCS HEDPABEHCTBO

[flxiy)| < eae™,
W ecid, Kpome Toro, Ha rpannue & (1. e. ang x =0, —:Z—Q\y .2’3
s x>0, yzﬁ"g)

HolES

[ f()] < 1.

) b2
[Beromorarenbnag ¢ yHKUHS WMeeT BHL e¢ .|
334. IMycts o(x) obaagaer Temu »xKe CBOHCTBAMM, YTO ¥ B 3a-
nave 329. Tlokasate, uto xaxknaa dbyuxkuua f(z), peryasgpdas B nonay-
rnosoce

TO BHYTpH moJgocs &

‘ T T
JC}O, —*‘§<}’:§:7

(z=x--iy), nomxkHa mno kpaine#t Mepe B OIHOH TOUKe 2 ==X -+ [y
9TOH MOJYNOJOCKH YIOB/JIETBOPATL HEPABEHCTBY

@
lf(x+ly)f <em(a:\e .

335. [Tycrs B 3anaue 278 ycioBusi, ¢ OZHOH CTOPOMBI, OCAab/eHb!
TpeBoBaHueM, uTolhl TpennojoxeHde 3) BBEIIOJHANOCL HE BO BCeX 0e3
HCKJIOYEHHs) TPaHMYHLIX Toukax obsacth &, a ¢ BOSMOXHBIM HCKIOYE-
HUEM KOHEYHOrO 4Yicaa HX 2, 2y, +.., Zy, HO, C LPYrolt CTOPOHE,
ycuiaeHsl TpeOOBAHMEM CYUIECTBOBAHHSA TAKOrO MOJOXHTENbHOTO uucia M,
yTo6bl BO BCeX BHYTPeHHWUX TOukax oOjacTd & BHINOAHANOCH HEPABEHCTBO

| f(2)] < M.

(Mutepec npencrasaser Juwb cayuatt M” > M.) Tlokasatb, uro npu
3TUX M3MEHEeHHBIX YCJOBUAX yTBepwieHue Teopembl 278 |f(z2)| < M,
COOTBEeTCTBEHHO | f(2)| < M, octaercs B cuae. [B cayuae, xorna &



P R 4 Ml B, Ldle e A ALLLA R M AL ELELY A luuu

COACPXKHUT 6°CKOHEHHO yihaleHHy TO4YKY, a BCE€ TpAHMYHBIE TOUKK

obnactd (& newar B Kpyre |z|<(r, paccMoTpeTh B KauyecTBe BCTOMO-
T

raTeJbHON dyaxkuuu (2r)% H (z —z,)"1.]

yax]

888, IMyctb samkHyTag o6aacTb B PACNONOMEHE B MOAYMIOCKOCTH
%z >0, mpuyem Ta 4YacTb €€ TI'PaHULBl, KOTOPAafd JEXKHT HAa BeulecTse: ;-
HOH OCH, COCTOMT M3 KOHEUHOTO umuciaa orpeskon. OO003HaYMM yepes
CYMMy YIJOB, NOIL KOTODHIMH BHAHLI 3T OTPE3KH W3 BHyTpeuHel
Toukd C. Ecam f(2) perynapHa u ONHO3HAYHA BHYTpU obaactu B u
HerpepLBHA HA ee TPAHHLie M ec/ld B BELIECTBEHHBIX TI'PAHMYHBIX TOUKIX
| /(2)| <A, a B ocTalbHBIX rpanuueix toukax |f(2)|<a, 0 < a< 4,

TO TOTLa
Q 2

SRl B

| 7 (%) . (671,

3237, [lycry ¢ynxkuus f(2) peryaspHa B Tofl uacTd DUMaHOBOH
MOBepXHOCTH (yHKUMY In 2, KOTOPas JEKHT HAN KPYTOBLIM KOMLIOM
() < |z|< 1. Ecim f(z) orpannyeda B 2TOM KO/blie 4, B YACTHOCTH,

|f(2)| <1 na oxpyxmnocru |2z| =1, T0 u BO BCeM koOibue |f(2)] <1,

385 ITlycte g(2) —ueaas VHKINA, He pPAaBHAS TOWIECTBEHHO
NOCTOAHHOM, ¥ nmycTs (& — cBAsHAas 06/acTh, HA TpaHulle KOTODOH (Tou-
Hee: B TPAaHUYHLIX TOUKAX, OTAMUHBIX OT 2=00) |g(2)|=*%, a Bo
BHYTPeHHUX TOuKax |g(2)| > 4%, £>0. Toraa & weocbxomumo conep-
MUT B KauyecTBe IDAHHYHON TOYKHM 2 ==CO WK g£(2) He orpanuueHa B .

339, llycres Iy u I'y— nBe HenpepuBHBIE KPHBLIE, HCXOASILIKE U3
HeKOoTOpO#H ofuiel HaYaabHOW TOUKHM M nNpocTHpawwyecd B OSCKOHEY-
HOCTb, OTPAaHUYMBAA BMeCTe ¢ TOUYKOH 2z == CO HEeKOoTopyl objacTb (Ha-
npuMep, nBa Jydd, OFDAHMYMBAIONIME YToJ), Tipuuem 3Ta 06Jactb He
uMeeT OOLUX TOYEK € OTPUUATEJbHOH BelleCTBEHHOH OCBIO.

[Myery ¢yuxuns f(2) peryaspHa wa 1y, [y, ¥ B orpaunuusaeMoh
nvy obnacrtu. [lycts, Kpome toro, lim f(2) =0, xorna 2z-— co BIOJb
I'\ wan I'y. Ecu f(2) orpaumuena 8 obnactu Mexny I, u Iy, To T0rKa
Iim jf(2) = 0, xorxna z->oo 110 JI0OMYy BHYTPEHHEMY NyTH.

,[Paccrs-io'rpe'rb fH— Nf( ).
24@G. Iycry 1), o l‘. — kpusble sanayn 338. Ecnu f(2) peryaapua
1 OrpaHMyeHa B oéﬂacm mexny I'y m Iy, ecim, xpome toro, lim f(2)==a,
Korga 2-+0o proab Iy, u lim f(2) =¥&, Korpa 2z — oo BHoib Iy, 10
rorpa a="J.

l.PaCCMOTpE’I‘b (f(z)— G—Qf— b )2 _ ( “; 6 )2. ]
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OTHOEJ nEPBbIIH'

BECKOHEMHBIE PSJIbl K MMOCJEAOBATEJBHOCTHU

§. [Cm., nanpumep, W. Ahrens, Altes und Neues aus der
Unterhaltungsmathematik, ctp. 34—40, Berlin, Julius Springer, 1918.]

4562 = /1100 [2].

2, Y Ar=(140 H2 40 4 .
n=20

X (A0 L 08 4

X (100 000 4005

X (140400 180 -

SO0 (20 780

(1~ (30 - 100 raso.
1

NI
S -
o

St S

g

+C5£Jw+..

DX

IX
)X
)X
)X
)=

T IO =01 —B) (I =) (1 — o) (1 —») °

Urobbl MOJYUMTH YKCAOBOW -pesyabTaT, pAaCro/JaraeM HYMHBlE WYICHBI

pasaoxeHult

(lf__c50)—1, (1___;;50)—1(1 _ﬁ20)—1’ (1 L (:50)—1(1 ___C20)—1(1__c10)-1’ .

B BUne TadJauULL.
33 108:38 [4}

%. Yucno npencraBieHHR uyMcna 7 B BYLE CYMMBI § CHATagMbIX
{c yueTOM HX NOPSKAKA), M3 KOTOPHIX KaKA0e MOXET NPUHUMATb OJHO
u3 uerkipex sHauenu#t 1, 2, 3, 4, paBuHo Kxosduunedty npu (" B pas-

JOXECHHHU BbIDAKEHHSA

(G2 (8- 18,

[TosToMy uMeeM:

L+ ¥ B = 1 (2O ) (2B L

7 wm ] 1
l Ry L)




Ias BpluncaeHus B, no/ibayemcs peKyppeHTHOR GdopMyJioH
By =B,_1+ Bn—é + Bp_3+ Bn—4’

BhiTeKamuweil Kak M3 [1ocAegHero pesyanaTa TAK U H3 CAMOTQ CMRICJaa
BeJIMYHH B,,.

- B 4 _Cﬁg [7].

8. 20 = Dy [8].

Z Co " = (1402 (1 4= 22) (1 4 £9) (1 4= L1 - £20) (1 - £59).

i3]

B. X D=1 IO 1) X
XE Y @0+ 1) ET 1407

Q. |Cm. Euler, Introductio in Analysin infinitorum *), rua. 16,
De partitione numerorum; Opera Omnia, Cepus 1, 1. 8, crp. 313—338,
Leipzig und Berlin, B, G. Teubner, 1922; nanee, Hanpumep,
W. Ahrens, Mathematische Unterhaltungen und Spiele, 2-e usna-
nge, 1. 1, crp. 88—098, 1. 2, crp. 329, Leipzig, B. G. Teubner,
1910, 1918.] «3anaua Ha pasMeH AeHEr»:

o0
1 rn
a, n=
n=0

(-t (— . a—dy

3necy A, LaeT YUCIAO pelneHui ,I_mocpaHTOBa yPaBHeHHs
A X+ X+ .o Fax, =n

B HEOTPUUATENbHLIX UeJbiX YhCIax.
«34844a HA TIOYTOBbIE MApPKH»:

1 [es]
=Y B,
n="

Mt e

[Teppas «8anaia Ha B3BELINBAHME» (BCe pasHOBECKM HA OJIHOH 4dluKe
BeCOB):

20+ (= 2

Bropas «3amaua Ha B3BEIHBAHHWE» (MOXHO MOJIbL30BATHCH 06eHMH yanu-
KamMu Becos)

(; (L+1+fal)(r—as+l+rag) ._.(C—al+1+cal): E DnC“.

1= =00

*) Wimeetca pycckuit nepesox: Jleonapn Jdiiaep, BseaeHune B aHaiuz
GeckoneuHo madanx, OHTH, 19386.



10. 3anaua pasHocuibHa caenyiolleli: U3 p THPh BECOM B eIMHULLY
Kawnas (0NHAKO OTNMYAOWMUXCA OdHd OT Opyro#, cxaxem, ¢opmot)

COCTABUTL PA3AMYHBIME COCOOAMHE BeC B 7 €QWHMIL, NOJAb3YACH NPU 3ITOM
oiHOM vauikoit BecoB, Cornacno 9 uckomoe uwcao C,, paBHO KO3(ddu-

HHeHTY Npu (" B GHHOMMANBLHOM Da3fOXKeHHH

A+07=1+() et (O) 0 0,

T. €. PaBHO
( ) n 1
n W(p—n)!’

fl. 3anaua paBHOCH/AbHA C/AEAYIOLUIEH: HEKTO HMEET MOHETH p Pas-
JUUHBIX  JIeT UYEKAHKH, CKONIKMMH CriocofamMu  OH  MOXET OTCUMTAThH
n moHer? CorsacHo 9 wckoMoe 4uca0 paBHo A,, KodbduumeHry npu (7
B DPasJOXKeHHH

“__lc)p: L+ () =0+ -+ () =om

T. €. PaBHO

plp+1... (p+rz--1)_(p+n—--l)
1'2...?1 h—- p-—-l )

12. Corntacho 11 HCKOMOE YHMCAO PABHO
(P+(fz-p)—-l __(n-—l
p—1 ) T \p— 1)'
MOMHO Obi0 6B TaKXe HenOCPeldCTBeHHO paccmotpets (L4727 .. )P,

#3. Toxnectsenno ¢ 11. Mowno O6bIO 6Bt TaKXKe PaccMOTPETh
P-KpAaTHLHIH pan

P A
¥y Vor veey Vp=0_| 1, 2" 3, e p
. —1 —1 -1
-—-(]. e xi) (]. —“"‘x:_)‘) .0 (1 o= .)C;n) y
B KOTOPOM 3aTeM TOJONMTH BCE Xy, Xg, ..., X, PaBHeIMA L.

14. CornacHo mepsoft «3amaye Ha B3BewuBaHue» [3anaua 9, pac-
MPOCTPaHEeHHasd Ha GeCKOHeYHOe MHOXECTBO THPb] peub HAET O

A4+ A+ A48 ... =

D R R Y C I I R P Al 1 rlr2 | (8
Sl gl gy pe S ey I wy il B s NS L SRR

Cwm. taxxke 16, 17,



10OV Fellb i it

18, (110 E3 4100, 10" =

3n+1 —1
I'\J,J.e N == '__2_ .

8. a,—=¢ ", rie E, O0603HAYACT YHCIO CIMHAL B NpEICTABACHAU
yucsid 1 N0 ABOMYHOM CHCTeMe,

7. [E. Catalan, sanaua; Nouv. Corresp. Math., 1. 6, crp. 143,
1880. Pewenne —E. Cesaro, tam xe, crp. 276.] Harepecywowutt
HAcC psalL MOxeT ObITb IOJAYYEH U3

(1 —aly (1 —5852) (1 — B (1 —di8) ...,
ecau nonowuth L =1. [lpn orpeneneHdd 3HAKA MOXHO TNOJOXHUTb

a=b=c=d=...=1. Torna wuckomwe#t 3Hak Oynper coriacHo 16

pased (— 1) ™, rne uepes E, 0003BayeHO YUCAO eNUMHl, B OpelcTaBie-
HUY YUCJIa p 110 NBOWYHOHR CHCTeMe.

1— 0 ] 100 ] {1000 1
18 7 7w T T

Jra sanaya He 3axaiouaerca B 9. Ona MoxeT OuThL mepedpasupoBasa
ciaenyowum obpasom: umeeM B nepsof kopodxe rupu B 1, 2, 3, ..., 9
enundl seca, Bo Bropoit —B 10, 20, 30, ..., 90 u 1. n. Cxoavkumn
crnocofaMu MOXKHO COCTABHTL M3 9THX THPb, MOAL3YACH OAHOHR JHIUb Yaiu-
KOl BecOB, 3anasHbift Bec, Oepd M3 Kaw ol KOpOoOKM He OoJee 4eMm 1O
OJHOW THpe?

19. (Euler, 1. c. 9.] |

Ilepsoe pewenne. CoraacHo pewenuio 14

(140 14+ 40 (40 ... =L

(119 (1 08) (14 52) (L0 L =

(1 = 08) (1 - £30) (1 - £20) (1 4-£80) , |, =

4
£, b

il

1 —105
1 T. I
Bropoe pemenue. [Ipoussencuue

KO =1 a4t a—en-

He MeHserca mpu 3ameHe { Ha (2, u6o
] —{4n—-2 — (1 + f;Qn—l) (1 ,,___("271—1).



Caenosareasuo [|L] < 1],
KO=KE)=KE)=KE)=...=K0)=1.

26. Euler, 1. ¢. 9.] OnupaeMcsa Ha CMBICA KOIPPUUUEHTOB (DYHK -
uuit B 19. Pesyaprar 03HauaeT, 4TO mnepsas 3ajaya Ha B3BCIUMBAHUE CO
BCEMU LEJBIMH IMOJCXKHUTEJbHBIMH YUCAAMH B K4uyeCTBE BECOB TUDL AONY-
CKaeT POBHO CTOMBKO peuleHuil, CKOJbKO 3ajaya Ha pAasMeH Jeder, rie
B KAayeCTBE HAPUUATENbHOR CTOMMOCTH MOHET CJAYXAT BCE HEUETHBIE YMCaA.

20. Fciu Mol 0TOPOCHM OTDAaHUUEHHE «MEHBIUNX», T. €. AO0NYCTUM
ele NpeacraBieHue 7 =—=n, TO Oylem umeTb nepel cofoH «3anauy Ha
noutoBble Mapkua» [9]. Mcexomoe wuucao paBro kospduumenty npu (P
B PA3JOXKEHUH '

1

A p——

HJIH
o1 1
l—0—8 05—, &

L
T =U0—00 42044224 .. )=
— 1L 224 gl

22. [E. Catalan, sauaua; Mathesis, . 2, crp. 158, 1882. Pemne-
Hue —E. Cesaro, Ttam xe, T. 3, crp. 87, 1883.] Mcxomoe yucio
PaBHO KOd(P(UUHEHTY NpH (" B pPAa3/OKEHUH

11—
£

I —=

1 £ £2

(1—208) (1—83 +(1—C2) (1—&3) “"(1-@) (1 — 24y + -
. . 1 B
. _|_(1 ___‘:v-}—l) (1 ch+2)+ C (1 __c) Zﬁ( Cv'*'l __Cv.{_j)h

:caL@ﬂiw- ) Zh”*”fa

23. |E. Catalan, Nouv. Ann., cepus 3, 1. 1, ctp. 528, 1882.
Pemenne —E. Cesdro, Tav xe, cepus 3, 1. 2, crp. 380, 1883.]
Mcxomoe 4ucno paBHO Koadduumenty npu (P—1 B pasnoxeHuu

1 &
(1—0) (I —13 +(1 — (1 —0) +

{4 ¢ B
hFU—4®U—¢ﬂ+”"+YL~CHNL—UH5+”'““
V 1 1 )—__,.1—____1_ & CJ

1-—~C 2{ ( tv+1 ____C.v-}-z —{:2 (1___(;)_% (3 MI——-_C“ .

'b‘::xo R



HMmeem:
O

Y E =t @0 T
v=1 )

rne t(v) o0o3HauaeT KOJMYECTBO penurejefl uucaa v [VIH 74).
24, [E. Cesaro, sanaua; Mathesls, 1. 2, crp. 208, 1882.] Peup
nieT O CBOOOLHOM (T. €. He B3aBUCSULEM OT %) ujaeHe BhIpaXKeHus

E Cvﬁ— (2y+ 11 2
— oy T
A (=07 (1 — L

.__.L (C (Iv+ 1 _'_i’ (2v+1) (n— 1)+ {(v+1) (n— 91+

” . 1 1
rav+1 2 (241 == =
IR e (g 1*_W,J).
CrnenoBaTenbHO, AOCTATOYHO TOKA3aTh, uTO npyu R > 1 cBoBOAHBI uieH
B CyMMe

=y

—~(Pv-N & C-—-k

1 b —{Zy4+ 1 k _ a2V —-
Zcﬂ(zwnk( L S ) Z 1 ,
] —¢” ] — ;»w+1)3 | — C“J V1 —7

y=1 ' v=1

paees enusuue. Ho (2v-- 1)£, coorsercrenno (2v— 1)k, Oyner Torna
M TOJIbKO TOrAa KpaTHuIM 2, Korna k aeaurcs va v2. [losromy cBoboi-
HLIH 4jJed B cyMme, CToswed B MpaBOH uacTH, pAaBeH HYJIO, YeM W
NIOK333aHA CMPAaBENNUBOCTb YTBEDWICHUS 3alaud.
2%. [Cm. G. H. Hardy, Some famous problems of the theory
of numbers and in particular Waring’s problem, crp. 9, 10, Oxford,
2r

1920.] «3anaua Ha pasmeH jeser» [9]. Ilosaraem w=e? ; Torna

1 ——
(1 -0 —)yq—6)

1 1 1
5 1—¢)S+4(1—C)A"'L72 (1 c)+8(1+f) '{"9(1—-(,)@"“9(1_@31)
(n+3)% (__.1)n 2 2nmy ...
.~L( + tye “Ty-

=0

Hmeenm:
. (*1)?1 2 nm
’ 72+ g Cos

28. [Teopema P. Paoli; cm. Interméd. des wmath.,, . 1,
cTp. 247—248; Ch. Hermite, 3anaua; Nouv. Ann., cepusa 1, 7. 17,
crp. 32, 1858. Pewenne —L. Rassicod, tam xe, cepua 1, 1. 17,
ctp. 126—130, 1858.| JloxaseiBaeTcqa Tpy/iHee PAaCcCMOTPEHMAMH Tuna 25

32 1
SN




wanm 27 ¥ Jerue HAa  OCHOBAHMM  TEOPETHKO-UMCAOBLIX  COODpaXceHui.
[[Mosesno Taxxe ucncanszosath VI 7.] '

27. [Cu. Laguerre, Oeuvres, 1. 1, crp. 218—220, Paris,
Gauthier-Villars, 1898.] PasnoxeHuem Ha npocrefiuine spobu, nopoOGHbM
npoBejieHHoMy B 25, noayyaem AJas ‘

2 AL =(1—te)7 (1 —tey™ (1 — LT
=0

«TJNABHLIA udjeH»
| 1

aqay ... 4y (1 _;'Qi' )

Tak XaK @, Gy, ..., @ He uMeT OOLero JejuTens, TO 3HAMCHATEIH
OCTAJbHBIX u/leHOB OyayT camoe Ooabliee crenenu [ — 1. Orcona [peuwe-
nue Il 242) u BhiTekaerT yTeepwaeHme. Cum. 28. Caenyer 3ameTuTh
TaKme, uTo [-MepHag o0aacTb, BhIAEJEHHAs HepaBeHCTBAMHU

X220, x>0, ..., 5,20,

U Xy~ ApXy— - . @y <O,

umeer [-mMepHbfl 00bem

1 n n n
N oay ay oy
141
daf{l n n n
g (Lo
dn\ll a; a ay

28. Toaaraem 8 11, coorserctsexso 12, p = 3.
29, Ilycts k£ — 1enoe HeoTpuuATENbHOS. YHCAO pelleHuil YpaBHEHHS

lx1‘+‘x2“‘{""'+‘x]){:k

| K
paBHO KO3GQUUHEHTY @ npu L7 B pasnokeHud

. , 1 40\7 0‘0*1 ;
(12202018 1 . )P = (&) =X
k=0
C/ienoBaTelbHO, MCKOMOe 4ueao OyneT PaBHO KO(duiUeHTy
_ G+ a a4 .. ay
npu L% B
(107 @& 1=97
(1 _wt_)?’-H o (1 __C)pﬂ -

=@ =07 (1)@ 1 -0
+() ey a—nT 4.,

T. €. PaBHO

(3457 (8) (L )+ )



38, G. Polya, Math. Ann., r. 74, crp. 204, 1913]. Uckomoe urcio
PaBHO CyMmMe KO3(Q@{uuueHTOB mpu &—s, L—s+i 1, ., ., (s-1, (s 3
P a3JI0XeHuH

(Crmep Lot L) e L O L D,

MNmeem BooOule

2 k
! I( ) ai’;’)i"’dt:ar C=elt, — R r<k)

I )\ L @
7 W=k
Y
y 2m+1 2m+1 2m 1
e -3 ) gin + t
| c 1 1 - f (Ca =€ ).
vV=—1m C—_t-): . a_a- sin 'g‘

38. [Cu. Ch. Hermite, sanaua; Nouv. Ann., cepus 2, 1. 7,
ctp. 335, 1868, Pewenune —V. Schlegel, Tam e, cepus 2, 1. §,
crp. 91, 1869.] Tak xak 2=n—x—y, TO

x+y<n, x>0, y>0;

nanee,
xL{n—x, y—xLn—x—y X+ v

Orciona ciepyer, 4YTO MCKOMOE UMC/IO DPABHO UHMCAY pelueHdf He-
PaBeHCTB

n
1 \\/-b X \< “'2" ’
32. CpasuenneMm cpennux KOd(QQUUHEHTOB B TONKIECTBE

(1 4-2)2 (1 4 2)7 = (1 + 2)%n.
@3« CpaBHeHueMm cpenHnx KOd(OOHUUUEHTOB B TOKIECTBC
(1 + Z)Bfn,(l __z)‘z'n = (1 — 22)271,.

n

F—xLy< 5, >0, x+4y<n

D4, Ycuo.
25, Tak kak x
xnlhz-_-;hnn! h ,
n

T0

& xnlh : g
Z 27 = (1 4+ h2)F.

nl

. n=0
Iprvensem 34.
36B. Cu. 35.
ST HuddepeHUppyeM TOKISCTBO

1 —(1 —x)nz(’i‘)x-;(’;)xwr i e (— 1) (Z)x’“

H nonaraeM x — 1,



88. [3anaua us Ed. Times, cm. Mathesis, cepus 2, 1. 1, crp. 104,
1891. Pewenne — Greenstreet u ap., Tam xe, crtp. 236.] Pac-
CM&TPYIB&EMOG Bpra}KeHHe paBHo

1
fl—-—-(l—x) dx J
0

0

1
ik = f(l—i—x—f—xﬁ 4. o xNdx =
0

1 1 1

:14——2——1-—3——}— cee - —
39. OCwuf usen cymmbl, CTOAWEH B JEBOH 4acTd paBeHCTBa, Cay-
KUT KOI(pPUAUUEHTOM nipu x22+1 B %(1—1—2}:)”“’“1(—- x%)n-k, Cneno-

BaTE/JbHO, JEJA0 CBOINWTCY K BBIUHCAGHHIO KO3p(pUUUEHTEa npn x2n+!
B CyMMme _

(1 4 2x)n+l — (— x2)yn+t

Vil
1 g 1
W5 (1A 2kl =t = (1 -2 yned T+ #7 !

k=0

WK, WHaue, B CTENCHHOM pdAle AAd BbIpaXEHHKH

5 (1 2242 (1 - x)=9-

[Tpoussons pmenenue, noayuaeM B KaueCTBe YACTHOTO NOJUHOM 2n-f

CTeNeHy W B KauecTBe OCTATKA nlz[l — (2n 4+ 2)(2x+-2)]. Kosdduuuent

1 1 2 2 1
SO ln—:_x paBeH -———;2—(2n—-|—2)+2n—|~2—m

nmpu x2n+l g
=pn-+ 1, |
4Q. PasbusaeM npenJOXeHHYI0 CYMMYy HA TpH 44acTH co0GpasHo
tbopmyae
(v—na)? = n24? — (2na — 1)v4-v(v— 1.

W3 dopmyan
Y (1) pgr =+ g

y=i}

M M3 ABYX APYTHX, MNOAYYAOWHMXCA M3 Hee NOCAeNOBATeNbHEIM IHDhe-
pPEeHUMpOBAaHHEM MO p, [OJAyuYaeM, nojarad p==x, ¢g=1— X, 3nade-
HHfA YKasaHHeIX Tpex dYacrelt, Cm. 1 144.

40l. JlocTaToOuHO B3ATh, B UYACTHOCTH,

cp(x):x(x-l)--l;,(x-—pﬁ-i)=(;c)’ 4’(x)=£;(x)




u n - p. Torna
a1 [

S0)6) =5t 2 T0=(2) =2

ye=1 v=9p

22

Z(ﬁl)v(z)(;) p'(nn‘ p)'Z(_“l)v( ﬁ):

v=p v=p
{ 0, ecmt n > p,

(— )" ecan n=p.

&2. YacTuni cayuay sanaun 40 npu x =« :é—, TOYHO TaK ke
yaCTHBIR cayuaidl sanaud 41 npu
(X)) =C@x—nP=n?—4dxn4+4x2=n?—4(n— 1) x4+ 4x(x — 1),
S(x)=n2—2m—1)x+x(x—1).

Vimeem ¢ (n) =n.

43. Yacrueit cayuatt sanaum 41 npu o (x) = (2x — n)? [42]. Unmeen
a,=0 npu n==2 u a,=4 npu n=>=2.

%%. Tycs

JUE) == 0 (6 — ) (% — 25) « . (X — X).
Mmeem:

74
(Zd—'z——_x\,)zk:(kmxv)zk (V: 1’ 2’ T ﬂ')

45. (G. Darboux, 3azaua; Nouv. Ann., cepus 2, T. 7, crp. 138,
1868.] Mmeem [44]:

i Lot =z e =g ()
k=0

rae’ g (2)— UeJOYUCIEHHBIH MOJNMHOM,
46. [Cesaro, crp. 872 *)]. Vs pexyppeHTHOK (HOPMYIb!
fari (@ =2/ (@) (1 —2)+(n—+ l)fn(Z)]
noAyuaeM AJd KO3QOUUUEHTOB noOMMHOMA f, (2) = al z+ a(ng—{- e
- alPzn cooTHOmEHUE

(Ignl-l ___\)a(;n’)_{_(n ,;—{—2)(1(%) (V:l, 2, I n+1),
agﬂ—*an-k = 0.

Orciofa ClelyeT yTBepXAEHHE 8aldyd, eCld MPHHATb BO BHUMAHHE, 4YTO
f1(z2) = z. 3uauenve aas f,(l) nony4aercda M3 COOTHOLICHHS

fn-%—l(l): (n”JT" l)fn(l)

*y Hesapo, 4 2, cTp. 467,



%7. [Cu. N.H. Abel, Oeuvres, r. 2, Nouvelle édition, ctp. 14,
Christiania, Gr¢ndahl & Son, 1881.] Ecam g(x) = const., T0 yTBep-

KIeHHE 3a8aui BeiTeKaer u3 44, Ecau OHO ¢npapeaauBo d NOJIMHOMOB
Husllell cTeneHy, yeM g(X), TO NOJaraem:

g(x) = (x — x1) g1 (%)
HUmeem:

zq%g;:&(dn@g_wgﬂ=
= g.(#7 )(gl(g)ﬂl((l;) 51((22))2”“ ) :f(z";?)l“i—

Ykasanuoe guddepenunansHoe ypaBHeHHe paspelldMo B KBaapa-
Typax, w00 paspeliuMo B KBajJparypax ypaBHeHHe

a /
(e )y — 3 =)
48. Coraacuo 44 ofe 4acTi paBHb
9 2) f(3
()2 +f(1)f(2) JERIRACOPACINACIN

g (1) () g

FY @ ... fin—H,(n)
T e Me®. gty 2 T

49. [lonoxurs 5 48
1\2
f(x):(x-—i), g (x) = x2.

50. Vs GysKuMOHAALHOTO ypPABHEHUs CpaBHeRHeM KOID(HUUEHTOR
apu 2" B 00eux w4ACTAX NOJyYaeu:

‘ A’n(qn_l):An_lqn (fl:“-— 1, 2, 3, e e Aozl)’
OTKYy la

n(n+1)

— g - (a=1, 2, 3,
An (g—D (g —1) ... (g"n—1) (n C 2, 3,00

50. Vs ¢yuxunonansHoro ypasuedus sanaun 50 noiyuaes:

B?’E(l_q?.&/\:Bn—lq (ﬂ'.: 1! 2: 3: ey B(}: 1),
OTKyna - |
’ qn
Bi=g=pu—@ a=gm =L

52. [Ch. Biehier;cm. P. Appel! et E, Lacour, Principes
de la théorie des fonctions elliptiques et applications, crp. 398, Paris,
Gauthier-Villars, 1897.] OO6o03nauuM  paccMarpusaeMoe  BRIpaMeHHe
yeped o, (2). HMuecnu:

i _l_ q';’f”;-i—lz

O (9722) =0y (z) gz 4+ g "

13 3ax. 865, Jadad B TeopeMmu U3 dliatida



Orcrona

qu‘avq—l (1 - q‘an——ﬂv) — Cv+1. (1 —_— q"-ﬂ.+‘3v+9) (v =40, 1,..
Cn — qn“’

oo on—1),

CJAEH0BATENLHO,
(1 — g2n+242) (1 — g2+ +4) (] — gin)
(1—g5(1—gqY ... (1 —¢¥n)
53. [Jacobi, Fundamenta nova theoriae functionum ellipticarum,
§ 64, Werke, 1. 1, cTp. 234, Berlin, G. Reimer, 1881.] Tlpenensusim
nepexonoM npu 72— oo u3 52. [181.]
5%. [Euler, Commentationes arithmeticae, 7. 1; Opera Omnia,
cepua 1, 1. 2, crp. 249—250, Leipzig und Berlin, B. G. Teubner,
; .

3
1915.1 YacTHuit cayuati 3anaun B3 npu 2= —¢> u ¢ 3ameHolt ¢ Ha g2,
55. [Gauss, Summatio quarumdam serierum singularium, Werke,
T. 2, crp. 9—45, Gottingen, Ges. d. Wiss., 1863]. Yacraeit
1 1

C, =

7 (v=0,1,...,n—1)

cayuatt 3amaun B3 npu 2z =¢? ® c 3aMcHOH ¢ Ha ¢?; npumeHseM 19.
586. [Jacobi, 1. ¢. 53, § 66, Werke, v. 1, crp. 237.] [loaaraem
B 83 z = —1 4 npuHumaeM BO sHuMaHue 19,
57. oroxum a, =— ¢"z. Torna

1-+G (2)— G (q2) =

=14 YT (=) (%) . (| — g1y (gr— ) =

n=1
=14a a1 4 a)~ay (1 4-a)) (1 +a;)+
o, 4a)(-+a)(la)f ... =(4a)(l4a)+

+ay(14a)(14a)+a,(1+ap(l+a)(l+a)+ ... =
:(1 +a’1)(1 +a'2)(1 +a’8)+a4(1 +a1)(1 "l‘az)(l —|—a3)—}—-. ..

i T. I .
58. wmeeun:
_ .4 g2 q® o
Dy=CO) =T+ttt i mt

[punumas Bo BHuManue BOG u B7, nosnyuaem:
G (2)— G (g2) = 2} Az2™,
n=1
G (g2)— G (9%) = 2, Auq"2™,
n=1

G (q%) — G (q%2) = 2 Aq*mem,

n=1

A |



OTKyIa, CKaanbBaa m MSPBLIX UJIEHOB YU 34TEM 6e3rpaHHqu ypeavyuBasn

m, HaXOINUM:
co

G(2)—0@©) =Y,

n=1

A

e 2m,

59. Vueen G (1) =0. Us QpyuxunonansHoro ypaeHenna 57 nocpen-
CTBOM TIO/IHOW MHAYKIWH TOJAYyYaeM:

0
o= $ =) =g () =n =
k=1

DA
n

B O
, | .[1 _( _l)an+k-1] e —(—gn,

GuUKCcUpys y, TOJAY4YaeM Opd 7 —»Co, T. e, Npu g — 1,

Monoxum (1 —g)n =y, 1 — g, 13 paBeHCTBA

i

=

¥ o —ery=—y 181},

k=1

&W. s cnpasenamsoctd Popmyns

Z 1 (22)2n o 2‘ 22n
2n 1 (1 + 2ym+t — Ld 2n 1
n=0 =10

1e00XOLUMO (CpaBreHHe KO3((PUIUEHTOB NpH 2z°7), uToGHI

i l)n-—k 22,’5 (n_i._/e - 1
]Z(_ ok +1 n—k)“2n+1°
t=0
2n—]—l(n+k)__(n+k—f—l)_|_(n—}-k)
W FT\n—k) T\ 241 % -1/
[Tpumensem 39. U Ges yanpeﬁneHm CTeMeHHBIX PALO0B QUEBHAHO U3
GOopMy Ll

MnMeewm:

1 J R -
f(Z)——-§;1ﬂ"—1_z.

94

&1. Va3 onpenenenns; /s NpousBeNSHHS] NPUHATL BO BHHMaHue o4,
62. Ecw oy, a,, ..., @, TOJNOKATCALHE!, TO

1—}—a\,z<<e“vz (‘-‘:1, 2,...,&).

13*



Ha ocnosanuu Teopemsnt 61
(14 a,2) (1 Fay2) ... (1 4 2,2) & U ht T2

[TonaraeM tenepp @ =ay= ... ==Q, =

63. s A(z) < P(2) Butekaer

L
n L]

fA(z)dz <& fP(z)dz u ed® g el
0 0

OCHOBBLIBAACL HA 3TOM, U3

ff 1 2
f(z)"?<<1~z

BBIBOIVM:
co

1 1
f(z) << ]n (1 — 2)2 , f(Z) << 1 — 2)2 2 nz??.-—-l .
n=1

64%. a) V3 KOMOMHATOPHOrO CMbICAA Onpeje/eHHHX B 9 Beawuud
BHITEKAET, 4TO

0<C, <A< By

b) Ilepey nONOBUHY yTBepXICHHUA BbIBOIUM, NEpPEMHOKAA COOTHO-
1 eHUs ' |

I 20 K =1 20 2%

ﬂ,.ﬂﬂ azai, ag’ * 0y az [61‘.
BTOpaH MNOJMOBHHA [10JYyHaeTCs MNOCpEeACTBOM MNEPEMHOMEHNd COOTHO-
IeHHH

—z—2 M me) (1 — m)

_—

[#3 [4) a ’ [£2
l—zlewp2 _  —m—1__z'm

=1 (2" 2% 2fme1) Om =

1 —2t—2" = m—1

npy m=2, 3, ..., {, 4To naer:

(1'— 2" (1 —2") ... (1 —2") = |

—2f—f ™

~

Ymuoxkaem nanbwe obe 4yacTH NOJNYUYHUBIIETOCA COOTHOQUIEHUS Ha
1
a a, agy’




65. dcno.

68. Mycrs s, =0 mg ns=vu s, =1; Torna t,=p,, 119 n>v.
Ecau u nas sTof cmeumanpHoft mocaeposaTenbHoCTH lim £, — lim g,

1—>CO ->Cco
to lim p,, =0; ycnosue, Takum 0OpasoM, Heobxomumo. llycTs, ¢ apy-
n—>co
roit cTopoHnl, 3TO ycCJOBUe BbiNONHeHO. BribepeM Takoe N, uTofLI,

€
HAuMHasg ¢ 7 >> N, BHINOMHAIOCH HEPABEHCTBO | S, — § | < 5 » TIe & — He-

KOTOPOE TMPOM3BOJbHOE TMOJOKUTEIbHOE HYHCIO; BO3bMEM, KPOMe TOro,

11 CTOJb OOJbIIKM, YTOOB! BCE YUCAA Pno, Puts - - -5 PpN OBLIM MEHbINE
____._‘”L_____, rie M —— MakcUMVM afCoJIOTHOR Beanumub: | 8. |. Torma us
4(N—|— I)M I . y ‘ J| I

tn_s :P-ra0(30—3)+Pw1(51_3)+ Tt '}“pnn(snms)

MBI TIOJTYUMM:

‘*“%(ﬁn, Nit = Pn, N2t oo - Pun) <~§. _[_73_

67. Yacrtupi#t cayual Teopemb 66 pas p”":rﬁl'

68. Pasuocuneno teopeme 67: Inp,=s,. Hacro ynorpeGasercs

. a
B crenywoueft d¢opmyamposke: ecan a, >0 u lim 2 =g>0, T0

’ N~ co n
n4+1__ |
Taxe lim l/an = q.
-0
698. Yactanit cayualt Teopemn 68. TToaoxum:
2\! 3\? n-1\"
po=1, pj_:(T) ) p-zz(‘g') y e pn:( —j; ) ;

TOr d

n 1)n+1
Pol1Ps - - - Pnﬂg—(ﬁ"ﬁr~

70. Yacruwift cayuait Teopemp 66. [Tonaras

s,=4n  p = by | g tagr .. tay
A VT X 2t o o ST S P A 2

noayYaem:
lim p,, = 0.
n 00

70, Yacram#t cayua#t Tteopemn 70 npu

ay=(n 1", b, = (n-+ 1) — n".



1906 PEIIEHNA [/4

MuveeM:
1\= o
(n 4 1)* — n* : (1+7?) — 1 dx®
1 = lim —( ) — a,
n ¥ oo nt=? 7 ¥ o 1 AX )p=y
n
OTKy 13
i T e et 1
n > co (ﬂ—}-l)a _ ;3-—9-00(?2—}-1) —n* o

72. |llo noBoiy sanay 72—74 cm. N. E. Norlund, Lunds Uni-

versitets Arsskrift', N. F., Avd. 2, 7. 16, Ne 3, 1919,] YHacruapit cay-
yait rteopemsl 66 nJs

Pn—y < Pn—y
R e e o 2 2 ol 2 IR

p,n\) =

18, Yactrril cayuait teopemn 66. [lonaraem:

p0+p1+ o Py =Py, QO+91+"'+Qn=an

rotri4+ oot rp=~R,
~Torna [cMm., 74]

Py Pofn A Prn—1-F oo Pugo - qn
Ra = DoQnF 21Qnort or +0aQy 110 Q J”’M TP g
rie

p : n-—-\)Qv < ) Pr—y .-
w = poQn +p21Qn—1+ -+ + PnQo S po+p1rA oo A Py

T 4. Tlonaras

p, = Sn + S$1n—1t - 4 Snlo 0, = Sodn 4= S1qn—1+ + -+ 4 Safdo
n Lo+pi+ o+ om »om Qo+ g1+ -+ qn '
. __ Sofn - Stn—1 -+ - 4 Snfo
n rotrit ety

(r, UMeeT TO Xe 3HaueHHe, YTO H B 73), uMeeM:

Pnof + Pn—1Q191 4 . o« 4+ PoQnin —_— gnPoPo+ Fn— 1P+« - +G0Puby
PnQ0+Pn—1Q1+--'+POQn GnPo + qn-1Prt oo + 900

ty =

u, cienosarteapHo [68, 73], lim p, = lim q, = lim r,.
7 =¥ 00 0¥ 0 n-r e



I121s1 BBIBOZA BEIECTOAUINX TOXKILECTB NOAB3YEMCA CTeleHHbBIMH PILaMH,
KOYPOUUKEHTAMM KOTOPHIX CAYXKAT HHTEDECYIOULHE HAC I0C/IELOBATE/db-

noctu [34]:

T2k Ypat =2 P, 22k 2 gt = 2 Qe
k=9 {=0 n=>_0 k=0 =90 n=(
o0 o COo [sa] cOo
2Pyt = 2 Rz = D P2k Qg z_zpszElez
k=0 1=0 n=0 =0 =0 k=0 =
o0
n;ﬂ = %pkzk Z si2t ng Qnﬂnz = 2 qre* E 812t

(a0
Z nln2" “EPIZAZ%ZIZS 2 =

=

= Zpkzk Z Q2! = 2 qp2* Z P2t
75. [TonommM: |
t,=(a+ a4+ ... +a)n™’, s,= a11"°+ a2 '+ ... Fa,n"".

Torna, obo3nauas cymmy pdna dyepes §, OyAeM HMeTh:

by (A 1 (s, — ) =07 2 (s, =) [ — 0 )]0

9TO BbIpaX(EHHE CTPeMUTCd K Hy/0 [66].
78. ([E. Cesaro, Nouv. Ann., cepus 3, 1. 9, crp. 353—367,
1890.] Cornacno 70 ucxombift npesea pasen

-1 -1
. Pof. PP
lim R lim —
n oo 10 Py — 10 Py n->oo“111(1—[7n " )

77. [I. Schur.] Monowum:

-1 ¥y
> p, =Py, gq‘, = Qp,

v=1
u nycts 8> 0. Umeem:
- lim Q, = lim ng,, = oo;

2 —=> 00 7> CO

AefCTBUTENbHO, B NPOTHBHOM CJAyuae Mbl HMead Obi:
q
Gn~ =, 4>0,

T. e. [76] Q,~ glnn — 0o, B NMPOTHBOPEUHE C MPELTOJOKEHHEM.

Takxe u lim P, = lim ap, = co. ([l1a «a > 0 noxaseiBaem 3TO, KaK
n — o 1 ->00
i
puilie; ans @ = O nmeem lim np, P, = co, caeloBaTeabHo, lim np, = oo

nW-r oo rw



o0 (=)
" _‘ N
CJIEI0BATR/BLHO, Z,pn pacxonurca.) Ilosromy psan annqﬂ paCXonUTCS.
n=1 n=1
B cayvae a =0, Bcneacrsue ng, < KQ,, roe K He B3asucur oT £,
MOJyuaeM:

21 ., < K25 p.Q, < KQy 2 p, = KP,Qn,

v=1 VEER

)

> g,

v=1

N _y.

gy

) , P ,
fim = lim —%- . lim
n>co *Pndn n->co ®Pn  pyco

B cayuae o >0 3ameHsieM YTBEpKIEHHE CJielyIOLLEM:

. P,Q
]lm n—n:a_i,_ .
n—>co n p
> vagy

v=1

[Tpumensiem 7G x
0y = PpQy — Pn-iQn—ls b, = NPuGn,

@-__Pn_L Qn _l L
an”Pn ' ngy ’l_;.a_l—‘e_ls'

8. lMpumep: :

Ay = Q, = Qg = ... ::1f

Mpumenm Tenepb, UTO G, > Gpuqy @, —>0 U
g4 ayt . Aa,—ne, <K
aas peex n=1, 2, 3, ... Ilycrb 3anaHo m; onpeneauM n Tax, YTOOL

1
BRIMOJIHANOCH HEPABEHCTBO @, < 5 Q- |ZE!

K 2"11—{_ a"2+ P + am“ man—‘_(am—kl 'JF' e + an) =5 (n = m’) an ?:‘-.’::
>/ m (am - an) />/ % mday,
BhiTEKAET, UTO .
a+a+ .. Fa, < K4+ma, < 3K (m=1, 2, 3, ...).

Mrl umeem nepen coboft cayua#t npeobpasoBanust pana Npu cne-
LHANbHB X YyCAOBHUAX, K KOTOPHM TeopeMa 66 HenpuMeHUMa.

79. Conepxur 65 Kax uacTHBRH cayual; [0OKa3aTedbCTEO aHAJO-
riuHo. Ecau pp; = 0 npu [ >k, TO npeo6pasoBanue MOCAELOBATEIbHO-
CTH §,, B TOCAENOBATENbHOCTb [, Ha3bIBACTCS KOHEUHBIM 1O CMPOKAM
(cM. 68, 66); ecm p,; =0 npu [ < B, T0-— KOHeURbBLM RO CMOAOUOM.

80. Conepwur 66 Kak uacTHBE Ciayyall; 10Kas3aTedbCTBO aHagO-
FHYHO,



81. TMonowun s, =nc,+(n4+1)c,,,—+ ... Torna
1 2 1 ! 3 2
I.n:;-Sn+(-;z-_’—_—]~-;)Sn+1-|—(’2+Q——n+])8n+9-+-...

[pusumas BO BHHMaHue, uto lim §, ==0, nonyuaem OTCHOLa, uTO |

> Co
lim £, = 0 [80].
il —» CO

82. (G. H. Hardy and J. E. Littlewood, Palermo Rend.,
T. 41, crp. 50—>51, 1916; cm. takxke T. Carleman, Ark. for Mat,,
Astron. och Fys., 7. 15, Ne 11, 1920.] Ilycts

— | 7 (a)
ao“"l"a-" -'1'_ « &0 —1"‘&.'7:877’, "'_n—‘-‘:b-n,

bo+b,(1—aa)+ ... +b,(1 —a)" =1,
B reopuu ¢ysxuud apokasmBaercs [Hurwitz-Courant, crp.
32-—33%)], uro nmpu
bo4-by 400+ .. T oy A =
— Gy ay (@~ y) + 2y (@ 42 ay (e A

Orciona

7+1

Y — oy Yy — = +y)zaz(0+y)
I=10

k=0

— )"”“}asz(a + )"

Kospduuuent npu "™ B JMeBOoi uyacTM ecTb £, ¥ B MPaBO# YactH ecTh
n41 n-1 n-+2
(1 —C‘) * [Sn '+'( T )asné—l +( —;— )C"gsn.+‘2+
n-43
+( Z)’I_ )a33-21+53+ }:tn

CyMMa B CTpOKe paBHa ejunuile (OMHOMHaAbLHAs (OpPMyJa); npeobpa-
30BaHHE KOHeuHo 1o croabuam (cM. 79, peluedue).
83. Cum. ananornunpie TeopeMmsr 65 u 79.
- 84%. Cu. auanoraunsie teopems 66 u 80.
85. [lonaraem B 84

= () = but”
n_bn ’ n o b0+blt+ b2t2+ "i"bntn_f"

flycte 8anansl v u 2, 2 > 0; BuibepeM 7 CT0Mb GOAbIINM, qTOGbl BBIITOJ -
HSJIOCh HEepPaBeHCTBO

b\F
bot-b0y 4y by > —.

*) F)panu crp. 48—350.



Torna

ot

[lpenen mocaeaHero Buipawenus npu f— 1 Oyner Menbuie s. Teopema
COXPaHgeT CHAy Mpu JAI0OOM paiuMyce CXOIRMOCTH o > 0,
88. [(N. H. Abe!, 1. c. 47, 7. 1, c'rp. 223.] Ha ocHoBanuu 85

HMEEM.

E (@+ay+ ... +ay”
ao"'l"alf—ir—azfz_l_ U SO (L — =0

e 4
> e
=20

— lim ao+“1+1---+an — .

7= 00
87. [G. Frobenius, J; fiir Math., 7. 89, crp. 262—264, 1880.]
M3s npeanonoxenus BuiTekaeT, uTo n~la, orpanuueso. [losTomy npwu

o0
¢ 1 paa ™ q. " cxonurca. Ha ocHosanum 85 noavuyaewm:
p n | y
: 7te= 10

Z (d0+at+---+a,n) "
a0+a1t+¢2t9+---—+—ant”+,,_____-_”=0 L

- —
2 &

n=0
S (ot 14 e 507
. n=0 5 lim So + §1 4 '1“+Sn:S.
DRSS e T
n=0

88. YMuOKag uMcaIuTe/ b W 3HAMeHATeNb Ha
NoAy4aeM:

= 1-pt 2.

e nf”’
ao+alt+azﬁ+...+ant'n+..'——.?gu(ao_{—al—l'- ..{—a)

bo + by + bati A oo - 0pt" + . wi(’? ot )tn"*
0 1 e 7

n=9_

g+ a4 ... +ay
1im - g,
= b b b




&%, Tpumenenue reopemnl 156 x go(z):ln(l +£)—~a ln(l—l—é-)

<
MOKA3LIBAET, UTO DAL

S+ 2) (1 + 1)

CXOUUTCst, 2TO 0O3HAH4eT, HTO lnpenen

s

<
il

—1
lim n*" nl

ns>e alat+1)...(afn—1)
CyliecTByeT M nojoxureted. flomaraem B 8B
b e af{a+)...(a+n—1)
o *

!

a, = n""1,

Q0. PaccvarpupaeMbili HHTErpas pacKJIalbBAETCH MO CTeMeHAM A
B CJACLVIOIUE CTEmeHHOH pau

o0
n "1(1-3... (Qn——l))‘i%k?n
2 24...2n '

n=>0

. o m(l3...@n— D) 1
Yactubit cayuait teopemel 85 144 g, = - ( T ) y b=,
I

?, kzzt.

a1, [Cx. C. Perron, Die Lehre von den Kettenbriichen, crp. 353,
¢opmyana (24), Leipzig, B. G. Teubner, 1913.] V3 pexyppeHTHox ¢GOp-

Mya
An+2 - (Qfl _i" 1) An+1 —'t_ aAn: Bn+2 = (Qﬂ + 1) Bﬂ—l»l “}"‘ QB,n,
n=0,1, 2,..., A4=B=1, 4, =8;=0

S =

noayuaeM maa ynkumk F (x), G(x) auddepedunaipHoe ypaBHeHie

Vv =2xy"~ y 4+ ay.

. | d?y
[Moncranoskoit a (1l — 2x) == v? NpuUBOAUM ero K Y= 0; caenona-

TENBHO, ) == ¢,e¥ —- C,e™Y, ¢4, €y — nmocTosHuue, OTciona

P-VE g otV

ev-VEi_ + e—?}—i—V{I—

F(x)= G(x) = — — .
(%) > , G(x) e
Monaraem 2x =¢, Torna Teopema 8B npumensercd caenywounm obpa-
30M:
1 ¢
n 2n m= F’(m) _Ya _ ,-Va |
lim 2¥ = fim ——— = llm —=C =V T T .
n >0 “h n-=>cc »on t>1-0 A w —ra
" 2r= GI(Q) ¢ ¢ -



Crenentto# pan Gyukuun G’ (%) pacxomurcs npu £ =1, TaK Kaxk sce

;
ero KOI(PPUUHEHTH HEOTPHILATE/IbHB] U lim G’ (§):oo.
t>1—-

B2, Yacrupit cayuall teopemp 88. Mmeen:

[ —BH7° 7 N o t-n—1\ 45

(1—1) .ant ;0( " )t
 Tak Kak

(=077 = B ot b+ A+ ) 8",

n=>0
TO |
g 3 g-2)...(¢c ,

[)O"}""bt""”"]f_bn:( tn)z(—f—l)( +m) (+n)wbﬂ° (b>0)

[pewrenue 89]. Tem cambim cornacho 76

atat ot .. tay_
nlimoo b0+ b1+b2+ +b U.

93. Cornacno pewenuo 89

iR f>’z([vn1~z[f )=

= lim = 0
N B TE S
2 4 6 2n
DTOT Mpesen paBes — (]/2—21) V= uoo
3 5 7 2n -1 ]/ I 2021.
T E e ey 2 | l

D4. Yreepwaende TeopeMbi 85 COXpaHAET CHJY M B TOM Ciyude,
Korja £ cTpemurcs He K 1, a kK —co. Cm. 84. Cymma pana

by~ byt + Dot ... b,t" 4
npu £ — - 00 HeorpaHuueHHo BO3pacTaeT, UBO BCE b, MOJOMUTEALHDI.

95. [pumenenne Teopemb 94 npu an:fl—?, bnsg. [Bopeses-
cioe cymmuposanue; Knopp, crp. 471 #).]

#*y Cm. mo srtomy nosoay takwe E. T. Yurtrexkepul. H Barcon,
Kypc cospemennoro amaausa, u. I, crp. 188--191, I'TTH, 1933.



96. Nonowny s, =ay--a, ... -+a,, s_,=0. Torna

¢ o t

: Y S, S, .1 | ‘

fe'wg(x) dx == Z———-——’ v el [e*-’”x“dx =

0 va=0 fj
co ¢ o0
> J’ Pk % fr+i

AT - -t
md (vl (v—{—l)!)e * st" (\,_}.1)13
Y=

(npouHTEF PUPOBATL BLIYMTAeMOe IO uacTam) [95].
97. lonaraem B 96

eCJ¥ £ HEYEeTHO, U
3 5 2m —1

1
"
( 1) -6. [ ) Qm ,

ecdu n = 2m. VmMeem:

Axanoruyno maa— I < x <1 noayuaem:

o

fe"‘Jo (xt) dt =

0

1
ViTe:

98. [Yactumit cayyahi teopemmt y M. Fekete, Math, Zeitschr.,
T. 17, crp. 233, 1923.] [locTaTO4YHO paccMOTpeTb Caydyad, KOTAa HHXK-

@

Hsig rpaHb ¢ KoHeyHa. [lyctb ¢ >0 u —< a-}-2. Beskoe 1enoe auciao n

MoxeT OLITb mnpeacrasieHo B Gopme n——-qm—{—r, rae r =90, wmm 1,

wam 2, ..., um m—1, Tlonaras nns e,zmﬁoo6pa3nﬁ_ ay =0, uveem:
an - aqm+r m + am+ +am + a = qaﬁl —‘_ Cl
an __ Lom+r < gam + ay __ &m _1__ a,.
n gm-tr S gm+r mqm+r
Ay qm a,
oL =< (e .
<B <t

899. lis HepaBeHCTB 20p — 1 < yp <20y + 1 noayuaewm:

aZm_____ﬁ _]_ ‘ i
o |~ am )

Pan
a.n

a1+(d2 ﬂ)+(%_%§)+(§§_%)+: ]im%ﬂ/—:w

N>



cxopurcd, w00 B CHAY HepaBeHCTBa (¥) OH MAKOPUPYeTCHs CXOAALLMMCS

PALOM
4y |2 2220
JanuiieM LEf0e YUCAO 7 N0 IBOHYHOM cHCTeMe:
no=2M-4 g M1 e 2MF 4 .. e, (e, 8y i, 2, =0 win 1)
CoraacHo npeinnoaoXeHUK) ‘ |
a9m+51a2m—1+ v +8ma1*(81+82+ v +ewz)\<
Ay K @ ym + B4l om—1 + g Gt ),

¢y IR 3937, —m -
Eﬁ-“%— a2’)’?l_— 512‘?)1, 1 az?ﬂ l-—-_ o ___i*&_‘z_l < ___{___ < I 7
7 n 2m n Qtn—1 n 1N Y2
[Ipnmensa rteopemy 66 njin NaHHBIX
a a
a m—{ m
So =0, § =—-L ..., 8 == S, =, ...,
0 1 10 m—1 om—1" m om
s - om
_— — m . B2 N -
Prno==0, pgq = ot Prm—1 = T Pam = 7 P+t =0, <. .,
MBI 3akaouyaem, uro limn—! g, = . Hakoneu, B cuay (¥) umeem:
1 > O
A | |G @y :1fm a2m ] 1 1
mo| om m < + 4m T = L ®

BO@. (L. Fejér, C.R., 1. 142, ctp. 501—503, 1906). Kak 6yier
| BUJHO M3 J0KAa3aTenbCTBA, MJOCTATOYHO pACCMOTpeTh cayuéafl, Koraa
YACTHYHBIE CYMMBI Sy, Sg, + vy Sy, «» . OFpasuyenst. [1ycts liminfs,, = m,

(R o
: e M—m
limsup s, = M, [— uence nNOAGKUTEAbHOE 4YUCAO, [>2 ¥ 0= —

il = O
PazoObem 4MCAOBYIO NPAMYIO HA { MHTEPRAJOB TOYKAMHU

—oco, m—46, m-28, ..., M—2, M—38 oo,

Brifepem croab Oombiioe N, 4roOs mias £ > N BRNOAHSNOCH Hepas
BEHCTBO | S, — S, | < 0. Ilyctb, nanee, 8y (n; > N) JewET B NepsoMm
(OecKOHEYHOM) HHTepBaie M Sy, (1, > n,)— B HnociaelHeM (Toxe Oecko-
Heudom), Tormza uydcsia KOHCUHOM MOCACNOBATENABHOCTH Sy, Sp,41, - -«

cy Spa—1, Sp, HE CMOTYT «IepenphHTHYTb» HH OBMH M3 [— 2 mpo-
MeKYTOUHLIX MHTCPBAMOB IJUHOA 0. AHAZOTHUHO paccyxiaeM U B TOM
cilyyae, KOTAA NOCACNOBATeNbHOCTL OyleT He «MelJenHO BOCXOopailel»,
a4 «MenJeHHO HHCXOoLAUIed»,

f@i. [Cm. G. Szego, sanaua; Arch, d. Math. u. Phys., cepus 3,
T. 23, crp. 361, 1914, Pewenne —P, Veress, Tam ke, cepus 3,
1. 25, crp. 88, 1917.] Murepsan [0, 1]. Cm. 1902. '

§32. (G. PSlya, Pa'ermo Rend., 1. 34, crp. 108—109, 1912.]
CyulecTBYIOT B CKOJb VrOAHO 6OJAbINOM yAAaJACHHM KOHEUHBIE [10CICN0-



BATENLHOCTH Ly, fnyy1s « oo, Ep, TPOM3BOALHO MEAJIEHHO HUCXOLLKE
oT BerHeI‘O npeﬂena nocnenoBareJbHOCTH K ¢é HHKHEMY npelle.riy_.

[MoipoGHee —Kak B pewennd 100,
03.
Yo Yn 1 —
n—'_vn fl-—’—l—{—‘\{n_’_l
_ n(vp— Y +1) T Vn " l_
(v (L vae) < (7= vp) (n + T4 vp4o) < n 102,

@4, Mycrs paccMarpuBaeMast MOCHAeN0BATEALHOCT GyaET:

Sl, 821 4 o0y Sn, (I | ( ].Im Sn—-S)
b ~» CD
Bribepem s, NpPOM3BOJNLHO B HHTEpBaje { —, S+~ J , Boobue s, ~—
N - L
NpPOMU3BOJBLHO B HHTEpBaJe [s — 5wy S -+ -ﬁ] ;¥ < vy vy <{... Huexnl

pana

8y (89, — 8y )+ (89, — Sy ) - - .

He OyAyT NpPeBbIIATb COOTBETCTBEHHO U/IEHOB CXOAALIETOCH pajia
IR\ FNEN I
2 4 4 8 nee

~ EB®5. Kakoe 6nl umcinO MBl HM 3414/, ciesa OT Herc OyieT Ha-
XOIUTHCS JMillb KOHEUHOE YHMCAO Y/MeHOB MOCAENOBATENLHOCTH, 4 CDeA
KOHEUHOTO MHOMECTBA UMCEa CYLIECTBYyeT ONHO WM HECKOALKO HaH-
MEHBIIUX .,

08, lpu cosnanenuu Bepmeﬁ W HIWKHEH rpaHe# paccmarpusae-
MOW MOCAENOBATEILHOCTH TeopeMa TpUBHAAbHA. [IyCcTh [OITOMY OHE
pasauunsl, Torma no xpaliHel Mepe OAHA M3 HUX OTJAMYAETCS OT npe-
neja nocieposatenpHoctd, Ona W Oyner pasHa HaubosbiieMy, COOT-
BETCTBEHHO HAMMEHBLIEMY, UJeHY MOC/AEN0BATEILHOCTH,

f07. [lycrs 3anaHO ue0e MNOJOKUTENLHOE YHCAG fm, U 1 — HAU-
MeHbulee H3 uucesn Iy, ly, ..., Ly n > 0. CornacHo npeinookeHuio
B paccMaTpUBaeMOH NOCHenOBATENbHOCTH CYUIECTBYIOT UJeHb, MeHbllue,
yem 7. IlycTh 7 — HauMeHblUu#t HOMep, AAf Koroporo £, << 7. Toraa

n>my by <Ay, <l ooes, Ly <y

§08. MNpumcnsenm 105 K nOCAeNOBATEALHOCTH [h 'y litts lits, ...
. E@9. [G. P6lya, Math Ann., 7. 88, crp. 170—171, 1923.]
Mbl GyaeM HasbiBaTb [, «BLICTYNAWUIMM» UJEROM MOCJAENOBATEAbHOCTH,
ecau [,, GoJblie BCeX MOCAEAYIOWHX uieHOoB. COFMACHO NPEANOAOKEHHIO
# 108 B nepsoit NMOCIENOBATENLHOCTH COLEPKHUTCH OSCKOHEYHO MHOrO
BLICTYIAKMMX WIEHOB; MYyCTh 3TO GyAyT:

R A A (- TS N S}

1

|5,




KOKAbA  HeBbICTYNAWWMA wien [, sakmwoyaercd (LJaa v > ny) MeXLy
IBYMSA MOC/ACJOBATENbHLIMU BLICTYMAOIMUMHE  UJIGHAMH, CKAXKeM Mfy—y <
< v< n,. VlveeM nocrenoBaTeabHO:

IR S g O
3HAYHUT,
1s, < IlySp,. (*)
OTcrona 3aKa0gaeM, 4yTo

limsup/, sy, = + 0.
7> co ‘ :

HeficturenbHo, B nPOTUBHOM cayuae [, s, , 3Hauur, B cuay (*) u BCa
NOC/AENOBATENbHOCTE /8¢, [38y, [,8,, ... OblIM Obl  OrpaHMYeHbl, YTO
npotTrBopeuut npennonoxkeduio. llpumensem 107 k nocaenoBaTe/bHOCTH

-1 Aa—=1 -1 a—1 -] a—1
lrl-l S}n! » lng S'np ] & s 0y lnr S‘n?‘, ¢ 4.

¥ npvHEMaem BO sHuMmaune (%),

§4Q8. [ITo nosony samau 110—112 cm. A. Wiman, Acta Math.,
T. 37, crp. 305--326, 1914; G. P61y a, ram xe, 1. 40, crp. 311 —319,
1916; G. Valiron, Ann. de ’Ec. Norm. Sup., cepus 3, 1. 37,
cTp. 221--225, 1920; W.S axer, Math. Zeitschr., 1. 17, crp. 206—227,
1923.]

Ananuruuecku: umeem lim(L,,— mA) = +oco. Ilycre Muuumy
' m =¥ oo
MOCAeJ0BATENbHOCTH

LO e O, Ll‘—""A, LB‘_"'QA, Ls——"SA,

Oyner L, —nA [105]; rToraa |
Ly ——p)AZLy—nA, Ly ,—@0-+vVAZL,—nA,

=1,2, ..., n,v=1, 2,3, ...; n=0 uckI04YeHO B CHIy Mpeji-
MOAOKEHH OTHOCUTENbHO A. ‘

[eoMeTpuueCKH: OPOBEAEM U3 3alaHHLIX TOUYEK JyYd, Hanpa-
BJIGHHBIE BEPTUKAJBLHO BBepX, 00pasyeM HanMeHbWYI0 BLIIYK/IYI0 006/acTh
(OeCcKOHEUHBI!t MONWIOH), OXBATBHIBAOWLYIO MX, K TpPOBEieM K Hel onop-
HYI0 OPAMYIO € YIJOBHIM ‘KOdDduuuentom Al).

[Tycte BepluuHB (Wi OAHA M3 BEPIUHH), YEpe3 KOTOPbE NPOXOAST
9T onopusie npambe, Oyayt (n, L,). Tlpsamble, COCAMHSAIOUIHE TOUKH

O Tlon onoproli npsamoll 3aMKHYTOrO MHOWeCTBa I NOHHMAOT NpAMYIo,
HMEIWWYIO BCe MHO#eCTBO IN ¢ kakoH-HMOynb ORHOH CBOEH CTODOHBI M BMecTe
¢ TeM obaaganiyio 1o kpainedl mepe oaHoit obuwed rTouxoi ¢ M. Takum obpa-
30M, KaX1as ONOPHafA NpsMasn ONpPelesaAeT HEKOTOPYIO 3AMKHYTYKO NOAYINOCKOCTb,
conepxawyio . Obwasn uacTe (nepeceyeHne) BCEX STHX NONYIIOCKOCTEH mpexn-
crasasier Cco00H Boinykayio ofaacTe &, — HAUMEHbLIYIO, OXBarhBawwyw .
Kawpan onopHas npsamas mHoxectBa I Oyner onopuoft npsamoii obnacth § u
o6paTtHO. AHamoruyHo o6CTOMT Je’s0 M TOTMa, KOrga mHOwecTso I, xax
B NAaHHOM cayuae, COLeDHHT GeCKOHedHO ypajeHHyo Touky., Cm, [, ra. 3, §°1.



(n, L,) C TOUKAMM BHINYKJOH oOaacTH, JaexawuMu c/leBa, OYIYyT HMeTb
MeHbWHA HAKJAOH, a COENHMHAIOWME C TOUKaMH, JeXallMMu CcOopaBa,—
60/bluKA HAK/OH, YeM OMOpHAA NnpaMad.

fIl. [Cu. G. POlya, sanaua; Arch. d. Math. u. Phys., cepusa 3,
T. 24, ctp. 282, 1916.] Ilycte

L4lyt oo —ly=Ly m=1,2,3, ..., Ly=0 [110].

Tak xak L;— A <0, 10 Ly— 0 He sBIAETCA MHHUMYMOM B Dpelle-
v 110. [, > A; mostomy [, (, a CIeIOBATENBHO, W 7 NOJKHbBI

CTPEMUTbCA K OCCKOHEUYHOCTH OINHOBpPEMEHHO ¢ A.
12, onowam L +ly—+ ... L= L,,, m=1,2,3, ..., Lo=0.

. —mA
Torga lim M:—A [67]. [locaenoBaTeablnoCThb
m = 00
Ly—0, L,—A, L,—24, ..., L,,—mA,
crpemurca K —oco. Ilycre ee nauGoabluuit uien 6yner L, —nA. Torna
HHTEpeCYIOllMe Hac HepaBeHCTBAa OyAyT BBIIOAHATLCA A/ TOrO HO-
Mepa n. B mocaenosatempHocTH Lo, Ly, ..., Ly, ... cOmdepkuTCcA

6eCKOHEeYHO MHOT'O 4YJEHOB, MNPEeBHINAKIHKX BcCe npeasaywue [107];
nyctb Ly Oyner onud u3 vux. Toraa uuchaa

l ls—i‘{"[s 11t12+ +Is
9 .

fs
1°? ’ S

BCE MOJOXHUTENbHBI: KOJb CKOPO A MeHbllle HAMMeHbIUero M3 HHX, COOT-
BeTCTBYIOUIHH A HOmep n Ooablie WM paBeH §. Touku (7, L) mOMKHEH
ObiTb OOTAHYTH Tereph O@CKOHEUYHbIM BBHINYK/JABM CBepXy MNOau-
FOHOM. ' |

f13. Ilycte S—unrtepecyromuit Hac BepxHuit npexen. Torjia
a) $> A, Ilna S=oco sro scHo. [lycte S xoueuno. Torpa nas
ao6oro e >0 u pocratoyHo Goabwux m uMeeM Inm <(S-}-e)lnr,,
CJACIOBATENbLHO,

2 5432 o0
—~8-e -1 —S—2a S+s —S5—28
Fo t<mT, ro <m , m2—1 r- CXOJHUTCH,

T. e. S+2e> Xk, S>A. C npyro#t croponn, 6) S<CA. Hag A= oo

<o
910 sicHo. Ilycts A koweuno. Toraa ang moGoro e >0 pag ) rah”
m=1

CXOmuTCH, clenosaresbHo [139, e, = 1], mr;%"“—-&o, T. €. IJ5 nocCTa-
TOYHO OOABLIUX M

nm e S<hde S

inrm,
4. Tlyes |y | =1y, 0<<ry <ryg g - Bakmounm Kaxoe
u3 uucea x, (v=1, 2, ..., m) B MHTEDBAJ JJUHB § C LEHTPOM B X,.

OTH MHTEPBAAb HEe HMEIOT OOWMX BHYTPEHHHX TOUEK H COLEpXATca

14 3Sax. 863, 3amaus 1 Teopembl H3 AHaaM3a
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A
BCE ileJUKOM B [-—rm—g, rm—i——g— . [Tosromy

™

me < 2r,,+8, T.e. limsup
N =¥ o

]”"<1.

115, Cornacio 118 lim mr-P=0. Tlonaraem B 107 [, = mr-?.

i e ]
16, Vveem limsupmr-*= -+ co. B nporusHoM cayuae cyuwe-

m ~» CO

CTBOBaJO Obl TaKOE MNOCTOAHHOE YyHCA0 K, YTO NpPH BCeX m
—a
mr* <K
#, 3HauuT, g a < a(l F+-¢) << A

1 K1+B

a (1+4%) < T+e ?
r'm

m

B OPOTUBOpEYUE C OllpefeseHHeM A KaK MoKazaTelns CXOLMMOCTH MOC/e-
BOBATEILHOCTH Fy, Py, «.wy Ty, «.. VlMeem, nanee, mr_-?— 0. [lona-

raeM Tteneps B 109

b = Fin s

7. Ona 0L x<ry, ecniu m=0, u aaa r,, < x < Fpq, €CIAH
m=—1, 2, 3, ... LI.HeHbI psaa, HauMHas ¢ nepsoro uaena 1, nocaeno-
BATE/MBLHO BO3DACTAOT A0 M-TO (M&KCI/IMaJIbHOI‘O) yleHa, a 3aTeM BCe
Bpemsl yObIBAIOT.

188. Tlloaaraem s 111 [ ,=Inr,—Ins,,, kR=n-—y, COOTBET-
CTBEHHO n-+-v, 3anaeM A u onpeneisgeM 3arteM cHadana n no 111 n
3ateM 7 Tak, yrobm A—=Inr—Ilns,. Yto nas y—=s, n-# uiaen
ABJIAETCA NO  abCcoaTHOR BeluyuHEe "HAMOOJABLIMM BO BTOPOM pALYy, —
acuo [117].

119. Nycts p,x" — npoussoabinil uigeH psna. Boibupaem m Tax,

m—n
urober m > n U p, >0, HNag x > l/ En 6yﬂe\4 HMETb P, X" > ppX™.

120. Ecan npu Hexoropow sﬁaqemm "x unen PpX™ TPEBOCXOANT
BCE NMpeibIAYIUME, T. €. BHITOMHAIOTCA OBHOBPEMEHHO HEepPABEHCTBA

xv(pnxn“,—_pv)>/o (V.’:O- 1! e ey n)s

TO TO e OydeT mMeTb MeCTO M Mpud Bcex OOAbLIMX BHAYEHMAX X.
128, Ilycte m npoussoibHO, X BHOPAHO TaK, UTO p,,X™ SBASETCS
MaKCUMAJbHBIM ujeHOM. Torpa
1 Pm

pmpm >pmxm 2’ Pos _Er;— é })-a .



C apyro#t cropounsl, p,, (Bpy®, rae 0 <8 <1, orpaunyeHo npu m—co.
M3 aTHX IBYX 3aMeuyaHu# 3aK/JAOYaeM, yToO

mo—
lim ]/pm — —.

W = Co p

122, [L. c. 110.] Tlycte n OvierT UeHTPadbHBIK HHOEKC pALd
o0
2

b
m=0

u ¥ >0 —3nayedue, NS KOTOPOro f SBJAAETCA TAKXKE UEHTPAJIbHBIM

2™ [ HEKOTOPOr0 ONPEAeNCHHOrO MONOKUTeabHOro 2z [121]

(s o)
WHIeKCOM pana 2 b,,y™. Ilpu x = zy Gynem UMETh:

m=0
ar }k a -J—Cn — -
LS, by <byyt (=0, 1,2, ...).
ky ny
123. (L. c. 110.] TIycts 7y, fy ..., Ay - .. — NOCACAOBATEAbHbIE

o0

a,
3HaUYeHMs, TIPHHHMaeMble UEHTPAJbHbIM HHIEGKCOM psad Z b’” 2,
1
m=0
[lycte, nafiee, uileHsl ¢ yKa3aHHLIME HOMEPaMU $BAAIOTCH MAKCHMAJb-
HeIMM  cooTBeTcTBeHHO B wuHTepanax (0, &), (¢, L), @ &), ...

ces G 0GRy o M Y Yoo Vs, o ey Vi - . - — BHAUEHHS, LA KOTOPHIX
Q0

MaKCHMa/bHEIMU SBASIOTCH UICHB! C TEMU Ke HOMepaMu B paie Dy b,y
?'ﬂ:ﬁ

CrnocoGom, mnpuMeHeHusM B pewenud 122, 3TUM 3HaueHUAM Yy, OTHO-
CATCH BHAUEHHMs X, JeXallue COOTBETCTBEHHO B IIMTepBaJax

0, }"15-1% (¥ls 935 (Malar w580, oo v S Wl - o

Tormpa wuck/AOUMTEJbHBIE 3HAueHWd XxX*, KOTOpHIE ile MOryT OblTh OTHe-
CeHbl HH ONHOMY y, OylyT sak/aiouedsl BO BCAKOM cAydae B HHTEp-
Banaax '

(N 3ot e ¥3%) o oo MGt W) - -

U, CleN0oBaTeNLHO, 3HavyeHus In X* — B HHTepBanax, obwas HLInHA KO-
TOPHIX DPaBHa

in 22 11 28 In 2k L= limin 2% —1n 2
)f1+ y3+ - )’k—1+ k>0 N oy

o0
rne p— paluyc CXOAHMOCTH pdaa > bov".
1 =0

i24. [A. J. Kempner, Amer. Math. Monthly, 1. 21, despais
1914.] Hns onpepeieHHss TeX HeOTPHLATE/bHBIX LUEJLIX 4HUCesd, pacno-
aoxeHHpix Mexny 0=00...000 u 10m —1=299... 999, koropme
3aMUCHIBAIOTCA JAMWIb NMpu momowym wudp 0, 1, 2, ..., 8, pacnpenensem

14*



97 9 uMdp MeXIy m MeCTaMH BCCMH BO3MOXHBIMM CIOCOGAMM. ITHM
nyTeM NoJay4aeTcss B COBOKymHOCtd 9™ uwcea. [lycre temeps r, ecTh
n-e HeOTpHUATeJNbHOE 4KCA0, 3anuckiBaemoe 0e3 uudps 9. Ecanm
10m=1 —1 < r, < 10m—1, T0 n< 9™, crenoBaTeNLHO,

Inn In 9

lim sup N7, < 10 < 1. [113].

= o0

Miu mpoie: YHCIO uucesa, 3anuchbiBaeMelx 6e3 nubps 9 u 3ax10-
yepHnix Mexay 10m-1—1 u 10m—1, pasHo 9m-—9m—1  Cnenopa-
TENbHO, CyMMa HHTepecyiollel Hac 4acTH I'apMOHMYECKOTrO psia MeHblle
qeM

9—1

1 F92_9_|_93_*92+'”:8(1_{_%_*_%—1—,..):80.

I125. O6benuHseM B OBe pPasHble YACTH OTAEAbHO BCE MOJOKUTE/b-
Hble M OTIEJbHO BCe OTPHLATENAbHbIE YNeHHI.
I126. (K. Knopp, J. fiir Math., 7. 142, crp. 292—293, 1913.]

Her. Tlpumep: nycts 0, + by b3 ... cxonurca, Mexay TeM Kak
|6y |+ 185 4|05 | -~ ... pacxomurca. [lonaraem
| b b
2
a1=bl,ag=a3=§-,a4=aa=...=09=BT3,£110=...=L133=Z";-,,_,

Tax xaxk n! npu n>! menmtcd Ha [, TO YacTp ap—+ ap,; -+
~+ Qpio;— ... TOCHE NPUBENEHHS YJEHOB, COOTBETCTBYIOLMX OLHOMY
¥ TOMy e b,,, OyheT, 3a UCKJIOYEHUEM KOHEYHOTO UYHUCAa YJeHOB, TO-

1 1
KIEeCTBEHHA C —11—b1—|——l byt 054 ..

I27- HeT [128].

i28. Her. Ilycrs @ (x), P(X)— nonoxuTeabHble, NOCTOSHHO BO3-
pacrawowue geso3nainse Gyskuun, T. . 0o (1)<<e(2) <o (3)<...,
O<cOd(HY<P@)<PB)Y <.y, nprien o (n), ®(n)— uenavie uncaa.
OGpasyeMm u3 pdna bt—}—bg—i—bg—{— . peuwenus 126 pan @, 4+ ay-|-

—|—a3+ .., TAC @, _@(m)—fb(m——l) lipu @(m—1)<v<®(m)!

G =Gy ... =g q = %1) Hepasenetsom o ()< ® (m)<o(t, - 1)

LeJoe Yucao f,, onpeneasercss ofHO3HauHo. [locne mpuBeleHHA UJEHOB,
COOTBETCTBYIOLLMX OLHOMY H TOMY Ke by, PAl Qo) —F Go(2 +

(0]
. t‘n’i; tm 1
~+ag@ —+ ... nepeiger B 3 m) — @(m—~1) . Tonaras @ (x)==
m=1
== 2% Mbl NOJAYUMM pAL &, —+ G5+ g~} ..., CayxawuH TPOTHBOpE-

yaluM NPUMepOM OJHOBpeMeHHO 1Ja 126 u 128.

~ JIeMCTBHTENbHO, ecad @ (X)— MOJHHOM CTeNeHH > 2 il ¢ (x)=
tm'_t'm—l

O (m)— D (m—1)

HOTOHHO yOmBatk [Knopp, crp. 316]. Ecau ¢(x) =~k Ilx, TO co-

= R[*, TO 4HCAA

OyanyT, HaudHasd ¢ HEKOTOPOTo, MO-



cTapieHHbl psAn npeobpasyeTcst nocie NMpuOas/eHus K HEMY HEKOTOPOTO
abCcoMOTHO cxomawerocsa paga 8B [=1 (b, - b, b, .. .) [126].

129, (A. Haar.] Tax kak paa s; = &+ ay -+ ag + . . .-—10r0 3ice

THMA, YTO Y Sy, TO LOCTATOUHO NOKa3aTh, 4To ¢; == 0. [1yCTh py, Py, .« ., Py
CyTb m TepBBIX NPOCTBIX uucesd. Torza psi

$;—(Sp St -+ A (Spp,+Spp A ) — - (D) S, p

CONEPHUT JIHWDL @4 K TE€ UJIeHH a&,, HOMep KOTODPhIX 7 He ﬂ.GHHTCﬂ HH

HA OBHO M3 MPOCTBIX UHCEN Py, Doy + .., Pp» HOPUTOM KKLOS TAKOE @,
aaiwb opuH pas [VIIL 26]. CaenosatensHo,
O
. 1
la1‘< Z | @y |, a;=0.
n:pm-l-l

B Tom, uyro npeanonoxenue abCOMOTHON CXOAMMOCTH cymecTBeHr-Io,

- A (n)
n

MOXHO yOeIMThCS HA OpuMepe E VI, ra. 1, § B].

n=1

138. (G. Cantor; cu. C. Carathéodory, Vorlesungen iiber
reelle Funktionen, crp. 286—287, Leipzig und Berlin, B. G. Teub-
ner, 1918 *).] MuTepecywulee HAC MHOXECTBO TOUGK NONyYaeTCHd, ecid
13 3aMxHyToro uHrtepsana [0, 1] ynanserca OTKpLITAsT CpepHss TPeTbd
YaCTh, 3aTeM Ta e ONepalus UPONEJbBAETCH OGECKOHEYHO ¢ OCTaloLiu-
MHCS 3aAMKHYTLIMH MHTEpBa/aMHu.

i131. [Cm. S. Kakeya, Journ. Tékyo math. Soc. (2), t. 7,
ctp. 250, 1914; Todhoku Sc. Rep., 7. 3, crp. 159, 1915.] INonaraem:

pn+pn+1+-°-+pn+v:pn,w lim Pn,v:Pn

V=>C0

(n=1, 2,8 ...;v=0,1, 2, ...).

[lycts p,, — nepBoiit usmeH, MeHblHR o; Torna anfo CyuecTsyeT Takoe vy,
uto P,y <o, Pn, v+1.20, vy >0, aubo P, < o. Bo sropom cayude,
NMpYHAMAs BO BHHMaHue, 4TO P, 2> p, -1 > o (ana n, = 1 3TU HepaseH-
CTBAa ClelyeT yuTaTh: P, = § > a), uMeeM P, =0, T. e. 6 MOXHO npei-
CTaBHTh HEKOTOPOH OeCKOHeuyHOR 4acThio paccMaTpHBaeMOro psna. B nep-
BOM c/yvyae oOnpenefaseM [afblie Nepsuift uled p,, L9 KOTOPOTO
g > -+, Pn,v, =+ Pn, <o, TOraa anb0 CYyWecTBYeT TaKOE vy, 4TO
Pr v =+ Prgs, <6y Ppy =+ Py sr1 20, v 22> 0, mmbo Py, + Py, <o.

Bo BTropom ciyuae, npuHMMAas BO BHUMAHHE, 4TO
Pn,,vi ‘l‘Pn.,} Pn;, v +pn9~l }c
(e >ny—+v—+ 1, ubo Py v —+ Pn4v+1 = Pn,v+1 22 0), OVIeM HMEThH:
Pn,,v‘ 'J!_Png:o: .

*) Cum rtakxe I, C. Anexcanapos, Beenenne B ofuyio TeOpHIO MHO-
wecTB u (Qynxnuit, Focrexusnar, 1948, ctp. 140—141.




T. €. ¢ CHOBA MOXHO NpencTaBuTh TpeOyeMeiM o6pasom. Ecau sTot npo-
1LecC HMrae He OOpBIBAeTCA (T. €. eC/Ud BCe BpeMs MMECT MeCTO MepBhbli

cayuatt), To

9] :"-pn,,vl —'*—pﬂnwve +Pn'3!vu + PR

l32l M3
Prn = Pps1t Puro— Prig—t + o
Prv1 = Prrot Ppis—t Ppys—+ - -
1 1

NOJyUaeM p, == 2p, .y, CAEAOBATEJBHO, Py =+, po== T e Pp=
= Zl,—; , [Tpencrabsenne MNOCPeACTBOM HeOOphHBAaKUieHCs JBO-

nuHo#t ApoOM O0LHO3HAUHO.

133. [locpenctsoM BKJIOUEHWS WIEHOB, PABHBLIX HYJK, NPUBOIUM
TEOpPeMy K MOUIEHHOMY CJIOXEHHIO IBYX CXOIALKXCA PSIOB.

134%. Ilycrb BCe uieHbl PACXOLAWETOCH PALA Gy —f Gp —- @y, . ..
HEOTpULATebHEl. TOrna AONOMHMTEAbHBIH Pan  ay —+as -+ ag, -+ . ..
obnajgaeT TeM CBOHCTBOM, uTO BCSKOMY § (8§ > (0) MOKHO comocrasuth
Takoe N, uyTO npu n >m > N OyneMm HMeTb:

asm‘*{"asm—kl'l‘; e +asn < e,

JlanpHefiye pacCysKIeHUs B CYLWIECTBEHHON YacTH COBMANAIOT C OOBIUHKM
J0KA3aTeJbCTBOM TeopeMbl PuUMaHa 06 H3SMEHGHMH CYMMBI YCIOBHO
cxonsinerocd pana®) (Knopp, crp. 319 ##)).

1838. Vs p, = po2py3 2., 0<my < my < my< ... BHTEKAET:

myz1l, my>2, ..., m,>n,
p%‘i—Pg'—l— R 2 2 ol s S & Pm, -
§86. Buzeaum uacts p, — Pyt pr, - ... TaK, UTOGH
P, < Min@" Q—Qu ) (1=1,2,3, ..., Q=0).

WneeM py, —+ pry—+ - - —{—p.,,n\an, BCs BBULGJEHHAA 4Y4CTh psla CXO-
IUTCH, CAeLOBATRILHO, PasHOCTh (p— (Pr, —+Pr,—+ ... -+ py ) HeOrpa-
HUUeHHO BO3pactaeT. B ToH Mepe, B KakOH BO3pacTalclias Be/HyuHA
9TOH pPasHOCTH OyAeT MO3BOAATH, Mbl OyJleM mMOAO2BJATH Y/CHbl U3 OCTAB-
mefcd YacTH INEPBOHAYANLHOIO paia. YKasanHoe MOCTPOEHHE JHLb
cMewaer 0Oe HOMNCAHHTE/BHBIE Y4aCTH APYT OTHOCUTENLHO Apyra.

137. [W. Sierpiniski, Ann. Soc. Polon. Math., 1911, crp. 149.]
Ilas pocTwxenus S 3aMennseM DPACXOAMMOCTb [MOJNOMHUTEJbHOW 4YacTH
psapa no npumepy 136,

I188. [E. Cesaro, Rom. Acc. L. Rend. (4), 7. 4, 2-#f cem.,
crp. 133, 1888; J. Bagnera, Bull. des Sciences Math. (2), T, 12,

——

*) Dra Teopema Ha camOoM Hese UpuHamaexut Jupuxne.
##) Cam. takwe A, A, X nHuwH, KpaTkuit Kypc MaTeMaTHUYeCKOrO aHaAH3a,
Focrexusnar, 1953, crp. 308—309.



crp. 227, 1888. Cm. raxxe G. H. Hardy, Messenger of Math. (2),
T. 41, crp. 17, 1911; H. Rademacher, Math, Zeitschr., 7. 11,

crp. 276-—-288, 1021.] MMonowum E,=2e¢ 2, ... 2, E,=0.

Torna

7
el 2Pyt o Aeypy = 2 (E,—E,_)p, =

Vo]

n—1
= 2 E,(p,—Pus)+ Enby

Ecmn 6bt npu n > N 6puto E, > an (@ > 0), TO Mbl uMean Obl
&P+ ePyt -« Tt EuDp >

N n—1 7
> ZEv(pv—pv-{-I)—i_a 2 v(pv—pv+l)+anpn:[<+a Z Py
v=1 v=N+41 v=N+1

rage K He 33aBHCUT OT 72, M, CJAel0OBATECALHO, [paBafg yacTb CTPEMUTCH
K ~ co.
1839. [E. Lasker] [Tycts E, =2 e+ ... -5, kak s 138.
ITocaenoBaTeALHOCTD :
El’ Ez’ ES, ¢ e o0y En, LI ] (E)

objagaeT TeM CBOHCTBOM, 4YTO MEXAY IOBYMA WICHAMH C NPOTHBONOJONX-
HbIMY 3HAKAMM COACDMIKHUTCS MO KpalHe#t Mepe OXMH, paBHbl HyJdO. Mbi
OyieM pasiauuarh OBa cayyas: 1) B MOCAEROBATeNbHOCTH (E) OeckOHeUHO
MHOI'O Y/EHOB, PAaBHbLIX HYJI; 2) BCe 4ieHBbl [ocjenosateabHocTd (E), 3a
HCKJIIOYeHMeM KOHeUyHOrO 4YHCaAa, HMeloT OOWHA 3HaK, NOYyCTh, CKAXKeM,
noJioXuTeabHbl. B nepBom ciayuyae BuiOepem Takoit HOMep M, yToObi
Ey=0n npu M<Im<n
7

—=| 2 UE,—En)—(E,_(—Ep,

y=m+1

N

> ep,

v=m+1

n—1

—| 2 (E,—E)(py— Pyry) + (En—En) Pa

y=ym+1 |

<eo (M)

Mycrs E,, — Ommxatiuit ciesa K £, YleH NOCAef0BAaTE/AbHOCTH, paBHbLIHA
Hyal0, Tak uro £, ., E, o, ..., E, UMCIOT BCe O HHAKOBbL # 3HaK.
Torna w3 HepasencTsa (*) moayyaem:

|(E-n_Em)pnl — |Enpn' < e.

Bo sropoM cayuae BbiOupaeMm M Tax, uToObl HepaBeHCTBO (*) HMeNO
mecto aas M<Im<n u utoOwl Bce uucaa Ey, Ey+1, Emas,
OblIM MOJOKUTEAbHB. [lycry £, OyactT uX MUBUMYyM. Tak Kak B 3TOM
cayuae E,—E,, >0 npu v>m, T0 43 Hepaseucrsa (*) noayuaem
(E,—E,) pn, s, ClIeioBdTeNbHO,

Eppp <24 Eppy.



Tak xax m QuKCHpOBAHO M p, CTPEMHUTCS K HYMO, TO TPH NOCTATOYHO
Coabwiux n Takke u E,p, < e.
140. Burekaer u3 usBecTHOR (OPMYab OCTATOUHOTO UieHA

/ ’ () (0
£ (%) (f(O)If(O) lf(O)xgl lf © )
f(nTl) (0.x)
DGRV

tak Kag fO+1) (Ox) =10, f0+D(0), roe 0 <0, < 1.

148. s 140.

142. V13 nepasencrsa cos x < 1 (rae paseHCTBO NOCTUTAETCS JIHLIL
B Toykax x — 0, == 2=, = 4=, :t_6u, ...) TNOCPEeACTBOM HMHTErpHUpPOBA-

HAA AO0Jay4YdeM, 4TO Npud NOJOKHMTEJIBHBIX X

X+l (0 < 6 < 1),

: X2 x3
sin x < Xx; 1—cosx<T, T. €. COS X > 1—5»—’

. X3 -, : X3
x——smx<§l—, T. €. smx>x—§,

X2 x4 2 i
) —+cos x — | <—@1—, T. €. cosx<1——2_!_|_4_1

M T. 1.
143.
@£
| / X3 x5 121 +1 —x2)n+1
arctgx——&x—""g "—}—'—S—ﬁ—— . e —;—("—" 1)‘)% m‘_‘T) == |’I (?lwdx,
1
‘ 2 cos xt
J(x) = — r - dt.
0(, ) == ) V1i—z
144. Tycrs, ckaxew, a0>0," crano 6bith, @, < 0, @, >0, a5 <0,
TornaA—a, <0, A—ay—a, >0, A—a;—a, —a, <0, ..., T. e,

a3 < A—ay—a; —ay, <0,

OTKYLa ¥ BblTeKaeT YTBepXKAEHHe. AHAAOTHUHO paccymiaeM 4 B CIy-
yae a,<0.

045. [lycrs, nanpumep, a,<A4; Toraa a, He MOWeT ObiTb OTpH-
uateJpHeiM, HOO B 9TOM CJlydae MBl umean Obl

A—(ag+a)=|A—(ayFa)| > | >|as),

YyTO MNpOTHUBOpeunT mnpeanonoienuo. Crano ObTh, @ > 0. Tak kak
0L A—ay;<|a|, nmeem, naace, A—(ay+a)=A4—a,—a <0.
AHAaNOTUYHO Bakaloyaem, 4T @, < 0 u @, -+ a + ay, < A, nanee, a, >0



M dy~ a4+ ay—+ a3 > A u r. 1. Boobuie rosops, 06sepTHBAIOILKH P

ne 00S3aTeJbHO sBJAETCA 3HaKOuependyiowuMcs [148], oaHako oOBepTeI-

BAWINE B Y3KOM CMLICAe — yKe 0e3yCJ0BHO 3HAKOUEpPEAYIOIMiCS.
§4%5. Eciu B 145 npeAnoA0KeHO JMLWb, 4TO | &, | > [ay] > . ..

TO AHAJAOTMUHBIM INyTeM 3aKJI0UdeM, 4TO &, o, « .., O, _, HMEIOT Uepe-
ILYWOLHKEeCs SHaKW U MOCTOJbKY YaCTUYHBIE CYyMMBl 10 (n— 1)-#i BKIIO-
UMTENbHO OOBEDTLIBAIOT B YBKOM cMHcae, n =2, 3, 4, ... o, Kakoso

Obl 44 ObIIO (PUKCHpPOBAHHOE #, BCerja AAf JOCTATOYHO BOJBILHX 8HA-
ueHMit X OyAyT BHINONHATLCA HEpaBeHCTBA

S>>

OTKyNa BBITEKeT yTBEPHKAEHHE N0 HOMepa n— 1 Bkmountensno. Tewm
CAMBIM OHO HMeeT MecTO BooOule.

047. V3 upennofoKenust BBITEKAET, UTO OPOU3BONHBbIE (%) (f) mome-
PEMEHHO MNOJIOXKHUTEAbHE ¥ MOHOTOHHO YOBIBAIOT, COOTBETCTBEHHO OTpH-

” Iv

1LaTeJbHbl H MOHOTOHHO BO3pacrtaiT. [1ycre, ckaxem, f(8), f7(£), f1V(f),..
MOMIOKHTEAbHE U MOHOTOHHO yGmiBawT, f'(£), f7 (&), fY (), ... oTpu-
1aTeJbHB ¥ MOHOTOHHO BO3pacrawor. Ka

2]

R, = J’ f(£) cos xt dt — (

0

| a2
| x2

ap

xh !

al .>
x|

0 ”’0 (2n—1)
SO 4 7O gy OO

x‘&}l« )

(—1 )n-’rl
xl’n-l-l

Jﬂ F@n+1) (£ sin xf dt =

T
@,

e [ panen i — pinen (1 4-2)

0

{

- f@n+1) (t_}. 2%)__ . . ] sin xf dt

1 f(2n+l) (0)

s MMEIOT ofwue 3Haku. [Ipume-

BhITEKaer, uto R, u (—1)"+
Hsem 144.
148. Cymma 2n—2 I‘IepBblx 4/eHOB paBLa

(=" 1 3
+3 on-27? 8-277'—2<‘2?’I.+1’

cymma 2n — 1 l'lepBbIX YJIEHOB ' paBHA

(_l)n-i-l 1 1
3 + 3.9n+1 *  3.9n4+l < 41 c

Pan — xne3naroueped yioujuiics .
149. Yepren naer cnupaneBUIHYIO JOMAHYIO JHUHHIO, CTSCUBAIOILYIOCS
K HEeKOTODOH TOUYKE; OH HEeKOTOPBIM 00pa3oM OGO0CHOBLIBAET HAHMEHOBAHUE



e LS rLllERYIA 14wV

paaa «oGeepThiBaloiuM». Yimeewm:

101 , 4
— ‘20+120 ~-6, rne |8[< <2 104

{ueprexx mam 151]. Orciooma noayyaeMm OJsi NepBbX TpeX AeCATHUHBIX
3HAKOB TOYHO (HE OKPYIJEHHO):

¢t = 0,540... 0,841,

150. [H. Weyl.] a) [Tycts 2z aexur wa §, [2]| > 0. Ocrarounbif
YJicH

1O (1O+T0e p O L T7O )

J E— 0" fonst) 1) at
0

710 MOAYJMIO MeHblUe, yeM
dl

s ) [

0

f(n+U (0) _

.fi
nl (n + 1)

6) [IycTb BOOOLIE MpPeANoJOMeHO, 4To f(2) Baoab § obOBepThiBaeTCs

pAnLOM ay—+ a2+ ay2? 4~ ... Tlycte, nanee, z jexur na §, (2| >0
M {— NOMOKUTENBHOE BelleCTBEHHOE uucao. Torpa fz—! pacnonokeHo

#a &, CJAelOBATENbHO,
1(3) <

OTKYIa BHITEKAaeT, YTO MHTerpaj, npencrasisfwoiui F (z), cxomurcs.
JHanee,

iy
z ¥

lay 2 as nta
|F@)—ap— 22— |
(s w)
t aqt antd A, "
— -t : ST M —n
= J.e [f(*g)—%—"; o o ]df‘
0
[>)
Ay g1 (n41)a
t ] Y¥n+1 n+1
<je n+l dt zn-l-l

151. [[To nosony e~# ¢m. E. Landau, Arch.d. Math., u. Phys.,
cepust 3, T. 24, crp. 104, 1915.] Cm. 150.

(Mpan Nz=0, z=0 MOAYAH UOPOUBBOJHLIX OT €7 % [OCTOSHHEI,
OJIHAKO CaMa e~% HemOCTOAHHA, TAaK 4YTO OCTARTCA B CHJE CKABAHHOE

B 150.) (141.)



152,

(e £2

z'.l
— - I —_
K Je dt:—z—— e %o-tt,

e 0

| S

Tak kak R zl—z>0, To npumenumMo 161 (coorBercrBeHHO 141).

153. |¢,+ b, | =a,|+|b,]- Cum. onpenenenue.
I154. [Cauchy, C. R., 1. 17, crp. 370—376, 1843; cM. Takie

G. N. Watson, Quart. J., 7. 47, crp. 302—310, 1917.]

co 059
ZCchZI—{—ZZZ——:’m [151, 153].
n=1 '

I55. [Cauchy, 1. c. 164.]Tlpu R22> 0, z + 0 arctgz 06BepThHI-
BaeTCa CBOUM CTeIlIeHHBIM p:ﬂ,ﬂ.OM. ,H,JIH BeUleCTBEHHBIX 2 3TO yxe J0OKa-
3aHO B 143; 11 HHTepeCYWHX HAC KOMIVIEKCHBIX 2 3aK/luaeM Ha
OCHOBAaHUM TOH xe (GOpPMYJb TaK Xe, Kak B 143.

a
156. Jocratouno paccMorperb ¢ (x) = ay— ;1 . HMmeenm:

e(H)+o@)+ ... +o@=amn+a lnn--0().

157. Jlaa  cxoamMocTd HeoGxomuMo, urTobb lim ¢ (n) =gy = 1.
n—>co

[Tpumensem 1566 x

9

2

mwm:mﬁ+%+%+“j=%+—7r—+“.

158. PaccmarpuBaeMuiit paa BO BCAKOM C/yuae CXONUTCH, ec/H
¢(n)=0 nJg HEKOTOPOr0 UeJOro nonoxureabHoro n. [lpumeMm no-

sToMy, uro ¢(n) %0, n=1, 2, 3, ... Hmeem [68]:
w

lim Vie(e@).. ¢ @] =al.
¥ oo

Hoayuaem, takuM obpasoM, Aas |ag| <1 cxomumocts, mas |ag|> 1 —
pacxopumocTh. Ilycth Teneps a, =1, nanee (pamu npocToThl) @ (n) > 0
(n=1, 2, 3, ...). Torna [157] '

Infe(e(2)...e(m)]=a lnn4+>b-4-e¢,,

0(1)¢(2). .9 ()= ma,

lim e, =0, b ne 3aBucur or n. CrenoBareapbHo, npu @, < — 1 umeer
7N >0 ‘ '
MECTO CXOJMUMOCTb, Np¥ @, > -—— 1 —pacxonumocts. Haa gy—= —1

no/araem:
¢m)=—4%@), ¢(92)...¢@)=(—D"$D)¢(2)...¢(n).



OcraTounmf uaer paga 2 n~2 Gymer O(n41), oTKyna (CM. TaKme
pewenue [l 18)

Y)G(D). . b (n) = et O (n=a-Y),

rae ¢ He 3aBucur orT n. ClepoBaresnbHO, paccMaTpuBaeMuil psim ¢xo-
, = |

IMTCA ORHOBPeMeHHO ¢ ) (— 1)*n=®, . e. xorma a; >0 ¥ TOJBKO
n=1

TorAa. B urore nosyuvaem, 40 a8 CXOOUMOCTH 2aJ&HHOTO psla He-

00X01MMO M AOCTATOYHO, YTOOHI BHITOAHAAOCL 1O Kpa#iHe!l Mepe ONHO

M3 CAELYIOWMX YeThlpex ycaosuti: a) ¢ (n) =0 19 HEKOTOPOro 11enoro

MONOKHUTEALHOTO n; 0) |ag| < 1; B) gy =1, e, < —1; 1) gy=—1,
a, > 0.
159. Yacrumn cnyqaﬁ sanaud 158 nas
2 o a? ]
(P(X):Q—Bx:].— ;——WF—}— ..

CxomuMocTb uMeeT mMeCTO nmput o« > 1 u a =1In2;In4, In8, ... Bce > 1.

160.

1 1

1
n — -
jem h Tdx = ifx“(]n l)’na,bc.
: nl X

’n:() 0

NIE

3ameHa nmepeMeHHOH x"+! —e~¥,

EBA. [Moaaraem l/l —+ Vl +...+V1=¢, torna £, =1+

-t =1, t,_ (<t, n=2, 3,4, ... 0ag MOJIOKHUTEILHLIX X

HepaBeHCTBO X2 < | -~ X BBLINOAHAETCA TOrAa W TOJBKO TOrAa, KOTHa
14 1/ 5

x < , T. €. MeHblue MOJOKHUTEJILHOTO KODHA KBALDATHOTO ypa-

2
BHEHUS x‘3—-—x— 1 = 0. Orciona BruiTexaer, Tak Kak £, =1-4¢, , <

< 1-+t, uro t,_; <t, <H_V5 n=2, 3, 4, ..., OTKyZLa 3aKJi0-

yaeM, uro cywecreyer lm £, =7u 0 <{ L 1+ V ; nanee, 2=1-+4
7 -»co
1+ 1/ )
—+ £, T. e. { = ——=—— . AHaJIOrMYHO OMNnpeneNseTcs 3HAYeHUEe Helpeprs
"HO#t apolu, Tae pexyppeHTHoﬁ dbopmyaoh Oyner:
uy=1-4u-", u, =1 (n=2, 3, 4, ...).

n—-17

182. [G. POlya, sanaua; Arch. d. Math. u. Phys,, cepus 3, 1. 24,
crp. 84, 1916. Pewenue —G. Szegd, Tam ke, cepua 3, T. 20,
crp. 88—89, 1917.] Ecim (pamu npocrotol nag v = 1) Inlna, <<vin2,

a, < e, 10 t, < ]/e'?—{—l/—eé‘—{— - -{-Vef"’<e%]/—g [1611. Ecan,

°




Inina,

_ | 2%
HANpOTHB, a, > e/, rie B> 2, To tn>e(2) . Jaa a, <1 nop,

eCTeCTBEHHO MOHMMAETCd — OO,
168. Jas 10xasaTenbcTBA HepaBeHCTBA

Ap+1
ot —tn <
2 Vaiag...anan+1

mpeino/jaraeM, 4YTO COOTBETCTBYIOLLEE COOTHOLIEHME JJ9 7 BEeAHYMH
Qy, Qg, + .., Gp,, YK€ LOKa3aHO, T. €. UTO

1/ag-+l/ é3+-.- +V ay+ Vs <t+s,

riuie

t = V02+Va3+ . +Va, s= On+y

=1V agay apiy
Orcona

<ot s < (VT4 ) < (o )

164. [Jacobi, 1. c.53,§52, Corollarium; Werke, 1. 1, crp. 200—
—201.} Monaraem 1 —g=a,, | +gh=qa, (m=1, 2, 4, 8, 16, ...);
tToraa (n-+ 1)-e 4yacTHyHOe NpOH3BEACHHE NPHHUMAeT BHL '

1 1 _1_ 1 g_o—MN
2 (anal) (aoaiag) (aoalaza 4) 8 (aoaidz. celon—1 )—z-ﬁ . ag
a,\ ay a, ag a.n (21020435, .0 n)2 "
M NpOH3BelEHHE a,050,04... cxopurca. CM. taxxe VII 78.

185. OGosnauum cymmy psna yepes F(x). Torna

F’(x)= F(x), F(x)=const, ez,
166.

¢’ (x) = (x), ¢(0)=1,
@(x)*e“Hr“—Fg,—!— +n,+---'
A (x) =14 (x), ¥(0)=1,
b0 =2 =1 () (3 + ()
nas x > — 1. Hmeem: |

xn

(Pn(x): P

%(x):(;z\c)=x(x—1)(x—2)...(x~n+1) (n=1,2, 3 ...).

n!




167.

‘ 1
n_n —qqg In___
f Xn+1 f Yn+1 12n (n 1)’
1 1
In In :-_,( ——)In(l —)—1;
Yn+1 n+2 +ﬂ,

pas3noMeHue

nit™ :2(-’13+’§+-’-gf+ )

I —x

| S
RaeT npu x ———m—l—.

L< (ntg)n (1 +7) = 1+ sgrr Fsmry o <

] | 1
<1 +3[(2n+1)2— 1] 1 +12n'(n‘+ 1)’

CNIeNOBATENbHO, X, < Xu.1, Vn > Vg dacTe 3anaun 165, coorsert-
creento 1l 205. M3 167 B cosoxynmHoctu ¢ I 202 suitekaetr I 205 nas
LEeJOYUCAEHHBIX 7.

168. (I. Schur.] Yro a, yOwuBaer npu p > —12~, BLITEKAET K3 pas-

JIOWEHHUS

2(n + p) 1 1 __
2n 41 (l +3(2n—{—1)3 +5(2n—{—1)4 + >—

1

lnan::

[ ) (1 S I S )
B +n+l Ts@FryE tsameyr T )
7

‘pewenue 167]. Orclona, nanee, 3ak/JIwOuaeM, UTO
1

may=1—2 4 L1 ofl);
NGy =l—— -+ g7+ (}B)
n—|——§-

3HAUNT,
1

ey RO

1
TaK uTo Mpu p < 5, HAYMHAA C HEKOTOPOrO 7, @, OyleT BO3DPACTATL.

na,, ,—Iina,=

[Tpu p <L 0 970 6yneT uMeTh MeCTO yiKe HauyuHaa ¢ n = |, KaK MOKa3bl-
1 n
BAeT passOXeHHe (1 —}—7) no OUHOMMAALHOK: POpMyIe.



X
] n+% 1'%7{
:(I+?) N
(1+)
[TepBuitt MHOXHUTeab yObiBaeT [168], KBaapar BTOPOro ecTh
2x—1 <

L+ n—+1 +n(n+1)'

1.

[lostomy ycaosue x > 5 [OCTaTOYHO A7 yOeIBAHNA @,,. M3 pasnowenus

1 ! 1
In a, ’:2”(2n+1+3(2n+1)3 T sER T T )+

+2|m s lais) + sl )=
2n~|—1+2n—{—x +12n2+o (n?»)

nojaydyaeMm B CHAY

- 4x—2 1
]I’l an——ll’] a,n_}_t :W—i'—o ('—),

ns

4TO 3TO YCJIOBHE TaKkKe HEOOXOMUMO.

i79. [Cum. 3anauy Ne 1098 B Nouv, Ann., cepus 2, 1. 11, crp. 480,
1872, Pewenne —C. Moreau, tam ke, cepus 2, 1. 13, crp. 61,
1874.] Tlepsoe HepaBeHCTBO, yTBeDKIaKllee, UTO

Ly+t 1
(14+5) <e(t+3),
BLITEKAeT H3 HepaBeHCTBa

f(x):x+xln(l +-’2£)—(1+x)1n(1 +x)> 0 (0<x< ;1;)

[Mmeem:

1
i = > s — TX 11=0, 1) =0,

f(x) = —
x4 2 1+2 1+2

Bropoe HepaBeHCTBO PABHOCHALHO HEPABEHCTBY
1\" 1
e<(1—!—7) (1+-2—n) (169}

I71. {I. Schur.] Bo propo#l uerTsepTu, Tak Kak
I

(1+%)"(1 +4—1’E)<e<(1 +-:z—)”(1+ﬁ) n=1, 2, 3, ...)



[TepBoe nepapeHcTBO BhITekaeT M3 170, ubo
-1

L+ <(t+5)(1+5)

BTOpOe comepxurca B 169.
172. [I. Schur.] Vs pasnoxenns

+ 2y —1
lnan:(n+1)lnrﬂﬂ(2 -1_2)22\’ (anil—x) —

2n+ x
- x2v~1 x-1 1
= 2 —
2v-1(2n+ x)>= s+ @0 Z 2y —1(2n 4 x)>*~1
npu O <x<2 3aKJjoyaeM, 4r10 @, yOnBaer. Hainee,
. X8 1 x(2— x) 1
Ina, =x—+73 (2n +x)2+ 2n + x 0 ("ri@)’

2x (2 — x) 1
Ty teTy O ()

T, €. MeHblle HYJAf MpPH AOCTATOYHO OOJBWHX n, eciu x < 0 wuam
x>2 Mlpy x=04qa,=1, n=1, 2, 3,

173. [JoxasatensctBo coobuwma E. Jacobsthal.] Tlo nosoay npe-
aAesa Bhpawedus sin, X cM. 174. Vimeewm:

Ina, —Ina,, =

x3 . X3 x5 |
nalee, INPH (UKCHPOBAHHOM ¢ W JOCTATOYHO Ooxpmux n, n > N(¢)
{OuHOMuUaAbHBI psanl), umcewm:
17 ¢ \3
V n 6 \Vn V-1

COOTBETCTBEHHO

1 ¢ \3 1 ¢ \b ¢
= m) T GE) <
cMoTpst 1Mo ToMmy, Gymer ad ¢ < V'3 waa ¢>V3. Myers ¢ < V3 u
C
_° 7T
O orna

. ¢ ¢ 1 ¢ 3 ¢
By > 2 YN T 57 =) > VNFer1 '
c

————, n > N. Orcona lim inﬂ/nsin,nx}c, T. e,

. V)‘I -—I—O‘. . 7 —> CO
}]/3‘. B cayuae ¢>1'3 BuGupaeMm m CcTOAb  GOMbUINM, YTOOHI

o> 0 (uKCHPOBAHO M CTO/Mb BEMMKO, UTO Sin, x >

8HAUHT, Sin, x >




sin,, x < . Tormna aHa/OrHYHO NpeJLIIYUIEMY 3aKJIIouaeM, 4UYTO

VN + 1
¢

VNE2'

17%. [ocnenosaTenbHocTs v, yObBaeT, v, >0, ClIen0BaTeNbHO,

cyuwectByet limvy,=v; u3 v= f(v) saimoyaeM, uro v=—0, Taxum
71 = 0

06pasoM, 10CTATOYHO 10KA3aTh YTBEPXKIeHHE L5 MPOU3BOJLHO MAJOro X.
Mycty &’ ¢duxcuposano, b’ > b. TIpy HOCTATOYHO MAJIOM X HMeeM:

X —ax® < f(x) < x —ax®--b'xt,

a npu DOCTaTouHO GouabiioMm n, #, > N(c),

1 1\ 1
cn "-l—a(cn "—1) >cln-4+1) k-tr
COOTBETCTBEHHO

1 __ 1 \k __t N o

cn —k—:iea(cn k"l) +b’(cn k—l) <cn-1) k-1

1 1

cMOTps 110 ToMy, Oyner an ¢ < [(B—1)a] *-! waue > [(B— Da] %1,
Cum. 173, TlpenmonoxeHne OTHOCHUTE/JbHO 3HAKA # HECYUIECTBEHHO.

§175. [J. Ouspensky, sanaua; Arch. d. Math. u. Phys.,

cepust 3, 1. 20, ctp. 83, 1913.] CxomumocTh npu § > 2, pacxomHUMOCThb
mpu s 2 [173]. .

A78. [Cu. E. Cesaro, samaua; Nouv. Ann., cepua 3, 1. 7,

ctp. 400, 1888. Pemenne—Audibert, tam xe, cepusa 3, T. 11,

cTp. 35%, 1892.] V3 nepapencTs

x>ln >0 npu  x > 0; x<In & <0 nmpu x <0
3dKJaK4aeMm, 4dTO HOCJIG,[LOBaTeJIbHOCT'b 4, B IeDBOM CJy4d€ MOHOTQHHO

ybuBaer u u, > 0, B0 BTOpOM — BO3pacraer u u#, < 0. Mmeem:

limug, =u=0,
T —=>c0

ubo u =+ lnﬁa—1~ npu & == 0.
PexyppentHas ¢opMyJia

e'n — 1 = g,e"n+t (n=1, 2, 3, ...)
paet:

o = |y a4 auy. o, gy e

. U, —
Hm wguy. . oupe n¥1=20,
(S L]

15 3ax. 865. 3anauw B TeopeMw H3 8HaH3a



#d7. (C. A. Laisant, samawa; Nouv. Ann., cepus 2, 1. §,
crp. 144, 1870. Pewenne —H. Rumpen, rtam xe, cepus 2, 1. 11,

- eTp. 232, 1872.] s:%cos o. [lpunuMaeM BO BHMMaHWe TOXIAECTBO

4 cos® 9 = 3 cos ¢ - cos 3.

§98. [I. Schur, sanaua; Arch. d. Math. u. Phys., cepus 3, 1. 27,
crp. 162, 1918, Cm. O. Szdsz, Sitzungsber. Berl. Math. Ges., 1. 21,
crp. 20—29, 1922.] Ecm >0 rtak wmand, uro |g|-+e<<r, 10
CyUIeCTBYeT TaKOoe MOCTOSHHOe uMcaA0 A, He B3aBucdulee OT 7 H v, YTO

”

bn,

(<A(|q|—|—e)" (v=0, 1, ..., 0, 2=0,1, 2, ...).

lpu n > m umeem:

m . n n
¢ N\ by —y 4 bp—y .
m—f@ =Y+ 3 e — Y agn
n n . n P

v=( vam4+1 va-k1

06e nocjenlre CyMMbl no abCOMOTHOM BeJHUKMHE MEHbLIE YeM

AN a4 Y laligh

y=9m+41 vam+1

T. e. TIPOM3BOJNBHO Manwl BMecTe ¢ m~l, Bribrupaem m CTOJb GOJMBIIKM,
4TOObl 3TO BhIpAXKeHHe OBIIO MeHblile &, B8aTeM INPH NOCTOSHHOM M Bhie
Ovpaem n cToabp OOJMLLUUM, 4YTOOB mnepBag cymMa Obuia mo a6couoTHOR
BeJUYUHE MeHbille €.

79, [Jacruniit ciyualt oOHON BaXHOW TeOpeMbl H3 TeOpHH (yH-
uuit, npuHapiexaumet Butaau. Cum. E. Lindelof, S. M. F. Bull,,
T. 41, crp. 171, 1913.] Mmn nokaxem Janmup, uto lim a, = 0. (3arem

N —%CO
ofpasoBeBaeM X~ 1f, (x)—ay ¥ 1. 5.) [lycth X cTOAL Mand, 4ro Bbl-
xl
nonngeTcs HepaseHCTBO 0 < A "
BOJbHOE [OJIOXHUTEAbHOE uHcI0. Torna

!am,i<x“1|fn(x)|+14 <L X7 fr () | 2.

BriGupaem Tenepb, npu (GHKCHPOBAHHOM X, CTOAbL OOJbIIOE 7, 4TOO

| fa () | < ex. _
180. Tax kak |a | <A, (B=0, 1, 2,...), T0 2 a5 CXOBHTCR.

k=0

<&, T'Ae &-—— HEKOTOpOe MpPONa-

X
l—x

Hueewm:

13— 81 < Vo — o |+ |Gy — 8|+ -+ Gun— | +2 2 Ay

w41



Ilyctb & — npOUBBOALHOE - MONOMHUTENbHOE YHCA0. DBoseMeM m  ¢cTOJb.
6onbliyvM, 4TOOB NOCAeNHAS cymMMa Oblla MeHblle =, 3aTem 3a(1)m<cw*

pyeM m u BO3bMeM CTOMb Ooabmoe n, UTOOB | &, — @y | < —— m+1
(=0, 1, ..., m). Toraa nmonyuaem:

| sy — 8| < 3e.

184. a) Tak kax Geckouecudoe npoussenenne §4 (1—g%) cxomurcs
=1

npu |g| <1, TO Bce ero yacTuyHble NPOM3BELEHUS BAKJIIOUCHH MeXIy
ABYMs TOJOKHUTENbHBIMU wHcaAamu a u b, a < b. TlosroMy nnad Bhium-
caseMpix B 52 peauuud C, uMeeT MeCTO OlieHKA

. b 2
'Cvl < ('E') q’
ITpumensem 180.
6) HyCTb B b9 y <0, crano Omth, g > 1. Torna

g% :
14+g+q24 ... g1 <

nanee,

( _L)"“‘”>ey (=0, 1, 2, ...),

b
NOSTOMY

R e B (T e R

[Tpumensem 180.
182, Peus uner o npenene CyMMmbl pana

k; AT R T R — ] = kZ’ﬂﬁ;cp(;)

npyu n — 00; 4ileH ¢ HOMepoM 2 = (O omnyuieH; MOJI0XKEHO

@upqy+@“%a+x_4f (—1< x < oo, x+0).

X)®

[Monarag ewe ¢(0)=a~% nonyuaem, uT0 ¢(X) HenpeprlBHA MNpwW
—1<x<<co. MNpn a =1 umeeMm @(x)==1, NP4 OCTAMbHLIX 3HAUCHUIX @

cp(x)wxl"a pu X — 00, cp(x)fw(l—i—.:c)m_1 npu x —> — L.

Iag cayuad ¢ = 1 npepaest MoJAyuaeTcs yxe H3. TOXILECTBA

3

-n;B

I S Y S R R = -

"Ecau @1, TO mpu n—>00 U K cpm{cnpoaaﬂﬂom obuwuit  uwien
cTpemurca K k~2p (0).

15*



B cnyuae a> 1 ¢(x) orpanmuena B wuHTepBale — 1 < x < co.
D603HaUUM MaKCUMyM ¢ (X) B 2TOM HHTepBajse ueped M. Torma pac-
.cMaTpuaeMbft psn aag a=1, 2, 3, ... Oymer MaxopdpoBaThHCA
psnom X, Me™® [180].

B cayuae 0 << a <1 cywecTByer Takoe MOJOXUTeAbHOE uyucao M,
4To

1
p{x)< M npu ——2—<x<2,
¢ ()< MU+ mpn —1<x< —,
0 (x) L Mx'™® npu x > 2.
OTCI0Na BHTEKAET:
| 1
—an ~La
- 1 k M n l—z 1—-a _9
> 75‘4_‘?(7?)< > k_z(n+k) Zk -0,
f=1mn keal=n k=_

<P(£)<Mk1"“ (n=1,2,3, ...; k=2n, 2n-1,...).

‘ 1
Tem cambIM OCTAWLWASACA YaCTb psga (OT —-# 40 ©0) OydeT Maxo-

pupoathes pagoM X M| k|71 [180].
183. lmeen:

Voery eryer .. +1/2<l/2+]/2+|/2+

TdK 4TO Bpr dxKeHue

=aol/-2—|—ell/2—}—egl/2 + ...+, V2
BCerna uMmeeT CMbICh. [1/18 ROKasaTebCTBa paBeHcTsa

-

_ . T RV EgEy ... By
an—Qsm(zLT)

v=0
fIDUMEHAEM METON NOJAHOH MHAyKuMH., Hmeem:

T

sgn @, = sgn 2 sin (—“4- 28—0817—5—“—) =z

. ve=0
Janee, 1Jas zq = 0

a',;—2=ell/'2-{—z—:gﬂ//—2+...--{—an§




n : n
4sin9(-§28”€1"'e”’) Q:-Qcos(-f-c-EE”E1 e"):
4 v 2 oY
v () v=0
n
- ™ T €1&2 AT
= QCOS(Q—-I—QZ > )_
v=1
n
_ 1 8164. gy
__25111(42 1 )
v=1

[lepexonum k npenesy npu n — Co.
184. [Cum. S. Pincherle, Atti Torino, . 53, crp. 745—-763,

1917—1918; Rom. Acc. L. Rend. (5), 7. 27, 2-# ceM., cTp. 177—183,
1918.] TNonoxkum x =2cos¢, 0 Lo < n. Toraa nBonuHoe pasnomeHue

2¢ g, & g
e+ E R+ B (@=0wmD
6yﬂ.6T OJHO3HA4A4YHO onpe,r.te.neﬂo, 34 HUCKJAKXYEeHUEeM c.ﬂyqaﬁ, KOorna
— P
<P - Qq T

rie p u g—ueasie, 0 < p < 2% B TOM Cayuae CyulecTBYOT [Ba pas-
JoxeHud., PaBeHcTBO

CQCOSC?:EO]/Q—}—GIVQ—!—EQVQ—F...

paBHOCHAbNO [183] paBeHCTBY

[=4)
. W 49y o . = €1€1 «» « Ep
251n71-( n)-?smz(ET ,
n=10
HAH, TaK KaK obe AV 34KJKWYEHBl Mexny ——% 5| —;—,-—-— PaBEHCTBY
o o l—ent{...8y
—F=ygn, I=Y—
T on Y @ T 2" ’
=0 =0

MTak, ocraBiass npeiBapuTeJbHO B CTOPOHE YNOMAHYTHIH HCKAKOUHTE.b-
HBIR cayual, uMeeM:

gnzlu%eé...En (n::(), 1,2, ...).

IDTUMH ypaBHEHUSIMHU BHROJHE OJHOSHAYHO ONpPeiesiorTcs e, (kaKk u o6paTHO
£n Hepes e,).



B HCKIIOUMTENBHOM cliydya€, Koria CP:Q%‘K, rae p H qg-—UCHAbS,

0 < p < 2% umeem nBa paB/OKEHHA IJf ?g—:
2 &1 1 Eg-2
R g

— £ Eq—-2
_g0—|—51—{—...—|—25_2+2q1—[— +2q+1+"'
(g>2). B sroMm cayuae g, e ..., g,_y, KaK M Npexne, OnpeneleHH

OLHOBHAUHO, e, == — 1, e,y =¢eyp== ... =1, 4 g;_; MOKHO 10 NPOU3-
BOJY BbIOpaTb paBHLIM Kak — 1, Tak 4 -1, HmeeM, ciaenosatenbHo,

x=2COS@=80V2+st_V 2+62V2+ +eq_2V§.

Vis 183, oOpaTHO, BEITEK4eT, YTO KAXNO0e HUCJAO MOC/IeLHEr0 BUJA PABHO

Qcosg%-'n, rme p u g—uease u 0 < p < 2%,
[lpu g =1 CK43aHHOE BBILE HYXKAAETCHd B HEGOMBIION MOIMGUKALAY:

[
URDDPEL Loy oy Lyas B0» + =+ Eg_g OTCYTCTBYIOT, @ == 5, x=0.

i85. llocaenosatensHocts g, OylieT TOrA4 W TOJNbKOG TOrAA HepHO-
JAMYECKOM, HAUWHAS C HEKOTOPOFO 1, KOTAa 3TUM CBOWCTBOM of/iafaer
£10C/Ie 10BATENBHOCTD €.




OTIOEJ BTOPOH
UHTEI'PAJIbHOE MCYV.CJIEHUE

. r—1 1 1 1 r—1
. > < r—1 _lLr—zz T r—1< ro 0 *
Xy Xy Xy1 Xy Kyt XXy —1 ‘xv—l
s xr+1
2. (4 )6 < 22 <+ DAL
Y \J
T
Ehga+{“ -k, D het+R, Tl MONOKEHO A=), — X, =
y=1 ' v=1 '
b—a
== — —. Ilpenenom seipaxceHus
1__ nh eb____ (4]
het eh =h— .
_ l—e e’ —1
asafeTcs el — e%, TaK Kak
. b —1 de”®
lim = = 1.
n 7 1
| Va9’ (g —1) ag’” (g —1)
. Serta=n, Sy,
TS | q v=1 q )

S
X b

TAe TOJOXKEHO ¢ = — ==]/-—. Vimeem [3]:
Xy—1 a

inb-Ing

lim n(‘l/————l)_— lim elnb-—-l (Inb—Ina)y=Inb—Ina,.

{3 = o0 n—» o

5. [Nonoxum Hnm1-+—%-+—§+...+-3;. Torna

.
Hyp — 2 (§ Hn) = H,,—H,.



Hanee,
1

6.
T T ("
sin sin 2 . osin g ——sr r
n-+1 n-+1 n—+1. sin x
ngmm +1 - ‘[“”E_ﬁ—‘%—"‘—;— = —d >0
n4+1 n1 g 6

(VI 25).
7. [To nuddepennualbHOR TeopeMe O CpPe/lHEM 3HAYEHHH

=21 [F (xv)_F (xv—,l)] = glf(sv) (xv—xv—l)

F (b)) —F (a) =
(xv—i < Ev < xv)-

OnHEKO npu npunucelaemom 30eCh 3HAKY UHME2PAAQ CMbLCAE BOBCE
He 0043aTe/JbHO JOJMAKHO BHINOJNHATLCA PaBEHCTBO '

b
F(b)— F (a) = ff(x) dx.

, T. 19, crp. 335, 1881.]

[Cm. V. Volterra, Giorn. di Math,

8. Ilycrb - <E<-§—. Toraa
w | ~ TN
el flrooms(as ey 3 A5
v=k vl v=k+1
U

vl

v

k 7
v.[
fi




9. [Cm. G. P4lya, Arch. d. Math. u. Phys., cepus 3, 1. 26,
crp. 198, 1917.] Ilon nonuem usmeHenueM QyHKUUM f(X) B HHTepBa/e

[@, b] NOHUMAIOT BEPXHIOK I'PaHb BbIPAMEHHS

| flx) — flx) |1 F () — F ) I~ oo = f () — (%) |

COCTABJEGHHOTO IJs BCeX BO3MOKHbIX pasOuenuit untepsana [a, b] (0bo-
8HAUCHUA Te e, UYTO U B Hayaje Hactosduwled raaset). PyHKuHHM, UMelO-
lHe KOHeUHOe IIONHOEe W3MECHEHUE, HABLIBAIOT PYHKYUAMU € 02PAHU-~
YCHHBIM U3MEHEHUEM: |

18, 1< fi‘f v_nl)—f(—;-)udnglfdx.

=1

4

a+y
n

n

0. —4,= Y, f (a2

v=1 b—-a
a+(v—1)T

_;a -—x)f’(&,)dx,

—a
. CnenoBaTenasHo,

(b—a) i: (b——cz) Z M,

vy=1

rae a—(

rae M, n m, 0003Ha4alOT COOTBETCTBEHHO BEPXHIO M HIXKHIOIO TpaHK
npousBogHOH f/(x) B v-M moauHTepBane. Mmeeu:

iim F o).
I. lim w2, = (7 0)— 7 ),
ubo
) —7(a )=

T (e @—n 25+

=

+g(r—a—@ -5 .

Yaen, nnHeHHo 34BUCALLUE OT x YHPI'{TOH{aeTCﬂ npu HMHTEr pUPOBAHMK
0 HMHTEepBany [a—|—(v——l) , a4y ] Cm. 10.




2. Vmeem [11]:

b—a
a+m
p= | 1 — @ e+
a
n a+ (@ +1) gf;-fl
b—a
—|—Z j [f(x)—f(a+2v m—qf):’dxz
v=1 a+(2v—1)—§—-_:11
a+ zb?;i a+(2v+1) b— -;-11
- b—a\? .,
= [ eeoreet Yt [ (vme2lmreas.
¢ =1 e 1)3 fl

VickoMBIM npeneioM CAyXur:
b—a) o /
O 17 o)+ 27 (@),

B cayuae, xorma f'(a)==0, stoT pe3yabTaT BhITekaeT M3 11, ecsiH
paccMaTprBaeMyn Tam GYHKUMIO f(X) B8epKa/jbHO NPOLOMKHTL BJAEBO
OT @ W 3aMeHuThL n Ha 2n - 1.

i3. B 10 u 11 noxcrasute f(x)= 1

1 +x '’
Cm. Takxe 5. |
i4. [TToxpobuee cM. B crathe G. N. Watson, Phil. Mag. (3),
T. 31, crp. 111—118, 1916.]

a—=0, b=1,

n-1

n11)+ n ( "-(n—lv)w )7%_'

= Siﬂ—
y=1 n | n

__2n
= \1

a 9TO BhHpaxXeHHe, NPUHUMAsd BO BHUMaHue 9, PAaBHO

1 )
e [m n4-C+-0 (-}1—)] 4 nu (Smlm-— L --ﬁ-(—l«}_-T))der 0 (71;)] -
| -_rz%(lnn—{—C)——:%nln—g—{—O(l).

i3, [E. Cesaro, 3araua; Nouv. Ann., cepus 3, r. 17, crp. 112, 1888,
Pewenue — G, POlya, Tam xe, cepua 4, 7. 11, crp. 377—381, 1911.]




b |

INoacrasute B 10 f(x¥)=x1lnx, a=0, b= 1. Xora npennojsoxenus
s8anayd 10 ¥ He BrOJHe YIOBJETBOPEHbl, TeM He MEHee YTBepXIeHue

coxpander CHUITY.

n
16. oaaraem P(x):-z};—}—Z ! , B=(1—e~%~1. Torana
v=1

X —V

P(x)= a ectb ypasHenue (n— 1)-#i crenesu. OHO uMeeT B KaXIOM
uws wuurepsanos (0, 1), (1, 2), (2, 3), ..., (n—1, n), (n, o) no
oagoMy kopuio. IlycTe nociennuit Oyner x,. Ilomaras B 12 f(x)=

, a=10, b=1, noiayuum:

mB-———x
1
14

[ 2 —a=pip=p(n+D)a]+a >0
0 |

f—x

Taxk xkak P (x) yGeiBaeT npu x > n, umeeMm xn<(n—|—%~)ﬁ. o reo-

peMe O CpenHeM 3HAYCHUH 3aKJ/JioudaeM, pnaJjee, 4TO

1 - A, -
0< n—{-?z— @——xn:——-,——-<—— ’
b+s "0 elra)]
l ‘ I
s, <8< (1) B
Mocaeanas apoGb crpemurcs kK Hymo [12], uGo
1
1 dx =~
”P’[(’“F?)p]"’“oj(@—x)a'
1
7. Us a_—:JI—BB_Q_—Bxde noJy 4aem Q:iii:i 0 nansine,
0 .

Kak B 16. :
18. [J. Franel, cu. Cesaro, crp. 273%); cp. ¢ sHieposoft

€
.popmysiolt cymmuposanus.] Ilomaraem F(x)== ff(x)dx. M3 pasencrs-
1

F(vbg)—FO =50+ FE)
—F(s ) P ot D= g f D —3 7 (1),

r}m

vE <y <<yt Le=1 2, 1),

*y Uesapo, u T, ctp. 336.



NOCPenCTBOM CJAOXKEHHSA NOJyUyaeMm:

S F D+ F@Q+ @) 4.+ fa— D) F 5 (1) —F (1) =
= [f () —F GO+ I () —F E) b oo A F () —F CGa)] -

Pan :
—F G+ F (1) —F G+ F () — F G+ (n)— ... = 8s

CXOIUTCH, KaK 3HaKouepeAyIowuiics psl ¢ MOHOTOHHO YOLIBAIONIUMU MO
abCOMIOTHON BeJHuuHe uJeHaMH, CTpeMalWuMHCT K Hyawo. [lpu f/(x)<{0
HMeeM:

§ 7 @) < 5 F ) < — g I ) —F G FF (lay )= (). <O0.

1
Orciona npu f(x)==— BbTeKaeT CyWeCTBOBaHUE Mpelea
. 1 1 1 1
fim (T+_2-+§+ . +___1nn) —C
n~>coo n

(nocrosignas DHaepa), a TaKKe HePABEHCTBO

1 1 1 1 1 1 1
EE—W<T+§+§+ ...+;_mn—-c<ﬁ.

IMpu f(x) =-—Inx noayyaem:

lnnl_—_—_(n—-i—%)!nn———n-{—l—-s—}—en,

rae s —rnocrosuHag ¥ 0 e, < 'Sl_n' . ®opmyna Crupaunra [205]
yrBepknaer, uto 1 —s=1In} 2=.
19. Cm. pewenue 18. PaccmoTpeHHas TaM CyMMa

A () —F G+ F () —F G o+ F (o) — F Cao)]
B JNaHHOM cJyvyae NoJOXuTeabHa. [lalee,
F ) —F(E) <0, F ) —FE)<O0, ovy f(Mpeg)—f (Gny) <0,
FE) > W () < J (). '

20. [Cm., nanpumep, I. c. 9.] Tlycrs f(x), cKameM, MOHOTOHHO
Bo3pacTaeT (B MPOTHBHOM CJAyyde JMOOCTATOYHO OblI0O Obl PacCMOTPETh

— f(x)); Toraa-
1

1 e Bt 5Y)

n n

| rwax< . < [ rwax.
J

SRS



[TpeanosnoxeHne MOHOTOHHOCTH CyLieCTBEHHO JHIUb NJ4 TOYEK, B OKpecT-

HOCTH KOTOPHIX (yHKLMA f(X) He orpaHuveHa. _
21. Mu moxem npuHaTh, uyto f(x) BO3pacraer [20] u f(x)>0

(B NPOTHBHOM CJ/Iy4yae HOCTATOYHO OblIO Okl PA3JNOXKUTb f(X) Ha cCyMMmy

fEO) D] @ —] /()]
2 -+ 2

MU paccMOTpeTs B OTAEJbHOCTH 006a
cnaraembix). Bubepem 2 >0 u v (0 < < 1) 13K, 4TOO BEINOMHSAIOCE

1
HEepaBEeHCTBO f f(x)dx < e. Toraa

e I(1~7\n 1-7
im0 Y e(2)7(2H)= | ewr@an

C npyrof#t CprOHbl, 0603Hayas uyepes M BepXHIK T'PaHHLY le ()1,
HMeeM:

<My 1(D)<m [ rwar<m.
=1

val(l-nnl+1 1

n-1

RGN

v=[(1-m) n] +1

<

nl<

22. Monoxuts B 20 f(x) = x*"1,
23. 0, — 1" (n — 1P+ (—2 T — 1P

n—1 !
. = 1 y \a-—1 v \3~-1 . - - _
= kb 1275(7) (1—7;) ~ e lfx L(1—x)f -1 dx.
v=1 " 0
Cu. 20.
1 1
24. f(x):-—;—l_‘_x-

25. Iycts f(x) KoHeyHa, CKaXeM, B TOYKE X ==1 H MOHOTOHHO
y6uBaeT. M3 vepasencrra [20]

)+ r(5)+ o +(5)

1 n

1
| s <

n

| e

-

4

BhITEKaeT, 4TO JeBas CTOPOHA orpaduueHd, T. €.

1

lim | f(x)dx

5§30 .
KOHCUEH,



28. [lycts, nanpumep, f(x) yGusaer. Torna

_ 2rn 1 %1-_—_1
(T Zf(”‘“l)\%f(%)Jrlf f)ax,
2n o

ciaenosatelbHO, a fortiori

2n—1 1
1 “om n , n %
2 [rmast | reas<t N2t < [r@ast [ rwas.
o % T ° =

BrnpoueM, nMeeM Taioxe: \
' n

2 [-2—] 2 1
lim-;l—Zf( A J”f(x)dx

7n—>00

ye=1

27. Cu. 28 nna f(x) = x*-1L,

vo| ¥

]

1

net [

28. o N (07 () =%

v=1 vy

N

n—1
(55— 26

[20 u pewenue 26].

2@- CuM. 26.

30. Tax xak lim f(x)=0, 10 f(x) N0/MKHA COXPAHNTL TOCTOSHHO
. L=>co
ojuH M TOT e 8Hak. [lpeamosaras f(x) nosoxureabHOM H yOnBaIO-

ueff, nmoayyaem:
C (m+1)vh
[ r@ax<nirm+reEn 4 o 4 Fm)) < j f(x)dx,
h
CTKyla, Nepexons K npejeay npud m — Co, |

fwf (x)dx < b i flah) < foof(x) dx.
h n=1 0o .

[Tpeanoaoxenne MOHOTOHHOCTH CYLLECTBEHHO JIHWIL A4 OOJbLIMX X.
20. [Monaras B 80 f(x)=e~x*~1, e~k —=¢, moayvaem:

I'(e)= lim (1n—)(1°‘ R I e

i—=>1-0
= lim (lwt)“En“ n = lim — ne”nl [l 89].

{310 nsio ¢@+ 1) (@a+n—1)



32. Uz 30 npu f(x)—_—_.e—x( L 1), p—h

=% & —=£{, INpPUHHMAA BO
BHHMAHKE, 4YTO

—nh
hze > —-In le_h.

33. Hs 30 npu f(x)=
HHe, uTO

o—1
v B — ‘ .
[To=z ¢ = {, [pHHUMAas BO BHHM&

o 1

e—®

0

MAH 13 32 Ha OCHOBAHHU TOXKAECTBA

o0 (oo o]
%! " R 5 fan
14t 7 hdl—fn Zl——ﬁn'

n=1 n=1 n=1

34. Ha ocnosanuyu pasencrsa

-
[ ar= [ x(Yer)ar =N 1.
'—é’ x L ,'n...'
0 0 n=1 n=1

Moxuo Obio OBl BeCTM LOKA3aTeNbCTBO TaKkKe CJASLYIOUWMM 00pasoM:
umeem [VIII 49, VIII 65]

(o) co

St = an(n)t“,

n=1 =

tZ a(ﬂﬁ‘"“Z[a (Do, (D .. o, ()17,

n=1

[Tpumenasa 456 u I 88, noayuaem Tpebyemeil peayabTar.
85. Us 30 npu f(x)=e?, e

MOACTAHOBKA e~ h — ¢,
COOTBETCTBEHHO e~ M = .

36. [llpenea pasen = HMa 30 npnu f(x)zl—{%_ﬂ’ Rl =t
. Cp. ¢dopmyay
1 2t 2t 2t g™t |- p—mt
T+t3+12+t3+22+ +29——|——”“‘+ o T et

[Hurwitz-Courant, crp. 120 *)],

*» 'ypsun, crp. 163.



. 1
37. U3 30 npu f(x)=In(l+4x"%), ~A=¢ *. [lpoussons 3a-
MeHy NEepeMeHHBLIX M HHTerpupys [0 4acTAM, HAXOLUM:

co o _._E.
J.ln(l—i—x—“)dx:JATu_l_—uda_—_ ’tn
0 ()V Sin?

38. [pumensem 30 npu f(x)=1In(1 —2x-2cos2¢ - x~*). TNona-

LI sin ¢
Tasg [ == 7 €% B copMyse nas —— Gepa B o0eMx 4acTaAX KBAaLpar

A0COMIOTHON BeJAUUMHEl, MOJydYaeM:

N 2 cos 2¢ 1
H(l T n2h? +n4h4)=
n=1
X -—sin ? -:%c sin ¢ 2n
= I3 [e ~+e — 2 cos (F cos rp)]
39. Nneen:
a co
E (ag" —agr+t) gt ina < J Inxdx < 2‘ (ag™ — agn+!) g*ln a =
n=0 n=0
=alna—+—‘%]—>alna—-a

apy ¢— 1. MoxHO H3BIeYb OTCHOAAE pesy/IbTat o0lero xapaxkrepa,
4aHalnoruuHelfl Teopeme 30.

40. [Npunumas Bo BHuMaHWe b8, nosyuaem:

N2
7 ii ki T —2k<v 2)
2(’3)"Ngkn(2)z_n‘723 ve/l .1
v=9{ " v=0 Vn
DO T 0 £ p-t 1
,._‘,an(g)an 2 JAe-Qim“dx:an(_)z no G (_“_)3
i e 2k

Tlo noBony nerated mpeneibHBIX nepexonos cm., Hampumep, C. Jor-
‘dan, Cours d’analyse, 1. 2, 3-e u3n., crp. 218—221, Paris, Gauthier-
Viilars, 1913.

- 4. [Tlo noeony 3anau 41—47 cMm. G. P6lya, Arch. d. Math, u.
Phys., cepus 3, 1. 26, crp. 196—201, 1917.]

42.

i £ 3 (E—(2])= [ Dor= i [ (B[ ]ee=

y=1

=1—tim (14 545+ . Fy—lnr)=1-C,

¥ =» QO



rae C—noctoaHHag Q#nepa. Iloaaraq
"1

o = I (a4 1)
©(a)= r T4 =T +1)+C

0
zgaMeuaeM, 4TO TaKxKe
1 ' 1
J"ad@(a):cpu)_fq)(a)da:1_c.
0 0 '
HMuwimu  caoBamu [44], omepauun o0pasoBaHus cpelHero 3HayeHns o

NPeNeJbHOr0 NMEPex0a OKasHBAIOTCS MepeCcTAHOBOYHBIMH,
43. [CM. Cesaro, 3anaua; Nouv. Ann., cepus 3, 1. 2, c¢rp. 239,

1883.]
n 1
jm g B[4 =1 [ [3] e
= Z%(_ (n+1)2) b— Tz

n=1

44. [G. L. Dirichlet, Werke, 1. 2, crp. 97—104, Berlin,
G. Reimer, 1897; cm. G. Pdlya, 1. c. 41, crp. 197 u Gott. Nachr.,
1917, crp. 148—159.] 3amaua npusommrcs [VIII 4] K BeUKCAEHHIO

npenena
" 1
it S0 =] (L e
n—co 1. | v v X X
y=1 0
,1, 1 i n—1
"’*1
= lim [—} [ D x = lim ( )
n—>co ¢ ( X n—>oo,2"
n
1
1 1 1 "l— e
:1-_1—+a—|—§—2——+a —_— _j — 5 4%
0
[Tpu a:% sTa 3anaya cosmanaer ¢ 41.

4%. [L. c. 41, crp. 199—200.] Mycrp cHavana a > 1; torna

i
5 (a+1)j [%]x‘*dx:i n f (1) 52 dx =

n=1

£
,_.—}- bty
=

|

L b h e =L,

16 3ax. 863. 3azaum u Teopemsl “S aHaHIA



[TosHoe m3MmeHeHue (yHKUNH [-};] x* = f(x) [cM. pewenue 9] ecTb
FO—1(g+ ) +{rlz—0)—r(z+0) +
+ g —0)—r(5+ )+ ... =
=117 =27 27" 227 =37+ 374 ... =20(a) — 1.

Orciona BeiTekaioT ofa  yTsepxienns 3anadn [9]. [lepsoe us Hux
cipaseninBo  Takxke  nad a=1. Jlpu O0<a <1l paccmarpusaem

1 1 ‘ _
(—-— < )xf‘. ¥ [pHHUMAEeM BO BHUMaHue 22.

X
%46. [L. c. 41, crp. 200—201.) Tlonaras —jc——[%],:f(x), ume-
eM [42]:

1
ff(x)dx =1—-C;

‘ 1
KpOMe TOro, mnoJjHOe H3MeHenue f(x) B HHTepBaje (—”?, 1) pPaBHO
2(m—1). VmMeewm:

13- Bt —c| | a1 Bo3) <

v=1 v=1

1 m 7
A
élf (x)dx——-—— Z f Jﬁ —-f(;z—) dx.
m Cv=m+1 v=1 0
n
m 1 2(m—
Tak kax — > —, TO TMepBHH WICH HE NPEBOCXOAMT ——— ——— (9],

m
BTOPOH MeHblue g

417, i(ur—a,): i(— 1)y~ H‘] —
yv=1 v=1

TR E R )
v=1

v=1

OTHoweHHe nepBOli cyMmbl K 7 cTpemuTcd K vymo [28].
%48. Britekaer u3 ompejeseHus HHTerpana.



DO} OTAEJN 1 i

4%9. Burekaer u3 20 npu f(x)=Inx. OTHOCHTENbHO HHTETpaa
1

fln xdx oM. 39.
0

50. Noxaras c:%, uMeeM:
"i/ic-l—lc-{—Q ¢c+n—1
T S RN E— 29].
c —
" 7—}_ on
2‘?’2
51. A”f_‘n-{-l . Hanee,
AV YEC ny __ (n))"+! - - RS 22 S
(0)(1)(2) "(n)—'(112!3!...n!)3 'H(’H"l V) —

vl

)n+1 -2y

oy nt+1—
_H( n-41 !
v=1
K]
w60 X (n— 1 —2v) = 0. Ipumenss 20, nosydaem:
v=1
k{1

1 1 2y )=
lim —n—lnGn-—— lim ;Z(l—m)m(l“n_}_l )“

7 —>» co n ->co
v=1

1
- J(I—Qx)ln(l—x)dx-:%. |

0

B2. B 48 nonaraeM f(x)=1—2rcosx +r2=|r—e®2, ¢ =0,

b = 2x. U3 Ttoxpecrsa
7 2mdy
rv—1 =]_[(r——e i )
. y=11 )

3aKayaem:
flnf‘zn ce fmz =(,-n__ 1)2-

IIpu r = 1 orbpacuiaem ob6paiaiuufics B Hy/Ab MHOXKHTENb [, H OCHO-

BeiBaemca Ha 20.

53. [G. Szego, sanava; Arch. d. Math. u, Phys., cepus 3, 1. 25,
crp. 196, 1917, Pewenune —J. Mahrenholz, Ttam xe, cepus 3,
T, 28, crp. 79—80, 1920.] [lpeanonoxedue 3anayd O3HAYAeT, 4YTO
e~ (e — r) BewleCTBEHHO, T. €. YTO apryMmeHtH y e u e% —r mubo
COBMAfaT, AUGO JNONMOMHAT ApPYr Apyra ao 2w, Tax kak £ ecTb Omu-
Waflmee K X yucio, obaanaiouiee 3THM CBONCTBOM, TO AOMKEH HMETb.
MecTO mnepshifl cayuad, oTkyna e® ecTb TOUKa mOepecedenud Jayua,

16%



L594% ‘ PEILIEHUA [04

BEIXOMSALLENO U3 F N4 PA/VICJIbHO BEKTOPY €%, ¢ OKPYKHOCTbIO eAUHUYHOrO
kpyra. Ecau mostomy O x<m u & coorsercreyer x-+m, 10 €%,
r u e® jexar Ha oAHOH npamoft. Tak Kak npousseleHHe OTPe3KOB Ha

Xopie, npoxojdAuwed uepes (PUKCHPOBAHHYI TOUKY, He H3MEHAETCA HpH
BPALLCHUH XODLBI, TO HMeeM:

le® —r|2|e® —r2=(1—2rcos¥ -+ r2)(1 —2r cos t+r2) = (1—r2)2
", C/e10BaTeNbHO,

%ﬂ—j[ln(l — 2r €05 E.—{——r‘z)—l—ln(l —2r cos ¥ 4-r?) dx =
0

5 Jln(l —rHdx =In (1 — r?).
b

_

B54. 3 crenennoro pana ans In (1 - x) noayvaem, uro npu | x| g%
|In (1 -+ x)— x| < %2
CIlyers | f(x)| < M. Torpa npu BnM\g—% OyLEeM HMeTb:

21 In (1 +fman)_21fvn3n g afn 21 f\?n 671,

Crosias cnpaBa cyMMa NpPH 72—» CO CTPEMHUTCS K HEKOTOPOMY HHTe-
rpany. CMm. takxe 67. Bmectro pasOuenuss uHTepBana [@, O] Ha paBHble
4aCTV MOWHO paccMaTpuBaTh M Apyrue pasOuenus, Oepd NP STOM OPIU-
#aTel BOOOWe B JIOOBIX TOYKAX MOAY4YaIOLWHMXCH NOAMHTEDBANOB, — COBEP-
IIEHHO TAaxK »e, KaK NPH ONpelefeHUH HHTerpasta. PaccMmarpusaemkble
00pa30BaHUsl CTOAT B TAKOM »Ke OTHOUIEHHM K MHTerpanam, B KakoM Oec-
KOHEeUYHble NPOM3BENEHHS HaXOJATCA K 6eCKOHelIHbIM psnaM.
55. Coraacno 54

. 1_}_iL dew
PNl =g (e
e 0
5%. PaccmarpuBaemMoe npouspeneHde paBHO
1.3:5... (2n—1)a™.0n
(12+1)a-—1j[(n+2)a—1] Cna—1)
(n4+1)a (n+2)a (n+n)a
(n+Da—T1T ~~(a+de—1 """ (nd-na—I
]. % 1

L o s W N I
) (e e



YacTuellt cayuall, xorna a =2, T. €. TOXAECTBO
| 13,5, 1,90 1

| 2 2 6 6 1010 yZ |

MOMYYaeTCs TaKKe M3 DA3JIOKEHHS COSX B MPOMSBEACHME NPU X = ;;—

[Euler, Opera Omnia, cepust 1, 1. 17, crp. 419, Leipzig und Berlin,

B. G. Teubner, 1915.]

a-+t+vd __ a—§ 1 8
51. b+var—'1+ 3 1+9i”3_’5'
_ n
3aMeuanue K pewenunro 54 npuMendeM K (yHKLHY f(«‘v’)za—a_s—l —:—_x

B uHTepBaste [0, 8).

58. Ilycrs n yetno, n = 2m, \'17—_”2—%1/5; nanee, A >0, v>m.
m

Torna
(V)
v/,  om m—1 m—G—m—1)
(Qm)‘“m+1m+2"' m-4(v—m)
m
| 1 1 l_v-m—l [
1 . VmVnm Vm Vm
= 1 1 o 2 1 e 1+v-m 1 -
1+—"._—_.—'—..::' — = —_— —
VmVm Vm Vm Vm Vm
©Vi
- fmdw
¢ = =¥ 54
\VE o [54].
fa:dm

2 em
m)rw [202] u uyTO B cayuae s Heuer-

Jlanbuie 3aMeuaeM, 4TO ( —
i m HLTC

HOTO, n =2m —+ 1,
(") a2

EET )

2 =H (2n —v)? _

) 4
v=1 4n?— 4nvcos —=—= | V2
n

21 —v
Z—_

v=1

7 )
"""H 1 Z "’El slm A e

+(2n —v)? 4n




¢ | ¢
[IpaBOMepHOCTb 3aMeHbl sih ——— Ha — OOOCHOBLIBAETCS  MyTeM
P P 2V n 2Vn y

pasnox(eﬂm B psif 1O V_ n noraquJanOBaHm ApousBe/ieHnus, KaK b o4.
60. Bsenem aas HHTepecylelt Hac BTOpPol pasHocTH 00O03HAUCHHE
Fb, d)—F b, ¢c)—F(a, d)-+ F(a, ¢) = AF (x, ).
Torna ' ?

A2 " (%, y) Z E A2F <x ¥).

p=1v=1R

[Mpumenss aupdepeHuUanbHY0 TEOPEMY 0 CpeaHeM 3HaYeHUu K Y HKIIUH

GV(.’C):F(X’, yv)——F(x! yv—l)!

MOy 4aeM:
}%QF (x, V)=0,(x,)—0,(x,_y) =
P = (¥, — X,_1) [Fa (& M)— Fe (B Y-l =
= (X, — X)) (Y — V) F G 1)
(g <E <X Yyoy <y << W)
Cum. 7.

&1. YMHOXKA% MO CTPOKaM VKasaHHbif onpepeaurens Ha Onpeeliu-
TeJdb, NMOJYyUalOWIUACA M3 HEro saMeHOH e HA &, HaXOIuM:

1 reib e 20 L e D08 |y =

C npyro#t cTopoHsl,

o1, ...,n—-1 0,1, ..., n—1 ] P o
[1 19— r= 1 (2smizfr).
J<k J<k ;

CpaBHHBaH 3TH NBa BbIpaXeEeHHd, MNOJyHaeM.

0,1,...,n—1 . 2
¥ ’ m(f—“—’ﬂ) T n—(l——)“—m.
n 2n n)2
i<k
[Tpunars Bo BHuMaHHe 20!
62- Cwm. 54

63. OGosnaunm uHTepecyiwoliee Hac Bblpa)keHHe yepes II,. [Ipume-

HeHHOe B peuieddd 54 HepaBEHCTBO [1aer:
ooy \ By
fmﬂn—zzEEf("a’z) ,«7424[21‘(?7)]

p=ly=l y=

j



(n nocrarouno Beauko). Hepaeedctso Kowwu [80] maer ajasg npaBokt
CTODOHB! BEDXHIOW TPaHuIy

XN

n=1

Mpy BO3pacTaloeM r cTpemsmytocs k Hymo. CaenosarelbHo,

11
[ [ 1@y dzay
lim IT, =e° ° .

>0
64. [Cu. G. P6lya, Math, Ann., 1. 74, crp. 204—208, 1913.]
PaajgenuM NPOCTPAHCTBO TpeMsa PANAME JIOCKOCTel

. L 53 1 1 3 5
» Vo B s Tl T 9. TS O Ot 95

Ha KyOnl o0bemoMm n—3 xaxnuit, HMuterpaa sanaunm I 30 npm s = [no]
NPenCcTaR/IseT KOAU4ecTBO KyOOB, LEHTPL KOTOPBIX JexaT B ofaactu B.
YMHOXeHHpI!t HA 178, oH CTPeMHMTCS K yKA34HHOMY MPOCTOMY HHTerpaify,

KaK K npereny.
65. liveewm:

=33 BT

Vi+ vt ... +\)p=?b

g, =1 o,—1 _4—1 | 7
:ZE EVI Y, ._.\,])?3’ (n—-vl Yy "'_"p~1)1 ’

v‘+v2+...+vp_l<n
OTKY 12
Ay
3

na,l+an+...+ap-—1

g N8 N0 ()

Y+t

—_

><(1_3£_."_2__..._vf"1)p . Cm. 23.

66. B ofospauenuax npenpiayulefl sazauum HMeeM COTJAACHO pelie-

Huo 31
fk(t)NF(ak)(l_t)-_ak (k': 1! 2, ey p)

npu £ — 1 — 0. Hanee, monaras

20
F(Z): 2 nm.+a2+,,,+aﬁ_13ﬂ'
. =y



HMEeM:
F(t)NP(al—f—d2—+— ... —'_ap)(l _t)“(“1+a9+--.+0tp)’

i FOAD Sy (&) T ()T (o) ... T (=)
1>1-0 £ () _P(a1+a2+---+%}).

C npyroft croposss, coraacao | 85 u Il 65 9T0T npenen pabes yKa-
saHHOMY uHTerpaay. OTCIOJa MOXHO BLIBECTH 0e3 Tpyda U p-KpaTHbiit
uaterpan Hupuxae-)Koprana (eM. C. Jordan, Cours d’analyse,
T. 2, 3-e usn., crp. 223, Paris, Gauthier-Villars, 1913).

67. Vnrepecyowutt Hac uien

3%2 E vamfvgn “'fvpﬂ_f

1<v1<vg<...<vp<n

= . ff(xl)f(xg) o fly) Xy dRy . dx, =

S . [rearen . repax ax, .. dx,,

a

Mé}icﬂy_npquM [[ 62], MBI HMeeM:

e

T £ 27,3,) <€ (1 - 23,0 < &1 n" = M (=),

v=1

B coenvnennu ¢ nonyueHHsM peayasTaToM 3T0 aaeT [I 180]:
b

b _
i TR0 A2 =1+ F [ feae+ 2 ( [ ras) + .

'Y
a

z | flx) de

QL_‘:Q"

1

]
.—}—%T—(ff(x?dx)p—}—...

Meron, nexawu#t B OCHOBe 9TOr'0 HOBOrO pellieHus 3anaud b4, MOxer
ORTL TaKXe MpUMEHCH IJ9 060CHOBAaHWSA NpPENebHOrO Iepexona, BCTpe-
YalOLLErOCs NPY pellieHuY HHTer paibHoro ypasHenus Tuna P pearoab M a.
MouHo, obpatHo, BrBecTH 67 u3 b4, ocHoBeBasick Ha [ 179.

68. [TocTpouHOe nMepeMHOMKEeHHe AaeT Olpele/uTel]b M-TO NopsiKa P
C ODUIUM YJCHOM

b
1
V(O U.
Zf‘(’n\‘f’gn}”“ b—n ffl(x)%(x)dx ()\, W= 1, 2, ..., m)
v=1

a
a




C npyro#t cropoun (n > m),

(1) (1) (H (1 (1) (H
W PRI fvmn Pon Pym v ‘Pvmn
(2) (2) (2) (2) (2) (2)
p — E fvln Votl e e s fvmn . (?vln (van e v C,Dvmn .
1\<Vl<\’g<--c<\’7n<n- [ . . . L] ° » - . - O . L] .- .
(1) {m) (m) {3 {(m) (m)
fon  Fogn - oo fvm'n Pon Puwn oo Pyon
IMpunaBas 30eCb vy, Vg, « .., Yy, HE3aBUCHMO IPYT OT APYyra BCe 3HA-
yewust 1, 2, ..., n, M moayuum caea m!P. Cymvma B mpasoi wacTu

6ylleT aCUMIITOTHYECKM paBHA YKa3aHHOMY B 3anayve /m-KpaTHOMY HHTE-

m
n
rpalnly, YMHOXEHHOMY Ha (b——a) ’

©9. Britekaer u3 TeopeMbl 00 apuYMETHUSCKOM, TEOMETPHUECKOM
M TapMOHWYECKOM CPEeJHMX NyTeM NpeneabHoro mnepexona [48].

7@. [J. L. W. V. Jensen, Acta Math., r. 30, crp. 175, 1906.}
flocTymaem aHanOrM4YHO [PHBEJCHHOMY B TNpuUMeuaHud Ha crp. 76
10oKa3aTeNbCTBY Kowmwu TeopeMsl 00 apHQMeTHYECKOM, I'eOMETPHUYECKOM
¥ TaPMOHHUYECKOM CcpelHHX (COOTBeTCTByOWLeH cayualo @ (#) = Inf): noxa-

3biBaeM yTBepKIeHde CHayana Iasg cayuas n = 2", saTeM BOOOLe.

7h [J. L. W. V. Jensen, 1. c. 70.] B ofosHauenusx sanaun 48
nMeeM AJs1 K&XKIOro n:

© (fm 'I’on‘tl +fnn)< nm > 9 (fin) + 9 (fon) 1+ -+ - 9 (Fan) .

!

besrpanuuyHo yBe/nnuyuBaem 7 W npuHUMaeM BO BHuMaHue 124, 110.

2. Ecmm £, u t,— 1Be NPOUBBOJLHLIE TOUKM HHTepBana [m, M],
npu4eM Z; = &5, TO

o) = o (A 2) - 151 (1) - B2 o ),
ot =o (157 050y (A1) Oy o),

rje Ty M Tg-— IBE HANJICKAUIUM OGPHBOM BbIﬁp&HHble TOUKH COQTBET-

L t t
CTBEHHO MeXny f, u %——2 H MeXny £, H 1-*2_ 2. Ecam soiony o” (£) > 0,
TG OTCIOAA MNOJAyYaAeM:

7 (t)+ 0t — 20 (5 2) > 0.

73. [72.]

T4. [J. L. W. V. Jensen, 1. ¢. 70.] [dag ueJOUHCIEHHEX P,
yTRepKIAEHUe BoiTekaeT W3 70, B mpumeHesuu kK p,—+p,—+ ...+p,
TOUKAM, H3 KOTODHIX p; COBNAJAOT € &y, Py—C lg «vvy Pp—C &,
DTO [OKAa3bBaeT TeOpeMy Taloke 1Js DAaUMOHANbHBIX p,; OTClOLa Oes

TPYA4 TNOAy4aeTCs TeopeMa A NPOU3IBOALHBEIX p,, €CIH NMPHHATH BO BHH-
MaHue HenpepeBHOCTL @ (¢) [124].



9. [J. L. W. V. Jensen, 1. ¢. 70.] Beogum 0603HaAUEHUS

Fo= (v ), p=p (xvBTH) =12 0),

TOorpa no 73

PinJin + Ponton + -« 4 PunSfan\
o (Btin tomm o i)

#Hiu

> P1n® (fin) -+ Pon® (fon) + .o« + Pun® (fnn)
Pin + Poan + - +Pnn

Tenepb GearpaHuyHo yBeAHuUBAEM 7.
76. [O. Holder, Gott. Nachr. 1889, crp. 38.] TNosoxum

plitpotat ... 3 Poln __ .
prtpot . on ’

TOr' J.&
- / (tv—'M)z /4
¢(t) =M+ — M (M ——5— ¢ (v)
M, 3HAYHT,

pie (8) + 039 () + ... - Pa% (tn) _
it ot Fon

n
N\ M
| LPv (—2—)?” (Ty)
‘9._—_1 .
= ¢ (M) -+ . > o (M),
2o
v=1
ecau no KpakHe#l Mepe oQHO u3 uucea f,— M OTAUYHO OT HYyJIs.

7. [Cv. G. P61ya, sanaua; Arch. d. Math. u. Phys., cepus 3,
T. 21, crp. 370—371, 1913.] Axanornuno 76.

78. Tlonaraem B 76 ©(f) = — Inf, coorBeTcTBeHHo £Inf, M > m >0,
4 3aMeHsieM @, Ha a—l (v=1, 2, ..., n).
79. Toxarzew 5 77 co(t) — —Int¢, coorBercTBenHo fnf, M >m >0,

¥ 3aMeHseM f(x) Ha

f()
80. [lepBoe no0KasaTeAbLCTBO,
7 n n - 1,2,...,n
2 W K2 L J— )
Zavay——(E avb\,) = (@b —aph)? > 0
v=1 v=1 y=1 i<k

Bropoe nokasatenscTBO. Popma

(hay —+ pb )2+ (hag —+ pb) 4« . .~ (Aay - pby)? = AN~ 2Bhp—+-Cu?,



KBaJpaTHYHAS OTHOCHUTE/NbHO NEepeMeHHHX A M w, OGyIeT 1Js BCeX A H u,
A2+ 02> 0, nosoKuTebHA (COOTBETCTBEHHO HEOTPHUILATEAbHA), ECAH MOMKHO
nonoGpaTe TaKyl napy 3HavyeHu#t A, p, HTOOB YIOBAETBOPSIHNCH ypaB-
nenus Aa,-+pb, =0 (v=1,2, ..., n). Orciona pLiTexaer, 4Td LUCKPH-
MuHaHT AC — B? nomxken GbIThb NOJOXKHTENEH (HEOTPHIIATEJEH).

81. [Toayuaercs npenpespHbiM nmepexonom us 80. TMonaras

fon wf(xi_l”’ xz——xl)’ Ewm :g(x1+"'xz;x1)y
noayuaem [80]:
N (f]_ngm + fon&on - - - - Jr)ﬂn,ng,nm)2 <

n

St Font o o &t &t -t an
< . . :

n

Tenepb Gesrpanuyso yBeJuyuBaeM 7. MOXHO, BIPOUYEM, HEOCPENLCTBEHHO
‘nepeHecm MeTOAB JAOKa3aTeabCTBa TeopeMbl 80; no mnoBoay neproro

. 68.
‘82, [lycrs £+ 0. Monowum el =A, v=1, 2, ..., n). Ipnme-

HAd 78, noayuaem: _
tgap’(t):Alln Ai+Agindy+ ...+ A,In 4, P Ai+ A+ ...+ 4, ~0.
Y @) A+ 4+