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BBEAEHWE

C Tex mnop, kak Teopud rpynn Jlu u AuddbepeHLupyeMbix
MHOTOOOpasufl nosayuuna cTporoe OOOCHOBAHME C COBPEeMEHHOM
rn106anbHON TOYKY 3peHus, CTa/l0 KedaTeJbHBIM ¥ B TO e Bpemd
BO3MOMHBIM PaccMOTPETL B TOM Ke Jyxe OCHOBauua Auddeper-
nuanbHofi reomerpu. B nocnennve rogbl NOSBMIMCL MHOTI'OYHUC-
JeHHble 0030DPbl Y CTaTbH, MOCBSALULEHHBIE STUM BONPOCAM; MOXKHO
npejBHieTh JanbHefimylo nepecTpofky Kak Kaaccuueckoft aud-
(hepeHLMATLHON reOMeTPHUH, TAK ¥ TeOpuu GeCKOHEUHbIX rpyni Jlu,

DTy TecHO cBA3AHHbIE MexAy COGOH TeMbl 3aHMUMAaau lieH-
TpaNlpHOE MECTO B MaTemaTuyeckoM TBopuecTse 3. KaprTana,
KOTOpOMY Mbl 00#3aHB TNOHSTHEM CBS3HOCTEH B pacc/JIOEHHBIX
MHOT000pa3uax, SBJSIOUIMMCS IIaBHBIM IPeJMETOM PaccMOTpeHus
B srofl KHure. CoBpeMeHHOe onpelle/leHHe 3TOrO MNOHATUS ObIIO
BepBbie AaHo IpecMaHoM. CBA3HOCTM B DPACCAOEHHBIX MHOrO-
oOpasusx HamaM npuMmeHenus B pabotax Yxewp sH-mena u
ApyruX aBTOpPOB. Mbl MOKeM C YBEPEHHOCTBIO YTBEPHK/IATb, UTO
TeOpHud CBA3HOCTEl 3aHMMAET B HACTOsiLiee BPEMA CYLIECTBEHHOe
MecTO B JupdepeHiluanbHofi reomerpuu.

DrFa KHUra NpefHA3HAYyeHa A9 ACMHMPAHTOB, XKEJAOUIMX U3Y-
yaTh JuddepeHuyanbHyl0 reoMeTpuio U npejBapuTeJbLHO OBJa-
JeBIIMX 3JIEMEHTaMu Teopuu rpynn Jlu ¥ Teopuu pacc/IOEHHBIX
MHOrooGpa3ufl, MaTepuan Obla 3aMMCTBOBAH [JIABHBbIM 06Pa3oM
u3 paboT AmGposa u Currepa [1], Uxens 1lIsu-mens [5], Dpec-
maHa [7], KobBascu [11], [12] wu aBropa [14], [16]. Tlpu usnao-
MEHUM $§ HCIOJb30BAT MHOTOYHUC/ICHHBIE COBETHI nporpeccopos
[lleBanne, Kocyns, Jluxweposuua, a Takxke $Ho.

B raage 1 paeTcs KpaTkoe peslOMe OCHOBHBIX ONpejeneHu
H TeopeM TeopHH Odugdepenyupyennx Mmro2006pa3uil; 2pynn
Ju u paccaoennnx muozoobpasul. ColepxaHue 5TOH ri1aBHl,
KOHeYHO, OrpaHHyeHO MaTepuanaoM, ACHCTBUTEIbHO HEOOXOAUMEIM,
nna nowvmanus raas Il w III, u usnoxenne BemeTcs B (opMe;
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Haubosee yAOOHOH Ans Hamux uelefh. TIpu sTOM, roBopst o aud-
¢depeHuupyeMbX MHOTo00pasuax ¥ rpynnax Jlu, Mbl B OCHOB-
HOM caenosaad kuure Illepanne [6]. Tlo Bompocam, csa3aHHbBIM
C TeOpuell pacc/OeHHBIX MHOrooOpasuii, MH OTCHIAEM uuTaTe
k kuure Crunpona {19]. Bosmoxuo, riasHoft 0c06GeHHOCTHIO
HAIUero W3J0XKeHust AsjsgeTcs yrnop, KOTOphHfl Mb ¢ Hayala M A0
KOHLlA Jle/aeM Ha MOCTOAHHOM HCHO/Jb30BAHUM BEKTOPHBIX mOJef
(M vHDMHMTE3UMAIbHBIX NPeoOpa3oBaHuil).

B rnase Il paccmatpuBaeTcs oOulas Teopus CuI3HOCTeH
B Ppacc/AOeHHHX MHOro0o0Opasusx (B OCHOBHOM B TJIaBHBIX pac-
CIOeHHBIX MHOroo6pasusx). [locTpoenue napasserusma, npu-
COeJMHEHHOTO K JaHHOW CBsI3HOCMu, CBOJUTCH K BONPOCY O Cy-
I1eCTBOBAHUM KPUBLIX B HEKOTOPOH rpynne Jlu, yNOBIeTBOPAIOUINX
onpeleneHHEM AuddepeHLiHaIbHBIM YPaBHEHHAM, 0006 al0uIuM
ypaBHeHusi OJHONapaMeTpudeckux rpynn. [anee ompenensiorcs
SPYRNA 2020HOMUY N CYHCEHHAS 2PYNNA 2020HOMuL; JOKAa3bi-
BaeTcst, YTO OHM 4B/4I0TcH rpynnamu Jlu. Cmpyxmyproe ypas-
Henue, CBA3aHHOE C (POPMOI Kpusu3Hsl, BHABJAsSET B OIHOM
CNeLHaTbHOM C/Iy4ae poab GOPMH KPUBUSHBL C TOYKM 3pPeHHUd
TeOpud BEKTOPHBIX MOJeH, KOTOpPAs OKa3bBAETCA CYLIEeCTBEHHOM
NpH  JNOKa3aTeldbCTBe meopess: o 2oronomuny (KapTan —
AM6pO3 -— Cunrep). Tlepen n0KasaTeabcTBOM 3TOH OCHOBHOM
TeOPEMbl Mb YCTAHABIHBAEM Meopemy 0 npusederun c8A3Hocmel,
KOTOpas B CBOMX CYUIeCTBEHHHIX YepTax npumHantexur . Kap-
TaHy; 3T4 TeOpeMa He TO/JbKO YNpouldeT [10Ka3aTelbCTBO TeO-
peMbl O TOJIOHOMMH, HO HAXOQUT TakKKe COOCTBEHHble MHOTO-
uyCJeHHble npuUMeHeHust. Jlalee Mbi paccMaTpHBaeM JOKAJbHO
TVIOCKYIO CBSIBHOCTH, CYUIECTBOBAHME CBA3IIOCTEH M MOHATHE CBA3-
HOCTe#l B NpPUCOeJMHEHHBX pacc/OeHHbX MHOroobOpasuax. B mo-
clenHeM mnaparpade raassi Il fnaeTcs Heckoabko npuMepos. Teo-
pus ,cBssHocrelt Kaprana“, BBeleHHbix ODpecmanom [7], mpe-
KpPAaCHO M3/M0KeHa B HelasHO mnosBuBiueHcs pabote Kobascu [12].
OnHako 3Ta Teopus BLIXOJMT 33 PaMKM HaileH KHUIH,

B raase Il naetcs BBeseHue B TeOPMIO JiMHEHHHIX CBABHOCTEH
KaK OJHO M3 NPuIOxeHuH oOwieH TeOpuH K Kaaccudeckod aud-
depenuUaIbHON reoMeTpud. XOTS TEPMUHBL AuKedRAS CBA3HOCMD
¥ aunnas Cc8A3HOCMp YNnoTpebJdIMch A0 cuX NOp B OJLHOM
¥ TOM Xe CMbicJe, Teneph HUMeeTCst TeHJeHUud [e1arb JOrHye-
CKOe (4, BO3MOXHO, MO CYLIECTBY MaTeMaTHYeCKOe) Ppas/Ivine
MEXKIY STUMHU JBYMS NOHSATUSIMH. Jureiinan c8a3HOCMb HA lllflcbn
depeHuMpyeMOM MHOrooOpasuu B ecTh CBA3HOCTb (B CMBHICIE
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raasl II) B paccnoennoM MHoroo6pasuu penepos P(B), B TO
BpeMs KaK a@dunnas CBAHOCMb €CTb CBA3HOCTb B athUHHOM
paccaoennoM MHorooOpasuv P (B). Kak noxkasaHo B nociaegHeM
naparpate raasel [II, nuneknas ces3HocTs na B mopokgaer
ecTecTBeHHYI0 addunnyo cBssHocts Ha B. CooTsercTByioiue
rpyunsl roJMOHOMHMY SBISIOTCS TEM, YTO NMPUHATO HA3BIBATL 0OHO-
pPOOHOI 2pynnoli 2040H0MuE ¥ COOTBETCTBEHHO (He00HOpOOHOE)
epynnoil 20a0H0Muu. MHOrOe ellle OcCTaeTcs CIe1aTh B TEOPUU
appuHHBIX CcBA3HOCTEH, He 00A3aTe/NbHO BO3HHMKAIOMIMX M3 JH-
HEeHHBIX CBSI3HOCTEH.

CnenaB 3To 3aMeuaHue, nepeitiem k xapaktepucTuke riassl I,
TIOCBSIIIEHHO) OCHOBAM TeOpuH /IMHeHHbIX cBA3HOCTeH. Onpenenaus
NOHATHE JMHeHHOW CBASHOCTH, MLI BBOAUM (HOpMY Kpytesusi H
N0/IyYaeM NOTOJHUTENbHOE CTPYKTYpHOe ypaBHeHue. [loBejgeHue
BEKTOPHHIX noftelt B P (B) onucbiBaeTcsd CTPYKTYPHBIMA ypaBHe-
HuaMu OoJsee feTaabHO, ueM 3TO ObJIO B c/ayude OOLMX CBA3-
HocTe#l. Mpl BBOgMM gaflee 0a3ucHule BEKMOpHble NOASL, He
uMelouiMe Mecta B oOuieft Teopmd, paccMmoTpenHoit B raase II;
MX TOBEJeHHe TeCHO CBSIBAHO CO MHOTMMU BAXHBIMM NOHATHAMH
TEOPHUHU JUHeHHBIX CBA3HOCTEH, TAKUMHU, KaK zeode3udeckue, HOp-
MAAbHBE KOOpOuxamei, sexmopwvie noas Kuaauwea w T. 1.
DTuM cnoco00M Mbl MOXEM BBECTH M [10Ka3aTh lIPaKTHYECKH BcE,
HE TIPUMEHSA KOOPIMHAT, ,,I’?j“ U ,MHOTMX WHAeKCOB“. OaHaKO
B TAaKOM BBeneHud B AudepeHLnanbHyl0 TeOMETpHIO, KaKhM
AB/IAETCS 9T4 KHHUra, NOJe3HO, BEPOATHO, 3aNMCATh B KOOP AMHAT-
HOH opMe Te ke ¢yHaaMeHTaIbHLIe NOHATHA M ypaBHEHHHd,
KOTOpbie ObIIM BBeleHbI eCTECTBEHHbIM, ,BHYTPEHHUM* 00pa3oM.
C 9Tol 1enbl0 Mbl [OKA3bIBAEM 3SKBUBAJEHTHOCTb PAa3JUYHBIX
ornpefeneHnlt MMHeRHOMN CBA3HOCTY —- ONpeaeeHus ¢ TIOMOLIBIO pac-
CMOEHHBIX MHOTOOOpasHif, K/IaccHYecKOH 3anMCH ¢ TOMOULbIO I‘fj
H elle OJHOr0 OIpeje/leHHs, B KOTOPOM UCNOMb3YIOTCH BEKTOP-
Hble 110/ Ha 6a3sMCHOM MHOrooOpasuu. DTO noOC/eiHee onpeje-
JMeHHEe TNPUBOAMT K T4AKMM BHIpAKEHWAM [J4 NoJelt TeH30pOoB
KpyYeHHs, KDUBM3HH ¥ T. 1., 01arogaps KOTOPBIM, Hanpumep,
CTAHOBUTCHA SICHBIM, YTO TAaK HasbiBaeMoe moocoecmgo Bosinku
eCTh HenocpeicTBEHHOe CJEACTBMe ToXiaecTBa $SIkobOu a1d Bek-
TOPHBIX MOJEH.

Jlanee ¢ MOMOWIBIO BEKTOPHBIX TIOJel HA PACCIOEHHOM MHOro-
o0pasuy penepoB HW3Y4alTCH AuHeliHvle CSAIHOCMuU NPOCHbLX
munos. Haxowen, paccmarpuBaeTcs BONpPOC O CYUIECTBOBaHUM
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M CBOWCTBAX AQPPUHHOL CBA3HOCMI, KAHOHWMECKW - npncoenu-‘
HeHHOH K JaHHoH MWHEHHOH cBA3HOCTH, .

Mui cTapanuch BCe H3JIOKEHHE NOCTPOMTHL Tak, uToOH Cle-
JAaTh KAK MOXHO fCHEE TO, 4TO, C OAHOH CTOpPOHH, Teopwd
rpymn Jlu HeoGxoanMa aJis noHuMawms puddepenunanpHoll reo-
MeTpuu, a C ApYrofi CTOpOHb, nuddepeHuuansuas reomerpus
GyneT BCerAa BHI3BIBATb K JKM3HA BCE HOBble W HOBhie aCHeKThl
Teopuy rpymn Jiu.

IonmonuuTeIbHbIe 3aMEYAHNT W HOBEHIUME pe3yapraThl NMpPH-
Bejenbl B npuMedanuax k raasam Il u IIlI. Ceblaku wa Gubamo-
rpadvio, TPHBEACHHYI0 B KOHLUE KHHUIH, [AI0TCH HOMEDPAMH
B KBanpaTHoIX CKoOKax. B OuGivorpaduio BK/IOueHn, Kpome
HEMHOTMX OCHOBHBIX KHHUP, JHIUb CTATbU, NPAMO CBA3aHHBIE
C BONPOCAMH, KOTOPHIM IOCBfIIEHA 3TAa KHUFd, 3 HMEHHO C TeO-
puefi oGUIMX W JMHEHHBIX CBA3HOCTEH,




Fnasa I

JAUSPEPEHUHPYEMBIE MHOI'QOOBPA3HA

§ 1. Jduddepennupyemsie MHOrooGpasus

[Mon nuddepenunpyemoctbio Mol 6yleM BCIOLY B NadbHefi-
LleM NoapasyMesaTs auddepenuupyemocts xnacca C29), Xayc-
Aopdoso npocTpaHcTeo !) V' HaswBaeTca duggepernyupyemoim
MHO2000pa3ueM DPa3MEpHOCTH 11, eCIu Ha V 3amaHo ceMeficTBO
F+=3F (V) BewecTBento3HAYHHX (YHKUHHA, YAOBACTBOPAILIEE
CACAYIOUIHM YCIOBHSM:

1) § roxarsno noano: ecnu f-— dyHkund, 3agavHadg na V,
Takad, uyro Aas moGoft Touku p €V mafinercs pyHkumd g€ F,
coBnafawuiag ¢ f B HeKOTOPOH OKPECTHOCTH TOUKH p, TO fEF;

2) § nosno omuocumesvro cynepnosuyuu Ougdepenyu-
pyemsix Pyuxgui: ecm f, ..., fL€F u F—rnpousBoabHas
IndbepeHunpyemas QyHKLMA HA EBKIMIOBOM NIPOCTPaHCTBE R¥ 18),
T0 ¢ynkuua F(f,, ..., f,), sanannas na V, npunapiexur §;

3) naf Kawaofi Toukn pEV MOKHO HafiTh n QyHKUUHK
Jio o< oy fr €, Takux, uto otobpanenue g — (f1(9), ..., f,(9))
6yaer roMeoMopduamom?) Hexoropo#h okpectnocth U Toukm p
Ha HeKOTOpoe OTKpHTOe mnoaMuHoxectso B R”, Kawnas ¢ynx-
wia fE€F cosmanaer B U ¢ F(f,, ..., f,). rae F—mnexoro-
past muddepenuupyeMas dynxuus na R”.

* Kaxnyio wus ¢dyuxuufi ceMefictea § mbl Gymem HasbBaTh
Oudpgbepernyupyemcii gyuryued na V.

Kak wuerpyaso Bumerb, B ycaoBud 3) MOXHO CuMTaThb, 4TO
‘bynxumn  fy, ..., f, ONpelenTOT TrOMEOMOpPKpHEM HeKOTOpPOH
oTkphitofi okpectnoctu U Touku p Ha noaMHOmecTso B R",
COoCTodllee U3 TaKuX TOYeK (X, ..., X,), AAd KOTOPHX

lxi— i) <a .oy [x,—f(D)] < a

npu HexotopoM o> 0. B srom cayuae U nasumsaercs kyOuue-
CKO# OKPeCTHOCTbI0 TOUKH P C /OKaAbHBIMH KOOPAMHATAMH
(f1s -.«s fp). 3 ycaosus 2) creayer, uTo NpH KedaHHH MONKHO

cunraty fi(p)= ... = f,(p)=10
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Ilpunsroe Hamu ompenesenue audpepenuupyemoro MHOTO =
06pasusi cOBManaeT C OObIYHLIM ONIPENEIEHHEM C IOMO' L0 OTKPHI -
Toro nokpeitus {U,} mpoctpancrea V, nas xaxnoro sneventa U,
KOTOPOro ompelefeH Takok roMeoMopdusm f na nexoTOpoe
OTKPHITOE ¥) MOAMHONKECTBO M3 R* uro B moboM mepeceue-
uun U, NU; mp umeem ,auddepeHunpyeMoe npeo6pasoBanue
KOOPAHHAT*.

Iycty sapano nuddepennupyemoe Muoroo6pasue V; Toraa
muoxecTso § auddepenuupyempix Pynxuutt na V o6pasyer
anre6py 26) nan noJem BeuleCTBeHHBIX uuces R ¢ ofuiuHBIMM Tpa-
BunaMu fetcteut f4-g, fog u of (f, gEF 2€ER).

PaccmoTpum IBa nuddepenuupyeMex mHoroobpasus V u V/
u orobpaxenne ¢ MHOrooOpasus V B MuorooGpasue V’. 3to oto-
Gpaxenue HasniBaeTca Qughpepenyupyemoin, ecam 1aa mo6o nud-
¢epennupyemolt dpynkuuu f/, 3apansolt Ha V', dyuxuus f/ . ¢ 30)
ectb auddepenunpvemas dpyuxuua Ha V. Ha g3bixe A0KaTbHBIX
KOOPAMHAT 3TO O3HauaeT caepyioiee. Iycrts (ut, ..., u")— no-
Ka/IbHble KOOPJMHATHI B OKPECTHOCTH TOukK p €V, a (v1, ..., %) —
JIOKa/lbHble KOODAMHATH B OKPecTHOCTH TOukUM 9 (p)EV’. Oro-
GpaxeHde ¢ AuddepeHLHUPyeMO B TOM M TOJIBKO B TOM Cayyae,
ecan ol (p(u))=wv!(w!, ..., u") npeacrapamor coGoft nudde-
peHuupyeMbie GyHxuud ot ul, ..., #”.

Kacameavnon sexmopom & mouxe pEV nasmiBaeTca Bcs-
Koe JMHeftnOoe oToOpaxenwe X MHOXecTBa § B R!, o6nanaio-
wee cpoiicteoM X(f@)=Xf-g(p)+f(p)- Xg nan mobbix
f g€S.

MuoxecTBO Bcex KacarTeJbHBIX BEKTOPOB B Touke p olpa-
3yer smnelinoe mpoctpanctso T,2%), nasviBaemoe KacamenbHblmu
npocmpancmgom § mo4uxe p; NpaBuia AeHcTBUH B Hem oOMpe-
JensioTcs paBeHCTBAMH

X4V) f=Xf+Vf;  (@X) f=a(Xf).

Bexmopnols noses rasniBaeTcs COOTBETCTBUE, COTIOCTABISIO-
ee Kaxaof Touxke p €V HexoTOphift KacaTe/bHb# BekTOp X,
Mul Gynem uacTo 0603Ha4aTh BexkTOpHOE INoJe Tak: X:p —
—+X,cT,

14 onpeleeHts Ha A3bIKE JOKANbHBIX KOODIMHAT 03HAYAOT
crepyiomee. [Ilycre (u!, ..., u")—JOKaAbHEIE KOOPAHHATH
B HekOoTOpOH oxpectHoctH U Touku p. Kaknas dynkuus fE€F
B U ectb (yHKuMs noxaibHex koopauuatr: f(ul, ..., u"). Torxa



§ 1. Hupgepenyupyensie mnozo006pasus 13

orobpanenne f— (0f/0u’), npu kawnom { mpeacrasiser cobokt
HEKOTOPbI KacaTedpHblli BEKTOp B TOuKe p. MOKHO NOKa3arsh,
yto oroGpaxenns (0/0u’), i=1, ..., n, obpa3yoT Gasuc?2)
KacaTeLHOT 0 MpOCTPAaHCTBA Tp; TaKuM 00pasoM, Tp eCTh BEKTOp-
HOe TIPOCTPAHCTBO Pa3MepHOCTU 1.

BextopHoe mnoae X MOXHO paccMaTpuBaTh Kak JuHelHOe
oTo0paxeHHe MHOMeCTBa § B aarebpy scex BeulecTBEHHO3HAY-
neix Qynxuuit na V, obaanawouiee ceoiicTBOM

X(f)y=Xf-g+r Xg;

bynxkuus Xf onpejesasiercst npu 31oM pasenctsoM (Xf) (=X, f.
BektopHoe mnoae X nasbiBaetcs Oupepenyupyemoism, eciu
nas 1voGoit nuddepeHuupyeMoi- ynkuun f oynxkuus Xf oka-
3uiBaercs M PpepeHuupyeMoit.

Muoroo6pa3ue pa3MepHOCTH 1 Ha3blBaeTCS 8NOAKE Napasie-
Au3yemoiMm, eciu cyuectsyer # auddepeHuHpyeMHX BEKTOPHBIX
Mone# X, ..., X,, J/MHEHHO He3aBUCUMBIX B KaXIOH TOYKe.

Paccmorpum nugdepenuupyemoe otobpaxeHue ¢ MHoroobGpa-
sus V B mHorooGpasue V’/. Mul omnpenenseM Oufppepenyuan
oToOpamenus ¢ 8 mo4ke pEV cienyomum obpasoM. Ilycts
X €T, Torna orobpaxeHue

f/“)X/f/:X(f/(P)

ecTb KacaTeabHuit BekTop B Touke (p). Comoctasaas xamAoMy
XET, ero o6pas X' €Ty(p), MH monyyaem mineitnoe orobpa-
wenne T, B Ty (p), MOPOXKIAEHHOE OTOOpaXeHNHEeM @ 1 Ha3hiBaeMoOe
nudgepennuatiom orobpaxenus ¢ B Touke p. Mul 0Go3Hauaem
nuddepenuran oToOpaXKeHHs ¢ CAMBOAOM dcpp umm cp;. B nanp-
HeHmeM Mbl GyneM uacTo 06oanauath audpdepesuuan orobpaxe-
Hud @ ToH ke OyxBOH ¢ B caydasx, KOLNA HE MOMKET BOSHUK-
HYTh HeJOpa3yMeHUH.

Juddepenupyemoe oToOpaxende Ha3bIBAETCH PeSYAAPHOLM
8 mouxe p, ecau ero jupdepenunan cp; €CTb B3aMMHO OJHO3HAaY-
Hoe oTtoOpaxenue. [[uddepeHuupyeMoe oTo0paxeHue Has3biBaeTCH
peYASPHBLM, €CAM OHO peryaspHo B ToGoi Touke p € V.

IMonmnomectso V/ panHoro auddepesunupyeMoro Maorootpa-
3usi V nasiBaeTcs n0OMH02006pa3uem MHoroo6pasus V, ecan oxo
camo o06aanaet cTpyKTypo# IuddepeHuHpyeMoro MHOrooGpasus
U ecan Broxenue V/ B V ects peryaspHoe nudgepeniupyemoe

A
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otoGpaxenue. B atom cayuae dim V'’ < dim V.. Tononorus mpo-
crpanctea V/ ne 00s3arenbHO cOBnanaer ¢ TOH Tonosorued,
KOTOpas NOpOX/JAeHa B HeM TONOJIOrMel npoctparctea V. Ecan V/
eCTb HEKOTOpPOe OTKPHTOe MOAMHOXECTBO nuddepeHUpyeMOro
Mioroo6pasus V, To V/ moxeT OHTH ecTecTBeHHEIM 06pa3oM Hale-
JeHo HHAYUHMPOBAHHOA nuddepenuupyeMolt crpykTypoit; Toraa V/
Oyner moaMHOrooGpasueM Myoroo6pasus V, HasplBaeMHIM OMLKPbL-
mels noomH0z006pasuesm mHoroobpasus V.
Hudbgpepenyupyensirn npeobpasosanues Jubdepenuupye-
MOro MHorooGpasusl V' Mbl OyAeM HasuiBaTh M depeHunpyeMoe

oTo6paxenue MHOroo6Gpasua V Ha cebs, ob.iajaoumiee 0GpaTHHM

oToOpaxeHueM, KOTOpoe Takwke Aupdepenmupyemo.
HOuppepenuupyemoe mnpeobpasoBanve ¢ Muoroo6pasus V
NopoxAaeT ChaeAyomui asroMoppusm B) ¢* airebpu F:

@ -HP)=/F('(p)) am moboh dpynkumn fE F.

Huddepenunpyemoe npeobpazopanue ¢ NOPOKLAET TaKKe
npeo6pazoBanyie OAHOTO AudepeHLUpPYyeMOro BeKTOPHOTO IO/
B JpYyroe, ONpeJe/eMO€ PaBeHCTBOM '

/
(@ X)) = 91 () - Xom1 o
OueBuana cnpaBelMBOCT: (POPMYJIE
¢ - X)- (¢ H="(XN)
At mobux fEF u X.
PaccmotpuM Gosee ofwuit cayuaft. Ilycts ¢ ects aude-
penuupyemoe orobpaxenwe MHoroo6pasua V' Ha MuorooGpa-

se V/. Ecm X n X’ —~—BexkTopHbie T0J8 COOTBETCTBEHHO HA

V u V’, npuuem cpp Xp_X;(p) and seex pEV, o X u X/

HA3BIBAIOTCA @-CO222COBAHHBLMIL.

Pacnpedesenuen A Ha V pasMepHOCTH r Ha3HBAeTCA 34KOH,
CTaBAIIMHA B COOTBETCTBHE KaxJOH Touke p &V moampocrpanu-
cTBO A, pasMepHOCTH r KkacaTenbnoro mpoctpanctea I,. Pac-

npelefente A HasHBaeTcs OJugpgpeperyupyemolm, €CIH BHIOJ-
HieTcd CJelylollee ycaoBHe: Kawjas Touka pEV  obnanaer
oxpecTHOCTbI0O U ¥ r nudpdepeHuupyeMbiMi BEKTODHEIMA MOIAMH
Xy «..» X, na U, takumm, 9yro XD - (X;), 0OpasyoT

6a3uc MOANPOCTPAHCTBA Aq B KaxJo# touke ¢ € U. Muoxectso

{Xy, ..., X,} nasvisaetca B 3TOM Cayuae LOKALbHbIM GA3UCOM
pacnipesiesieHuss A B OKpecTHOCTH TOUKH p.
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Hupbepenuupyemoe BexTOpHOe noje X, ONpeRe/eHHOE HA
OTKpBHITOM MHOXecTBe U, Mbl OyAeM Ha3blBaTh NMPUHALTEKAUIUM
pacnpesenendio A, ecin X, €A, nas Bcex pEU.

Pacnpenenende A Ha3biBaeTCsl #HB0.LI0MUBHbBLM, €CIH BHINOI-
HeHO cJaelyioulee ycjaoBue: ecan X M Y mpunapiexar A, To
(X, Y] rtaxxe unpunangexur A. 3necs ckobra [X, Y| oGosna-
yaeT AudpepeHuupyeMoe Be(TOPHOE mOJe, ONpelejeHHOe AJs
BceX fE§ paBeHcTBOM

(X, Y] f=X(YV))—Y(X]).

HuddpepenuupyeMoe pacnpejesedye A HHBOJIOTHBHO TOrAa
(4 TOMBKO TOrAa), KOraa cxobku [X;, X;| Aaa moGoro JoKaib-

voro Gasuca {X,, ..., X,} npunaarexar A.

(Ceaznoe noaMHorooOpasue V/ HasbiBaeTcs UHIMe2PAAbHHLM
MHO2000pasuem pacupelfeneuus A, ecnu A, coBnapaer ¢ kaca-
TeJbHbIM NPOCTPAHCTROM MHOTr0OGpasus V/ B Touxe p anis BCeX
peV’.

V' Ha3blBaeTCsl MOAKCUMAADHOLM UHMELPOUAbHOLM MHO2000pA~
3ueM, eCiM BCAKOE MHTErpalbHoe MHOrooOpasue pacmpefele-
nus A, conepxauiee V/, cosnanaer ¢ V.

Teopewma. Ilycme A ecmoy unsoaomusnoe ougpgheperyu-
pyemoe pacnpedeaerue Ha V. Toz0a wepe3 rascdywo mouxy
pEV npoxodum uHexomopoe MOKCUMAALHOE UHMEZPAAbHOE
mHozoobpasue V (p) pacnpedenenus A. Jloboe unmezpasvroe
MHO2006pa3ue, codepocaujee p, s8ASMCA OMmKpsmui ) noo-
MHOZ000pasuem muozoo6paszus V (p) ([6], ctp. 138—140).

§ 2. Bektopusie moas

MMycty 3akano XuddepennupyeMoe mMuorooGpasue V. Mnuo-
KecTBO BCex AubdepeHHUPYEMbX BeKTOPHLIX noJefl na V' Mbl
O6ynem o6o3nauate X (V) waum mpocro ¥. Muoxecteo ¥ o6.a-
AdeT CAeAYIOLUMY CBOHCTBAMH:

a) X npencrasaser coGoft BexTOPHOE NPOCTPaHcTBO 2%) Hax R:
ecan X, YEX, 10 XV u aX(2a& R) onpeneasiorcs COOTBeT-
creesno pasencTBaMi (X +V)f=Xf+VYfu @X) - f=a (X))
s moGo#ft dpyuknun fEF.

b) ¥ ects F-moayan2): ecoiw XEX 'u fEF, To fX onpe-
aensietcst paBenctoM (f X)) g=1 (Xg) nna m06o#t dynxwuu g € §.

c) ¥ ect» anre6pa Jlu wan R; 3To 03HayaeT, 4TO B JONOI-
HEHHe K TOMy, 4TO ¥ ecTb BeKTOpPHOEe NPOCTPAHCTBO, HA ¥
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onpeﬂéneﬂa Oununedinas onepauus [X, Y] 26), VJOB/IETBOPAOILAA
yCIOBUAM
X, Y]=—1¥, X],

X, Y1, Z) (1Y, Z], X14-[1Z, X], ¥]==0 (toxuectBo Sxob).
B camom nese, ckofxa [X, Y] Gul1a ompelenena Boie paBeH-
cBoM [X, Y1f=X(Yf)—V (Xf) a9 moboit dpynxmun f € F-
Omupascy Ha ceo#icTBa X kak {-Mmonyas u airebpu Jlu, Mbl
nosayyaeM dopmyay

/X, g¥l=fglX Y|+ fX)Y —g¥NH)X,
rie X, YEX u f, gE€F.

Mul 3ameyaeM, u4TO OTOOpawenue ¢’ npocTpanctsa X Ha
ce6st, nopoxiaeMmoe JuddepennupyeMbM OpeoOpasoBaHueM ¢
MHOroo6Gpasus V, HaxoIMTCHd B COrJMacud C pPacCMOTPEHHBIMH
BhIlle cBoicTBamu X. MveiHo, MBl BUIUM, UTO

a) ' ectb JuHelHOe MpeoOpa3doBaHHE BEKTOPHOIO MpPO-
CTpaHcTBa X;

b) s nwbux fEF u XEX

¢ - (fX)=(¢"f) - (¢'X);
¢) ¢’ mpeacrtaBiser cobof aBromMopduam anarebpu Jln X:
o' X, ¢’ Y]=1¢'[X, V]

Tenepnr Mbl 1aJMM MOHSTUIO BEKTOPHOrO MOJS reOMeTpHYe-
CKYI0 MHTepNpeTauuio, KOTOpo#t OylleM 4YacTo MNOJAb30BAThCA
B JlajJpHel1neM.

MuoxectBo @, (— o0 <{ ¢ < 00) HasuBaeTcd odHonapame-
mpuueckoi zpynnoi Odugbgepenyupyensix npeobpasosarnuli
MHOroo0pasus V, ec/u BHMOJHeHH CaAelyiOlHe YCJIOBUS:

1) 9, ectb 1uddepenuupyemoe mnpeobpadoBaHue MHOroo6-
pasust V npH KaxioM 3HaueHuu f;

2) orobpaxenue (£, p)ER XV —o,(p) ectb mupdepeHuu-
pyemoe otoGpaxenue R X V B V;

3) Ppag==@; - @ AAA MOOLIX £ U S.

IMycty 3amana onuomapameTpuyeckas rpynna nuddepeHuu-
pyemnx mnpeoOpasoBaHuit ¢, TOrAd MOXHO CJAelyOHUM 06pa-
3oM onpenemTth aupdepenuupyemoe BekropHoe note X. IMycts
s moboit dyukuun fEF dyuxkuus Xf omnpelensercs paserl-

CTBOM
(Xf)(p) = lim f_(‘?t_'mt:ﬂ_@,
t>0

+4
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rie mpelei CyllecTByeT MO ycaoBuio 2). Jlerko mposepurs,
yto X npelcrtasiser co6oit audepeHHpyeMoe BEKTOPHOE MOJeE.
Mu GyaeM TOBODHMTb, 4TO ¢, uHOyyupyem BekTOpHOe mone X,
M 3anMceiBaTh 3TO CUMBOJUYECKH TaK:

— tim Y PP
= P

dyvkuug fE€F HHBapUaHTHa OTHOCMTENbHO ¢, (T. €. Mmo-
CTOsHHA Ha moOoit TpaexTopuu *!) rpymmel ¢;) TOTAa U TOABLKO
toraa, koraa Xf=20.

OGpatHo, nycTh Aako BekTopHoe mose X € ¥. BooGuwe ro-
BOPS, MOXeT He CYIUeCTBOBaTL OJHOMaPAaMETPHUECKOH Tpymmbl
npeoOpasosaHuit ¢; MHOrooOpasusa V, KoTopas MHAyNHMPOBaJia bl
naypoe X. Ho B HexoTopo# okpectHocTd JMoGo#t Touku p €V
BCerja CYLIECTBYET L0KAALHASN OOHONAPAMempuieckas epynna
AOKAABHUX npeobpasosanul, wuniyuupylomas X. Tounee, ans
moGoit Touxu p €V HallayTcd Takas ee okpectHocts U, Takas
koHcTawta ¢ > (0 M TaKkoe MHOXeCTBO JOKalbHbX NpeoOpaso-
Banu#t ¢;, |[f|<e, AM5 KOTOPHX BHIIOMHAIOTCA Clelylollue
yCJI0BUS:

1) ¢, ectb nuddepenuupyemoe npeoGpasosanme U B ¢, (U)
nas xaxnporo ¢ (|| <e);

2y orobpaxenue (f, p) — @, p nuddepeHLUpyeMo;

3 ecm |t|, |s|, |t4+s|<e m 9,-q€U, geU, re
Qs P¢* § =@Pg4;* ¢; IPH 3TOM @, HHAYIUPYET NaHHOE BEKTOPHOE
nojse X B TOM CMHCJeE, 4TO

_ fim P9 —4
X thf:) ¢
ans mobGoro g€ U.

JoxaxeM cyllecTBOBAaHHE M eAMHCTBEHHOCTh FDYNTIHL ¢y,

Mycte (4!, 4, ..., u*)— TOKaJIbHble KOODAMHATH B OKPECT-
Hoctd W TOuKM p; Mbl [OJNOXKHM

n

\! .. O
X:—._—._ l—,

;:‘lf du!

rae, B cuay auddepenmupyemoctu X, oysxuun ff auddepen-
uupyemsl. PaccMOTpMM CHCTeMy JuHelHbX Auddepennuaibisix
ypasueHuit

(1 ‘_’;f’?iz,ft(qbl(t), cen @), E=1,2,...,n,

2 3ak. 9%.
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rune ‘}51 @, ..., I}S” (£) — HeusBecTHole QYHKIUN Nepemenuoll £.
Coraacno ocHOBHOH TeopeMe CyLLeCTBOBaHHA Teopuu Auddepen-
UManbHBIX yPABHEHMH, MONKHO yKasaTh Takue 8, >0 u g > 0,
yTo cHcTema (1) Oyner o6namaTs eAMHCTBEHHLIM pelleHHeM
$L(E w). ... (¢ a), ompeneseHHuiM Adm |f]|<e; u yno-
BACTBOPAOUIUM HA4YdAbHbIM yCAOBUAIM
¢ (0; w)=u',

KaKoBo Obl HM Obino u==(u!, ..., "), ecan Toabko |u'| << 3.

Takum oOpasom, JokaiabHele npeoOpasoBanna @, [f]|<<e,,
OKaabIBAIOTCA onpeneneHHbiMu Ha Uy = { (41, ..., a®); [a? [ <3}
dopmyaoi

o (al, oL, u)=(PL(E u), ..., PU(E w)).

Tax xax oyHRumn ¢*(f; al, ..., u™) rHddepenuupyeMsl 10

t nat, ..., u", rto ycaosue 2') BunosanseTcs. IlycTs

o5 (q) = (PL(s; u), ..., §"(s; u));

rie g (ul, ..., u?)€ Uy; roraa, Kak nerxko sunerb, HaGop QyHkiuil
Vy=¢i(t+s 1), i=12 ...,n,

eCTh Delllenue cHcTeMbl (1), yAOBAETBOPSAIOLIEEe HAYAAbHLIM YC0-

BHAM
$H(0) = ¢i(s; u).
Mel uMeeM, B cHAY eNUHCTBEHHOCTM peIleHus,
()= i (¢ PL(s; w), ..., P"(s; u)).

DTo 03HAYaeT, YTO BHIMOIHAETCH PABEHCTBO @y« @, - § ==@y, o+ ¢,
T. e. ycumoue 3’). Ilpu sToM fiCHO, 4TO @, ABJAETCH TOMIe-
CTBEHHHM npeoOpasoBanueM Ha U,. Janee, cyllecTBYIOT TaKue
>0 u e>0, uro maa okpecrnoctn U=/{(ut, ..., u");
|at] < 8} mbt umeem ¢, (U) U, ecim Toabko | £] < e. Hcnoas-
3y LokasanHoe ycaosue 3’), Mbl 3akMmoudeM, uto npu |f|<Ce
BLINOJHSIETCA PaBEHCTBO

Pt (0: (D))= (94 (P)=7¢

s aoboit Toukn g€ U; 310 o3HauaeT, 4TO ¢ ecTv Judode-
pedunpyemoe npeoGpasoranue U B o, (U).

Takum oOpasoM, Mb BUAUM, YTO nOKadbHble MpeoGpasosa-
HUA @y, ]t]<e, omnpelleneHunle Ha U, yAOBJAETBOPAOT YCJa0-
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pusM 17)—3’). Tlo nocrpoesuio s[cHO, UTO TPymma @, MHAY-
udpyer B oxpectnoctd U 3sanatHoe Bextopnoe moae X. Enun-
CTBEHHOCTH rPYNNH A0KAAbHBX NpeobpasoBanuil ¢;, MHAYUUPYIO-
mwed X, caenyer m3 TOTO (paKkTa, €TO mnpeobpasoBaHui @,
nomkHsl yrosnersopars cmcteMe (1), Wrax, mame yTeepwaenue
JOKa3aHo.

Mpt GylieM rosopuTh, uTO X NMOPOKAAET L0KAABHYIO OAHO-
napaMeTpUUeCKy0 rpymmy JIOKAMbHHX NpeoGpazoBauuit ¢, B He-
KoTopo#t oxpectHocTH Touku p. Ecamu, B uwacTHoctH, X uHAy-
uMpyeTcs HekoTOpoli oJHOmapaMerpuuecxoil rpynnoit mpeoGpa-
goaHu#l Muoroo6pasui V, To Mb OyleM rosoputh, uro X
NOPOXKAACT 2206QAbHYI0 OJXHONAPAMETPUYECKYI0 Tpymmy mpe-
o6pasosannit. B sTOoM cayuyae M OYAEM HA3BIBATh BEKTOPHOE
noae, X HOAHbLM.

BektopHoe moJse X fBAAeTCS MNOJHLIM, ECAW JAOKAaJbHbBE
npeoGpa3oRaHusi @, NOPOKIeHHbE NoJeM X, TaKOBH, UTO @, - p
onpeleneds nad Bcex pEV u Bcex Takux £, uto |£| e, rae
uyncyao & > 0 olHO u TO ke Aas Bcex p € V. Herpyaso noxa-
3aTh, YTO KaXa0e BekTOpHOe mNode XE X ABAAeTCH NOJHBIM,
ecan V XOMNaKTHO.

Bo Bcaxom cayuae, paccMoTpende JOKaAbHBIX mpeobpaso-
BaHW#, OOPOXKAEHHBIX BEKTODHBIM MOJeM X, OKa3niBAeTcs OYeHb
TOAe3HHM NPH U3yueHuH cBofictB X u HaoGopoT. YacTo B naasb-
HefilueM MB OYyA€M TOBODUTH MPOCTO, 4TO X MOPOMKIACT @; HIH
4TO @, UHAyWMpyeT X, He yka3umBasi fBHO 00JacTeit cymiecTBo-
BaHus @; ¥ X. 3TO yCTPAaHUT HEHYXKHHEe YCHOXKHEHHS B HAIIMX
YTBePXACHHAX M JOKA3aTeNbCTBaX.

Teneps M N0KaKEM HECKOJAbKO JEMM.

Jdeuma 1. Hycms ¢ ecmb nexomopoe Ougghepenyupye-
Mmoe npeobpasosanue. Ecau XE X noposcoaem o mo ¢ + X
nopoacdaem @ « g, - @71,

HDokazatenbcTBo. Mb HMeeM

(?/,X).f:()((f.(P)).(P—LZL]TO Liﬁit;f'i].q,—l_—__-

— fim L@ %t H—f
£>0 ¢ t>0 t

Taxum oGpasoM, BekTOpHOe mnode ¢’ - X MNOpoOXAaeT rpynmy
Npeo6GpasoBanuit ¢ - @, @1

PAd
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Bextoproe mose X € ¥ Mul GyleM HassisaTh unBapuanmuuim
omuocumensio @, eco @' - X=X. INonyyenHuit Hamu pesyb~
TaT MOXHO TeNepn chopMmymuposats Tak: X uuBapuanmAo
OMHOCUMENbHO @ MO020Q 4 MOABKO M020a, K020a ¢ KOMMY-
mupyem ¢ Kaoosm @

Jlemma 2. Ecau f(¥) ecms gynxyus, dugpgepenyupye-
Man & oxpecmuocmu 0 g R, npuuen f(0)==0, mo cywyecm-
syem Ougpgpeperyupyenan Gynkyus g (1), onpedesennas ¢ mot
oce oxpecmuocmu u maxas, imo fE)=t-g() a g0)=
= f/(0), 20e f = df|dt.

IlokasaTteabcTBo, JOCTaToO4HO B3ATH

1
g&)= [/ (ts)ds.

0 .

Ata nemma Moxer ObiTb 00606IEHa CAELYIOWUM OGpPasoM,

Jlemma 3. Ecau f(t, p) — Ougpgpepenyupyenas pyuyus,
onpedesennas wa U XV, 20e U— oxpecmuocms 0 8 R,
a V —nexomopoe Ougpdepenyupyenoe suoz006pasue, marKas,
umo [(0, p)=0 0un awbold mouku pECV, mo cyuecmsyem
Outppepenyupyemas @dynkgun g(t, p), onpedeseHHas Ha
U XV, maxas, wsmo f(t, p)=tg (¢, p) u df(0, p)/ot =g (0, p)
oas aw0boi mouku pCV.

C nomompio seMMb 3 JOKa3niBaeTCH

Jlemma 4. Ilycms X € ¥ (V) nopoxcodaem o, Tozda dasn
2060k pynxyun fEF naidemcs maxas Ougpdepenyup yemas
pynyus g,(p)=g (¢, p), onpedeaennan na U XV, umo
froy=f+1g, u go=Xf na V.

HoxasatenancrBo, [loctaTouHo paccMotpers Ha U XV

Gyrxuuo f (¢, p)=f(¢;- p)—f(p) u npumenuts nemmy 3.
Janum Teneps ckobke [X, V] clieAyOlLLyi0 HHTEPNPETALHIO,

Teopewma. [flycms @, u ¢;— s0KGAbHBLE OOHONApAMeE-
mpuiecKue pynnsl A0KAALHLLX npeobpazosaruli, nopoxcden-
Hble coOmsemcmeenno gexmopuvimu noasmu X u Y(EX).
To20u

L Y—g-Y
[X, Y}==lim — -

t>0

«h
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HoxasarteasctBo. Ilycts fEF. B cuny nemmn 4 cy-
uiecTByeT . ceMeltctBo Auddepenuupyemuix ¢yuxuui g, uHa V,
Takux, uro f-¢,=f-4tg, u gy=Xf. Msl umeeM, crenona-
TeNBHO,

(¢ V)p- F=(V (/- 2)) (o P)=
=Nt p) Y (97 p)s

OTKY A2
=]y () () — 7 (7" p)
lim ————————— = lim —
t>0 t t>0 4

— Jim (¥g) (6" p)=X,(¥)—V, - g=1X. ¥],- [,

+
UTO U JOKA3bIBAET HA'lle YTBEPKIAEHUE.

Cnencrsue. ITycmv gynxyuu ¢, u O, — me e, 4mo
u 8 ycaosuu meopenv. Toeda [X, Y|=0 8 mon u moavxo
mon cayiae, ecau @, u $o KoMMYymMupywom npu 21066X 3Ha-
deHusix S u t.

HoxasateanctBo. Ecmu ¢, u ¢, xommyTupywor, 10 VY
MHBADUAHTHO OTHOCUTENBLHO MOGOTO ¢, M, CJelloBaTeNbHO,
[X, ¥]=0. O6partno, ecau [X, ¥] =0, 10 s1erxo ybeautnbcs,
410 Y UHBAPDUAHTHO OTHOCUTEAbLHO Pye

§ 3. Auddepennnaabune dopmel

PaccMotpuM nuddepennupyemoe muorooGpasue V pasmep-
nocru  n. Ilpexne Bcero ompeleauM Jugddeperyuasviyo
gopmy o nopsdxe 1 (umi, npowe, 1-gpopay) xax otobpa-
Kenve mnpoctpanctsa X=%¥(V) B F==F(V), obnranarouee
CBOATTBOM

o(fX+gN=f-0X)+g- o))
ang mobux X, YEX u f, g€ .
Cymma aByx 1-gopM ®, u o, onpelensercd GopMynoi
(0174 0,) (X) = 0, (X) 40, (X)

Lna moboro XEX. Ecmu o ects l-dopma u fER, 10 fo
ompenenfercl Kak Takad 1-dopma, A1g koropoh (fo)(X)=
= fw(X) npu 1o6om XE X. TaxuMm 06pazoM, MHOXECTBQ BCeX
1-¢opM na V oxaswaerca §-Monynewm,
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Nycrs ® ecrp 1-dopma wa V. Ecin XE ¥ pabua myuio
Na HexoTOpOM OTKpPHTOM MHOXecTse U MHorooGpasua V, To
byvkuua o (X) pasna nymo na U. B camom neqe, nycrb p—
Hekoropas rtouxka us U. Paccmorpum dyukuuio fE€F, pasuyio
hyao B touxe p W papuyw ! sue U. Torna, oyesunno, X = fX
1, cnenosatenbho, Gynkuus o (X) = o (fX) = fo (X) o6pauaercs
B HyJb B TOUKe p.

HNycte U/ — KOOPAMHATHAS OKPECTHOCTH C JMOKAJIbHEIMH KOOP-
Avnaravu (#!, ..., o). Onpeneaum n l-dopMm dut, ..., du®
Na U paseHcTBaMu

a i R

dul(——.)z?); i, j=1,2, ..., n,
o

rie 3;— cumon Kpouekepa®?), xotopw#i npu Kawiaofh mnape

3Havenult I 4 j paccMarpuBaeTcd Kak (DYHKIMA, NOCTOSHHAS

Ha U, Kawxnas 1-dpopmMa o Ha U Mmower GHTb eAMHCTBEHHBIM

00pa3oM npeAcTaBAeHa B BUIE

® = i2=1¢1 (dud),

rie ¢, =— o (0/0u’)— nekotopnie * auddepernupyeMbie GyHKILAK
Ha U.

Vicronb3ys 1Ba CHENAHHBIX Bbllle 3aMeyanud, MBI MOMKeM
Jerko [0Kasarb, 4YTO Jio6as 1-popmMa © na V Moxer OHTb
npencTaBieHa B Bule

o= §1¢,(dui)

B 11000# KoopauHaTHOH okpectHocTw U. OTciona caefyer, yTo
Halle onpepnenenue [-QOpMBl COBHagaeT ¢ ONpeleeHUcM, AaH-
ielM B [6]. [as nanHOR ¢opmbl ® 3Hauenue ynkuun o (X)
B TOYKE p 3aBMCHT OT X,; CJIeNOBATEILHO, Mbl MOJKEM FOBOPHTD
0 B3HAueHUH ©, ¢$opmMBl ®, KOTOpOe sB/ISeTCH 3JIEMEHTOM Mpo-
CTPaHCTBA, CONPSKEHHOrO K KacaTeabHOMy mpoctpancrsy T .

JubddepennupyeMble QYHKINM MOKHO YCJIOBUTHCA paccMa-
TpUBaTh Kak AuddepeHuuansHbie ¢opmer nopaaka 0. Has
Kaxno#h ¢ynkuud fEF Mbi onpeleastem ee dughpepenyuar df
Kak 1-gopMy w, Takyo, uto o (X)=Xf nas moboro X¢C¥.

Onpeneaum Tenepb Auddepenliiaibibe (GOPMBL NIPOU3BOJIb-
HOTO mopsaaxa r. r-popmoé Ha MuorooGpasuu V 1astipaercs
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orob6paxenne MHowecTBa XX XX ... X ¥ (r pa3)?) B .
KOTOpPO€ YIOBJAETBODPAST CJACHVIOWMM IBYM YCJIOBHAM:

1) oro6paxenne o (X, ..., X,) 9BAg9eTCH aNbTePHHPYIOIHUM;
39TO O03HaYaer, YTO €CJIM § eCTb MepecTaHOBKa, NepeBoadiias

(L, .., P) B (S(D), ..., §(r)), TO
(D(Xs(l), ey Xs(r));:SigI’lS.u)(Xb e Xr)gg);

2) o(Xy, ..., X,) nosusunedno B CICNYIOLIEM CMbICJe:
ecan 3adukcupoBarb r—— 1 apryMeHToB, TO MBI HOJAYYNM OTO-
Gpaxenve ¥ B §, aBasoweecs 1-dopmoft.

Ha wMnoxectBe D" Bcex r-dopM Ha MHOroo6pasun V Mu
MOXKEM COBEpLICHHO TaK e, Kak BHILE, ONPENeaNTb ®; -+ o,
‘un fo, rne fE€F. Muoxecrso D" cocrout u3 opnoro 0, ecanm

ren.
n

Onpeneaum Teneps 6Hewnee npousgedenue B D= Y D
r=0

(npsaMas cyMMa, KOTOPYIO MOXKHO PaccMarpyBarb Kak BEKTOPHOE
npocrpaHcTBo %)), Ecim 0, € D™ 1 0, € DY, TO Mu oONpeieaseM
(r+s)-dpopMy ®; A 0, (BHellHee MpON3BENeHNE) Kak oTOoGpa-
MeHHEe, BOBHMKAIOLIEE TPH anbTePHUPOBaHuM 38) OoToGpaKeHus

Xy oot X Xogr, oo X)) —
=0 (X, e X))o, (X, oo X))

Jlwbas r-dopMa o Ha V .Moxer OHTHL IpencrasieHa B MOGOH
KoopauHaTHOR okpectHoctn U B Buie

0= X bi, . dub N\ L A dutr,
N (e :

rie ‘f"il i, QL <, < L0 <i, K n) —nnddepenunpye-

Mble QyHKIn, onpenenenHbie B U.

Buewnui dugppepenyuar d B D onpenenserca CAeAyOUWNM
o6pasoM:

D) s fEDO=TF df ectb oupenmeneHHbiit BHIE aud-
Gepenunan Ppyuxunn f;

2) d ecto smHeliHOe oTOGpaxeHue, nas xoroporo d(DHc
cDr+t;

3) nma a06bx 0, €D 1 0 € D7 uMeeT MECTO PaBEHCTBO

d(0; A\ ©)) = (do) A\ 034 (— 1) 0; A doy;
4)dd =00,
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Ilepeuncnennsie cpofcTBa daxTryecku onpenensior omepa-
TOp d eNMHCTBeHHBIM oOpasom: eciu dopma o € D’ pupakeHa
B HEKOTOpOH OKPEeCTHOCTH B BuAe

= 2 9511 . 1 du’x .. /\ dul’,
(ll, ceny

do= 2 d‘i’h...i,/\du“/\-../\du'r-

(B ~one

Tenepp M JoKaKEM CAEAYIOLLYIO TEOPEMY:

TO

Teopewma. Ilycmy o — nexomopasn 1-gpopma na V. Has

21066k X u YEX mvr umeen

2(dw)(X, N=X-o0()— V- 0X)—o (X, ¥]),
20e X - w(Y) o6o3nataem gyurxyuio, komopas sgafemcs ob6pa-
304 yuxkyun o(Y) npu omoGpaxcenun X, anaro2uyHbii
cmvica umeem Y - w(X).

JokxaszateascTno. [IpaByo u J/eByl0 YacTu Hamucau-
HOT'O DABEHCTBA MOXHO PACCMATPUBATL KaK HEKOTOPHIE 2-DOPMHIL.
[ToaToMy 1OCTATOYHO JOKa3adTh CIP4ABEIMBOCTb ITOrO PaBeH-
ctBa Aaa X =—0/0u’ u Y =0/0w/ B nexoTopo#t KoopauHaTHOH
okpectoctH U ¢ /OKaabHBIMM KoopaumHartamu (&L, ..., a®).
Eciu reopema Bepna 1as ¢opM w, U ®,, TO OHA BepHA ¥ LJid
dopM w,+w, u fo,, rae f— mobas Luddepenunpyemas pynk-
uus Ha U. Tlostomy MBI Moxem cuuTaTb o =—du*. Torpa pac-
CMaTpHBaeMoe PaBEHCTRO CBeﬂ,eTCﬂ K cnenynom.emy'

2d (du k)( . 3 u,) 3) — (8’*)

Ho 9T0 paBeHcTBO TpHBHambHO, NOCKOJALKY 00e ero wacts
pasun 0.

[Tyctb ¢ -—Hexoropoe nuddepenuupyemoe npeobpazonansue
MHorooGpasua V. Toraa ¢ mopoxapaer astomopdusm ¢* npo-
cTpauctea D, xommyTupyioum# ¢ omepatopoM d. B camom
Ieie, o* ecTb oToGpamenue, meperoiatiee w € D’ 5 ¢*w, onpe-
JejlenHoe dopMy.Io#i

B Xy, .- X)=0@X, .... ¢X,),

rie ¢’ ectb asroMopdusm F-moayna ¥, nopomieHHbih mpeol-
pasoBaHueM ¢. JIerko NpPOBEPUTb KOMMYTaTHBHOCTb;

" =¢d.



§ 4. Tensopusie noas 25

CaenaeM ellle 0OAHO 3aMeyaHre OTHOCHTENbHO Ax(depeHnuanb-
HeiX  QopM. dopmbl, paccMmarpuBaBlikecs A0 cux nop, Oblau
BetllecTBeHHO3HauHbiMM. [lycTh RaHO NpoOM3BOJbHOE BEKTOPHOE
npocrpanctso F pasMepHoctd s. Omnpenenum F-3HauHbie GOpPMEH
caenyiowum obpasom. Ilpexne Bcero onpemenum F-3HauHyi0
0-¢popmy (umu F-3Haudyio audpepeHuupyemyio (HyHKUMIO) Kak
anddepeduupyemMoe oTobpaxenue MHoroo6pasus V B mpo-
crpanctBo F, HaneneHHoe ecTecTBeHHOH auddepeHUMpyeMOit
cTpykrypo#t. Janee, nas JqoGoro r Mel onpeleium F-aHauHylo
r-bopMy Kaxk oToOpaxende, cTaBfiliee B COOTBETCTBHME Kaw-
aoMy (Xy, ..., X,)us XXX ... X% (r pas) uekoropyio
F-3Haunyio aaddepeHinpyemyio  ¢yHkumio o(X;, ..., X,),
(hOpMasbHO YAOBJETBOPAIOLLYIO TeM e ycaoBuam 1) u 2), Ko-
TOpHe OB CHOPMYAHMPOBaHH paHee 1Js BelleCTBEHHO3HAYHBIX
dopu.

Ecau Buibpats B F durcupoBaHHuit 6asuc £, ..., &, TO
mobaa F-snaunada r-popma o OyAeT eNMHCTBEHHHM O6GPa3OM
BHIPAXKATLCA B BHLE

rae o!, ..., of-—BelllecTBeHHO3HayHbe r-(popMb. DBrewnu#t
auddepennuan do onpenenstercd kax F-3HayHas (r < 1)-popma,

HMeEIoaa B
s

do =, (dv))§,.
. 1

i=

dopwvyna, NoKasaHHas B Teopeme sToro maparpada, Jerko
pacnpocrpanserca Ha F-3uHauHwste [-¢opMsbl

§ 4. Teusopubie noJan

Yutarens, uHrepecyionierocs HauGoJee oOWUM TNOCTPOEHHEM
Teopuu TeH3OPHHX mnoJefl HAa nupdepeHUUPYEMHIX MHOIOOGpPa-
3uAx, M orchiaaeM K [19]. 3pechk Mb OrpaHuuumcs JUIIb CJe-
AyIOuUMY 3aMeqaHUuAMH.

INycte F — BeKTOpPHOE NMPOCTPAHCTBO Pa3MEPHOCTH 2 HAA NO-
JeM BellleCTBeHHbHX uncen R u F*— conpsieHHOe K HeMy Npo-
. ¢TpanctBo 2). Tensop Tuna (s, r) Ha F, s pas KOHTPaBAPHaHTHHIH
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W 7 Pa3 KOBapyantHeifl, ONIP e rensieTca Kak noauauHedHoe oTobpa-
HeHue NPAMOro npousBelCHUs

FXFX ... X FXF*XF*X ... XF*

(F Geperca r pas u F*— 5 pas) B R. MHOXeCTBO BCeX TeH-
30POB THUNA (5, 7) 00Pasdyer BexTOPHOE NPOCTPAHCTBO Hag R
OTHOCATEJIbHG opefeeHHEIX A8 MNOJMAMHeRHEIX OTOGpaKeHUH
neHcTBUN 0Okpynoro CAOKEH M U yMHONeHMS Ha yucaa w3 R. Do
BEKTOPHOE IpoCTpaHCTBO Mbi GyneM o6oaHavars Ti.

B 4acTHO crv, npuH¥Mast Bo pHuMaHue B3AMMHYIO COMPSKEH-
HOCTL F v F™* yy puiuM, yro tensopbt Tuma (1,0) MOryT GuiTh
OTOXIECTBAC g ¢ 3/eMeHTamu npocTpaHcTBa F, a TeH3opH
muna (0,1) — ¢ siemenTaMyt mpocrpancrea F*. Takum 06pasom,
MBI MOXEM M anuciTh T},g F; T(I’;F*,

Tensoprae mpoctpancTBO Ty MOXHO PacCMATPUBATb KK BEK-
TOPHO® TIPOC TpaHcTBO, COC TORee M3 BCeX NOAMAMHEHHLIX 0TO-
6paxceHuH NpoctpanctBa I~ ¢ .. X F (r pa3) B F. Vmenso.
naHHOMY snewmerty f€ Tr Mu CTABHM B COOTBETCTBHE MOJMIU-
nefinoe o106 mawene K npocrpanctda F X ... X F B F, onpe-
NETEHHOE CO QTHOEHAEM

(FC(ty s X0 2y =f (g -, X, X%

. Beex x, . ..., x,€F yu x*€ F*, rue neBad yactb 0603Ha-
YaET 3HaYCHyue, KkoTOPO®  x*C F* npuHuMaer Ha 3jeMeHTe
K(x1, ..., = )¢F. Herpy nuo Bugets, 4TO 5TUM CaMbiM yCTaHO-
BJICH KAHOHW yecku#t MBOMOD (pu3M NPOCTPAHCTBA T: H BEKTOPHOTO
NPOCTPAHCTR 3 peeX NOMMIH HeHHBIX ortobpaennit F X ... X F
B F. B yacTry gcm, T MOX 10 OTOXAECTBUTb C BEKTOPHHIM NpPO-
CTPAHCTBOM  peex auHeHHBIX supomopdusmos F B ceba. Kpome
roro, T, M oxer OuTe CuenyiomuM 06pa3soM OTOXKAECTBIEHO
€ BEKTODHbIN npocTPAHCTE OM, 06Pa30BaHHBIM BCEMU NOJM/IMHeN-
HBIME OTOOD @ erusmit F > . % F ((r —1) pas) s T.. UmenHo,
noMUMHEHO e oro6paner e K mpocrpanctsa F X ... X F
(r Pas) B F= yu OTOXNECTBASEM ¢ MOAMAMHERHHIM OTOGpaNe-
nieM K npexcrpanctsd F >¢ ... X F ((r—1) pa3) B T{, KO-
TOPOE onperyensercs COOTH OUIeHHEM

K1 (xl""‘ xr-l)-sz(xl, ey Xp_yq, )C)

1AM BCEX Xy X, X EF.

ey



§ 5. I'pynnot JTu 27

PaccMorpuM nuddepenuupyeMoe Muoroobpasue V. Tensop-
HM nosem muna (s, r) Ha Muoroobpaauy V wnasbiBaercs coot-
peTCTBHE, CONOCTaBAAONee Kaxa0i TouKe pE V uexoropnifi ten-
aop THNA (S, r), onpene’eHHb Ha KacaTe.lbHOM NpocTpancTee T,
rpebosanne audopepenuupyemoctu Oyner natararbcs B TOR HiM
uHo#t mopxoadule#t ¢opme. Tak, Hanpumep, MOXHO TpeboBaThH
aupPepeHpyeMocTy Ko3hOHIHEHTOR JaHHOTO TEH30PHOIO IOJS
no mobhM JAOKaIbHHEM xoopauuataM B V., OnHaKo TeH30pHhe
noas tanos (1, ) (u (0, 7)) Mb MOxxeM paccMmaTpHBaThL HHAue,
a4 MMEHHO CJAeLylouuM 0O6Pa30M, NOCTATOUHBIM AJM HAIMX Lened
B raase [l

PaccMorpuM  F-Mmoayar X =X (V). (Lugpdepenyupyenoe)
mensoproe nose muna (1, r)y va V ects F-noanauuelinoe oro-
Gpaenne npsMoro npomssesenns XX ... X ¥ (r pas) B X.
B uactHocTH, Tenaophue moas tuna (1,0) (mim (0,1)) nmpencra-
BASIOT COOOH He YTO MHOE, KaK 3/eMeHTH X (COOTBETCTBEHHO
1-popMul na V). Cpemu rensopumx noseft tuna (1,1) uMeercs
O4HO, KAaHOHMYeCKM NpucOendHeHHOe K V, MMeHHO, TEeH30DHOEe
noxe X, Taxoe, uto K (X)=X nas moboro X € ¥. Eciu Baarto
3a MCXOLHOe 3TO HOBOC OIlpejeseHHe, TO MOMHO AOKA3aTh, KaK
H B cayyae ‘AudpdepeHuuansHuix (PopM, ero 3KBMBATEHTHOCTB
onpeAenenuio, LaHHOMY paHee.

B aaxmiodenne ML ONpele/ UM PUMAHOSY MeMPUILy HA MHOTO-
©o6paann V. Ona npeacrasider coGofl Tensoproe rode Tuna (0,2),
YAOBJeTBODAIONIEE ABYM CAEAYIOIMM YCAOBHMAM:

1) Cummerpuunocts: g(X, ¥)=g (¥, X) ana mobuix X, Y € ¥.

2) Tlonoxurenbnas onpenenetocts: g (X, X) > 0 pas mo6oro
XE€EZX, u g(X, X)=0 rorna m roabko toraa, xorpa X=0.

PuManosa Merpuka nopowmiaer BHyTpeHHee NpOHU3BeJeHHE
B KaxaoM KacaveanHoM npocrpaucrse T, p & V. OtHocuteabto
CYmecTBOBaHMsl PHMAHOBHX METPUK Ha IPOUSBOALHOM Iudde-
PeHnupyeMoM MHOroo6pasuu, yIOB/ICTBOPSIOILEM BTOPOH aKcuoMe
CYeTrHOCTH 2), MBI OTChisaeM uyuTaTeasd x [19].

§ 5. I'pynnu Jlun

Ppynnodi Jlu nasmpaerca rpynna G 16), aBasiowadcs B To e
BpeMa nuddepennpyeMsM MHOTOOOpa3ueM, TaKuM, 4TO TPYIIO-
Bad onmepanms, onpefenseMas oToGpameHueM

(a. )€ G X G—>ab™'€G,
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npeactasager cobo#t auddepenHuupyemoe orobpaxenue NPOU3Be-
peuus G X G B G3). B cuny rtoro, 4ro G kak MHoroo6pasue
JOKaJbHO CBf3HO 8), cBA3Had KoMnoneHTa?) G, eIMHHYHOTO 3Je-
MEHTa e fB/IAeTC OTKDHTHIM MHOMecTBOM B G,

WasectHo [18], uTo rpymma Jlu nomyckaer CTPYKTYpy aHa-
JATHYECKOTO0 MHOroo6pasus, TaKyld, 4TO TIpYNMOBLE ONepanuy
OKa3LIBAIOTCH aHaquTHYyeckumu. Hawe onpepenenve rpynno Jin
COBNAfaeT C ompeneleHueM B [6].

Paccmorpum nexotopyio rpynny Jlu G. Komnounenra G, epu-
HHYHOTO 3JeMeHTa 5TO# Trpynnb npelcTasiser cOGON CBA3HYIO
TONOJOrAYeCKYI0 rpynny ) 4, cienoBarte/bHO, MOPOKAAETCA HEKO-
TOPOH OKPECTHOCTHIO eAMHMYHOrO 3JeMeHTa €. B uacrtHoctH, Gy
npeacTasifer coboft He Oojee 4YeM CYETHYI0 CYMMY KOMMAKTHbIX
MHOMXECTB®) M yHOBJETBOPSeT BTOPOM aKCHOMe CUeTHOCTH ).
C npyro#t croponni, G ynoBaerBopseT BTOPO# aKCHOMe CYETHOCTH
TOrAa M TOJBKO TOTAA, Koria ee gpakrop-rpynna G/Gy1) cocrout
He Gojiee y4eM U3 CUYETHOTO YHC/IA 3/IEMEHTOR.

M 6yzem o6osHauarb cumpoaoM L, (cooTerctBenHO R)
AeBLIA (COOTBETCTBEHHO MpaBbiil) casur rpynnsl G, NopoxaeHHbI#
snementom @€ G:L,- x =ax (coorBeTcTBEHHO R, . Xx = X0),
rae x € G. BexropHoe nose X, onpenenennoe Ha (J, Ha3bIBaeTcs
aesounsapuanmusis, ecmm L) - X=X nm moboro a€G.
MoxHO n0Kasarb, 4YTO KaXnoe JeBOUHRADHAHTHOE BEKTOPHOE
noae apuddepenyupyemo. To xe BepHO ¥ A4 NPABOMHBAPHAHT-
HHX BeKTOPHBIX moje#. MHoxecTBo BCeX JEBOMHBAPHUAHTHHIX
BReKTODHLIX NoJelt Ha rpynne G Mu OyzeM obosHauarb g.

MHOMeCTBO ¢ eCTb BeKTOPHOe NPOCTPAHCTBO, HM3OMOpPHHOE
KacareabHoMy npoctpaHctsy T, k G B Touke e. Jlaa mawuworo
anementa A€ T, BexTOpHOE None X, OnpenensieMOe DPaBeHCTBOM
X, =1L+ A(a€cG), NpHHALIEKHT J; 3TO COOTBETCTRUE ABJISETCHA
uzomopduamonm T, na g. Ecam X u Y npunanaexar g, 1o [X, Y]
TaKKe NpuHaijexuT . B camom nere,

L'IX, Y1 =IL.X, LY]=[XY].

CnenoBarennHo, ( okasbiBaercd nopnanrebpoi anredpu Jlu ¥ (G).
TakuM o6pa3zoM, § ecth KOHeyHOMepHasa aare6pa JIu, Hasbi-
BaeMas auze6pod Jlu zpynnst G. DieMenthi 37O aureOpel Mul
Oynem B nanbuefleM obosnadate A, B u T. 1.
[Tycts A€ q; 0603Ha4UM CUMBOJIOM @, AOKAALHYIO OJHOMAapa-
MeTpudeCcKyio rpynny JokaibHuX npeo0pasoBaHuil, MOPOKIEHHYIQ
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BEKTOPDHBIM nodeM A B OKPeCTHOCTH eNAMHHYHOrO DJeMeHTa e.
Tax kak A unBapuautHo oTHocuTtenbHo L, (x € G), To ¢, KoM-
MyTHpyeT ¢ moObiM gesuiM casurom L. Otcioga caenyer, 4to A
nopoxaaer r106aibHyl0 OLHOMAPaMeTPHUeCKy0 rpynny npeobpa-~
3oBaHul ¢, rpymubl (G, KOMMyTMpYHOWwHX ¢ JIOOM L, ® 4TO
¢ (x) = Rq, - x Aas moGoro x € 0, rie a; 0603HauaeT TPAEKTO-
pUI0 3/eMeHTa e, NOPOXAeHHYW rpynno#t ¢, [losToMy umeer
MecTo opMmyna a;,== a,a,. Mb 6yineM Ha3biBaThL @; OAHOMApa-
MeTpHYeCKol mHoarpynno# rpynisl G, nopoxmieHHOR BEKTODHBIM
nosem A. Jipyroe xapakrepuctuieckoe CBOHCTBO @; COCTOMT B TOM,
4TO &4; ecTb (eAMHCTBeHHAas) kpWBas B (J, Takad, 4YTo ee Kaca-
‘TeabHbl BeKTOP a; paBeH a,- @;, TIpWdeM BBHINOHAETCH HAYAJIb-

HOe yClaoBHe: ay=—e. .

‘Jlanum Tenepb Gonee obuwiee onpenenense. ITodzpynnod Ju G/
rpynosl G MbH OyjeM HasbiBaTb Takyl RNOArpymny rpymnu G,
KOTOpas B TO e BpeMfi §BAfeTCS NOAMHOro0GpasseM MHOro-
obpasus (, npelcTaBJAOWMM cofolt rpynny JId oTHOCUTENbHO
ero audpdepeHUMpyeMOll CTPYKTYpHI. /

IToanpocTpancTso ¢’ TNPOCTPAHCTBA (, COCTOflee M3 BCEX
JeBOMHBADHAHTHEIX BEKTOPDHHX TOJeH, COOTBETCTBYIOLMX Kaca-
TelbHHM BEKTOpPAM B TOuYKe e ¥ (', 9BAfAeTCS, KAK JErKO BHAETD,
noaaire6poft anre6psl §. Mbl Momem paccmarpusath ¢’ Kak
anrebpy Jlu noarpynnsi G/. Obparuo, nycrtb ¢/ ecTb HEKoTopas
nojaireGpa anre6pn . Conocrasass xammomy x € G Kacareisb-
Hoe momnpocTpaHcTeo g, = {A,; A€ q'}, My noayuaem audde-

peHlupyeMoe HHBOJIOTHBHOe pacmpelenenve, MakcuMaabnHoe
HHTerpasbHoe MHOrooOpasue 9TOr0 pacnpeledcHud, npoXoisulee
yepes e, ABJSETCH, KaK JAerko YCMOTPeTb, CBA3HOH moArpynmofi
Jlu rpynne G; Mbl OyaeM HasuiBaTh ero moarpymnoft Jlu, nopo-
waennol nonaareGpol g’.

IMycrs sanan aBroMoptuam 8) ¢ rpynnsi JIn G; o mopoxaaer
HeKoTOpbi#t asToMopusaM airebpot Jlu g. eficteutenpHo, ecau
A€g, 10 @A eCTb CHOBA JI€BOMHBADMAHTHOE BeKTOPHOE MOJE
u Mbl umeem [¢’A, ¢’B]=[A, B]. [laree, eciu Mbi OTOXOeCT-
BJIsileM (| C Kacarte/JbHHIM MpocTpancteom T,, To auddeperiman deo,
NOPOXAAeT HEKOTOPbIH aBTOMOD(M3M KacaTelbHOrO NPOCTPaH-
crea T, B cuiy pasenctsa @(e)=e. B uactnoctH, ecam ¢
ecTb BHyTpenuuH asroMopdusMm®) x — axa—!, nopoxaenHbiit
ajemenToM @ €@, TO COOTBETCTBYIOIUMA aBTOMOP(H3M anre-
6pst Jlu g obosuayaercs ad (a)?¥). Orobpaxense a— ad(a) ecTb
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npeacrasiaende rpymnst Jlu G, HaspiBaeMoe npucoeOuHeHHbLM
npedcmasaeruen G 8 g.

Tak kak axa~'=L_ +R,—1 + x =R -1 - L, - x, 10 M1 uMeeM
ad (@) B=R,-1 - B nas moboro BEq. B cuny teopemst § 2,
MPl YCMATpPHBAaeM, YTO €CJW @; eCTb OJHONapaMeTpuuecKas IOJ-
rpynna rpynnst G, nopoxuexHas saeMeHToM A€ g, TO

ad (a;7')-B—B
5, i 2 )58

£>0
naa moboro BEg.

Ecau G’ ectv wuBapuantHas noarpynmna Jlu rpyunsi G, TO
cOOTBETCTRYIOULAS Noaaare6pa ' MHBAPMAHTHA OTHOCHTEILHO OTO-
gpawenus B —[B, A] nas moboro A€ g. Ilomaarebpa g ecrdb
upean ®?) amrebpst Jlu §. Obparno, ecmu rpynna G cBssHa,
HeKoTophift upean ¢’ aarebpui Jlu g TMOpoXaaeT CBA3HYIO NOL-
rpynny Jlu G’, dBasioumycs UHBAPUAHTHOW mOArpynno# 17)
rpynns G.

B 3akiiouenue clleaeM HECKOALKO 3aMEYAHUR OTHOCUTENBHO
nuddepennuansusix dopM Ha rpynne Jlu G. Popma HasmiBaeTcs
JeBOMHBAPUAHTHOHR, eC/ OHA UHBAPHAHTHA OTHOCHUTENLHO JIOGOTO
aeBoro casura L,, a € G. Jluneitnoe npoctpaHctBo ¢*, cocros-
1ee U3 BCeX JIeBOMHBAPUAHTHHIX GOpM mopdaaxa 1, npexcrapiaser
cobo#f mpocTpaHCTBO, compsxeHHoe K (; ecau AC g u o€ g*,
to Oynkuus o (A) noctosHna Ha G. Ecau o € ¢*, To BHewnuit
auddepennuan do takie nesounsapuanted. HmeetT mecto ypas-
nenue Maypepa — Kapmana

do (4, By=— o (4, B). A BEy,

yeMeNJIEHHO C/eayiollee u3 TeopeMu § 3.

§ 6. I'pynnsl npeoGpasoBanuii

Paccmorpum rpynny Jlu G u apuddepeHuupyemoe MHOTo-
obpasue V. Mu Oynem rosopurs, uto G ects zpynna Jlu npe-
o6pasosanuii mnozoobpasus V (uau uro G dedcmsyem wa
aurozoobpasuu V. Ouddepenyupyeissin 06pa3o), eciv BHIOI-
HSIOTCA CJenywuiie ycJaoBus: i

1) kaxaomy sieMeHTy a € G cOOTBETCTBYET HEKOTOpOE Aud-
depeHuApyemoe npeo6pasoparue MHoroobpasus V, o0o3nauaemoe
peV—op-acV;
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2) (a, P)EG XV —>p-a€V ecrb auddepeHuupyemoe oro-
OpaxeHue;

3) ana mobulx a, #€ G u mo60H ToukM p €V uMeeT MecCTO
paBeHCTBO p - (ab)=(p - a) - &.

Mu Gynem mnHcaTh Takke pe.a=R,:-p A TrOBOPHUTL, UuTO
rpynna G neficTByeT Ha MHOrooGpasun V npasocmopouuum
o6pason. M3 ycaosua 3) crenyer, uro R, (é-— eaunHuuHoifl e~
MeHT rpynnsl () ecTb TOWAeCTBeHHOe Npe0Gpa3OBaHHE MHOTO-
o6pasus V.

Mubi Oynem waswiBath rpynny G appexmusnoll wa V, ecau e
ABJIFETCA eNUHCTBEHHBIM BJI€MEHTOM 5TO# rpynnsi, 448 KOTO-
poro R, ects TOmAecTBeHHOe IpeoGpasosanue. [oBopdATr, uTO
rpynna G He umeem HenoOBuUINCHHLX MOUeK HQ MHO2000pasuu V
(nau uto G delicmsyem 6e3 HenoOBuICHBLX MOYEK HA MHO20-
obpa3uu V), ecau Beinogansercd cienyiouee 60/ee CUIbHOE YC10-
BHe: eCau p - @==p NI HeKOTOpOH Touku p €V, 10 a=e¢.

[Iycts G ectb cBasnad rpynna Jlu, meficTeylouias Ha MHOTO-
ob6pasun V auddepeHuupyemuiM o6pasom. PaccMorpum anre6py
Jlu g rpymust G. Mbl NOKaXeM, 4TO BO3HUKAET eCTeCTBEHHLiH
roMoMoppusM 19) anrebput Jlu q B aare6py Jlu ¥ (V) BekTopHBIX
noge#t Ha V ([18], cTp. 431).

[lycrs A€ ¢; paccMOTPUM OLHONIAPAMETPUHECKYIO NOATPYINY 4y
rpyunsi (G, NOpPOmAEHHYIO BekTOpHbM NoteM A. Oaxomapame-
TpuuecKas rpynna npeo6pasoBaHui R,,t MHoroo6pasus V unay-

uupyer aubdepeHnupyemoe ektopHoe nose A* ua V. O603Hz-
yuM OYKBOH & ompegeneHHoe TakuM o06pasoM OTOOpaXKeHUE
ACg— A €X (V). Uro6u a0Ka3aTh, 4TO G €CTh roMOMOpdU3M,
3aMeTuM, HTO 3TO OTOOpaxeHHe MOKeT OHTL ONPEAENEHO TAKKE
u creayiouwum o6pasoM. [lycrs o, oGosHayaer orobpaxmenHe
XEG—>p- - x €V, onpeaenennoe aaa sBcex pEV. Toraa mu
6yaeM UMeThb

(d3,), - A= (34),.

rae (ds,), — anddepenunan orobpaxenns s, B e, T. €. 0T0O6pa-
KEeHHe KacaTeabHoro npocrtpauctsa T, B T,. brnaroaaps stomy
3aAMEUYaHUIO CTAHOBUTCH SCHBIM, HTO G eCThb AuHellHOe 0T06pa>i<e-
nue anrebpu Jlu g B X(V). Iycre Teneps A, BE€ g, u nycthb
@;— OAHONIAPaMeTPHHeCKAR TPy, OPOKAEHHAT BeKTOPHHM 10-
aem A. Tonowny s (A) = A" u s (B) = B*. B cuay teopemst § 2,
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MBI uMeeM
53 3
B ~Rat - B

[A*, B*I=1lim 7

£>0
WUcnonpsys TtoT dakr, uro R, - cpa_lx:pa;lxat ans x€a, -
¢ ¢

1 oGoanavast auddepeHunanr oroGpakeHus Tol xe OGYyKBOH, UTO
M OToGpakeHHe, Mbl TMOJAyYaeM

(R“t . B*)p = R“t “Oparl” B,=s,-ad(a;")B,.

CnepoBateasno, B cuay dopmyasl, Beipaxaiourel [A, B] s q
uepes ad (G), Ml Oyzem uUMeThb A
-Be——cp-ad(at"l)Be .

; =

B,—ad (a;l) B,
; =0, - [A, B]l, = (s [A, B])p.

[4%, B*],=lim °p
{>0

=g, - lim
» {>0

Tem cambiM 10Ka3aHO, 4TO & ecTb romomopdusm aareGpu Jlu g
B aare6py Jlu ¥ (V).

Omobpascenue s ecms usomoppusm, ecau epynna G apper-
musna na V. JetictButebHo, ecan s (A)=0, To 3To 03Hauaer,
4TO oanomapameTpuyeckas rpymna npeoGpasosanuit R, TpH-
BHaabHa, T. e. MmoGoe npeobpasoBanue R“t ABJIACTCH TOXAECTBEH-

HHIM npeoGpasoBaHnem MHorooGpasusa V. Tak kax G apdexTuBHa,
TO MH HMeeM a;,==¢ U, clefoBareabHO, A==0.
Ecau G Oelicmeyem Ge3 neno0sudicusx mowex, mo Hi 00HO
u3 omoébpascenuii s(A)y, A€q, A+0, ne umeem nyared.
HeticteureasHo, ecam o(4) pasHo Hymo B Touke pEV,
TO R“t OCTaBJfET TOYKY P HellOABHKHOM U, CAEN0BATENLHO, ;= ¢

1aga Bcex f.

§ 7. Tnapuble paccJoeHHsle MHOrooGpa3us

Paccmorpum auddepenunpyemoe MHoroo6pasme B u rpymny
Jln G. Nupdepenuapyemoe MuorooGpasne P Ha3LIBAECTCA 2.408HHM
Paccroennnim mrozoobpasues 38), eCanm BLIMOAHAIOTCH CAEAYO-
He ycaosus:
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1) rpynna G pgefictByeTr Ha MHOrooGpasuu P puddepeHun-
pyeMblM NPaBOCTOPOHHMM OGPa3oM M He MMeeT HA P HEMOABMXK-
HBIX TOUYEK:

(x, )P X G—>xa=R, - x€P;

2) mMyuorooGpasue B ecTb ¢(akTOp-NpOCTPaHCTRO 38) MHOrO-
o6pasus P 1m0 OTHOIIEHMI0 K COOTHOIUEHHI0 SKBHBAJEHTHOCTH,
NOpoxkAeHHOMY rpynnofi G, npudyeM KaHOHMYeCKas NMPOEKUUS «:
P — B ectv nuddepeHuupyemoe orobpaxeHue;

3) P soxaasno mpusuassno, T. e. AA moOoH Touku 4 € B
CyulecTBYeT TaKasi OKpecTHOCTh U, uTo ee moaHwti npoo6pas w~1(U)
n3omopden npoumssenenuio U X G B caeayiomeM cMbC/lIe: OTO-
6paxenne

x€r T (U)—> (7 (%), 9(x))EU X G

npeacrasaseT coboit auddepeHunpyemeiit U30MOpHH3M CO CBOMH-
CTBOM

p(xa)=¢(x)a aaa moboro a€Q.

B cayuae ecam sTH yCI0BHS BHLINOJAHAIOTCH, MHOrooGpasme B
HasbiBaeTc 0a30id MHOrooGpasuss P; rpynna G Ha3biBaeTcs
cmpykmyproil 2pynnol MHOrooGpasms P. Mm Gyxem 0603ua-
4yath TIJaBHOe pAacc/J0oeHHOe MHOTOOGpasue cumBoaom P (B, G).

Mycty sananm rpymna Jlu G u auddepeHunpyemoe MHOTO-
o6Gpasue B. Ilpsmoe npoussenenne B X G MBI MO)eM paccma-
TPUBATh KaK TJaBHOE pacCI0EHHOe MHOrooGpaaue, ecam OyaeM
cuuTaTh, 4ro rpymna G geficrByer Ha B X G no npaBuay, Bbi-
paxaemoMy dopmyaot (u, a)b = (u, ab). To raaBHoe paccioeH-
HOe MHOrooGpasme Ha3bIBAETCH MPUBUAALHBLM.

PaccmMoTpuM npOu3BOJbLHOE -TJIaBHOE pAacC/JIOeHHOE MHOTro-
o6pazue P(B, G). [aa kaxno# toykm u€ B ee noauwtit npo-
06pa3s ®~1(u) ecTb 3aMKHYTOE NOAMHOr006paaue Mmuoroo6pasusa P,
anddeperunpyemo uzomopdproe G. OHO HaspIBaeTCs CL0eMm
Had u. OnpexennM raxxe aaa mo0oH Toukn x € P caoi, npo-
x00suuii wepes mouKy x, Kak ciok Hap # = = (x). JLaa xaHHoro
OTKPHTOro noaMHoroo6pasus V mHorooGpasus B ero noadsiil
npoo6pas =~! (V) apasercs OTKPHITHIM NOAMHOr006pa3neM MHOTO-
o6pasua P, Ha koropoM rpynna G nefictByer 0e3 HemOABHXKHBIX
TOYeK U KOTOPOE ABAATCA AuddepeHIM PyeMbIM I IABHBIM PACCA0CH~
HbIM MHOTOOGpasuem ¢ Gasolt V.

3 3ak. 996.
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B cuny ycaoeus 3), Mbl MOXEM BLIODaTb HEKOTOPOE OTKPHITOE
nokpurue {U,} 6asm B, Takoe, u4r0 aas kKaxaporo =~ t(U))
GyleT CyuiecTBOBaTh u3oMopduamM x — (w(x), 9, (x))Ha U, X G.
Ecmn x €n~1(U,NU;), 1o Mbl noayuaem

9y (£0) (9,(%0) ) == 95 (%) (9a (x)) ™"

370 paBencTBO NOKa3bBAET, 4TO OTOOpaxeHHe

X €m (UL N Up) = 43 (1) (9(%)) T €GC
NOCTOSHHO HA KaxIOM cjoe. TakWM 06GpasoOM, OHO NOpPOXAAeT
nuddepenuupyemoe oto6pakenne Y,, nepecevenns U,N U, 8 G.
OroGpaxenus $,,, ONpeledeHHWe A9 TaKWX a © (3, uTO
U, N U, + 0, HasbiBAIOTCA nepexoOnsimu HYRKUUIME, COOTBET-
creyomumn nokpeitnio {U,}. Ouu o6Gaanaior cBofcTBOM

(%) by (@) = $y3 (#) - $g, (1) Ana 06O TouKH € U, NUNU,.

Mycrts, 06parHo, 3agaHo OTKpHITOe moKpeitHe {U,} Muoro-
o6pasus B H MHOXeCTBO nuddepeHuupyeMunx OTOOpaxeHnH %a
BCeBO3MOXKHEIX nepecedennit U, N Uy = 0 B rpynny Jlu G, npruewm
BHINOAHAIOTCA COOTHOLUeHHs (¥). Toraa Mbl MOXeM NOCTPOHTH
AnddepeHLHpyeMOe I1aBHOe paccaoeHHoe MHoroobpasue P (B, ()
¢ nepexoiHbIMH GYHKUMAMEM (g,. 3aMeTHM NpexAe BCEro, uro
Gpp (@) =€ H P () Yg, () =¢ pitsi moGHX & ¥ B, TAKKX, 4TO
U,NU # 0. PaccmoTpny a1 KakAOro o npocTpancTso X,
fBAsIOeecs NpsaMbiM nponaseneHdeM U, X G; .nyere X = | X,

3

ecTh TOMOJOTHueckas cyMMa Bcex X,. OGDBABHM OTKPHITHe MHO-
WecTa Kawaoro X, OTKPHITHIMA MHOXecTBaMKi B X toraa X cra-
HeT AuQdepeHUHpyEMbIM MHOTOO6pasneM. Mul BBOAUM B X COOTHO-
IleHWe SKBHBAXEHTHOCTH p cAeAylOWHM oOpasom: (#, a)E U, X
X G X sksuanentHo (4, )€Uy X G X Toraa u ToubKO
roraa, koraa b=1{g,(¢)a 8 G. U3 ycrosus (%) u ero cieacranit
BBITEKAeT, 4TO Mbl AeHCTBHTEJbHO TNOJAYYHIH COOTHOLUEHHE 3KBM-
BaJeHTHOCTH, TenmepPb Mbl onpemeauM P kak ¢aktop-npocTpas-
cTBO X/p. Mul ytBepxknaem, ut0o P ectb HCKOMOE riaBHoe pac-
croeHHoe MHOrooGpasue P (B, G).

Yro6Gx 10Ka3aTh 3TO, 3aMeTHM Npexae BCero, yro G Aefi-
cTBYeT Ha P npaBOCTOPOHHUM 06Da3OM MO cAeayiouieMy npasuay:
ecin x € P eCTb K1aCC 3KBMBAIEHTHOCTH ieMentTa (4, a) € U, X G,
TO MBl onpenejseM X -b KaK KIaCC IKBHBAJEHTHOCTH 3JeMEHTa
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(2, ab)€ U, X G. Kax serko BuieTb, G He MMEET HENOABHNKHBIX
Toyek. Huxe Ml yBuamm, uto P jponyckaer CTPYKTYPY Audde-
penunpyemoro MHoroo6pasust u 4t0 G AelCTBYeT Ha 3TOM MHOTO-
o6pasun nndpepenuupyemeiv  oGpasoM. Bo Bcakom cayuae,
daKTOP-MHONKECTBO MHOKECTBA P MO OTHOIUCHUIO K COOTHOLIEHNIO
3KBMBAMCHTHOCTH, TNOpOXIAaeMoOMy rpymno#t G (aBe Toukum u3 P
3KBUBAJEHTHBI TOTAA X TONbKO TOTAA, KOTAa 0aHa oTOoGpaaerca
B APYTYIO HEKOTOpHM npeoGpasoBaHWeM TpYNMsl), ONpeaesieT
npoexkuuio T mHoxectBa P Ha B. [lanee, 3ameruM, 4To Npoex-
unsi p MHOTooOpasua X Ha P B3aumMHO OAHO3HaYHA HA MHOXe-
ctBe X,, Tak yto © 1(U,) ecTh MHOMECTBO P-KJAACCOB 3NEMEH-
toB (¢, @), rile u €U, u a € G, xoTopoe, TakuM 0Opa3OM, HAXO-
IMTCA BO B3AUMHO OJHO3HAaUHOM COOTBETCTBHM C NPOM3BEACHUEM
U, X G. Tenepb Mbl BBelleM B P cTpyKTypy AucbdepeHuunpyemoro
MHorooOpasus, nortpebosas, uTobbl n~'(U,) ObLIO OTKPEITHIM
noamHoroo6pasueM B P, auddepenunpyeMo romeoMopdHuIM Mpo-
uspenenuio U, X G. D10 oKasbiBaeTCA BOMOXHEIM, TaK KaK x € P
conepxurcs B m~4 (U,) npn HeKoTOpOM a M Tak Kak, KpOMe TOro,
otomaectsaenne (#, a)€ U, X G ¢ (4, Yg,(u)a) €Uy X G ocy-
WeCTBIAETCH ¢ MoMOLILI0 AuddepeHunpyeMbx oToOpakeHnit Pg,.
Beeps B P a1y AuddepeHunpyemMyro CTpyKTypy, Mbl 0Oes
TPyla NpOBepseM BLINOJHEHHE BceX TpeGyeMblX yc/aoBui; TaKuM
006pasoM, P 1eHCTBHTENLHO OKA3HIBAETCA TJABHLIM PACcCAOEHHBIM
muoroo6pasueM P (B, G). Kpome toro, nepexoluse ¢yHKu#n
3TOro MHOrooGpasufl, CooTBeTcTByOLME NOKpuiTHio {U,}, oxa-
3LIBAIOTCSA B TOYHOCTH 3aA2HHBIMU OTOOpameHuaAMu Y.

OnpefesumM  Tenepb TaK Ha3bBaeMble (QYHLAMEHTAIbHbIE
BEKTOPHEIE TOAA HA AAHHOM T/3BHOM DPACCNOEHHOM MHorooOpa-
suu P (B, G). Tak kak G nefictByeT Ha P, TO CylLiecTByeT roOMo-
MopdusM s anrebpul JIu g rpynnut G B aare6py Jlu X (P) sexrtop-
nux moue#t Ha P. O6pas A* = s (A) snementa A€ ¢ HasbiBaeTCA
PYHOAMEHMANLHH M BEKMOPHBLM NnOAeM HA P, COOTBETCTBYIO-
wuM A. MuoxectBo Bcex A*, coorsercTsyiolluXx BceM A€ g,
Mbl oBGoanadaeMm ¢*. Tak xax G He mMeeT HENONBHKHHX TOYEK,
T0 ¢ sapaseTcd nsoMopdusmMoM anreSpw Jln ¢ Ha ¢*, mopaareGpy
aarebpnl ¥ (P).

s onpeaenennst romomMopdusaMa s caeayer, 4To Kaxioe GpyH-
AaMEHTATbHOE BEKTOpHOe Nojse A* MHAyuupyercs rpynnoit R“t’

Tie a;— ojHoMapaMeTpuyeckas noarpynna rpynne G, mnopo-
KaeHuad anementoM A€ . Orciopa caepyer, uto st Ja0060H

3*
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TOUKH X € P xacatennHui#t BexTop (A*), ABASETCA KaCaTeAbHBIM
K CJ0I0, npoxoasueMy yepe3 touxky x. Tak kax cao#t audde-
peHuupyemMo udomopden ¢ G, Mbl 3aKAOuaeM, uTO KacaTelnHOe
npoctpaictso G, B TOUKe X K /010 COBMAAaeT C COBOKYMHOCTLIO
Bcex (A"),. rae A € 9. Oro6pakenne A € g — (A*), npeacTapaseT
cobolt nuHelHb! nsoMopduamM npocrpanctsa § Ha G
Tenepp MBl MOKaXEM CACAYIOLLYIO JAEMMY:

x*

Jlemma. Ilyecmo A* ecms gyndamenmanrsnoe sexmoproe
nose, coomsemcmsyiouee Iremenmy A€g. Tozda R, - A*
asanemcs 04 4106020 a € G PyndamenmarsHoi BeKMOPHbLM
nosem, coomsemcemseywouun ad(a=t) A. .

JoxasateabcTBO. Tax xax A* HHAYUHPOBaHO Tpymn-
no#t Ry, TAe a; €CTh ONHOMapaMeTpuieckas NOArpynna rpymns G,

nopomlermaﬂ aleMeHTOM A€ (, T0 R, - A* mHayuupyetcs rpyn-
noit R, - Ra ‘R, 1= R,-1,, The a*lata ecTh OHHOMapame-
¢

TpUYeckas NOArPynna, nopoxieHdas saementoM ad (a~1) A€ g.

§ 8. MNpusenenne cTpykTypHHIX rpynn

PaccMoTpuM ABa ri1aBHEX paccaoeHHblx Muorootpasua P (B, G)
u P/ (B, G') Hap ofHOH ¥ ToH xe Ga3ol B cO CTPYKTYPHHIMH
rpynnaMu cootBerctsenio G u G,

Huddepenuupyemoe otobpaxenne f muorooGpasus P’ B MHO-
roo6pasue P HasblBaeTcs 20MOMOPPUIMOM, €CTH MMEET MecTO
romoMopduaM %), 0603HauaemMuiit HamMu Tolt e 6yxBoft f, rpynnst G’
B rpymny G, tako#t, uro

f(xay=f(x)f(a") aaa aobux x'€P n o€,

U ecam nopoxaeHHoe um oToOpawenue f 6a3el B B celd apaseTcs
suddepeHuupyeMeM npeoGpasoBannem Gaset B. Ecam otobpa-
KeHue [ B3aMMHO OJHO3HAUHO, OHO Ha3bIBACTCH U30OMOPPUIMOM.
B TtoM cayuae, xorma G’ ects moarpynna Jlu rpymms G, wuso-
MopdusM f MHorooGpasms P’ B P, coorBercTByomuit Broxe-
Huio G’/ B G, Mbl Gynem HasblBaThb 840XCEHuew MHOro0Opasmus P’
B P, ecin nOpoxuaeHHOE MM oToOpawmeHue f ABAAETCS TOmAe-
CTBEHHbLIM NpeolpasopanheM Ga3nl B.

l']y(;'n, HaM paHO HEKOTOpoe TJaaBHOE paCCJIOeHHOG MHOrOQ-
o6pasue P (B, G). Mbl 0yneM TOBOpHTb, 4TO CTPYKTypHas
rpynna G npusoduma ¥ mnoarpynne Jlu G'- ecam cymectsyer
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TJaBHOE paccaoeHHoe MHorooGpaswe P/ (B, (G') van Gasoit B
CO CTpPyKTypHO# rpynnoit G/, monyckawliee BJIOXKEHHE B MHO-
rooGpasve P. O6o3uauum 3T0 BaoxeHue Oykso# f. B atom cay-
yae P’ (B, G') BMecte C f Ha3LBaeTCs NPuBEOEHHbIM PACCAOCH-
HoM MHO2000pa3uem.

Teopema. Cmpykmypras zpynna G 24481020 paccaoesn-
Ho20 mHOzo06pasus P (B, G) npusoduma k nodzpynne Ju G/,
ecau

1) cymecmsyem omxpaumoe noxpumue {U,} 6a3w B, maxoe,
4mo coomeemcemsyouie nepexo0nsie P YRKRLL Y, NPURLM QIOM
3uauenus u3 nodezpynns Ju G’;

2) G’ yodossemsopfem 8mopoi QKCUOME CLeMHOCMU.

Jlpu smom nepsoe ycaosue 845eMCA HEOOXOOUMBM .

JokasateabcTso, [Ipepnonoxum cHauaaa, 4to rpynna G
npusoauMa x noprpynne G’. Hycte P’ (B, G’) ecTe npuBegen-
HOE pacc/oeHHOe MHOrooGpasue c BaoxeHneM f. BosbMem hexo-
TOpOe OTKPHWTOe nokpwthe {U,} Oaswl B, Takoe, 4t0 A1a Ka-
XKAOTO MOAHOrO npoobpasa ='~1 (U,) (rae = ectb npoekuus P’
‘Ha B) omnpepeneH H30MOpdHU3M

x'€m TN (U — (v (), 9,(x))EUX Q.
CoorsercTByoune Mepexogusle QpyHKLHUHU L})éa TIPUHUMAIOT 3Haye-

uus 3 G/, Temepb MBI MOMeM OMNpenetuTh H3OMOPGM3M MHO-
xecrBa 71 (U )P Ha U, X G nag TOro e caMoro Hokpbl-
s {U,} ¢ MOMOUIbIO eCTeCTBEHHOrO pacluMpeHns OTOOpakeHus
¢ c "' (U no =~1(U,). VimenHo, MH TOCTYNHM CIEAYIOLHM
obpasom. Kaxnpas Touka x € n—1(U,) MOxeT OBITb HpenCTaB.ieHa
B BuLE X = f(X') @ NpPU COOTBETCTBYIOUIHM O6Pa3oM NOAOGpan-
Hex X' €' "N(U,) u a€ G. Mu monaraem ¢, (X) =9, (x’) - a;
J€rKO I[POBEPUTb, YTO ¢, (X) He 3aBUCHT OT BHOOpa npexcra-
BaeHns ToykH x B suue f (x').a. CoorsercTByONHe TeEpexon-
Hble QYHKIWAM g, (1) = 93 (X) (9, (%)) TNPHHAMAIOT 3HAueHnA
u3 (', B uem Mbl yOexnmaemcs, Gepa f(x')EP Han TOuKoi 4.

O6partHo, npeaNOOKHM, 4YTO CyUIECTBYeT HOKphHTHe (U}
C COOTBETCTBYIOUIAMH [€PEXOAHBIMUA (QYHKUASIMU Yg,, MPHHUMAIO-
U(MMH 3HayeHuss w3 Hekoropo# mnoarpynnst Jim G/ rpymnm G.
3aMeTHM mpexje BCEro, WTO0 B TAKOM CJy4ae Kaxpas nepexon-
Has q)yHKunﬂ $ga ABIACTCA nUPePeHHpYEMbIM OToﬁpameHueM
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nepeceuenns U, (U, B G’ 1m0 OTHOLWEHHIO K auddepeHunpyemoit
CTPyKType noarpynnst G'. 310 MOxKeT ObIThb JOKa3ano cosep-
IWeHHO TaK JKe, KaK 3TO Jenaetcd B Tnpeaaoxenun | B [6]
(ctp. 142), rme aHaIMTHUHOCTL caedyeT 3aMeHWTh aupdepeH-
uupyemoctoio. Ilocne TOro Mu MOXEM NOCTPOWTH, KaK STO
clienrano B § 7, raapHoe pacciaoenHoe MHorooGpasue P’ (B, G'),
otnpasasach ot Gaswm B, ee nokputua {U,] M COOTBETCTBYIO-
WHX NepeXOAHbX GYHKUuMH ¢g,. MuOroobpasme P’ (B, G’) no-
nyckaeT ecTecTBeHHoe BJaOxeHue f B P (B, (), Kak 3TO fACHO
M3 caMoro nocTpoeHus P/. D710 m AoKaswiBaet, uro rpymna G
npusoauMa K mnoarpynne G'.

§ 9. llpucoeannennpie paccjaoeHnbie MHQroof6pasus

PaccMotpuM raaBHoe paccioennoe MHorooGpaswe P (B, G).
[ycts F ectb HekOTOpoOe MHOroo0pasue, Ha KoTopoM rpymna G
zeficteyeT AuddepeHEpyeMbIM £2e80CMOPOHHUM OOPa3OM:

(a, Y)EG X F—a-LEF.

Mo nmocTpomm paccaoeHHoe wmuorooGpasme E (B, F, G, P)
CO CTaHAAPTHBIM Ca0eM [, mpuUcoelMHeHHOe K P,

[pymna G neficreyer ua P X F auddepenuupyemelm npaso-
CTOPOHHUM 00pa3zoM MO mNpaBuay

(x, )EP X F = (x, §)a=(xa, a~§).
Paccmorpum dakrtop-npocrpancrso E = (P X F)/G. O0603Hauum
CHMBOJIOM T, K3HOHHYeCKylo Tpoekuuio MuorooGpasus P Ha B.
Orobpaxenne, nepeBojsigee TOYKY H3 E, COOTBETCTBYIOULYIO
kaaccy (X, E), B Touky mp(x), ompeleiseT NpPOEKIHIO Ty dax-
Top-npoctpanctsa £ wna B. Caoft mg'(4), u€ B, onpenenserca
B £ KaKk MHOXeCTRO TOYeK, COOTBETCTBYOWHX Kaaccy (x, £),

rae x ectb mo6ad takas TOuka MHorooOpasus P, nas KOTOpoi
Tp(x)=u, 4 £ npoGeraer Bce F.

Kaxnasa rtouka u# € B obaanaer HeKOTOPOH OKPeCTHOCTHIO U,
noaHuft npoo6pas kotopo#t wp!(U) B P u3oMopden npaMomy
npoussenennio U X G (TpHBHANLHOMY TFJAABHOMY DaCCAOEHHOMY
MHOrooGpasui). OTtciona creayer, uro =z'(U) Takxke mpeacra-
BasgeT coGoft mpamoe npoussenenne U X F. [TosroMy npocrpan-
¢rBo E moxer ObTb Hajle/leHO CTPYKTYPOH nnq_)q)epeﬂunpyemorq
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mHOro0Gpasus, ecan notpedosars, 4tobu w;'(U) G0 OTKpLI-
ThIM HOAMHOroo0pasheM MHOrooGpasus E, usoMOp{HEIM NpOH3-
seneHnio U X F. Torna mpoexkuus m, muorooGpasus E na B
6yner auddepeHunpyembim oToGpaxenueM. MuorooGpasue E
Ha3LIBAETCHA pacCAOeHHBM MHOrooOGpasmem Han Gasod B co craH-
AapTHHIM cloeM F U cTpyKTypHol rpymnoit G, npucoedurennsn
xk P.

Jlio6yio Touxy x€ P MOXHO paccMaTpUBaTh Kak B3aUMHO
oHo3HauHOe 0TOGpaxeHne MHOrooGpasus F Ha caolt F, = ng! (1)
w3 E, rne u=mx,(x)€ B. VmenHo, x orobpakaer Touky € F
B TOYKy MHorooGpasua P, cooTsercTByIOI(yI0 Kaaccy (X, £).
OtoGpaxeHue x ecTb auddepenunpyemoe orobpaxenne F B E.
CnpasenmBo paseHcTBO X (af) = (xa)t naas mwobux aC G u
EEF.

[Ton naomopduamom caoa F, B apyroft cioit F, mel Gynem
nouumarb Audpdepenuupyemoe orobpaxenue f cnoa F, Ha F,
KOTOpPOE MOXeT ObThb NPENCTaBICHO B BUME

(x'E)EFu(EEF)_)CP(x)'EGFu’,

roe ¢ ectb usomopdusm cnos G, w3 P B Gy, 1. e. audde-
peHuupyemoe oroOpaxenue G, Ha (G, AnS KOTOpPOro ¢ (xa)=—=
=@¢(x)a npu mobnx x€ G, n a€G.

§ 10. Mpumepni

1) O6mas suueitHas rpynma GL (n, R). PaccmoTpum Beiect-
BeHHOe BEKTOPHOe MpOCTPaHCTBO f Pa3MEepHOCTH n; myctb &, ..., &, —
ero 6asuc. 'pynny Bcex auHe#HHIX aBTOMOpPPH3MOB g mpocTpaucTsa F

MOXXHO paccMatpuBaTh KaK PPyNNy BceX HEOCOOEHHBIX MaTpHIl (a;.) ;
NnpH 9TOM JHHe#Hb# aBTOMOpP(QHU3M ONpPEAeNsieTCH PaBeHCTBAMHU

n
atj= Y af, Jj=1,2 ..., n

i=1

Jra rpynna HaswBaercsl o0ueld AuHelinold zpynnoid u 0603HavaeTcs
GL (n, R). TpaBuio ymHO:xeHus B Hel Bblpaxcaercd Gopmydaoit

n
(ab)i =Y, a;, bF.
k=1
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[pynny GL (n, R) MOXHO paccMarpHBaTb Kak OTKPHITOE MHOXKE-
CTBO U, CJAEJIOBaTeJbHO, KaK OTKPHITOE noAMHOroo6pasue n?-MepHOro
. 3 [x} o
eBKaHioBa mnpocrpamcTBa R". Byayunm Hapeaeno Takoll CTpyKTypoi

audodepenurpyemoro Muoroo6pasud, rpymna GL (n, R) cranoBuTCA
rpynno#t JIu.

2) OaHopoxHoe npocTpaHcrBo G/H [6]. Paccmotpum rpymmy
Jiu G n ee samkuyryw mnoarpynmy F. Moxuo Bcerma CYdTaTb, 4TO
noarpynna f jpeiicteyer Ha G auddepeHuyvpyeMbiM MNpPaBOCTOPOHHHM
obpasom:

(x, 9)€ GX H~> xa€G.

Mut nosnyuaeM Taxum oGpaszoM nubdepeHUUpyeMOe IaBHOE pacciOeH-
Hoe wmuOrooGpaswe G (B, H) wnan 6a3soit B = G/H co crpykrypHoil
rpynno#t A. Tak xak Jnesble caBurd rpynnsl G, NOPONKAEHHEIE CaMOii
3TOH rpynmo#i, KOMMyTHpYOT ¢ npeobpasosavdsmMd rpynms G, nopo-
WAaeMEIMH noiarpynnofi Ff, mu BHauM, uTO G JEHCTBYET €CTeCTBEH-
HHM O06pasoM na 6ase G/H. Tpynma G mpeacTasaser co6oH TpaHsH-
THBHYIO ) rpymny Jlu npeo6pasosanuit Gasst G/H.

I‘?}rnna G O6yner sdpdexTusHOlt B TOM M TOJAbKO TOM Cly4ae,
ecay H He comepwAT HUKAKOH WHBAapHAHTHOH MOArpynisl rpymnu @,
OTMHYHOH OT €IHHUYHOrO 3JEMEHTa é.

3) PacciioeHHoe ‘Muoroo6pasme penepos. PaccMoTpuM audde-
peHukpyemMoe MHoroo6pasue B. Peneposm x B Touke u € B uasmBaercq
na6op JAuHEHHO He3aBMCHMBIX KacaTedbHHIX BeKToposB (Xy, ..., X,)
B Touke u#. O603HayuM GyKBOil P MHOWECTBO BCEX PEnepoB X BO BCEX
TOUKaX MHOrooGpasys By Kawawiii saeMedT a € GL (n, R) neficTByer

Ha P NpaBOCTOPOHHUM OGPA3OM: eCIH a4 = (aii) Hx=(Xy ..., Xp) TO
n n
xa=<2 X, ..., X a{,X]->,
=1 =1

T. €. Xa TNpejcTapiseT CcOGOH HOBHIt pemep B TOH M€ TOYKE, YTO MU
penep x. Ecan x ecTh pemep B TOuKe #, TO OTOoOpameHHe & (X) = u
ompejeJsieT Mpoekuuiw MHOxecTsa P Ha B. BpeneM Jokajbhble KOOp-
aubatel (ul, ..., u”) B HEKOTOPOH KOOpAMUHATHOH OKpecTHOCTH U MHO-
roobpasus B. Torna xawnwii penep x € =1 () MOXHO 3anucaTb B BHAC

n

. Lo

X =(Xy ..., Xp) Xi:EXiEuT’
k=t

rre (XF)—uexotopas HeocoGemnas matpHua. OGpaTHO, Kamaas He-

ocobeHHast MaTpHua (Xf) ompejeiseT pemep X, HMeomuil yKasaHHbH
Bollie BYj. B3B8 B kauecTBe JOKaabHHX KOOpAMHAT B =—1(U) mepe-

MeHHbie 4, ..., u? w XF 4 k=1,2, ..., n wbinpespamaen P g -
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depenuypyemoe MHoroo6pasue. Jlerko npoBepHTb, 4TO P CTaHOBHTCA
Toraa XHOGepeHIHPYESMBIM TIaBHBIM pPacCIOEHHHIM MHOTOOOpa3HeM Hax
Gasoii B co cTpyKkrypHo#t rpyunod G = GL (n, R).
PaccMOTpHM n-MeHoe BEKTOpHOe HpocTpaucTBO F € (uxcupoBau-
HbiM  Ga3ucoM 4§, ..., §,b. Ipynna G neficteyeT Ha F no 3axouy
n
a.-Ej=2 aj a=(a})EG.

i=1

[IpucoenuuenHoe k P paccioeunoe Muoroo6pasye cO CTaMJapTHHIM
cnoeM F Ha3slBaeTCH KacaTeJbMbIM PacClOeMHHM MHOrooGpasueM 7T (B)
muorooGpasud B. MH MoweM paccMaTpuBaTb Kawabifi penep x =
= (X, ..., Xp) Kak Takoe auMefiioe OTOOGpaXeHHe IpOCTpancTBa F
Ha T, 4= =n(Xx), and KoToporo x-§;=X; i=1, 2, ..., n.



Faasa I

CBSI3HOCTH B ‘PACCIIOEHHbBIX MHOIOOBPA3UAX

§ 1. CBa3HOCTD B TJI3BHOM DPACCJOSHHOM MHOTOOOPA3HH

Paccmorpum puddepeHinpyeMoe ria1aBHoe pacCIOeHHOE MHO-
roo6pasue P Haj Gasofi B co crpykrypHoft rpymmoti Jlu G
(ra. 1, § 7). O6o3naunm cumBooM P, KacarelbHOe NPOCTPAHCTBO
k P B Touke x € P u cumsosoMm (, MOANPOCTPAHCTBO MOANPO-

CTpaHCTBa Px’ KacareabHoe K CJIO10, NMPOXOAMIEMY Yepe3 TOUKY X.

Onpenenenne. Caasnwocmoio I' 8 P Hasnipaerca cooTBert-
CTBHE, CONOCTaBIfIOLUIee KAKAOH Touke X € P HexoTapoe KacaTedb-
HO€ MOANPOCTPAHCTBO Q,, eC/M BBHIMOJHEHL CIeyiOuiHe YCAOBUS:

1) P, ecth npsawas cymma moanpocrtpancts G, u Q,;

2) xkakosbl Gbl uv Gbiin @€ G U x € P noanpocTpancrso Q,,
npeacrasiser co6oi 06pa3 mMOANpOCTpaHcTsa (, npu otobpa-
weHun R ;

3) Q, sasucuT ot x auddepenunupyeMeM o6pazom. [Tosacuum
nocnentee ycaosue. Jas KaHHOro npoussoibHoro (He o6Gs3a-
TenAbHO AudpepeHrpyeMoro) pekTopHoro moas X ua P (uau
Ha HEKOTOPOM OTKPBITOM NOAMHOXeCTBe MHOroo6pasus P) Mul
uMeeM B Kaxnoft touke x € P mo ycaosuio 1) ciaeayiouee pas-
JOXKeHHe:

X,=Y,+Z, rae Y,€G, n Z,€Q,

[TocTasus B cOOTBETCTBME KaMAOH TOUKe X KacaTeJbHHLIH Bek-
Top Y,, MB mnoJayuaeM BeKTOpHOe MoJe Y, HasbiBaemoe 8ep-
muxaabvroil cocmasasoujeli sektopHoro nojaa X. [TonoOHbiM e
00pa3oM KacaTe/lbHble BEKTOPL Zx’ onpeleneHHble B Kawxpo#
TouKke X € P, 06pasyioT BekTOpHOe no.ie Z, Ha3bIBaeMOe 20pu-
soumansnol cocmasasouel sekropioro noast X. Teneps ycio-
Bie 3) O3HauaeT, uyTO ecld AaHHOE BeKTOpHOe mote X pud-
depenuupyemo, 1o AuddepeHuypyeMa TaKike ero ropu3oHTaAb-
Hast cocTagamowas Z. B srom cayvae, KOHE4HO, BepTHKaMbHas
- cocTaBasiowas Y Ttakke okasuiaercl nuddepeHuHpyeMolt.
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Ecau cBasnocth 3apana, Mu HasnigaeM Q, 20pU30HMAAbHbLM
nodnpocmparncmgon B Touke x. BeprukanapHyio cocTaBasomyo
AAHHOTO BeKTopHOro mnoas X wmbl 6ylem . 0603HaYaTh CHUMBO-
jaoM UX; TOPU3OHTAALHYIO COCTABASIOULYI0 — cUMBOJIOM hX. Bek«
TOpHOE NoJe X Ha3biBaeTCAd BePTHKAAbHHIM, ecan vX = X; OHO
Ha3bIBAETCHA TOPU3OHTAAbHBLIM, ecad hX = X.

MycTs 3agata HekoTOpast cBa3HocTh I' B P; Mbl MOMeM cie-
ayoumuM 06pasom onpegeautb Ha P 1-popmy o, npunumaouyio
3uadenus u3 aarebpel Jlu ¢ rpynne G. Kak Mbr Buseau B § 7
raassl I, a1s mo60# rouku x € P kacareabHoe noAnpocTpaHcTso G,
npelCTaBaseT COGOH MHOMECTBO BCeX KAacaresbHbIX .BeKTOPOB
suaa (A%),, A€4g, rae A® ecTs dyHAaMenTaTbHOE BEKTOPHOE
noJje, COOTBeTCTByMOllee 31eMeHTy A€ (. dopmy w, Mb ompe-
nensieM Kak JWHefiHoe oToGpaxenne, npu kKotopom o0pasom 3ie-
menta (A%),€ G, CaymuT COOTBETCTBYIOWMH 31eMeHT A€ Q
o6pasom kaxaoro Z¢€ Q, asasercs 0 B g. M3 sroro onpenene-
Hus cieayer, uro ecan X ectb AnpdePeHUMPYyeMOe BEKTOpPHOe
nose Ha P, 10 o (X)= 0 (vX). Ucnoassys ycrosue 3), MOXHO
A0Ka3atb AuddepeHnupyeMoctb Popmbl ©. PopMA © Ha3HIBACTCH
gopmoll c8a3HOCMY RAHHOM CBA3HOCTH.

dopMa @ ynOBAETBODPSET CACAYIOWMM YCAOBUAM:

1) 0 (A=A aas xaxnoro A€ y;

2’) xakoB Gbl Hu Obl1 siement a € G, R, npeoGpasyer o
B ad (¢~ ') w; nociaennee 03HAYaeT, UYTO UMEET MECTO PABEHCTBO

(R - o) (X)) =ad(a"Y) - (0 (X))

s mo6oro BektopHoro noas X, rae ad (a—!) oGosHayaer npu-
coeluHEHHOe MpeAcTaBleHue Tpymnsl G, AefcTByomee B (.
Ycnosue 17) TpuBranbhbiM 00pa3oM ClelyeT M3 Ompene/eHus
dopubl ©. okaxem 2’). Ecau BekTopHOE No/e X TOPH3OHTANbHO,
10 R, X Takxe ropusonTtaibho no ycaosuo 2). Crenosa-
TenpHO, © (X) paBHO HYTIO, TAK Ke KaK 1 (Ry - ©) (X) = 0 (R, X).
Ecan X ectb ¢dynnamentarbHoe BektopHoe mnoae A, to R, . X
ecTb (PyHAaMeHTAIbHOE BEKTOpHOE MOJe, COOTBETCTBYIOWEe
ad(a=1)- A (nemma § 7 raaner I). TlosroMy Mbl HMeeM

(Rz-0)(X) =0 (R,  X) =ad(a=) A=ad(a~") - (& (X)).
Tenepb HeTPyAHO paccMOTpeTh M OOIWMA Cuayuafl.

OGparHo, nycts Ha P sanana auddepenunpyeMas 1-popma o,
NPUHAMAOILAS 3HAYEHUS W3 W YAOBJCTBOPAOILAS yCJIOBHaM 1)
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u 2’). Toraa Mbl MOXeM ONpefeduTh Takylo cBssHocTe I', nas
KoTopofl 3amanHas popma @ OyneT aBAATLCS (POPMOfi CBABHOCTH.
Ilng 9TOro HaMm 10CTAaTO4HO ompenenuth Q, KaK MHOXeCTBO Ka-
caTelbHBIX BEKTOPOB B TOYKe X, 00pa3aM# KOTOPBIX NPH OTO-
Gpawennn o, cayxur ‘0 B ¢. Tlposepka He npeacrasiser
TpyAia.

Kanonuueckas npoeknus = Mporoo6pasus P Ha 6asy B no-
poxjaer JuHeliHoe oTOOpaXeHHe T MOANPOCTPaHCTBA P, (aas
Kamaoh Touku x & P) Ha KacareabHoe mpocTpaHctTso 7, 0a3kt B
B TOuKe i =7 (x). MBI HeMeA/MeHHO yCcMaTpuBaeM, 4TO NpPU 3a-
NAHHOM CBA3HOCTH OTOOpaNeHwe ™ ecTh udomopdusm Q, Ha T,.

Onpeaenenne. Judmom paHHOro BeKTOPHOro noag X
Ha Gaze B (man Ha ee HEKOTOPOM OTKPEITOM MOAMHOMecTBe V)
HA3bIBAETCA eAMHCTBEHHOE TOPU3OHTANbHOE BeKTOpHOoe mogae X*
Ha P (wau coorsercTBenHo Ha w~!(V)), HakphiBaowmee X; no-
clenHee o3HauaeT, 4to X* u X w-coragacosaubr, X" = X.

CywecrsoBatue d €AMHCTBEHHOCTb JdddTa CAEAYIOT M3 TOrO
dakta, uro oToGpaxeHHe T eCTb JuHedHBIH u3oMopdusM Q.
Ha T, YtoGm nokasaTe nuddepenunupyemocts udra X* gau-
HOro auddepeHupyeMoro BekTOpHOro noas X Ha B, mb peit-
cTByeM cieayiouium oOpasom. Bribepem Ttakywo okpecriocts U
TOYKM 4%, aas kortopod w—1(U) usomopdHOo npamMoMy mpous-
segennio U X G. Wcmons3ys 310 pasioxende, Mbl BblOUpDaeM
B =~ 1(U) rakoe nuddepennupyemoe BektopHoe none Y¥, uro
m¥* = X. Torna iuddepeHuupyemas ropusoHTalbHasA COCTABAIO-
mas AY* BekrtopHoro mouas Y¥, KaK Jerko BWAeTb, COBHajaer

B n~1(U) ¢ X"

Jemma 1. Jugpm X* unsapuarnmen omuocumenbHo omo-
6padicenuss R, 0an awb6o20 a € G. Ob6pamno, ecau X* ecms
20pU30HMANbHOE BeKMOPHOE nose Ha P, uHsapuanmuoe om-
Hocumenbro ai06020 R,, mo oxo npedcmasssem co6od augpm
HeKomopo20 onpedeierrHozo sexmoprozo nois X Ha B.

IlokaaatenbcTBO. [Ipexne Bcero, ectn X* ectb audr
BekTOpHOrO moas X, 10 R,- X* Takke ectb Judrt Toro xe
BEKTOPHOrO moas X B CUJIy FOPuU3OHTaIbHOCTH R, X* u oue-
BUgHOrO paserctBa w+ R, X'=xX"=X. Orciona B cuay
eNMHCTBEHHOCTH caenyeT, yro R, - X*=X* r. e. X" uHsa-
PUAHTHO OTHOCHTenbHO R,,.

Ecau X* ecTh ropusoHTanbHOe BeKTOpHOE MOJe, HUHBAPHAHT-
HOE OTHOCHTeNpHO R,, To Mb MOXeM OmpeneNdTh BEKTOPHOe
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nose X Ha B ¢ momompwio paseHcTBa X, == - (X*),. Bekrop-
Hoe moJte X He 3aBUCHT OT BhOOopa Toukd x € P, ecam ToabKO
w(x)=u. [eficTBuTeNbHO, €CITH B3ITh BMECTO X TOUKy Y =
=R, x, TO Mb 6yneM HMETb

T (X, =m+ R, (X)), = (X,
Jlerko nposepuTh, uTo X* eCTb MUPT BeKTOPHOTO moas X.

Jemma 2. Ilyeme X* u Y'— qupmot sexmopusix nosei
X u Y coomsemcmsenno. Tozda X*-+Y* ecmv augpm sex-
moproeo noss X <Y, a R[X*, Y*|—.augm sexmopnozo
noas (X, Y].

Hokasareanbctso. [lepBoe yTBepXAeHHE TpPHUBHAILHO.
YroGs nmokasaTh BTOpOe, AOCTATOYHO 3aMETUTh, 4TO

m-h[X*, V]=n[X" V]=I[X, Y].

Teopema. Ilycms 8 P 3adana Hekomopas C8A3HOCMb.
Tozda pacnpedenenue x—Q, (Q,— zopusonmansuoe noo-
npocmpancmeo 8 motKe Xx) ecmdv Ougpghepenyupyemoe pac-
npedesenue.

HokasartenbcTBo. Bosbmem npoussoabuyo Touky x € P;
nycte w(x)=u. Jaa Hexoropo#l okpectHoctt U TOoukn u

€ JIOKaibHbIMK KOOpDAWHaTamu %, ..., u® paccmorpum B U
: *
BekTOpHble noas X;==0/0u’ u B w~1(U) ux muprol X;. Mbl
* *
HeMENJleHHO ycMaTpuBaem, 4to Xy, ..., X, o6pasywor B ©=1(U)

JoKalbHbIl 6a3uc pacnpefeneHns X — Q..

Kak nerpyaHo mpoBeputb, yciosue 3) B omnpejeneHdu CBsa3-
HOCTH MoXeT ObiTb B [eliCTBUTENbHOCTH 3aMeHeHO YCJIOBHEM
AnddepeHiupyeMOCT pacnpeneneHus x — Q.

§ 2. Mapannenusm

Paccmotpum cessHocth I' B rnaBHOM pacc/0eHHOM MHOTO-
06Gpasun P. BsegeM HEeKOTOpHE NOHATHA, KOTOPHeE HaM MoO-
HanoO6arcs, utoObl ONpefe]HTh jajdee Tak Ha3biBdeMoe Mapai-
JeJibHOe MepeHeceHWe 3/EeMeHTOB CJ0d BAOJb HeKOTOPOH KpHBO#H
B B. Tepuun napaliensnoe neperecenue Mb TPUMEHSIEM MO
aHaOrMM C COOTBETCTBYIOLUUM MOHATHEM B TeOPHH JHHEHHBIX
CBAIBHOCTEN.

PaccMoTpuM HekoTOpYIO (KycouHO-auddepeHupyeMyo) Kpu-
Byio = {u; 0Lt 1} B Gase B. Jlugpmom Kpuso# T Ml
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HasoseM ropusoHTaAbHyl kpuByw 1" ={x, B P, Takywo, uro
m(x)=u, 0Lt (kpupas B P Ha3bBaeTCa 20pU3OH-
maAbHOd, €CM BCe ee KacaTe/lbHble BEeKTOPH I'OPM3OHTA/IbHbI).

Yrobu cocTaBuTb cebe mepBoHavalnHOoe rpyfoe mpeacra-
BJeHMe O CylleCTBOBaHMM audToB KpuBoi &, B B, Mbl paccMo-
TpUM Cayual, KOr1a MHOXECTBO KacarelbHbIX BEKTOPOB i, nau-

HOH KpuBOH MoOXeT ObITb PAacHIKPEHO A0 BEKTOPHOTO Mo X,
onpeneaeHHOro B HEKOTODOM OTKDHITOM Miowectse U, comep-
KameM KpuByio u,. Ilycth X™ ecTb AT BEKTOPHOrO moust X,
onpeneaennbit B m~'(U). Torpa kaxnas uHTerpanbHas KpuBas
audra X*, npoxoaduias uepe3 HEKOTOPYIO TOUKY C€J10f Han i,
eCTh TFOPH3OHTAAbHAS KPHMBas, NPOeKTHpYywuiasca Ha z,. OG-
paTHO, KaXabif T KpuBOH 4; HeoOXOAUMO ABASAETCA HMHTe-
rpaasHoli kpuBoft amdra X*. DTo paccyxmenne MOKa3biBaeT
JOKadbHble CYLECTBOBAHHE M €JMHCTBEHHOCTb /JM{Ta KPuBOH T,
NPOXOASIEro ueped AAHHYI0 TOUKY CJA0fl Hal 4y MHOrooGpa-
aus P. Temepb Mbt JOKaXeM CJACAYIOILYIO TeopeMmy:

Teopema. Iyems t={u,; 0Lt L 1}—newomopas Kpu-
gas 8 B, a x,—maxas mouxa u3 P, umo w(x,) =ty Toz20a

cywecmsyem 0dun u moasko 00un augpm v ={x5 0Lt L 1]
¢ HauasvbHol mMOUKOU X,.

Jokasateabcrtso. [Ipexae Bcero M Bo3bMeM B P
TAKYI0 KPHUBYIO Yy IS KOTOpOH Y,=X, K T(y)=1u
0Lt 1. Takas kpuBat B P cyumectByeT B CHJIY TeOpeMbl
o HakpmBaoweii roMmoromuu ). Ecmm mudr x; cyumecrsyer, To
OH JO/KeH WMeTb BHJ X,= J,- @, TAe a;—~—— HEKOTOPas KpuBas
B @, Takaa, uto ay=e. Ecau kpuBas x; OKaxeTca rOPH3OH-
TanbHONH NpM HEKOTOPOM NoaxoasumeM Boibope g, TO TeopeMma
GynseT nokasaHa. [lo3romMy Mbl BeIUMCIMM m(x;), rae X;— Kaca-

Te/bHble BEKTOPHl K KPUBOH X, a ® — dopMa CBA3HOCTH.
. ) N S
Us pasencrtsa x,==y,-a, Mb noayuaem £, ==Y, a, -+
+ v, a;, rie y; n a;, 0603HauaA0T KACaTelbHble BEKTOPH COOT-
'4
BETCTBEHHO KPWMBHIX J; W a;, B Hamucangom pasenctse V) -a,

uMeeT cmbic1 06pasa KacatelbHOTO BekTopa Y, Mpu otobpa-
HeHHH

,VEP‘*J"atzRat'y-
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Takum oO6pasom, no csoHcTBy 2) ¢opmbl ceasnoctH o (§ 1)

MBIl [OJIYyYaeM
: m(y;-at):ad(at‘l)-w(y;).

I4
C apyro# cropons, ¥, - @, 0603Hauaer 06pa3 KacatelbHOTO Bek-
Topa a, npu orobpaxenun a€ G — y,-a€ P. Ou cosnagaer

CO 3HAUeHWeM B TOUKe I, - @; (YHIAMEHTAIbHOTO BEKTOPHOTO

£ — -1 7
moas A%, cooTBeTCTBylomwero siaementy A=a;!-a,€4. Mu

mosyyaeM, cieosareabho, o(y,-a)=a;'-a;€ 8. Takum 06-
pasoM, Mbl HMeeM

o(x) =ad(a;") - o(y)+at a

Urofsl KpuBas X, 0Ka3anach TOPH3OHTA/ILHOH, HEOOXOAMMO WU
LOCTATOYHO, uyTOOBI RBINOJHIAIOCH PaBEHCTBO w(x;)zo, T. €.

a;-at“l:—w(y't), 0Lt L.

Bonpoc o cymectBoBanuu audra x, cBeneH, TakuM 006pasow,
K BOmpocy o cywecrsoBanun B G kpusoit [a,; 0 <t <1},
YAOBIETBOPsOIEH HamucaHHOMY Bbille ypasHeHuo. CyulectBo-
BaHWE TaKOH KPWUBOH ciesyer W3 JeMMbl, JOKa3biBaeMOH HHWxe.
IMpeanonaras cyuwecrBoBaiue JudTa C HAYaIAbHOH TOUKOH X,
y¥e ROKA3aHHbIM, MBI J[OKa}XeM Tefepb €ro €AWHCTBEHHOCTb.
Ecau z,— Hexoropulil apyro#t T KpHBOH 1,, HAYUMHAIOWHKHCS
B TOYKE X, TO AOMKHO BLINOJHATHCE DPABEHCTBO 2,==X;- b,
rae b,— Hekoropas kpusas B (4, HauMHaouwasics B e. [Ipojesnas
Te e BHIKIAJKH, 4TO W Bbillle, Mbl MOJIYyUHM

4 -1 4 -1 4

(D(Zt):ad(bt ) w(xt)+bt . bt,
rae w(z:)::w(x;)zo, TaKk Kak 00e KpWBble 2, W X; TOPH-
30HTA/bHbBl N0 npeanonoxenwo. CiaenoBaTeabHO, Mbl HMeeM
—~1 4
b;" - by=0, uro o3Hauvaer, 4TO KpMBaid b, COCTOUT H3 €IUH-
cTBeHHO# Touku e. [losromy 2z,==x, aas Bcex f, 0 {E 1.
ITHM 10Ka3aHa eJMHCTBEHHOCTb JudTa, NPOXOASAMIET0 yepe3
TOUKY X,.

Tenepb Mbl yCTAHOBUM CJAEAYIOWYIO JIEMMY:

lemma. Ilyembv G ecmv nexomopas 2pynna Ju u g—ee
arzebpa Jlu, paccmampusaemas KoK KacameabHoe npocmpar -
cmso K G 8 moure e. Ilycme Y,— nexomopas Kycouno-
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Oubcpepenyupyermasn kpusas 8 , onpedesennan 0an 0 Lt L 1.
Toz2da s G, cywecmgyem markan kpusas {a,; 0<t < 1}, wmo
ay=eu a,-a;'=Y, 021 0 <Lt 1.

[Mpexae ueM NPUCTYNUTh K A0KA3aTedbCTBY 9STOM JAeMMBbL,
3aMETHM, YTO ecau KpuBas Y, B  TPHUBHAAbHA, T. €. COCTOMT
w3 onHoro 3nevenra Y € ¢, To Kpusaa a, npeacrasaser coGofi
HE 4YTO MHOE, KaK OJAHOMapamMeTpHuecKyio noarpynny rpynmot G,
nopoxaeHuyo 3ementom Y (cp. [6], ra. 1). Taxum oOGpa3som,

7 —
Hawe anddepenunatbHoe ypasHeHue a,-a;'=Y, ecrb 06006-

iieHue AndPepeHLUaIbHOrO YPABHEHUS OJHOMApaMeTpHyecKolt
MOATPYMIIH,

IHokaszareabctBo. Bosbmem Gasuc (X, ..., X,) kaca-
TeJbHOT'O0 NMPOCTPAHCTBA B TOYKE € M COOTBETCTBYIOWUE KAHOHH-
yeckue KoopauHarsi (x!, ..., x"), [ x| < 8, B HeKOoTOpOH OKpecT-

Hocr U epnnnunoro s/iementa e rpynnsl (. [IpaBonHBapuaHTHOe
BEKTOPHOe TM0J/€e, COOTBeTCTByWuiee X;, Mower ObiTh Mpeacra-
BaeHo B U B Bujae

n

! g
(Xi)a:R,,-X.,zkiu?(a)W,

k=1

B -
rae u®-—rakne anddepenunpyembie $ynkunn B U, uto Ma
TpuLa (ui.z (a)) o6aanaer oGparHoti B aoGoft Touke a € U. 3anan-

HYI0 KpUBY10 Y, B § MbB MONeM Telepb 3anucarb B BUje
n
V=23 $10) - X,,
rae ¢i(8), 1 Li n, — kycouHo-auddepenunpyembie HYHKILUHE
nepemenHoft £, O0.<{f<{l. Mb 6ynem pasbiCKUBATb KpPHUBYIO

a; = (x'(f), ..., x"(f)), vaoBaerBopsouwylo cucreme aUdde-
peHIHATbHBIX YpaBHeHUH

M %;Eu‘;z(x‘(t), xR, i=1, ..., n,
k=1

U HayYaJbHbIM yCJIOBl/lﬂM
) £(0)=0, i=1,...,n

byukumn uh (x, ..., x") B (1) onpenesens aas | xt| < 8.



§ 2. Maparsesusn- 49

My npumensieM 3meCh OCHOBHYIO TeOpeMy CYLIECTBOBAHUS
TeopuH AMdPepeHunaIbHHX ypaBHeHHH: HaWineTcs Takoe g, > 0,
4To cHcTeMa auddepennuansupx ypasienutt (1) Gyser umetn
eNMHCTBEHHOe pemiende X1(f), ..., x"(f), onpegseneHHoe U ud-
depennupyemoe no ¢ npu 0t < e, W yroBIeTBOpAIOUIe HA-
YanbHHM ycaoBuaM (2). DBonee Toro, uumcno g, Momer OuTh
BEIOpaHO o6uiumM A5t BCeX Ha60pOB dyHKuul (<;'>1 @), ..., 7(1)),
ecan toasko |@H(H) | LC, 0 LELT, rae C cancnpOBaHHaﬂ
KOHCTaHTa *).

Bephemcs k Hawett 3anave. Kpusas Y,, 0 < t< 1, KycouHo-
Ind@epeHunpyema; CAei0BaTeNbHO, CYHmIECTBYeT Takas KOH-
cranta C > 0, urto |¢i(t)[<C npu mobom £. Ipexae Bcero

Haltgem peiense (x1(f), ..., x"(#)) cucrems (1), onpeneien-
Hoe g 0 <t Cegpm yAOBJIeTBopmomee HauaAbHBIM yCa0BHUIM (2).
Kpusas a,=(x!(¢), ..., x"(f)) B G, onpeselenHas npu

0Lt x5, yj_'lOBJIeTBOpSIeT ycnosusM a;-a;'=1Y, u gy=e.
Uro6u nposomxuTL KpPHBYIO @, ONpeielMB ee Ha BCeM OTpesKe
0Lt 1, Mo noctynuM caenyiommuM obpasoM. Hafinem petie-
Hie (Y1(8), ..., y"(f)) cuctemsl

n

(1) %i=2 L, (PO, ) PR (), P= 1,

yaoBaeTBopsiOulee HaYaJAbHHM yC/IOBUAM
(29 yi0)=0, i=1,..., n

Toraa kpusas b, = (y'(f), ..., ¥y"(¥)) Oymer Takxke onpe-
Zenena mpu 0. £ty (3amerum, uto |P*(f—+4ep)|<C nas
BCeX f; KpuBasg Y, MoxeT OHTb NMPOAOMKeHa: uyTOOBl OnpenelnTh
ee npu Bcex £ > 0, n0CTaTO4Ho MOMOXHTL Y, =Y, ana £ > 1).

Kpusas b, ynosnetBopseT yciosusM by==¢ u b; e Yite,
npu 0 £ g, Tenepb MH OnpeseanuM KPUBYIO a,, &, <l E < 28,
M0/10KUB

Qtye, = by - g, AS8 0 < t < €o-

Torpa msl Gynsem uMerhb

(@tie) * (Braag) ' =0t @y (By - ae) =0y b7 =Yy,

*) Cwm., Hanpumep, Cremaunos B. B, Kype nmp(pepeﬂuuanbnux
ypasdenn#t, TUTTJI 1950, ra. 1V, § 1. — Hptm nepes.

4 3ax. 96.
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Urak, mpt noayuuau kpusyw a,, 0t 2, oOnanaomyo
*MesaeMbiMu cBofictBamu. [loBropas omucaHHbie Iard LOCTaTOY-
HOE udCA0 pas, MBI NPONOMKUM KDUBYH @, ONPele]uB ee
B KoOHIle KOHIL0B Ha BceM ortpedke 0 (¢ < 1. [MonyJenHas xkpu-
Bas Oy/eT yNOBJETBOPATH YCIOBUAM @ ==e u a; - a;'=7Y,,
0Lt 1. TeM camniM JeMMa 1OKa3saHa. |
Tenepb Mbl QUpejeludM C NIOMOLLbLIO TeOPeMbl 3TOrO Maparpacda
napassesvroe nepenecerue 80oas kpusoii = {u; 0. LE 1)
B B, PaccMOTpUM NPOU3BOMbHYIO TOUKY Xy € P; mycTb T (X,) = u,,.
Enuncreennb#t nudt kpuBo# t, HauuHamowuhcs B TOUYKE X;, MH
0603HauuM cumMBOJIOM T (x;). KoHeuHas touka sToro audra x,
TakoBa, 4T0 = (x;)=u,. M» onpejeiuM napaiienbHOe mnepe-
HeceHue, o6o3Hauyaemoe TOH e OykBOH, 4TO W KpHBasg T, Kak
otobpaxetiue, nipu KOTOPOM obpasoM x, cayxur x,. Cnejosa-
TeNbHO, T eCTb QTOOpaXkeHue €105 Han 4, B ciofi Han #;. Tak kax
R, - ™ (x,) ecTo aupT KPHBOA T, HaunHaowuics B TOVKe xa,
TO Mbl uMeeM T(xa)=—r1(x)a 11 BceX a € G W BCeX TAKUX X,
yto T (x) =1y, Orcoaa cileayer, 4yTo T MpeacTaBIfgeT cobok
auddepeHunpyeMbii usoMopdusM Ca0s Hap 1, B clIO# Ham u,.
bonee noapobHoe paccmoTpende cBOficTs aMdTOB NPHBOAUT
K caenywomemy BbiBody: ecmu t,, 0Ls<1l, ectp auddepen-
nupyeMast roOMOTONMS KPUBBIX, COCAMHSIOWMX Uy M ¥y, TO B G
CyliecTsyeT s MmoGoH Tako# TOuUKM X, UTO T (X)) == U, He-
npephiBHad kpuBas ) {a; 0L s< 1} co cBoficrBoM 7 (xy) =
= Ty (X,) @, Aa9 MOOOro s. MBI KOPOTKO BhipamaeM 3TOT ¢akr,
TOBOpS, UTO NAPaALeLbHOE NepeHeCerue Henpepu.ero 3asucum
om Ougpepenyupyemoti 2omomonuy kKpussx 8 B (0 NOHsTUU
auddepeHiupyeMott roMoTonun cM. caeayowu# napirpad).

§ 3. 'pynnsl roJoHoMuu

C noMowbio MOHATHS NPUCOCAMHEHHOTO K AaHHOl CBA3HOCTH
Napa/jebHOr0 MepeHeceHus Mbl ONpPEAeJdM TaK HABBIBaeMYyl0
TPynny roJoHOMUM JaHHOH cBs3HOCTH. PaccmMOTpum MPOM3BOIB-
Hyio Touky u € B, Ilycteh C, ecTb MHOXecTBO Bcel (KYCOYHO-
AuddepeHinpyeMbix) 3aMKHYTbIX KPUBBIX, MPOXOAAIMX Yepes u.
Has kaxaofi kpuso#t ©E€C, coOTBETCTByIOWEe NIPANIENbHOE
nepeHeceHne T MpejcTaBaseT coGoi aBromopduam cloa G, Han
TOYKOH u, T. e. Takoe nubdepenuupyemoe npeiGpasoBanue
cros G, uTo BHIOJHAETCA pPaBeHCTBO «(x@)=t(X)a nusa
mo6bix x € G, n a € G. MHOxecTBO BCeX TakuX aBTMOpPPH3MOB,
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COOTBETCTBYIOMWUX KpuBHM .t€ C,, obpasyer rpymny, KoTopyio
mbi GyleMm HasbiBaTth 2pynnoi zoaoxomuu O, naHno#H CBAZHOCTH
B TOuke u € B.

Ecan 3apukcupoBaTh HeKOTOpHH axement x caos G,, To
MOXHO oToXaecTBuTb P, ¢ HeKOTOPOH NOATPYnmo#i CTPYKTyp-
ot rpymnel G. Mmenno, kaxaomy saementy <€D, wum
conocTtaBasiem (eAMHCTBEHHHI#) 9JaemeHT @ € (G, Tako#, uTo
t(x)=R, - x. Ecau mb umeem v (x)=R,s - x anma <€ ®,, 10
noJayyaeM

() (X)=r1(Ra’ - X)=Ra () =Ra' - R;x =Rua’ - .

Aro o3uavaer, uro sJeMeHT aa’ € G COMOCTABASETC DNEMEHTY
<<’ € ®,. Urak, Me1 mosayqdaem roMoMopduaM rpynnet rogsonomun @,
B rpymny G; HeTpyAHO NMPOBEPHTH, UYTO OH OKAa3blBAETCA H30-
mopduamoM. O6pa3 rpynnu @, npu sToM wuloMOpdu3mMe HA3bI-
Baetca 2pynnoli 2o0a0nomun O, ¢ onoproi moixoi x. Mu
MoxeM onpefeautb rpynny @, HenocpeacTBeHHO, WMEHHO, Cie-
aywowuM o6Gpasom: rpynna P, ects noarpymma rpynne G,
cocTOMIAd W3 BCeX TAKUX 3jeMeHToB a€ (G, Aa9 KOTOPHX
TOUKH X H X+ @ MOTYT OHTH COeJMHEHbl TOPU3OHTANBHOH KpH-
Boil B P.

B camoMm gene, ecinu TOUKAa Xa@ COeMHEHA C TOUKOH X ropu-
30HTA/ILHON KPUBOH T°, TO NMpoeKuust T KPUBOH t° eCcTb 3AMKHY-
Tas KpuBasi, Npoxoaswas depes u# & B, midr Kortopo# ecrp ¥
HO TorAa T(x)==x:a wu, ciaeposaresvHo, a& ®,. O6patho,
ecrd a€ @, To cymecrByer Takas kpuBag t£ C,, 410 BHIOJ-
HAETCA PaBEHCTBO T (x)= xa. 10 o3Hauaer, uro audr * Kpu-
BOH T, Mpoxoasuu#i dvepe3 X, €CThb TFOPH3OHTAIbHAs KpHBas,
COeJMHAIOIA! TOYKH X W Xa.

Beeaem cueaywouiee 0603HaYeHHE, KOTOPHM OyAeM I0/Ib30O-
BaTbCd B jpanabHetimeM. Eciu cyumecTByeT ropusoHralbHas Kpu-
Bas, CoeluHsiomias TOUKd X U y MHOroo6pasus P, 1o mMb Gyaem
NHCaTh X ~ Y. $ICHO, YTO MBI MNOJyYyaeM TakuM 00pasoM COOT-
HOIIEHWe 3KBUBaJeHTHOCTH. Dojee Toro, ecam x~ 3y, TO
xa~ ya Ana mo6oro saemenrta a € G.

Ecau Mo BosbMeM Apyryio ONOPHYIO TOuKy y=xb¢€ G,,
10 @, okawercs MNOArpymmofi rpynns G, conpsxenHofi ¢ @,

B camom nene, ecin a € @,, 1. e. X~ xa, TO MH HMeeM

xb~ xab~ xb(b~'ab), T1.e. y~ yb-lab.
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CurenoBarenbHo, b"labE(Dy. TaxkuM_ o6pasou, b"ld)xb:d)y,
ecan y = xb.

C npyro#t CTOpOHB, €CIH MB BO3bMEM JIDYIYIO TOUKY U
B 06aze B u paccmoTpuM rpynmy roiounomun O, B TOuke v, TO
ona 6yner usomopdHa rpynme rononomun @®,. B camou nese,
BO3bMEM IPOU3BOJBHYI0O TOYKY X HAL 4 U KPUBYIO 1, COEHH-
uaouyio # 1 v. Pacemorpuv @, u @, rae y=p-x; Mu
JErKO ycMaTpHUBaeM, 4To OHM usoMophuu. C nopobHo# curya-
uuelt Mbl CTaJKHBaeMcd, onpeleiss QyHaaMeHTaibHylO rpynmy %)
IPOCTPaHCTBA.

[Tepefinem Tenepb K ONpeNE/CHUI0 CYKEHHOH TPYNNH TroJjo-
Homun ). Ilycts C) eCTb MHOKECTBO BCEX 3aMKHYTHIX KPUBBHIX,
HPOXOASAILNAX YePe3 TOUKY # U roMoronHux 0 14), DToMy MHOKe-
CTBY KPHMBHX OyIeT COOTBETCTBOBATb MOArPYNNa rpymmtl rojo-
Homuun @,; >ty noarpynny wmbl OyneM HasHBATh CYICEHHOL
2pYNNOL 20A0HOMUL 8 mOYKe u ¥ 00603HAYaTh CHMBOJIOM o).
Ilas Kaxao# OMOPHOH TOUKM X MBI NOJyYaeM HONLOOHEIM ke 00-

PA30OM CYKeHHYIO rpynny ronoHoMun @Y, nmoarpynny rpymms ..

Teopema. Ilycms B ydossemsopsem smopoli axcuome
cuemuocmu. Cyocennasn epynna 20a0nomuu OO npedcmasasem
€060l mozda csasuyw epynny Ju, cosnadaowyno ¢ AuHedHo
C8A3SHOL 10) KOMNOHEHMOL eOURUUHOZ0 dAeMeHMa 2DynNs
2ononomun D; npu smou O/DO ne Gosee wem ciemuo.

[Tpesxae 4eM nepefiTv K N0Ka3aTeNbCTBY TEOPEMH, MBIl CAEIaeM
HECKOJMbKO 3aMeyaHH# OTHOCHTENbHO KDHUBHIX U FOMOTONHM B B.
[omoTonus '?) t, MeXAy ABYMS HeNmpePBHIBHLIMH KPHBEIMH Ty U T,
onpene/deTcd € NOMOUIBIO HeMmpepHBHOro oToGpaxenwd (¢ oObu-
HHMH CBOHCTBaMH) npoussefenus [ X [ B B, rae [-— 3aMKHyTHH
untepsan [0, 1]. dugpdpepenupyemasn zomomonus onpenendercs
LJA KycouHo-auddepeHIHPYeMbIX KPHBHX KaK KYCOYHO-audde-
peHuupyeMoe roMOTONMYeckoe oToOpaxenne. Mul NpenocTapiseMm
YMTaTe/I0 JOKA3aTe/IbCTBO CAEAYVIOIHMX NBYX MNpPelJIOKEHUN:

(1) Lse zomomonnsie Opyz Opyey Kycourno-ouggepernyupye-
Mmole Kpussie Oudgeperyupyemo 20MOMONHELL.

(2) Adrs raocdol wenpepwvisnoli rkpusodi 8 B wuaiidemcs
20MOMONKAR el KYcOuno-Oudhgpepernyupyemas Kpusas.

V3 sTUX npenjoxeHu#i chaeayert, uTO (YHNAMEHTa/lbHas
rpynna «!(B)1¥) wmuoroo6pasus B MoxeT OHTb ONpelesieHa
¢ TOMOUIBLI KYCOYHO-MU(depeHINPYeMbIX 3AMKHY THX KDHUBBIX |
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auddepenuupyemott romoronuu. Ecan B ynoiersopser Bropoit
akcHoMe cueTHocTH, To w!(B) conepxur He GO/iee YeM cyeTHOe
YHC/O JeMeHTOB.

[MepexonuM K [OKa3aTeibCTBY TeOpembl. [lycth @ u DO
GyAyT COOTBETCTBEHHO TpPYNNa TrOJMOHOMMM U CYKeHHas rpyrmna
rosioHoMu ¢ omopHo#t Touxo#t x. Tak Kak Kaxpas kpuBas
€ C), onpenesiomas HeKOTOPHH saeMent rpynmsl OO, nndpie-
peHUUpyeMO roMoTonHa O M TaK KaK NapaielbHOe NepeHeceHHe
HelpepHBHO 33aBUCUT OT AuddepeHuupyemolt romoronuu (§ 2),
TO MBI BHAUM, YTO IOGOR 3JieMEeHT CY»KeHHOR FpyNMB FOJOHO-
mu @0 MoxeT OBITh COENUHeH € eAMHMYHBLIM 3JIeMEHTOM Henpe-
peiBHOH KpuBo#t, nexawe# B @O0 [lo rteopeme Kypanmucu —
fimabe (On an arc-wise connected subgroup of a Lie group,
Osaka Math. J., 2 (1950), 13—14) cyxeHHad rpylna rojioHo-
muu DO okasbiBaercd cBA3HOM noarpynno#t Jlu rpynnsl G.

Mycrts, ¢ apyroft cropount, @, ecth nuHeHHO CBA3HaA KOM-
IIOHEHTa eNMHHYHOro 3seMeHTa rpynnsl @. flcho, 4to M@, - @,
OKa3blBaeTcd CBasHOM rpynno#t JIM B CHIy TeX XKe NPHUYMH, 4TO
u ®°. Orobpasum kKaxayw kpusyio t€C, B COOTBeTCTBYIOLIHH
saement rpynnst ®. Mu noaydaem, Takum o6pasoM, oToGpaxe-
nye w!(B) na ®/®O0. Tax xak =!(B) ne Gojee 4eM CYETHO, TO
P/D° u (TeM Gonee) Dy/PO ne Gosee uyeM cyeTHH. IJTO O3HA-
yaeT, 40 @O ecTh OTKPHITAd NOATpynna rpyuns @, 4, ciaenosa-
TenbHO, cosnanaetr ¢ ®,. Teopema nokasana.

§ 4. dopma KpHBH3HBI H CTPYKTYPHOE YypaBHeHHe

Myctb ©-—¢opma cBssnoctH nauHo# ceaswoct I' B P,

Kosapuaumnuiii ougpgpeperyuar nuddepeHunansHolt Gopubi &
nopsaaka p Ha P (co 3HaveHwaAMH B JIOGOM BeKTODHOM IPOCTpaH-
cTBE) omnpeneiseTcsl PaBEHCTBOM

(Do) (Xy Xy 0 Xpp0) = (@) (hXy, hXp .. .0 X,y

s T06HIX BeKTOpHHX moael X, i=1, 2, ..., p+1,
Ha P, rae d o60sHayaer OGHYHHE BHemwHu# AuddepeHuuan,
a h—rOpU3OHTaNbHYI0O KOMIIOHEHTY.

Onpenenenme. @ = Do HazbBaeTca HoOpMOd Kpusuansl
cpasHocty I,

Q npencrapaser co6o#i, TakuM 05pPa3oM, §-3HAUHYO 2-hopMy
Ha P. ®opma kpuBusHH 0061anaer CBOHCTBOM!

R,.Q=2ad(a ) Q ana awboro a€ G.
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dopMa ¢ noAOOHHM CBOMCTBOM Ha3biaeTcsl ({-3HauHol) dopmoii
THna ad (G). dopMa kpusuzHb & ecth popma Tuna ad (G), Tak we
KaK ¥ caMa opMa CBI3HOCTH «®. DTO MOXKHO JAOKa3aTh, mpH-
Menss K oTHM (opMam dopmyay Ry -d=d - R, % ucrnoasays
TOT ¢akt, 9to R, -h - X=h-R,- X n1a m1000r0 BEKTOPHOTO
noad X Ha P.

[Tpeskae yeM ycTaHaBauBaTh CTPYKTYPHOE ypaBHeHHe, AOKa-
HeM NPeABAPHTENLHO CAEIYIOLIYIO JEMMY:

Jlemma. Ecau A* — pyndamenmarsnoe sexmopuoe no.ae,
a X*— 20pu3onmaabHoe BeKMOpPHOe noAe, MO BeKMOPHOE
noae [X*, A% 2vpusonmanvio.

HdokasarenbcTBO. PyHlaMeHTalIbHOE BEKTOPHOE moJe A*
HHLyuHpyercs rpymnof R,, rae a,— OaHOMapaMerpuyeckas
goarpymna rpynmm G, NMOPOXKIeHHas COOTBETCTBYIOLIMM 3J/IEMEH-
ToM ACg. B cuny Teopemsl § 2 raasel I, ME nMeem

R X X
[X*, A% = lim — ; ,
>0

Tie npH BcAKoM f BeKTOpHOe mole Ry - X* ropH3OHTaNBHO

pmecte ¢ X*. Cuenosatessno, [X*, A*| ropusoHTalabHO.
Tenepb Mbl JOKaMeM CIeAYVIOMYI0 TeOpeMy:

Teopema (cmpykmypnoe ypagnerue). Hmeem mecmo
ypasrerue

@) (X, V)= —g [0(X), o) +2 (X 1)

0an a106bix sexmopruix noselt X u Y na P; cko6ra 8 npa-
ol wacmu 0603nauaem ck0604KY0 onepayuio 8 arzedpe Jlu g.

HDokaszaTtenbcTBo. Kaxnapit uneH ypaBHeHus npencra-
BaseT cobolt @-3Hauny 2-¢popmy Ha P. IlosToMy pocTarouno
JIOKa3aTb YDAaBHEHHE B CAEAYIOUIUX TpeXx Caydasx:

1) X u Y ropusonTtanbhe;, B 3ToM ciyyae o (X)=ow (¥)=0
W ypaBHeHue CBOLMTCS K Ompeneiennio ¢popmm 2. -

2) X v Y o6a dyunamentaibhel, X-—=A" w Y =DB" 1ze
A, BE g; B 3TOM Ciydae Mbl npuMeHseM (OpMyJy

2do(X, N=X-0()—Y 0oX)—o(X, Y]
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(reopema u3 § 3 raasw I). Mbl BuauMm, uto QyHkuua o (B*) =B
OKa3bIBaeTCA MNOCTOAHHOH, W nosatomy A*. o (B*)==0. AHano-
ruuHo B* . 0 (A*) = 0. CnepoBaTeibHo, MH HOJAyYaeMm

2do(A*, BY)=—o(4* BP=—o(A, BI)=—[4, Bl

D10 M 10Ka3HWBaeT CTPYKTYpPHOe ypaBHeHwe, W60, C ADPYroH
cropous, 2 (A*, B*)=0.

3) X ropusoHtanmHo, a Y = A’ pyunamenranbHo. [1pumeHss
CHOBa TNpexHI0 GOpMyIy, Mb NOJydaeM

2do(X, A =X 0(A)— A" 0(X)—o (X, A%).

dynxuna o (A*) = A nocroduna; caenoBarensHo, X - o (A*) =0.
Yaen o(X) pasen 0 B cuay ropudontdasHoctu X, [X, A¥]
TOPHM30HTAaNBbHO B CHAY lpenulayiled JAeMMbl; CJAe10BaTedbHO,
o([X, A*)=0. MNosromy dw (X, A*)=0. C 1pyrof#t cTopoHH,
npaBas YacTh CTPYKTYPHOTO YpaBHeHMA Takxe pasHa 0. dTum
CTPYKTYPHOE ypaBHeHHe MOJHOCTBLIO JOKa3aHO. Ecau NpHMeHHT
Gopuyry :
2do(X, VN=X0o)—Y oX)—o(X, Y)

B cayuae, korna X M Y o0a ropusoHTa/JbHb, U3 CTPYKTYPHOrO
ypaBHeHus OyIeT CaeaoBath, ut0 o ([X, Y])=—2R(X, V).
DTo 3HAYMT, YTO €CAM BepPTHKAJbHAas KoMrnowenTa moas [X, Y],
B Touke xEP ectb (A%),, A€Qg 10 A=—2R, (X, V).

Caneacreue. Ecau X n Y —zopusoumassuse sexmop-
Hble nosf, mo BepmuxasbHan Komnowenmi cxkobku {X, Y}
paswa —22 (X, V). '

D10 clencTBUe BHACHAET BAXHOE CBOHCTBO GOPMH KPHBUSHHI,
KOTOpOe OKaxeTcd CYL{eCTBEHHbBIM HpH N0Ka33aTenbCTBe TeopeMb/x
0 ronoHomuu B § 7.

§ 5. T'omomopdusv ces3uocTei

HanomuuM nousitve romMoMopdusMa f ONHOrO r/AaBHOTO pac-
CNOeHHOro MHOTooOpasust P (B, () B apyroe raasHoe paccnaoeH-
HOe MHorooGpasue P’(B, G’) wan To#t xe camoi Gasoi B:
uMeeTcsl TaKo# roMomopgpuam, 0603HauyaeMbl TOH e OykBoH f,
rpynust G B rpynny G, 4to ana mobux x€EP u a€ G umeer
MeCTO paBeHCTBO f(xa)= f(x)f(a) u uHAyuHpOBaHHOe OTOGpa-
Ketue f 6asu B B ceba apaserca nHphepeHUHPyeMbiM npeobpa3o-
patineM 6asu B (§ 8 rnasu I). ,
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Tenepb MBI NOKaXeM CIEAYOIYID TEOPEMY:

TeopeMma. Tlomomoppusn f 2408H020 pPACCAOEHHOZO
mHoz000pasus P (B, G) 8 24a8H0e paccaoenHOe MHO2006pa-
3ue P’ (B, G') omobpascaem cssnznocms I', sadannyw 8 P,
8 caasnocmes IV, 3a0annyi0 8 P’y npu amom f omobpancaem
20pusonmasvnsie noonpocmpancmsa ¢saanocmu T 8 20pu3on-
maisHole nodnpocmpancmsa ceg3nocmu IV. '

HoxasarteancTBo. OnpeleluM Npexae BCer® FOPU3OH-
TalbHOE TMOANPOCTPAHCTBO Qx B Kaxao# touxe x” w3 f(P).
BosbMeM TPOM3BOJABHYIO TOUKY X M3 P, Takyis, wro f(x)— x’;
Mbl ompeleanM Qxr Kak 006pa3 rOPH3OHTAABHOTO MOITPOCTPAH-
cTBa Q, MHOrooGpasus P upu otobpakennu f. [TokaxeM, uto Q x»
He 3aBHCHT OT BEHIGOpPA TOUKH X cO cBOHcTBOM f(x)= x’. [lycts
y— HeKOTOpas Apyrad TOuka, Ajd KoTopolt f(y)= x’. Tak kak
oToGpaxenne f ecTh roMOMOpdU3M, TO TOUKM X W Y HOJ/DKHBL
JIEATb B ONHOM M TOM e Cltoe MHOrooOpasus P; Halilletcs:
HO3TOMY TaKO# 3jeMenT a & (4, 4To 6yneT MMeTb MeCTO paBeH--
ctBo y=xa. Torna Mb noayuuMm f{y)= f(x)- f(a)= f(x);
C/eN0BaTe bHO, f (@) eCTb elMHUYHBI! IeMeHT e’ rpynmsl G'.
Tak kax Qy:Ra--Qx, TO MBI TOAyYaeM

fQ=f R, Q=R - Q=[Q,

4To W Tpe6oBaiOCh NOKA3aTh. 3aMeTM TOMYTHO CJedYIOmMi
dakt. Ecm y==xc, 10 Qp =R -Qyr, Fle x'=f(x),
¥ =f(3) u ¢’=f(c). |
Tenepp Mbl ompenetuM rOPU3OHTaJAbHOE MNOANPOCTPAHCTBO
B mo6o# Touke Muoroo6pasus P’. [1pousaBo/bHad Touka x” usz P’
MOXKET ObiTh NpelcTaBieHa B Buie x” =x'.a’, rie x' = f(x)
ecTh HekoTopas Touka u3 f(P)u a’ € G'. M oupenensem Q y»
kaKk Ry « Qyr, e Qx 6blIO omlpeleseHo Bbllle. MbBl JOMKHBL
fOKa3aTh, YTO Q,+ He 3aBUCUT OT BHIOOPA TPeACTABICHHS
x"=2x'va’, x'&f(P); 5T0O HeTPyAHO CHelaTh, HCIO/b3Ys
clejdanHoe Bhime samedadde. VTak, MH ONpPeNe/MIM FOPHU3OH-
TA/NBHOE TOATNPOCTPAHCTBO B KawAOK Touke MHOrooOpasus P’.
[TpoBepuM, uTo MOCTPOEHHOE FOPH3OHTAJILHOE NMOANPOCTPAHCTBO
onpenenser HeKOTOPYK CBA3HOCTH B MHOroobpasuu P’; torma
€BOHCTBO, chopMymupoBaHHOe B TeopeMe, Oylet OUYeBHAHBIM no
TOCTPOEHUIO. :
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ITokaxkeM, 4TO B Kaxno#t Touke x’ u3 P’ KacaTejbHOe TpPO-
4
CTPaHCTBO P, ecTh mpaMas CyMMa KacaTC/bHOTO TOANIPOCTPaH-

CTBa (Qyr M KAaCaTeJbHOTO K CJOK TOANPOCTPAHCTBA G;r. Ml
MOXEM Hanucath Xx’==f(x), rae x— HekoTOpas TOYKa M3 P.
OGosHayum OykBaMu ©™ U ©' KAHOHWYECKMe TIPOEKUHH COOTBET-
CTBeHHO MHOrooOpasuit P u P’ Ha 6a3y B. D1y npoekunn CBA3aHH
¢ oroOpaxenueM f cooTHolueHWeM f.w=='-f. B cuay Toro,
4TO f mopoxpaeT JMHEHHLHIR U30MOpP(PU3M KacarteabHOr0 NpO-
crpaHctBa T, u =w(x) Ha Ty, ' = f(u) = =’ (x’), Mbl BUIUM,
yTo ' oToGpaxaer Q. Ha T, u, cienosarenabno, dim Qy =n,
TA€ 7.eCTb Pa3MepHOCTb MHOroo6pasus B, C Apyro#t CTOPOHH,

s
nepeceuete Qy+ u Gy cocToMT TOJbKO M3 0. B camom neine,

echu X' = f(X), X€ Q,,u B TO Ke BpeMs X’ IPHHALNC KUT Gy 10
Mol uMeeM T’ < X' = f-n(X)=0 B T, , OTKyAa cjenyeT, YTO
n(X)=0 8 T,. Ho 3710 O3Hauaer, uto X=0 u, cirenona-
TeabHo, X' =0 B cuiy TOro, 49ro w orobpaxaer Q, Ha T,

14
usoMopguo. TeM caMblM 10KA3aHO, 4TO Pyr €CTh NpsiMas CyMMa Qy

¥ Gyr. OcTanbhHe ycioBus tpoBepsitorcsl Ge3 Tpysa. Teopema
10Ka3aHa,

O6patno, ecas Ha P u P’ 3alaHbl COOTBETCTBEHHO
ceazHoctu I' u IV w ecin HekorOopmiit roMoMopidusm f oroGpa-
xaet I' B IV Tak, Kak 3TO ONMMCAHO B 3aK/JWYEHUM NOKa3aHHOR
TeopeMbl, To Mbl GyneM HaswBaTh roMomopdusm f coxpausio-
wun csnsnocme (no otHowenwo k I' u I').

B cayuae, xoraa f ectb BiOXeHwe P B P/, M GyneM roso-
pHUTb, 4TO 3anauHas B P’ cBasHocTh IV npusoduma x HexoTopo#
casnoctu I' B P, ecan f otoGpaxaer I' 8 I'V. B cayuae, koraa f
eCTb aBTOMOD(U3M PAacC/JI0EHHOr0 MHoroofpasus P Ha ce0s,
oTo0paxaouit NaHHYI0 CBA3HOCTb I' B ce6a, Mbl 6yneM Hasu-
BaTh f asmomopgusmon csasnocmu I' B P.

B ycioBuaX [0KA34HHOH TeopeMbl roMOMOp(H3M f NMOPOK-
JaeT ecTeCTBEHHHIR roMoMopduaM rpymnsl rosonomun @ cpsa-
woctd I' B rpynny rononomuu @’ ceasuoctu IV, B camoM nere,
PaccMOTpUM TOPHBOHTAIbHYIO KPUBYI, COENUHAIIUXYI0 TOYKH X,
v xoa, Tae a € D; o6pas sTo#t KpuBOH npu oTOGpaKEHUH f eCTh
rOpM3OHTalbHad KpHUBas, OMNpepeiswowas saeMent f(a)€ @,
Jlerko nmpoBepHTh, YTO Mb MOJyYaeM TakuM 0GpasoM roMOMOp-
¢usM rpynnm rosonomun @ wxa @7,
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§ 6. Teopema o npuseneHuu CBA3HOCTEH

Mbl noxaxeM CAEIYIOLYIO TEOpeMy, HasbBAEMYIO meopemol
0 npuseldenuu cssa3Hocmed.

Teopewma. [lycms P (B, G) ecmp 2408HOE pAcCCAOEHHOE
MHOZ000pa3ue, y008AemMBOPAIGULe SMOPOL QAKCHOME CHem-
nocmu, u O —zepynna z0n0n0muu 300annoii 8 P ceasnocmu I,
To20a cmpyxmypran zpynna G npusoduma K csoeli nod-
epynne O, a csaswocmy I' npusoduma x csaswocmu 8 npu-
8e0CHHOM pOCCAOEHHOM mHO2006pa3iu P/ (B, ©), zpynna
2020n0MuL KOMOpo2o cosnadaem ¢ D.

HokaszatenascTBo. Eciu P ynosiersopser BTOpO#
aKCHOME CUeTHOCTH, TO TeM :Ke cBolicTRoM 6yayT obianats B
u G. CrepoBarespHO, nipuMeHnma Teopema u3 § 3. 3adukcupyem
NPOU3BOJILHO TOUKY X, MHOrooGpasusi P, KOTOPYIO Mbl Bhlifepem
B KayecTBe ONOPHOM TOYKH rpynnbl TrojJoHOMHH @; NOJIOKMM
n(xy) = u,. [lpemne Bcero MH mnOkaxeM, 410 ( NPUBONMMA
k @. [Tocrpoum mokpwitue {U,} mHOrooGpasus B n MHOxecTBO
COOTBETCTBYIOL{HX MEePeXONHHX (YHKUMH, NPHHUMAOWKUX 3Haye-
Hud 13 O (reopema u3 § 8 rmasu [). C 3TOH uHesbl0 MH BO3b-
MeM npousBoJbHOe TOKpuTHe {U,] MHOroo6pasus B, Kaxnbli
sjeMeHT U, KOTOPOro npencraB/iseT cOGOH HeKOTOPYIO Kybuue-
CKyl0 okpectHocTs |u!| <8 ¢ wuenrpom u,=(0, 0, ..., 0)
OTHOCHMTE/NbHO HEKOTODOH CHCTeMH JIOKAaJbHHX  KOODMMHAET
(4%, ..., u”). BolGepem B B pas u HaBcerma ceMeHCTBO KpH-
BHX T,, Kamnas n3 KOTOPHX HAuyMHAaeTcd B TOYKE 4, H KOH-
yaeTcsl B COOTBeTcTByMOWeH Touke #,, IlycTs x,=r<,- X, €cTb
0o6pa3 TOYKH X, NPU NapajieJbHOM IepeHeceHHH BAOJb T,.

Tenepw Mbl OnpenenuM 1Js KKAOFO ¢ H3OMOPPH3M MHOMKECTB
a1 (U) u U, X G. llyctb x — npoussosbHas Touka u3 =~ (U ),
MH 0003HaYMM CHMBOJIOM p, J1y4 (OTHOCHTE/NLHO JMOKA/BbHBIX KOOp-
amHaTt B U)) U3 TOoukn u, B Touky u=m=(x)E U,.

[lapannenpnoe nepeHeceHne TOYKM X BAOML p. ! 1aeT TOuUKy

p;l(x)=x,-a, Tie a ecTb HeKOTOpHH 3jeMeHT rpynnu G,

Mbl nosaraeM @,(x)=a. Teneps HerTpyAHO BUAETH, YTO OTO-
Opaxenne x —(w(x), @,(X)) ecTb HIOMOPDHH3M MHOXKECTBa
=1 (U,) na U, X G. CootsercTByomue nepexonHse (GpyHKuHHA
bgo (0), u€ U, N U, npuanmaot sHauenns u3 ®. [leHCTBATEBHO,

ecm xExn~ Y (U,NUs, 10 nyctp o, (X)=a u ¢y x)=20,



§ 6. Teopema o npusedenuy c8A3HOCTell 59

OTKYNa X ~ X,a ~ Xgb. 3 9TuX coOTHOWEHNH 1 U3 Xy~ X, ~ X;

MBIl JIEFKO B3aKJIOYaeM, YTO X~ Xg- ba~!;" HO 3TO 3HAYMT, YTO
ba~1 npunannrexut rpynne romonomun ®. Crenosatensho,

g (8) = 95 () (9, (%))
nexur B O,

Tem cambiM nokasano, yro @ npuBoguma k . B camom
lejle, Mbl MOKEM MNOCTPOUTHL im abstracto muddepeHunpyemoe
paccioeHHoe wmHoroofpasue P’ (B, @), kak MH 3TO nesanu
8 § 8 rnapn L. B namem ciaywae moxHO cienyomuM o6pas3oM
nocrpouts P’ (B, ®) KaKk paccioeHHOE MONMHOrOO5pasHe MHO-
roo6pasus P (B, (). Touka muorooSpasus P’ (B, ®), coorser-
creywomad knaccy (u, a), rae o€ U, n a € ®, orobpaxaerca
B TOUKy Xx==p,-(x,2). flcHo, uyro 3T0 oOTOGpaMenue f ecThb
sioxenue P’ 8 P. TTokaxeMm, yto f(P’), pacc/oeHHOe MOAMHO-
roo0pasue MHOroo6pasus P, cOBNamaeT ¢ MHOXECTBOM BCeX
TaKUX TOYeK u3 P, KakAas M3 KOTOPHX MOXeT GHTb COelHHEHa
C X, HEKOTOpO# ropusoHTanbHOM KpuBo#H. Ecim a € @, 10 MH
HMeeM Xg~ Xg2. B culy coorHOmeHMs X, ~ X, MB NOJydYaeM
X~ X 0~ Xot ~ X;, OTKyda CJeNyeT, uTO KaX1as TOukKa u3
f(P’) Moxer ObTb COelMHeHa C TOYKOH X, HEKOTODOH ropH-
soHTaabHOH KpuBO#. CTosb Ke JIerkO yCTaHaBJMBaeTCa W 06par-
HOe YTBEp:KIeHHe.

Ucnoabsys nokasanub#t ¢axkr, MH ybenumca Tenepb, 4YTO
cBsisHocth ' B P mpuBoaMMa K HekoTOpO# ceasHoctu IV B P/,
Ile#tcTBUTEIBHO, TyCTb TOYKA X MNPUHAIEKHT MHOrOOOpasHio
f(P’), koTOpOe MH TeNlepb OTOXAECTBAseM ¢ P’; Toraa ropu-
30HTA/bHOE TOANPOCTPAHCTBO Q, CBASHOCTHU I NOJHOCTBIO JIEKHUT
B KacaTeJbHOM NPOCTPAaHCTBe MHOroo6pasus P/, Tak Kak Kax-
IBf TODHU3OHTAJbHHE BEKTOD B TOuKe X MNpelcTaBiasgeT coOO#
KacareJbHHH BEKTOD HEKOTOPOH IOPHU3OHTAJNbHON KPHBOH C Ha-
yanbHOH TOYKOM x; 3Ta KpuBas NOJKHA Jjexarb B P/. [locae
3THX 3aMeYaHHH HeCJOXHO mnpOBepUTh, yTO OTOGPaXeHHe x €
€ P’ - Q,cP’, onpenenser HekoTopyl cBssHocth IV B P’
u uro Bjowenne f oroGpaxaer I' B I'. Drum nokasaHo, uro
cssHocts I' mpuBomuma K ceasnoctu IV, CnpasepsuBocth mo-
CJle[HEro yTBepiKJeHHs TeOPeMH OueBHAHA, TaK Kak P’ cocrout
H3 TOYeK, KaX1at M3 KOTOPHX MOeT GHTb COeIHMHEHA C TOY-
KOt X, HEKOTODOH KpPHBOH, rOPU3OHTAABHOM OTHOCHUTENbHO T,
a caenoparesbHO # oTHOcuTenbHO IV. Teopema Aokasawa,
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TeopeMa o0 npuselennu cpa3uocTell OGyaeT HCNOJb30BaHA
B CjeAyIoUleM naparpade mid CPABHUTEAbHO MPOCTOro AOKa-
3aTeNbCTBA TeOPeMBl O TOJOHOMUM; OHA HAXOMUT W I PYrue MHO-
TOYMC/IeHHble TPHUMeHeHNUs.

§ 7. Teopema o ronoHOMMH

PaccMoTpuM rpynny roioHoMun @ ¢ GasMCHOM TOUKOH X,
ceazHocty I' B P(B. (). Mu sunein 8 § 3, uro rpymna ro-
aonomun © mpexactapiager co6oit rpynny JIM ¢ AHHERHO CBA3HOM
KOMIIOHEHTOH, sBAsouledca cyxeHHOR rpynmoi rosonoMun OO,
Caenywuias TeopeMma, BIepBhHe CTPOro JoKazaHHas AmGpoaom
n Cunrepou [1], yCTaHABANBAET, KAaK aq.a2e6pa 2040HOMUL,
T. e. anre6pa Jlu cyxenno#t rpynmel rozonoMun OO, onpenensercs
$HOpMOit KPUBU3HLL.

Teopema o rononomuun. Aazebpa 2040n0Muu ¥}
asaemcs nodaszebpoll arzeGpul §, noposCcOeHHO Bcemu 3.ae-
Menmany guda L (X*, Y*), 20e x npoGezaem mnOINCECME0
moter, KAxXCOAs u3 KOMOpwX MOdcem Owvimb COeOUHEHA € Xy
Hexomopoil zopudonmaasnoil xkpusol, a X* u Y*—npous-
BOLbHbBLE 20DU3OHMAAbHBLE BEKMOPH 8 MOUKEe X.

INokasaTteanbcTBO. a9 Hayajna Mbl JAOKaXeM TeopeMy
B TOM 4acTHOM cJjayyae, Koraa awbas Touka u3 P MOXeT ObiTh
coelHeHa € TOYKOH X, HEKOTOPO# TOPH3OHTaAbHON KPHBOMH.
B srom caydae rpynma rojenomuu cosmamaer ¢ (. PaccMOTpuM
ABAa TPOM3BOJbHBLIX BeKTOpPHEIX noas X u Y B B; o6o3nauuu
HX JudTH cooTBeTcTBeHHO X* M Y*. MHOXeCTBO BEKTODHBIX
noJje#t

— o, ([X*, Y*])=—28_(X*, V*

(cM. § 4, crencTBre), COOTBEeTCTBYOUINX BeeM X € P 1 Beem X, Y,
nopoxaaer nomare6py ¢ aare6pnl §. Mbl poKaxeM, 4TO ¢
COBIANaeT C ¢ M NpelCTaBiseT cOGOH aare6py rOJOHOMHH.

[Toctpoum B kaxmo# Touke x € P moanpocTpaHcTBO A Ka-
CaTelbHOTO TPOCTPaHCTBA P, HATAHyTOE HA TOPU3OHTANbHOE
NOANPOCTPAHCTBO Q, M moanpocrpaHcTso ¢, = | A AEg’},
rie A* ecTb (yHlaMeHTajbHoe BeKTOPHOE I0Je, COOTBETCTBYIO -
mee saementy A€ ¢’. Ecan

dim B=n, dimg=r u dimg' =s,
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P
10 A, npejcrasiger co6oi KacaTesbHOE MOANPOCTPAHCTBO Pa3-
MEpPHOCTH N -+ S. Mu JOKaXeM HEeCKOJbKO MO3[AHee, YTO pac-
npenenenne X — A, nuddepeHunpyemMo u HHBOMIOTHBHO. [1puMem
Ha MUHYTy, 4TO 3TO yTBepXjieHue noKadaHo. [Iyctb P (x,) ectb
MaKCHMaJbHOE HMHTErpajibHOEe MHOT000pa3He pPaccMaTpPUBAEMOTO
pacnpeneneHus, Npoxojduiee uYepe3d TOUKY X, Kaxk Mu ceituac
yBunuM, P (xy)= P, oTkyaa clenyer, 4ToO

dimP (x))=n-+s=dimP=n-r,

T. €. r==§; ciaejloBaTeipHo, ¢ =¢. UYToOH mOKasaTb, uTO
P (xy)=P, 10CTaTOYHO INIPOCTO 3aMEeTHTb, YTO KaxHNad TOYKa
13 P Mo NPeAnoJOKEHHIO JeXKHT Ha HEKOTOPOH TFOPHU3OHTANb-
HOHl KPHBOH, NpoOXoidliefl yeped X, 3Ta KPHUBAdA JO/MKHA Jje-
Kath B P (xy), Tak KaK pacnpele’ieHHe CONEPKHUT Ja06Oe ro-
PH30HTAbHOE NOANPOCTPAHCTBO Q.

Urobu Jokasars, 4T0 A nupdepeHuupyemo, BodbMeM B ¢
Gasuc A, ..., A, Ilycts A}— pyHnaMeHTalibHLIE BEKTODHHIE
n0/s, COOTBETCTBYMOUIME 3jieMeHTaM BHOpPaHHOTo 6Ga3uca. B mo-
6o#t okpectHoctn U B B, nia kotopo#t w—!(U) msomopdHO
npoussefennio U X (G, Mb MOXeM BHOPAaTb 7 BeKTOPHHIX NO-
et Xy, ..., X, B MHorooGpasuu B, Ha KOTOpHe HATAHYTO
KacareibHOe NpocTpaHcTBO T, B Kaxaoi Touke u € U. Toraa
rOPU3OHTAIBHOE NOANPOCTPAHCTBO (. OKAa3LIBAETCH HATAHYTHIM
B Kaxno#t Touke x€w~!(U) wa mdpta Xj, ..., X:. C apy-

rofft cTopoHsl, B Kawao#h Touyke x € n-1(U) npocTpaHCTBO

{(A"),; A€ g’} natanyto Ha A], ..., A. TeM caMbM NoKasaHo,
4TO pacnpejeleHne A NOMyCKaeT JoKaibHEH Gasuc
A, Xj’.“, i=1,2,...,8 Jj=1,2,...,n,

Beane B n~1(U). Uro6n noka3aTb MHBOJIOTHBHOCTb pacnpene-
jJedus A, 1OCTaTOYHO y6enuThCS B TOM, 4YTO CKOOGKH

* * * & % &

[0 AL [4 X)) » X X
npuHapaexar A. [lepBas u3 cko6oK mNpuUHAAIERUT A B cuiy
TOTO, 4TO (' ecTs nopaiare6pa. Bropas ckoOka TOPH3OHTa/bHA

(§ 4, nemMma) W notoMy npuHamiexut A. BepTukaibHas co-
CTaB/sioulas TpeTbel CKOGKM B TOYKe X paBHa A, Tle

A= ([X X])=—22_(X;, X)€Eg. '
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Mostomy o[X], X7| npunanzexmr A, a caenoparenbo,
] [Xl.*, X;’J. Wrak, nokasaHo, 4ro pacnpeienehue A auddepen-
IMpYeMO M WHBOJIOTHBHO. :

[Mepexoanm K obuiemy cayualo. PaccMOTpuM NpHBeleHHOE pac-
caoenHoe MHoroo6pasue P’ (B, ®) c npuseaesHol caszHocThI0 IV
(§ 6). Ham yxe w3BecTHO, UYTO TeopeMa BepHa Ans ¢BA3HOCTH IV
B P’/. Yto6b gokasarb TeopeMmy 15 mMHorooOpasus P, nocraTtouxo
3dMETUTH, YTO [PyNNa [OJOHOMHM M, CJCL0BATEIbHO, aareGpa
FOJNIOHOMHH CBA3HOCTH 1' COBNANAIOT COOTBETCTBEHHO € TPyNNOH
1 anreOpo# rosoHOMHK cBA3HOCTH IV 1 uro MHONKecTBO £  (X*, V™),
0 KOTOPOM WHjIeT pedb B (QOPMYJINPOBKE TEOPEMBl, COBMAfaeT
¢ wmuoxectsom 27 (X%, ¥¥) ana P’, rae L ecrb dopma KpH-
BuaHpt cBasHocTH IY. TlepBuift M3 yHOMAHYTHX $akTOB yKe 10-
Ka3aH. Bropoit xe caemyer w3 TOro, 4ro

QL (X%, Y =2 (X', V¥

ang moGoft Toukn x € P’ w pas audpror X¥, ¥Y* moOwx AByX
BekTopHbX moselt X, Y B B.

3ameuyanue. B geficreurenbHOCTH  aMHeliHOE noanpo-
CTPAHCTBO 1l TNPOCTPAHCTBA (], HATAHYTOE HA BCEBO3MOMNKHBIE
Q (X*, Y*), ofpasyer nomaare6py; B cu1y J[AOKa3aHHO® Teo-
peMbl OHa HpeacTaBafeT coOOH aareOpy rojoHoMun. DT0 OBLIO
3aMeyeHo JIMXHEpOBMYEM ¥ [0KA33HO HE3aBUCHMO 0T Hero Ou-
3exu. JleHCTBUTENbHO, u3 CBOHCTBA R‘;~52:ad (@ H nna
a € G BHITEKAeT, YTO JMHEeHHOE NOANMPOCTPAHCTBO W WHBAPUAHTHO
oTHocutensHO oToOpawmenus ad(®). Caeposarenvho, [f, wm]cwm,
no3TOMy M moxaBHo [m, m]cwm; rakum oOpasom, m =f.

§ 8. JlokaapHo maocKas CBS3HOCTH
PaccMoTpuM TPUBHAbHOE I'IABHOE PACCJI0EHHOE MHOro0Opasue

P (B, G)=B X G.
P= U Q,

acG

Toraa

rie (, ectb moamuorooOpasywe MHOrooOpasus P, cocrosuiee u3
Bcex Touek Buaa (4, a), a«¢€ B. Ceasvocts B P naspiBaeTcs
nAocKod, ecnu B KauYeCTBE FOPHU3OHTANLHOIO MOANPOCTPAHCTBA
B TouKe x = (u, a)€ P B39T0 KacaTenbHOoe NPOCTPAHCTBO MOL-
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myorooGpasua Q,. B sToM cayuae, ouesnpHo, GopMa KPHBHSHH
pasua 0.

CBA3HOCTP B IIPOM3BOJLHOM DACCJIOEHHOM MHOTOOGpasuy
P (B, () Ha3blBaeTcl L0KAAbHO RNAOCKOH, eclyu s Kaxioh
TOYKH u € B ualizerca Takas okpecTHOCTb U, 4TO HHAYUHPOBaH-
Hag cBasHocTh B w~1(U) Gymer u3oMopdHa mIOCKOH CBA3HO-
ctu B U X G.

Teopema. Jzsa mozo umobw ceasnwocms 8 P (B, G)
Ooia0 A0KAABHO NAOCKOH, HEOEX00uMO 1L BOCMAMOUHO, 4mobs
gopua xpususns pasisiace Q.

JlokazaTeabcTBO, Heo6xoauMOCTh yCNOBUA OueBHAHA.
Yr1o6bn 10Ka3aTh [NOCTATOYHOCTb, NPENNOJONKHM, 4YTO opMa
xkpuuanbt pasMa 0. Jaa smo6GoRt touku # € B Mbl BHOHpaeM
ONHOCBA3HYI0 OKpecTHOCT, U W paccMmaTpuBaeM HHAYILMPOBaH-
Hylo cBf3HOCTL B w-1(U). [lo TteopeMe o rosonomuu, § 7,
rpynma roJiOHOMHH STOH CBABHOCTH COCTOHMT TOJbKO M3 eNHHHY-
HOoro sieMenTa. B chiy Teopemmr 0 npesenenun, § 6, Mb 3a-
KJI0YaeM, YTO 3Ta CBASHOCTH TPUBHMaibHA. TeopeMa [0KAasaHa.

CnencrBue. llycts P(B, () ecth riasHoe paccjioeHHOe
MHoroo6Gpasue ¢ oaHOcBA3HOM O6asoit B. Ecam P ponyckaer jo-
KaJbHO MJIOCKYI CBSI3HOCTb, TO P eCTb mnpAMOe NpPOHM3Bele-
ne B X G.

§ 9. CymecTBoBanue CBA3HOCTel

BepofiTHO, MOXHO MHOrMMM crmoco6aMM JOKa3aTh CYUIECTBO-
BaHHe CBA3HOCTeH B NPOH3BOJBLHOM TJIABHOM PACCIOEHHOM MHO-
roobpasun P (B, (), ynoBieTBOpAIOlIEM BTOPOH aKCHOMe cuer-
Hocti, Mbl u3CepeM Tako# MyTb: MPEANOJOKHB, YTO CTPYKTYP-
Has rpymna G cBA3HA, Mbl BbiBElleM CYILEeCTBOBAHHE HEKOTOPOH
cBi3HocTM B P (B, () H3 TeopeMbl 0 CylWECTBOBAHHH PHMaHO-
BOH MerpHKM Ha AHddepeHunPYeMOM MHOr0O00pasuH.

ycts K ecTh MakcHMasibHasi KOMNAKTHAR DOArpynma rpymns G.
Torna, kak H3BeCTHO, CTPyKTypnaa rpynna (G MHoOrooGpa3sus
P(B, G) mowker OwuTh mpuseleHa k K ([19], crp. 74). Iycts
P’ (B, K) o603nayaeT mpuBeleHHOE PacC/I0eHHOe MHOroo6pasue,
Ecan cymwecrsyer ceasnocts B P/ (B, K), oHa, KaK M BHAeIH
Bollle (Teopema § 5), mHmyumpyer cBsdnocte B P (B, G). Cie-
JAOBaTeJbHO, JOCTATOYHO [AOKa3aTb CYLIECTBOBaHHe CBA3HOCTEH
g P(B, G), rae rpymma G KOMDAaKTHA.
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Tax Kak MbBl DPeANONOXKUNM, YTO P YIOBAETBOPsSeT BTOPOH
aKCHOMe CHETHOCTH, Ha P Moxer ObITb BBejeHa PUMAHOBA Me-
Tpuka (§ 4 raasn [). BHyrpenHee mpousBejneHue ABYX Kaca-
TeJbHBIX BeKTOpoB X ¥ Y OTHOCHTe1bHO 3TOH DHMaHOBOH
MeTPUKN MB 00o3nHauuM cuMBojoM g (X, V). Temeps Mbl onpe-
Ie/UM HOBYH) DHUMAHOBY METDHKY, WHBAPUAHTHYIO OTHOCHTENbHO
oTtobpakenus R,, a € G, monoxus

gX = [gR, X R,-Vyda,
G

rie uHTerpan OepeTcsl OTHOCHTENbHO OWMHBAPUAHTHOH Mephl

Xaapa %) na xomnaxTe G, yA0BIeTBOPAOLLEH yCIOBHIO fda: 1.
G

Tenepb B Kawa0# TOuke X € P Mbl BBeleM ODTOrOHanbHOe 10-
monHeHne (), KacaTenbHOro K €00 mnoanpocrpancrsa G, oT-
HOCWTeNbHO puMaHoBoOH Merpuku g£* (X, Y). Ouemunno, P, =
=0,+Q, (mpamas cymma)?). Taxk xak g*(X, Y) R, -uupa-
pHaHTHO mpy Mw6oM a € G, Mbl 3axkmouaeM, 40 Q,, = R, - Q..
Jlerko mposepuTh AnpdepeHIUPYeMOCTh OTOOPAXeHHT X — Q..
CnenoBatenbio, oToGpameHue X — Q. OnpeaensieT CBABHOCTb
B P(B, Q).

H3BecThbilf WHTepeC MOMET IPeACTaBUTH TOT (paKT, uTO
B ciay4ae xomnaktHocT ( Besikas cBsa3Hocth B P (B, G) moxer
ObiTh MOJyyeHa OmucaHHuM nyTeM. Tlycts B P 3amaHa nexoTO-
pas casHocTs [': x — Q.. Buibepem B 6ase B mpousBOJbHYIO
PMMaHOBY MeTPHKY £ W OIpelejdM BHYTPEHHee NPOU3BEIeHHE
B KaX/AOM @, C MOMOMIbIO PaBeHCTBA

g (X, V)=g (=X, =¥).
Ecan a€ G, 10
gR, X, Ry - V)=g(® - R,- X, =-R,- ¥)=
=g®X, n¥)=g"(X, Y).

C apyro#t cropousl, myctb (A, B) ectb HekoTopoe ad(G)—
WHBADUAHTHOE BHYTPeHHee Ipou3Belenue B airebpe Jlu g
rpynnbl G, CymecTBOBaHWE KOTOPOTO cielyeT M3 KOMIaKT-
HocTu rpynnsl G. Mbpl onpejenuM Temepb BHyTPeHHee IIPOU3-
BelleHMe B KOKIOM KaCaTeJbHOM K CJOI0 moanpocTtpanctee G,
C MOMOWILI0 METPWKM, ONpeleseHHOH HA ¢; WMEHHO, NOIOKUB
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g*(A”;, B})=(A, B) ana moGo#t Toukn x €P. Jas moGoro
gneMenta a € G MH mOJyuyaeM

R, - A,= (ad(a™) A)},
(§ 7 raasu I) u, crenosarensho,
g (R Ay R,- BY)= (ad (a1 4, ad(a=1) B)=
= (A, B)=g"(4}. B}).

Tenepb MB ONmpefeluM HENOCPeNCTBEHHO BHYTPEHHEE MpOous-
BellenHe g* B KaXJ0OM KacaTeqbHOM npocTpaHctee P =G, +Q,
npH TMOMOIIM BHYTpeHHMX mnpousselennit B G, n Q,, morpe-
Gosae, urobm G, M Q, ObuM B3aMMHO OpTOroHaiLHH. [lo-
CTpOeHHas TakuM 06pa3soM pHMaHOBAa MeTpHKAa Ha P, oueBHAHO,
MHBADHMAHTHA OTHOCUTEJIbHO oro6pamenus R, a€G. TeM
CaMBIM Halle yTBePKJAEHWE NOKA3aHO.

§ 10. CB43HOCTH B MPHCOEIMHEHHLIX
pacciaoensblX MuorooGpasmusax

PaccmorpuM  auddepeHuupyeMoe riaBHOe — paccioeHHoe
MHorooGpasue P (B, G) ¥ nNpHCOGNUHEHHOE  pacC/lOeHHDe
mHoroo6pasue co CTaHAapTHBIM ciaoeM F, koTopoe Mbl 060-
sHauuM cumBosioM E (B, F, G, P); MH mpelnosaraeM, 4ro Ha
NpPUCOEIMHeHHOM pACCJHOeHHOM MHOrooGpasun rpymna G ad-
dexruBHa. Kak Mbl Bumenn Boiue (§ 9 raasul I), Touxky x €P
MOXHO DacCMarpuBaTh Kak Takoe oToOpaweHHe MHoroo6Gpasus F
Ha caoit F, nan #=mw(x), aaa koroporo (xa) -&=ux. (af)
npu mo6bix a €G n EEF.

C8a340cMb B IPUCOCIUHEHHOM PACC/IOCHHOM MHorooGpasuu E
omnpejenseTcs Kak pacnpeleneHde Q: e —>(Q, pa3sMepHOCTH #
(=dim B) na E, ys0BAeTBOPAOILee CACAYIOUIMM TPeM yCIOBUAM:

1) E,=F,+Q, 8 kaxnoit Touke eCE, rxe E, ects
KacaTenbHOe MPOCTPAHCTBO B Touke e k E, a F,—noanpo-
CTPAHCTBO, KacaTelbHoe K CA0l F, TpoXoisauleMy uepes
TOYKY e;

2) nna Kaknod KpuoH &, B B, coelwHfIOweH TOUKM #, M
uy, HaltleTc HeKOTOPad MHTerpajbHas KpuBas e, pacrnpe-
Benenvst O, wHayMHAIOUIAACH B TIPOM3BOJILHO 3alaHHOH TOuke
crof F, wn wuakpuBaomas KpuBYI0O 4, KpoMe TOro, e,
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-

onpejenser usoMopdusm ciaosn F, na cioit F,, 3apucsamui Ky-
COUHO-AMddepeHpyeMbiM 00pa3om ot f;

3) otobpaxenne e — , 1uddepenunpyemo.

Mup BuauM, 4Yro B Ciaydae, Korga E cam0 eCTb riaBHOe
paccioenHoe MHOrooGpasve P, ycinoBue 2) OkasbiBaerca clief-
CTBUeM oOIpeleneHus cBA3uocTM B P, panHoro B § 1. -Mml
YBHIUM, YTO CyLIeCTBYeT B3aWMHO OJHO3HAYHOE COOTBETCTBHE
MeXI1y MHOMECTBOM BCEX CBASHOCTe#t B P W MHOMECTBOM BCeX
cBa3HOCTet B E; MOITOMY OKa3HBaeTcsl BO3MONKHBIM OTpaHu-
YUTLCA M3yyeHHeM CBA3HOCTEH TOJBKO B rJIABHOM PACCJ/IOEHHOM
MHoOrooOpasuu. OmnpesesieHne CBA3HOCTH B OOIIMX PAaCCIOSHHBIX
MHOT000pa3usaX MAOBOJBHO CJOXKHO, TaK KaK .OHO BKJIOYaeT
CuiabHOe yciaoBue 2). OnHAaKO B MNPUJIOKEHHAX OKAa3LIBaeTCA
ya10OHBIM BBeCTH MOHATHE NapajielbHOrO MepeHeCeHus CJO0eB,
TaK Kak NPHCOEIMHEHHOe paccioeHHOe MHorooOpasne 4acro
WMeeT B TNpPHJIOKeHHAX OoJjee MNPO3pAUYHBIH TreoMeTpHYeCKHi
CMBICNI, YE€M CaMO [JIaBHOE PacC/0eHHOe MHOrooOpasue.

Teopewma. Cywecmeyem ecmecmsernnoe 83aUMHO 0OHO-
3HOYHOE COOMBEMCMEBUE MEHCOY MHONCECMBOM BCEX CBA3-
Hocmeldl 8 P u muoocecmeom 8cex cesznocmeii 8 E (Cumbich
TEePMUHA eCMecmBerHoe coOmeemcmeue CTaHeT ACHBIM M3 1O-
Ka3aTeJibCTBA). ,

HoxasareabcTroO. 1) Ilycrs 38amana ceassocte B P
HCXOAs M3 Hee, MBl mnoctpomM cBsa3HocTh B E. Paccmorpum
NPOU3BO/BHYI0 TOYKY o M3 E; nyctes w(ey) = uy- BriGepem
TaKyl0 TOUKY Xo&P, wuto w(x))=u, Haflnerca Ttakasn
Touka E € F, uto x,-8,=1¢, rae x, paccMarpuBaerci KaK
oTobpaxenne MHOrooGpasusi F wHa cnoft F,. 3abukcuporar
3TOT 3JeMeHT § € F, Mbl paccMarpuBaem auddepeHuUnHpyemoe,
oTobpawenne x € P — x -§ wmHorooGpasus P B E; npu stom
otobpawenun cioit G, oTobpaxaerca B caolt Fy. Onperennm
KacaTtenbHOE MOANPOCTPAHCTBO (J,, KaKk 00pa3 rOPU3OHTAIBLHOIO
MOANPOCTpaHcTBA Qy, MpH nocTpoennom oTobpaxennn. [Tokamem,
Y10 Q,, He 3aBMCHT OT BbIGOpa X, W §. JleHCTBHTENbHO, eciH
BMECTO X, B3aTh Xoa (a€ G), bl moayuum (Xo2)(a—1%) = e,.
Teneps, B8 cuny ycuosua R, - Q,=Q,,. Mbl yCMaTpHBaeM, 4TO
otoGpaxenne x € P — x (a~1%)) nepesoaur Q B Q.

Onpepenns TakuM 006pasoM MOANpPOCTPAHCTBO Q, B KawAoh
TOUKE ey € E, MBl HeMelJieHHO 3aMeyaeM, 4TO BCe KacarteibHoe
npocTpancTBo E, ecTp npsiMas cymma Q. M TNOANPOCTPAHCTBA,
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KACaTeJbHOTO K CJIOW0, NMPOXOAAILEMY Yepe3 TOUKY e,. [IpoBepuM
Tenepb ycaoBHe 2) aaf cesshoctH B E. Jlas mo6of 3amannof
B B xpusoi Uy, COeIWHAOUleR TOUKM &, M &, HalgeTCHd rO-
pU3OHTanAbHas Kpuead x; B P ¢ HavanabHOR TOYKOH x,, Ha-
kpeiBaioutas u,. Torpa kpusas e, B E, onpepenennas pased-
CTBOM e, == X, - &, OyneT, OueBHIHO, NPeACTABAATH COGOH HHTe-
TPANbHYI0 KPHMBYWQ pacnpeleneHHs e —(,, HaKPHBAOLWLYIO 4.
Hanee, e; nopoxnaer uaomopdusm caoa F, ua ciaoit Fy, onpe-
neaseMblil 0TOOpaxeHueM

xO'EEFuo_)xl'EEFUJ’
rle x;=1(xy), a T— napapjejbHOe NepeHeceHHe MHOroobpa-
sua P puoab xpuBo# u,. Ycaoehe 3) cieayer M3-Teopembl § 1.
Wrax, otobpaxenne e — (), onpenenser CBA3HOCTH B E.

2) O6paTHO, nyCTb 3a1aHa CBA3HOCTb B E; MBI MOCTPOHM
COOTBETCTBYIOWLYI0 eft CBA3HOCTH B P. BosbMeMm B B mpousBob-
nyo kpusyw t= {u4; 0<t < 1}. Ona onpenenser, no ycio-
BHIO 2), CeMeHCTBO H30MOPPU3MOB c10f Fyy Ha cofl F"t’ KOTOpOE

Mb o6o3HauuM cuMBOJaOM C;. 3aduKCHPYeM HeKOTODYIO TOUKY
X &P, nna xoropolt w(xy) = u,. Ilockoabky C, ectb cemeft-
CTBO u30MOP(U3MOB, HafigeTca Takas KpuBas x, B P, uro
Ci(xg-8)=1x,+& nnn xawnporo siementa £€F. Kpusana x;
OHO3HAYHO ONpeneasieTcl KPHUBOH #; ¥ TOUKOH x,. IelcTBu-
TeAbHO, eClIM Y, — Apyras KpuBag B P, ais KOTOpOR y, = X,
n Cy(xy - §) =y, - & nput Bcakom &€ F, TO Mbl HMeeM x; - § =y, - &
s Beakoro §€ F. B cuay npeanonoxeHHOR 3@EPeKTHBHOCTH
rpymnst G ma F, nocneiHee o3nadaeT, yto X, = y,. Kpusaa x;
npeiacrtasiser Co60H AMGT KPHUBOH #, 1O OTHOILEHHI® K TOH
CBA3HOCTH B P, KOTOpYIO Mbl cefluaC Ompeje/nM.

HmMenno, saducupyeM HeKOTOPYIO TOUKY Xo& P M IOJ0KUM
T (xg) = #y. OnpegenuM Qy KK MHOMeCTBO KacaTelbHHX Bek-
TOPOB K KPHBBIM X;, COOTBETCTBYIOLWMX BhILICOMICAHHBIM O6pa-
30M BCeM KDHMBHM 4, C HauaapHoH Toukof uy B B. Jlaa moGoro
aneMenta a € G MH HMeeM

C,((x0) - §) =C,(x, - a8) = x, - (a&) = (x,a) - &.
Ho 3T0 o3nauaer, uyTo KpuBaf, COOTBeTCTBYWOLAS «; H NPO-
X0l as 4epe3 TOUKYy Xo@, KaK pas ectb R, - x, Qrciona cie-
nyeT, ut0 R, - Qy,=@Qyq. Temepb HeTPyAHO MOKAa3aTh, YTO

x —>Q, ecTb CBA3HOCTL B P, oTmpap.iasch OT KOTOPOH, MOXHO
MO.IY4UTh HMCXOHYI0 CBA3HOCTb B E.
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[MonyuenHoe coorBeTcTBHE Meway cBsisHocTamu B P un E,
OYEBMAHO, B3aUMHO OHO3HAUHO. TeopeMa nOKa3aHa.

Ecan 8 E 3amana cBA3HOCTb, Mbl MOXeM OINpene/HTh ee
IPYMIy TFOJOHOMHH M CYXEHHYIO FPYMIY IOJOHOMMH TOYHO TaK e,
KaKk 3TO jAenanoch aag ceasuocredt B P. Kaxpo#t 3amxnyro#
KPMBOH T, mpoxoasuiedl yepe3 TOuky u, B B, cooTeercTByer
HeKOTOPHH aBroMopduaM T caoa F,. MHOXKecTBO BCeX TakMX
aBTOMOPM3MOB OOpasyer TDymny, KOTOpas 4BaseTC rpymnmod
rOJOHOMMM paHHOH cBsisHOCTM B E. Bubepem Takylo TOuky
Xo € P, uTo w(x,) = uy; TOra NIOGON 3JEMEHT T rPyMmbl IONO-
HOMHH OTpefefnTCsd PaBeHCTBOM

t(xp-E)=(x0)-§& EEF,

rae a-—saeMenr rpynnsl G. Ecam My nogowuM ¢ (1) =a,
TO @ ONpelejuT M30MOPGM3M IPYNNH TOJOHOMHH B CTPYKTYpP-
nyw rpynny G n T. 1.

pynns ronoHoMun caastocte#t B P u B E, COOTBETCTBYIO-
WYX APYT APYrY OMUCAHHBIM OOpPAa3OM, OKasbIBATCA M30MODQ-
HBIMH.

§ 11. Mpumepul

1) CBsizHOCTH B G (G/H, H). Paccmorpum cBasHyw rpynny Jln G u
ee 3aMKHyTyo nozrpynny /. Mul 3Haem, yro rpynmy G MOXHO pac-
CMaTpPMBaTL KaK [JIABHOE pacCJoeHHOe MHOroobGpasue Hap 6asoft G/H
cO CTPyKTypHOR rpymmno# FH, pefictBytomefl Ha ( npaBOCTOPOHHHM
o6pazoM (§ 10 raasnl 1). O603HauuM cuMBOAOM L,, a € G, JeBHIH CABHI
rpynnel (7, NMOpPOXAeHHbiH sneMeHTOM a. Tak kak L, KOMMyTupyer
¢ Ry, h € H, mpl OGHapyKHBaeM, YTO KaxIslit Jesbift casur L, mpes-
craBJseT cO60# aBTOMOPGhH3M pacc/OeHHOr0 MHOroo6pasus G (G/H, H).
Coopmyanpyenm ycaosus cyutectsoBaHus B G (G/H, H) cBs3Hoctel,
HHBAaPHAHTHLIX OTHOCHTEJBHO J1060r0 L, a¢ G.

Jrs mozo umobor 8 G(G/H, H) cyujecmsosasa c6s3H0CmY, UHEA-
PUGHMHASL OMHOCUMeAbHO Ae8blX C0suzo8 zpynnsi G, HeoGx00UuUMO
u Qocmamouno, wmolet asze6pa Jlu g epynnst G ob6radaisa maxKum
nodnpocmpancmsoMm u, wmo g=1- § (npamas cyMMa) u
ad (H)wm =, 2de §— nodasee6pa, onpedessiemass nodepynnoii H
a ad (H) o0o3nauaem npucoedunennoe npedcmasaenue H s g. Tounee,
ML MOIHCeM OnpedesUmd UHBAPUAHMHYIO CBA3HOCMb, 83516 YKAZAHHO?
nodnpocmpancms0 N1 8 Kauecmse 20PU3OHMAABHOZO nodnpocmpaH-
cm8a_8 eOunUMHOM 3remenme 2pynnsl (G, U HaOOOpom.

Ilo noBopy mOKasaTedbCTBA M NpuAokeHuit cM. [16]. Popma kpwu-
BH3Hb! 2 MHBapuaHTHOH cBisHocTH B G (G/H, H) takxe MHBapHaHTHa
OTHOCHTEJNLHO JAEBHIX CABHroB rpynnsl G; takum 06pa3oM, OHa Ompe-
AeJdeTCss CBOMM 3HaueHHeM B € Q. (X, Y)elh, X, Ycu. Unrareao
NpEeNOoCTaB/sgeTCS B KauecTBe YIpaHEHHWS YCTAaHOBHTH BHAL L, (X, Y).
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2) Jlunefinpie cBA3HOCTH, Junelinoi csaanocmeio na LuddepeH-
oupyemMoM MHOroo6pasun B HaspiBaeTcs CBS3HOCTh B PACCAOCHHOM
MHOr006pasuu penepos P (B, (), rae G = GL (n, R). Tax kak CTPYK-
rypHas rpymia GL (n, R) moxer OniTh npuBejeHa K OpPTOTOHAJNLHOMH
rpymne ( [19], crp. 72), 10 noxasareancrso, mposeleHHoe B § 9, ycra-
HapAvuBaeT CYuleCTBOBaHWe JAWHEHHBLIX CBA3HOCcTell Ha mw0GoM npud-
depeHuupyeMOM MHOro0Gpasuy, yIOBJETBOPAOINEM BTOPOH akcuoMe
CUeTHOCTH,

3) Addunuble cBI3HOCTH. APPunnoii csnznocmeio Ha Mudpdepen-
nUpyeMoM MHOroo6pasuu B HasmBaercs CBA3HOCTh B adpuHHOM pac-

cJI0eHHOM MHOroo6pasuu P (B, 5) Hax B; nousitwe addunHOro pac-
CAOEHHOIO0 MHOroo6pasus Ml ceffuac onpenenum.
PaccmOoTpuM paccioeHHOe MHOrooGpasme penepos P (B, G), rae

G =GL (n, R). Niycts G o6osuauaer rpymny Bcex ath¢uHHBIX mpe-
o6pasoBanuit 006biyHOrO adGUHHOrO NPOCTPAHCTBA Pa3MEPHOCTH 1.
MoxHo paccMaTpuBaTh rpynny G Kak TOIFPYIy rpymmbl 5,~cocmﬂ-

mylo u3 Bcex ueHrpoadduHHHIX npeobpasosauuil; rpynna G npen-
craBisier co60f noaynpsaMoe npousseeHue 22) G u abeneBON MHBapUaHT-

Hoif moarpymne £ rpynnst G, cocroamell u3 Bcex nmepeHocos. Kaxauli
9JAEMEHT a € G MOWET OWTh 3anMCAH €lWHCTBEHHEIM 06pasoM B Bujie

@a=5-ariescFuacCG Mu Oylem Ha3blBaTh s=¢(a)n a—y(a)
COOTBETCTBEHHO M PAHCAAYUOHHOL 4acmplo u odnopoanou %acms10

asemenma a. Yy ectb romomopduam G Ha G.
Teneps MBI ONipeieuM adPuUHHOE PacCAOEHHOE MHO2000pa3ue

ﬁ(B, G) KaK TAaBHOE paccnoeHHoe MHOroo6pasue Hanx B, moayuaio-
meecs u3 P (B, G) pacuwrdpennem cTpykTypHoil rpymnsl G 10 G. Wan
noxpo6uee, Mbl cuutaem, 4o G jaeHcTByeT Ha (J NE€BOCTOPOHHUM 00-

Pa3’oM, ¥ CTPOUM PACCAOEHHOE MHOT006pasue CO CTaHAapTHHM cioeM U,
npucoenunensoe k P (B, G) (§ 9 rgasu I).

Tak xaxk G ecTp 3aMKHyTas HOATpymia Tpy Mt G, 10 MBI iMeeM
BJOXWEHWE ¢ PACCAOEHHOrO MHOFOOG6pasus P B P. C npyrofl cTOpoHHI,
romomopdusm ¢: G - G MOXeT GbITh pacliMpeH 10 romomopdusma ¢
pacCJIOeHHOr0 MHOrO0Gpasus P ma P, 3BameTum, YTO Mpl MOXKEM pac-
CMATPUBATH MHOr0OGpasue P Kak NpPAMOe NPOU3BEJEHHE P u F.
B camom nene, npu mocrpoeHuu MHor006pa3nﬂ P xax paccnoennoro
MHOro06pasus CO CTAHAAPTHHIM CIOeM (, TNpPHCOGIMHEHHOTO K P,
KaXjas TOYKa X € P ecTb KJaacc (npu JOMKHHIM 05pasoM BHIOPAaHHOM
COOTHOLUEGHUH SKBHBAJEHTHOCTH) 3JEMEHTOB (X, a) € P)XX (G; MB ofpe-
nenstem f kaxk oTOoGpakeHue, nepesoasee x B (x - 4 (a), g(a)) € P X F.
Herpynuo nposeputh, uto f ecTh uzomopdusMm mHOroo6pasua P Ha
npsamoe npoussejnenve P X F.

MoOXHO naTh WHTEPHPETALMIO, FeOMETpHYEecKu OoJjee IIpO3pau-
Hy0. MiMeHHO, Mbl MOXeM paccmaTpuBaTh a((UHHOE PaCcCIOEHHOE
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MHOroo6pasue P Kak riaBHOe paccJOeHHOe MHOroo6pa3He, NPHCOENH-
HeHHOEe K KacaTeJlhHOMY pacClIOeHHOMY MHoroo6pasuio T (B8), kawAHi
CIOH KOTOPOFO (KacaTeJbHOe IPOCTPAHCTBO B KawIOH TOouke 4 € B)
HajeneH ecrecTBeHHo#l addunxoi crpyxrypod.

[Ipumevanns x raase Il

1) O6uiee nsnoxenue teopnu cssHoctedt cm. B [1], [2], [3], [7].

Y no6Hasi TepMUHONOrHs (HANDPUMED, 20PUSOHMAAbHbIE BEKMOPbl, KpU-

8bie M T. 1.) 3auMcTBoBaHa Hamu u3 [1]. Teopema § 3 Grlna BHepBHle
CTPOro AOKa3aHa B cJyuae PHMAaHOBBIX CBfA3HOCTeH bBopenem n Jlnx-
HeposuueM (Borel-Lichnerowicz Groupes d’holonomie des
variétés riemanniennes, C. R., Paris, 234 (1952), 1835—1837).

2) TlousiTue CBs3WOCTed WCHONBL30BANOCH TAKKE B KOFOMOJOTrH-
YECKOH TEeOpHH TFJaBHHIX PacCIOEHHBIX MHOr003pasuil; CM., HapuMep,

(4] n [5].
3) MuoxecTso cBasHoctedl B P (B, () ecTp 66nyKA0€ MHONCECTEO

B crenyomem cuucne: ecnn o, ..., ol — dopmsl caasHoCTH B P,
TO MX BHINyKJas KOMOWHALHS

r r
@ == 2 akm(k), rae 2 ap=1, ap>0,
. k=1 k=1
ecTb Takxe (opma cBasHocTH B P. [lpuMeHsii NOHATHE TOPH3OHTANb-
HOTO MOANPOCTPAHCTBA, STOMY YTBEPXKAEHHIO MOXHO NPHIATh CAENLYIO-
uyo ¢gopmy. Ilycrs erk) — TOPH30HTANBHOE MONNPOCTPAHCTBO B TOUKE
x€P cBssHoctu, onpeneasemoit dopmoit (¥, Fopusonransroe moa-

HNPOCTPAHCTBO, ompefenseMoe (GOPMOR o, mpexacrasiaseT Co6OR MHO-
KeCTBO BCeX KacaTeJpbHBIX BEKTOPOB B TOYKE X BHAA

,
2 akX(k),
E=1
rie XM e Q¥ u x(X®W)= X, npuuem X mpoGeraer kacatembuoe
NpOCTPaHCTBO B TOuYke w (x) € B.

4) ViMeeT MeCTO TeopeMa, oGpaTHas TeopeMe O NPUBEJEHHH CBH3-
nocrer (§ 6):

ITycms P (B, G) ecmb 2Aa8HOC PpACCAOCHHOC MHO2000paA3Ue;

npednoaoxcum, 1mo cmpyxmypHas epynna G npusoduma K C8R3HOL

nodepynne Jlu H epynnet G. Tozda 8 P cywecmsyem c8s3nocms,
CYNHCEHHAT 2PYNNA 20A0HOMUY Komopoi cosnadaem c H.
HoxasatensctBo u nmogpo6uoctu cM. B [15], [9].

5) TeopeMa o cyurecTBoBaHnu cBasHocTed (§ 9) Moxer 6uTh cdhop-
MyJaipOBaHa Kak TeopeMa O pACIIHPEHMH JAaHHOH JOKANLHORK cBA3-
HocTH (cM. [15]).
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6) OTHOCHTeABHO BTOPOH aKCHOMbI CUYETHOCTH, BHUIOAMEHHE KOTO-
po#l NpeiNonaranochk IPH NOKA3aTeAbCTBE CYWIECTBOBANHR CBA3HOCTEH,
PaBHO KaK H NpH J0KA3aTeldbCTBe APYrUX BAXHHIX TeOPeM, NpHBeneM
Crepylouee NMPeAsOKeHne, HpuHaanexamee XaHo u On3ekH:

Ecau cessnoe mrozoo6pasue donycraem AuHeny0 CBIIHOCMY,
mo OHo Yy008aemBopsem 8mopoi awclloMe cdemHocm.

7) Jlokaabuble H HHGUHHTe3UMAAbHble TPYNNH FONOHOMHH CBH3-
HOCTM B IJaBHOM pacClOeHHOM MHOrooGpasuu OHAM ompefeieHb H
uccrejoBaHsl B HegapHeid pa6ote Opsexu [17], obobmaromel pabo-
ry [13] B cayuae auneiinsix ceasHocTel (cM. npuMeuanne 4 K raase I11).



Fanasa I

JUHEAHBIE CBI3HOCTH

§ 1. Jlune#lnasn cBs3HOCTD

IMycts B — nuddepenuupyemoe Muoroo6pasue pasmep-
HocTM n u P -— paccaoennoe Mmuoroofpasie penepos MHOrO-
o6pasua B; nycrb crpyktypHas rpynna G pacclIOeHHOr0 MHOro-
o6pasus P mnpexcrtasiger co0ofi raaBHyiO JHeliHyio rpyniny
GL(n, B (§ 10 raasu I). My poMHMM, 4YTO KakKAas TOUYKaA
x € P nopoxnaer mvuefibil H3OMOpPGH3M HeKOTOPOro n-mep-
HOT0 BEKTOPHOrO mnpocTpaHcTea F Ha KacarelbHO€ NPOCTpaH-
creo T, wmHorooOpasus B B Touke uz=—mw(x). Paccroennoe
MHOroo0pa3sue pemepoB NpeAcTaBiseT cOOOM riaBHOe paccaoeH-
HOe MHOroo0pasue cO CTaHRAPTHHM cJa0eM F ¥ CTPYKTypHO#H
rpymno#t G = GL (n, R), nmpucoenutenHoe K KacaTelbHOMY pac-
cnoerHomMy mMHoroo6pasuio T (B) muorooGpasust B.

[Mpexne Bcero M onpeaeaum wa P 1-¢opMy 0, npunnmaio-
UIYI0 3HAYeHUHd M3 BEKTOPHOro mpocTpancTea F. B kawnoi
Touke x € P monoxum 6,(X)=x-1.n(X) ana aoboro xaca-
TeAbHOro BekTopa X, rae x~!— oro6paxenue, obparnoe nuneh-
HOMy u3omopdmaMy x mpoctpanctsa F Ha T, u =x(x). n(X)
€CTh SJIEMEHT KacareabHOro mpoctpaHctsa I, a 0,.(X) ects
sjeMeHT mpoctpanctRa F. Mm Ges Tpyaa ycMmarpusaem, yrto
AeACTBHTENLHO TIpeAcTaniser cobo#t 1-popmy, NPUHHMAIOUIYIO
3Hauenus u3 F.

dopma 6 ynoBreTBOpAET CaelylOlIEMY YCIOBHIO:
R,-0=a"1-6
nns aioboro agemedra a €& G, T. e.
(R, - 9)(X)=a1-(6(X))

ang moboro kacareanhoro sexropa X B P, rae a—! B mpasoit
yacTH paseHcTBa 0603Havaer mpeo6pasoBaHue mpocrpauctsa F,
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coorteeTcTByiOUlee 3jaeMenTy @~!€ G. CnpaBeladBoCcTh 3TOrO
YTBEPKIAEHUS CJAERYyeT U3 PABEHCTB

(R 0, (X)=0,, (R, X)=(xa) "7 (R, X) =
—q-1l.x"1. ﬂ(X):a_I . ex(X)

Onpenenenue, Junelinoli cssasnocmpo Ha B Haswl-
BAaeTCsl CBA3HOCTb B TJIABHOM pACCIOEHHOM MHOTr00Opasuu P
(1M, 4TO TO Ke CaMoe, CBA3HOCTh B KacaTenLHOM pPAacCJOeH-
HoM wmHorooGpasuu T (B)). -

[Tycte 8 P 3alaHa HeKOTOpPas CBA3HOCTb; Temepb Mul Cle-
ByloWuM 06pasoM BBeLeM ONpelleieHHe 6a3UCHO20 BeKMOPHO20
noas. PaccMoTpuM nmpoussoabHHH 3ieMedT § u3 F. Onpelennm
B KQKAOH Touke X € P (eIMHCTBeHHHH) TOPU3OHTAAbHHIA Bek-
rop (B (£)),. npoekrupyiowuiica va x -£€T,, u == (x). Cono-
CTaBaAsd KaKAOH TOUKe X COOTBETCTBYIOLIMH rOpU3OHTAIbHbIH
BEKTOpP, Mbl Tonydaem BekrTopHoe node B (§), koropoe GyneM
Ha3biBaTh OCQ3UCHLLM BEKMOPHLLM NOAEHM, TNPUCOCHUHEHHBIM
k ECF.

C nmoMowbi0 mnoctpoeHHON Boime ¢opMbl 0 Mbl moayuaem
8(B(E)) =E& na P. OOparHo, OasucHoe sektopuoe moae B (£)
MOXeT ObITH ONpefeneHo KaxK (eAHHCTBEHHOE) TOPUBOHTAILHOE
BexTOopHOe mose Ha P, Ttaxkoe, uro 6(B(§))=§ B xawnoft
Touxe MHOTOoOGpasus P. B cuiy ceofictBa dopMel 6, Brpaxae-
moro pasexctsoM R -8 —=a~1.0, mp umeem '

R,-B({)=B(a1-§)

s nobuix a€G u EEF.

Jlpyroe BaxHoe cBOHCTBO GasncHoOro BekTopHoro noas B (§)
COCTOUT B TOM, YTO OHO He hMeer HyJefi mpu § = 0. Heficteu-
teabHo, ecay B (§) obpauaercs B Hyab B HEKOTOpOH TOuke X
w3 P, T10

x-f==-(B¢),=0,

oTKyna caepyer, yro £=0, Tak Kak X mpexactasaser coGOH
AUHERHBI H30MODPHU3M.

PaccMoTpum B BeKTOPHOM npocTpaHcTBe F (UKCHPOBAHHBIA
6asuc &, ..., &,, B KxoTopom ( nmpeAacTaBafeTCs rpynnof
MaTPHIL (a;) Torma anre6pa Jlu ¢ rpynner G Takxke moayudaer

npencrapneune B Bune aaredpst Jln, 06pasoBanHON MATPULAMH.
Mycts Aif’ i,j=1,2, ..., n, ecrb Gasuc amrebpu Jt g.



74 Ta. 111, Jluneiinbte c8s3HOCTU

Mul ceftuac nokaxeM, 410 QyHAAMEHTAALHEIE BEKTOPHHIE M0 A:j,

i, j=1, 2, ..., n, n OasucHve BexTOpHHE mnoaa B(,),

B¢y, ..., B(,) anaefiH0 He3aBHCHMBI B K&XAOH# TOUKE MHOro-

o6pasua P. [pexne Bcero, QpyHnaMeHTaAbHbIE BEKTOPHHE MO

A::; JAMHEeHO He33BUCHMLL Mexay cOO0H B MOOOH TOuKe, TaK KAK

oTo0paxeHHe '
Ag g (A9,

npexcrasaser co6oft AMHeHHHIH n3omMopduaM aarebpw Jlu g Ha
BepTHKAIbHOE TOANPOCTPAHCTBO B- 3TOH TOuxKe, MHOXeCTBO
(GyHIaMeHTaIbHBIX BEKTODHHIX TNOJeH H MHOXKecTBO OasuCHEHIX
BEKTODHHIX NOJelt ANHeHHO He3aBHCUMBI Mexny cOOOH, TaK Kax
BCE BEKTOpHl MNEPBOr0 MHOMECTRA BEPTHKAJbLHE, a BTOPOro —
ropuaoHTanbHH. HakoHew, OasucHbie BekTopHeie moas B (%),
B(&), ..., B(,) B mo6OH TOuKe AHHeHHO He3aBHCHMEL MO TOR
NPAUMHE, YTO €CJAM B HEKOTOPOH TOuKe paBHA Hy/II0 AHHeHHan
KOMOHHALHA

TO
n
i=1

H, CAeROBATEJIbHO, BCE ¢; PaBHH HY.IIO. 3ameTuM, 4TO pasmep-
HOCTh MHOroofpasust P paBHa n—tn2. Taxum 06pasoM, Hamu
NOKa3aHa

Teopema 1. Cywyecmsosanue csaznocmu 8 P umeem
caedcmsuesm NOAHYIO RAPAAAEAUIYEMOCME MHO2000pazus P.
HloxaxeM Tenepp CJACAYIOLYIO TeOpeMy:

Teopema 2. Ecau gexmoproe none A* gpynoamenmans-
Hoe, a B (§)—6asucnoe, mo cxobka [A*, B ()] npedemasgasem
co6oli Gasucnoe sexmoproe noae B(A-§), z0e A.% o6osna-
wgem obpaz mouxu § npu omoGpasicenuu A€, Oedemsyio-
wem 8 npocmpancmse F.

HoxasareabcTBO. [Ipekne Bcero 3ameTum, uTO ecau
a, eCThb OJHOMapaMeTpHueckas noarpymna rpymnmnsl G, NOPOXKAEH-
Had 5JMeMeHTOM A € g, TO MH HMeeM ‘

At —=liméE =8
t>0 f
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Tenepe Mb mnpumenseM k [A®, B(E)] teopemy § 2 ruasu I u
HOJy4aeM

B®—Ry-B® _ . BEO—B(a'-t)
et ————t—————.

[A%, B (f)] =1lim .
t>0

t>0

Tax xax orobpawenne £— (B (£)), npexncrasaser coGoft uueft-
HO€ U, CJENOBATENRhHO, AughdepeHunpyemoe oTobpamenHe mnpo-
cTpancTea ' Ha rOpu3OHTATRHOE TIOAMPOCTPAHCTBO Q,, TO Hamu-
CaHHO€ BbIllle BBIPAXEHUE PaBHO

_— _I.
B(lim E——at’——g>:B(A-E).

t>0

Ho B 3TOM u cocTOUT yTBepiAeHUE TEOpEMEH.

Teopema 2 Oyaer HUcnoae30BaHa B ciaefyouleM naparpade
MPH BRIBOJE CTPYKTYPHOTO YPaBHEHH#; KpPOMe TOro, OHa Hrpaer
BAXKHYIO pOJb MPU H3yueHUU BEKTOPHBIX noJjeft Ha P.

§ 2. dopma KpydeHun U CTPYKTYPHbIE ypABHEHHSH

B nomoineHne x BBeseHHod B § 4 raasu Il dopme xpu-
Bu3ubl € — Dw, rie o ecTb $GOpPMa CBI3HOCTH, Mbi OIpPENCTHM
TaK HaseBaeMylo POpMy Kpyierus juHeHHON CBI3HOCTH.

Onpeneneunune. Popma O =DO nasnsaerca @Hopmuoi
Kpytenus RaHHON nvuHeHAHOW CBAPHOCTHU.

dopma kpyueHus O mpencrasager coGoi 2-popMmy Ha P,
TIPUHUMAIOLLYI0 3HaueHust U3 F u oOsanaioulyio cBOHCTBOM

R“; O =a-16.

[MocnenHee ¢BOMCTBO JIErKO TPOBEPsiercss HEMOCPEACTBEHHO,
B cayuae, ecan ofuH U3 KacareabHbIX BekTOpoB X u ¥V BepTHKa-
ned, B (X, Y)=0.

Mul Mmenu cBsidaHHOe C POpPMOH KPUBUBHBL CTPYKTYpHOE
ypaBHeHue

(dw) (X, Y)=—%[w(X). o (V)4 2(X, V),

ycraHosnedHoe Hamu B § 4 raasw II. Temepr MB nosaydum
CTPYKTYPHOE ypaBHEHHe, CBs3aHHOE ¢ ¢opMOH kpyueHHs. ViMeHHo,
MHl JIOKaXEM CJellyiollee NMpPeRJoKeHue:
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TeopeMma (JonosHuUmMerbHOE CMPYKMYPHOE YPABHEHUE).
1
O (X, V)= {0 (V) - 0(X)—0(X) - 8()}+O (X, V)

0as a1066x BeKmoOpHux noaell Ha P, 20e o(X)-0(Y) obo-

snauaem peayismam npumenerus o(X)Eq x O(Y)EF;

ananozutnbl cmvica umeem o(Y)-0(X).
IHoxazaTeabcTBO. [[OCTATOUHO pPACCMOTPETh CJAEAYIO-
e TpH ciayuas. '
1) Bexropubie moas X u YV dynnamenramwter: X = A"
Y =:B* Toraa mpasas 4YacTh CTPYKTYPHOTO ypaBHEHHA, Oye-
BUIHO, pasua 0. Jlemas vacTh npuHHUMaeT BHI

5 (A 0(BY— B 0(&) —0 (14", B))),
T. e. TAaKXe OKa3nlBaercd pasHoft 0. _
2) X ¥ Y ropH3oHTa/ibHE; B STOM CJyude CTPYKTypHOe
ypasueHUe CBOZUTCA K ompeneneHdio dopMul O,
3) X= A" dyunamenranpuo, a Y ropusOHTaNbHO; MBIl MOXEM,
KPOMe TOTO, MPeANON0XKHTh, uTo ¥ = B (%) ecTb 6asucHOe BeKTOP-

Hoe noJe. [1paras wacTh CTPYKTYPHOTO YPaBHEHHS OKAa3niBaeTcH
pasHoOHi

—0(A) 0(BE)=— AL

JleBas yacTe moJyuaeT BHA
Ll 0BOI—B@ - 8(4)—8 (14" BEOD} =
= — 3 0(14% BOI);

1
HO MOJAYYeHHOe BhipaeHHe DaBHO — 714 -£ B cuay TeopeMsl 2

(§ 1). Teopema noxasana.

Paccmorpum nBa 0GasdcHeX BekTOpHHX moas B, u B,. Kaxk
MBI y)Ke BUIeqd, BepTUKa/JpHAd COCTaBImolias cxkobxu [B,, By]
paBHa

o ([By, Byl)=—22(B,, By).

Ecad Tenepp ropusoHrainbHas cocTaBasiollas ckoOkd [B,, B]
B TOuKe X oKasmiBaeTcs pasuo#t (B (§)), mas mexoroporo £€ F,
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TO TOJyYeHHOe CTPYKTYPHOe YpaBHeHHe (BTODOH ciayuad) Haer

&) (31» Bz) =db (Bx» Bz) =
1

=7 {Bx ' 6(Bz)‘—Bz : 6(31)—"6([31, 32])},

20, (By, B) =—0,(BE)=—:.

Caencreue. Ecau B, u B,— dsa npousdgosvrelx 6azuc-
HbLX BEKMOPHULX NOAS, MO 2OPUIOHMAALHAS COCMABASIOUWAS
ckobru [By, Byl pasna — 20 (B,, B,). ’

§ 3. KoBapuaHtHoe auddepenunpoBanne

Kax 6mao noxasano B § 10 raase 1, cBI3HOCTH B FJIaBHOM
paccioeHHoM MHorooGpasun P (B, G) nopoxaaer CBfA3HOCTDb
B JI000M NPHCOEXHHEHHOM PAacCJOEHHOM MHOroo0pasuH H, cle-
JoBareJbpHO, onpeneadeT napajiegpbHoe nepeHeceHHe CJIOEB BAOJIb
KpUBHX B B. B cuiy sTOro, paccMaTpHBas JHHEHHYIO CBA3HOCTD,
MB! IIDHXOAUM K MOHATHIO TapaJ/JeJbHOTO nepeHeceHud Kaca-
TeJbHHIX BEKTOpPOB MHOroo6pasus B paoab kpuswx B B. Pac-
CMOTpHM JMIOOYIO KPHBYIO T, COCNHHAOILYI0 B B TOYKH uy H u,.
[TapannenpHoe mepeHeceHHe BAOJb T MpeAcTaBaseT cofo# iHHel-
HeIl H3oMOphH3M KacaTeabHHX npocrpaHcTs Ty, u Ty, [loHatHe
JUHERHON CBA3HOCTH IOJydYaeT, Takum 00Da3oM, reoMeTpHuYecKoe
HCTOJIKOBAHHE.

Paccmorpum Ha MHoroo6pasud B 1pa seKTOpPHHX noas X u Y.
Mul onpelenuM cefiuac TaK Ha3HIBAEMYIO KOBAPUAHMHEYIO NPOU3-
800K Y10, 0003HAuaeMyI0 cMMBOJIOM Vy - X, BekTOpHOro moas X
OTHOCHTENLHO BeKTOpPHOTO mNoas Y. PaccmorpHm npoH3BobHYIO
Touky p€ B; mycrh u; 0003Hauaer HHTErpajbHYI0 KDHBYIO BeK-
TOpHOro mnoas Y ¢ HauaabHbIM ycaoBHeM wuy == p. [lapamreannoe
nepeHeceHHe T, ' BXOIb STOH KPHUBOA W3 TOYKH 4; B TOUKY 4

(B HanpaB/JeHHH, COOTBETCTBYIOLIEM YOHIBAHHIO f) oTOGpaxaer Xut
(3HAueHue BeKTOPHOTO moas X B TOYKe u,) B KacaTeJbHHIH BeK-
Top t[l-Xut. Mut  onpepensem (Vy- X), Kax KkacaTenbHbift
BEKIOp B TOYKE p, PaBHHHA

‘

-1
lim NI i1 Xu"‘_—Xp
7 .

t>0
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CrtaBg B COOTBETCTBHE KaAOH TOuKe p KacaTeJbHEIH BEKTOD
(Vy - X),, MB mosyvaem Bektopuoe mose Vy- X, KOTOpOe Mbi
6yAeM Ha3bIBATh KOBAPUAHMHKOL npOU3s00HOE BEKTOPHOTO Mo X
OTHOCUTEILHO BeKTOpHOro moad Y.

Bocno/bayeMcs teneps NOHATHEM PACCAOEHHOTO MHOTOOOpa3ns

penepos P. TIlycrs y,—uexoTopas Touka u3 P, nrasg xoropo#

n(Yo)=p; nycrb y; o003HadaeT TOPH3OHTATLHYI KPHUBYIO,
nakpuaoulyio u, Torna t;!'.X, MOXHO 3amHcaTh KaK
Yo Vit Xup The y;'— 0TOOpaKEHHE KacaTeabHOTO MPOCTPaH-
cta Ty, Ha F,a y,— oroGpaxenue F ua T, (cm. § 10 raasui II).
Takum 00Pa3oM, Mbl MOJydaeMm
-1
Yo ¥ Xu —Xp
(Vy - X),=lim -————t"——
t>0
[MonyuuM Tenmepb JApyroe BHpPA)eHHe JAd KOBapHaHTHOH
npoussoiHO# Vy - X. IlpesBaputenbHo JOKaxeM CJeAyIOULYO.
JeMMY:

Jlemma., Mooxrno yemanosumes 83auMHO O0O0HO3HAYHOE
coomeemcmaue Mexc0y MHOYNCecmBOM BeKmOopHux noseld X
Ha B u muooucecmsom dugppepenyupyemoix dpyarxyul f na P,
npunagmaouuyx 3natesus w3 F, maxux, 1mo

f(xa)y=a"!. f(x) Oam arbux xE€P u a€G.
Jag 3mo20 00CmMAmMoOUHO NOAOIH UMD
F(x)=10,(X),

20e X°® ecms augpm sexmoprozo noas X omuocumesbrO
npou3soAsHol Aurelinold csfa3nocmu.

JdokasateabcTBo. Ecan X*— mdT A2HHOrO BekTOp-
Horo moaa X Ha B oTHocuTenbHO kKako#-aubo JHHeHHOH CBA3-
HOCTH, TO B CHJIy ONpeiesenus ¢opmbl O MH noaydaem

b, X)=x"1m(X)=x"" X, (0)

Crenosarenbho, f(x)=x"1.X, () Npeicrapiser coboi aud-
depeHunpyeMyio Qyukuuio Ha P, npuHuMaoLlyio 3Havenda us F,
W3 pasencts R -0-=a-1.0 u R,- X"=X" cuenayer, uro
f (x) o6nanaer cBoictBoM f(xa)=a~'- f(x).

O6patHo, mo6aa dyuxuus f: P — F, ana kotopo#t f(xa) =
=a-1. f(x), nopoxpaaer BeKTOpHOe MmOJe X, OmNpejae/deMoe

s d
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paseacTsoM X, =X - f(X) u He 3aBuCAllee OT BHOOPA TOUKH X,
€C/M TOJBKO w(X)==y4. $lcHO, 4TO NO/NyYeHHOE COOTBETCTBHE
B3aHMHO OJHO3HAYHO.

C noMompbi0 10OKa3aHHOH JeMMbl MH JajuM APyroe onpe-
Ienende koBapuanTHOH mnpoussosHO# Vy . X, akBUBaJeHTHOE
nepsomy. [lycte f-— dynukuua P — F, cOOTBercTBYIOWLAs BEK-
topHomy nomo X. Ecau YV*—uudr sexropHoro moas Y, to
dynkuua Y*f: P — F cHOBa TOro e TUMa, yro M QyHKIUA f.
HeficTBUTENLHO, MBI MMeeM

(Y*fyxa) =), - f=(R,- V)=V, (f-R)=
=Yi(@a . f=a-t (Y'f)(x).

B cuny nokasanuolt snemMmbt dyHxkuua Y*f nopoxpaer sexrop-
Hoe moJe Ha B, xoTopoe, xak Mbi cefluac yGeinmmcd, coBnanaer
¢ Vy. X. Vimeem

vyl x —X -l x _y-l.x
Yo' ¥y uy u Yt u Yo

4

li 0 __ i _
£50 ‘ ) f
=y, th;no f(yt‘)yf(yO) =y0 . (y*f) (yO)’

TRE Mbl HMCNOJB30BATH TOT (AKT, YTO Y, — UHTETPANbHAT KpH-
Bag audra Y*, npoxoxsmas uyepes y,. M3 HanucaHHHX paBeHCTB
cieayert, 4to

(Vy « X)uy= Yo - (V) (¥o)-

Tax Kaxk #,— npousBoJbHAs TOYKa MHOroo6pasus B, To Tem
caMblM NokasaHo, 4to Vy-X mnpeacrasaser cobofl BekTopHOe
nose Ha B, coorsercrsyiomee QyHxuuu Y*f:P — F,

[TpuseneHHoe paccyxieHde NMOKasHBder, uTo, Tpydo rosopd,
KoBapuaHTHoe auddepeHunposante B B coorserctByer AHpde-
peduuposanuio JI4 B P. HerpyaHo Takwe AoxasaTh Cleiyioulye
coficTBa xoBapHaHTHOH mpousBopHo#t Vy - X:

Teopema. 1) Vy y,- X=Vy - X4 Vy,- X,
2) Vy - X1+ X)) =Vr- X, +Vy Xy,
3) Vor: X=1¢Vy- X,
4) Vy-(¢X)=¢Vyr - X+Y¢- X,
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20e X, Y u m. 0.—sexmopnsie noan na B, a ¢ —npous-
goabuas Ougpgbepenyupyemas Byuyus Ha B.

HoxasarteabcTBo. CrolicTBO 1) OueBMAHO B CHUIy TOID
¢axra, yro audr cymmum YV, ¥Y, pasen cymme JHPTOB BeKTOD-
HpIX moaet ¥V, u Y, AHaJIOTUYHO CcBOHCTBO 3) caelyer H3 TOFO,
4TO JHQT BeKTOPHOTO 104 ¢V pasen ¢°Y*, rae V'— mdr
BeKTOpHOTO moJas ¥, a ¢*— dyuxupsn ¢ - =. CsolicTBO 2) Cre-
AyeT M3 TOTO, uTo QYHKUHA P — F, cOOTBeTCTByIOLUlas BEKTOP-
Homy mouaw X4 X,, paBHa

0 (X2 X3)=0(X7) -0 (X2),

T. e. CyMM€ GYHKUHH, COOTBETCTBYIOLIWX BeKTOPHBIM TOasiM X
H X, Haxouew, eciu f==0(X*), 1o ¢*f npencrasaser coboft
byHxuu P —> F, COOTBeTCTBYIOUIYI0 BeKTOPHOMY mN0a0 ¢X,
rae ¢" = ¢ - =. [lycrs V* o6o3Hauaer audr BexropHoro noas V;
TOrja Mbl IOJyYaem

Y N)=¢" (V"N+ ¢/,
rae Y'¢*=(Y¢) - w. Tem cambiM cBOHCTBO 4) 10Ka3aHO.
EciH KOBApHAaHTHYIO IpOH3BOAHYIO Vy . X 3anucath B BHIE

Vy - X=1(X)-V,

TO B CHJy ROKa3aHHOH Teopemnl £ (X) Oyaer npexcTaBaars coboit
§-sunomopduam F-moayaa X (§ 2 raaswer ), Takofl, uro

EFX X)) =t (X)) +1(Xp) 1 t($X)- Y =t (X)- Y+ V- X.

[TonyTHO 3aMeTHM, uTO (GOpMyay AAA KOBAapUAHTHOMH NpOH3-
BORHOW MOXHO 3anucarth B BHAE

(Vy - X), = x - (Y7, - 0(X™)), u == (x),

rae X* u ¥V* 0003Ha4alOT COOTBETCTBEHHO JMHQTH BEKTOPHBIX
noneft X u Y.

Kosapnaurnoe andoepeunnpoBanue Vy OTHOCHTENBHO BEK-
TOPHOTO MOJA Y MOXHO NPHMEHATb K NPOH3BOJLHBLIM TEH30PHHIM
noasM Ha B. Bripamasch reomerpHueckd, napa/nielpbHOe mnepe-
HeceHHe T BROJIb HEKOTOPOH KpHUBOW H3 4, B u,, fABJIAKOLleecq
JUHERHHIM H3OMODPGHU3MOM KacaTeJanHOrO npocrpancrsa T, Ha Ty,
NOPOXKAAET JHHEHHHIN H3OMOPPHU3M MEKAY TeH3OpHLIMU fpo-
CTPaHCTBAMH B TOUKaX Zy M #;: Ml OyxeM 0603HauaTh HOC/IeXHUN
Toi ke OykBoft t. PaccMOTpHM NpOM3BOJLHOE TeH3OpHOE nose K
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Ha B. Msbl onpeneiseM KOBapHAHTHYIO NMPOH3BOLHYIO (Vv - K),
CoBepIIeHHO TaK e, Kak Mbl onpemennad (Vy. X), B Hauame

storo naparpada. Torga Vy . K OKaseiBaeTcss TEH3OPHBIM NOJEM
TOrO XK€ camoro Ttvma, yro u K.

Teneph Mbi BBeleM TAdK HasblBaeMul kosapuanmubili dudh-
gepenyuanr VK mnpoussosbHOro TensopHoro noJas K. Kosa-
pHaHTHas npou3BogHas VxK Oblna Bhillle OMNpejeseHa AJas J000ro
BEKTOPHOTO noJsa X Kax TeH30pHOe MOJe TOTQ e THMA, 4To H K.
Ecau K ectb TeH3OpHOe mnoJe tuma (r, S), T. e. r Pa3 KOHTpa-
BAPHAHTHOE M S pa3 KOBAPHAHTHOe, TO K MOXHO ONpeje/HTb
KaK TaKoe NpaBUJIO, KOTOpOe cOmOcTaBiaseT J0GOH RaHHOR
NOC/AEeAO0BATENbHOCTH § BeKTOPHBIX moJelt X, ..., X, TeusopHoe
noae, K (Xy, ..., X,;) mana (r, 0). Mul onpenenseM xkosapuanm-
Holil dugpgpepenyuas VK xax TeH30pHOe mose tHma (7, s 1),
cTaBsllee B COOTBeTCTBHE MOCAeROBATENBHOCTH (Xy, ..., X, X)
tensopuoe nose (VxK)(X,, ..., X,). B uactHOCTH, paBeHcTBO
VK =0 o3Hauaer, 4T0 TeH30pHOe moje VxK paBro 0, KakoBo Onl
HH OBLIO BekTOpHOE moje X.

Hns panbHeRWIMX MPHAOKeHAR BarkeH WACTHHIR cayuaft r = 1.
Ecmn K — tensopHoe none tuma (1, §), to K(X, ..., X))
npencTaBageT co0oi BexTOpPHOe noJe. [l TaKUX TeH3OPHBIX
nojet —a K HAM, KaK Mbl yBHAUM B § 5, mpuHamnexar ompe-
leJseMble TaM [OJS TEH30POB KPHBH3HBl H KpyYeHHs — HMeer
MecTO dopMyaa

(VKX - . Xs’, X)=

s
=VxK(Xyp +. s XS)-—ZIK(Xl, con Ve X o X
=

[TpoBepka cnpaBelJIMBOCTH 3TOH (OPMYJabl MpPeROCTABISETCS
YHTATEIO.

§ 4. I‘fj H 9KBHBAJeHTHOCTHL ONpefeleHuil

B npembinyuiem naparpage ObinO MOKA3aHO, UTO 3ajaHHasA
nHa B sgMHelHas CBA3HOCTb MOPOXKAZET OMEPALMIO KOBAPHAHTHOTQ
aAddepeHUUPOBAHUA ORHOTO BEKTOPHOrO noJas X OTHOCHTeJbHO
APyroro BeKTOPHOrO moJasa Y:

Vy - X=£t(X)-. V.
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Temnepb MLl BBEJEM TAaK Ha3bIBaeMBle KOMHOHEeHMBbL AUHEEHOI
c8A3HoOCMU I‘?j.

BosrMem B B kakyw-HuOyAb KOOPAMHATHYIO OKpecTHOCTH U
¢ JOKAJIbHbIMKH KoopAumHatamu «!, ..., w®. Kak nam usBectHo,
BEKTOPHDLIE 1104

g g
V=g e Xa=gm

06pa3yoT Gasuc F-MOAyJad BeKTOPHHX noJjelt B U. PaccMorpum
WHAYLMPOBaHHY0 B U /uHeHHYIO CBA3HOCTb W NOJOKAM

n
(1) LX) X; = gl %X,

£ 3
rle CUMBOJIbI I‘ij 0003Haya0T 73 AuddepeHuypyeMblx PYHKLHUH, .

3aflaHHbiX B U W HasbiBaeMBIX KOMnoHeHmamiu OanHod audeii-
HOU CBA3HOCMU B8 AOKGAbHBLX KoOpOunamax (ui, ..., u®).
B oKkpecTHOCTH, B KOTOPOH BBEREHH ABE CHCTeMbI KoopauHar (uf)
u (v’), BekTOpHble MOAaA V; = 0/0v! u X, = 0/du’ npeobpasyloTcs
0JHO B Apyroe no ¢opmynam

. n ;

, \' ou’ ,
©) h:)-a—;xj, i=1,..., n

=1

4
KowmroHeHTHI I‘i}z JaHHOH CBA3HOCTYM B JOKAIbHBIX KOOPAHHATaX
(v, ..., U) moJayualOTCH W3 I‘fj npocroit moAcTaHoBKOR (2)
B PaBeHCTBO

n
'k

3) LY)Y; —_—1221 r;v,

W CpaBHEHHEM TOJMyYeHHOTro pesyibTata ¢ (1). Mb npuxonum
K clelywlle#t Kiaaccuuecko#t dopmyae:

n n
\' Ol= odvf N\ u* 9P 9o
PR 1 YT R i LAy
) i ovidu’ au” + 0 vl out
a=1 a B, y=1
OOGpardo, ecaum AJ9 KaKAOH cucTeMmsl KoophuHart (&', ..., a®)
B B 3alana cucteMa KOMIIOHEHT I‘fj, MOAUMHSIOLINXCA 3aKOHY
npeoGpasosanns (4), To dopmyaa (1) u popmanbHble CBOHCTBA

orneparopa ¢ (teopema § 3) onpenensoT fy (X)Y B HekoTOpo#
KOODAWHATHOR okDecTHocTH [/ g mofnx rexTonunx nonedt X
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u V. Jlns mo6rx IBYX BekTOPHHX mojeft X u Y na B b
MOXEeM oOmpeflenurh BeKkropHoe mnose £(X)Y Ha B, mnonaras

(X)) = (ty (X) Vi),

rie Xy v Yy npeacrapasior cobo#t cymeHHsS BEKTOPHHIX moJeit X
u Y Ha Hexoropylo okpectHocts U Touku p. JledcTBuTENBHO,
npaBas 4acTb He 3aBUCMT OT Bui6opa okpectHoctd U, comepixa-
el p, 4TO JErko mpoBepsaeTcst ¢ MOMOLIBID (4).

TeM caMbiM YCTaHOBJEHO, YTO CYLIECTBOBAHUE JMHEHHOH
CBASHOCTH, BBENEHHOH KJACCMYECKMM CIOCOGOM C TNOMOILBIO
KOMIIOHEHT I‘{?j, SKBUBAJEHTHO CYLIECTBOBAHUI0 HEKOTOPOTO Ofle-

paropa £, yIOBJCTBOPAOLEro ycaoBusM Teopemb § 3.
«OcraeTca mOKa3aTb, 4YTO 3aLaHHBIE HAaGOP KOMIOHEHT I‘{?j

onpeensieT CBAHOCTb B PACCIOEHHOM MHOroo6pasuu penepos P.

C 9TOf ues b0 MBl MCTOJAB3YEM JOKAJbHbBE KOODIWHATH
B P, Beenennble HamMu B § 10 ruaBul [. Paccmorpum Hexoro-
pyo okpectHocts U B B ¢ JOKAIbHBIMH  KOODIMHATAMH
(ut, ..., u%). Jho6as Touka x & P, npencrasasouas co6o#
penep B Touke # = m (x) & U, Moxer ObiTb NpeicTaB/leHa B Bule

n
, EXf(()%k), i=1,...,n
k=1

rae det(XF) + 0, a (uf, XF) — noxanbhbie Koopautats B~ (V).
Beenem marpuiy (Yf), o6patHy0 K (Xf), TaK 4TO
n . . n
S xiyf= X vixF =3
/=1 j=1

Ecnu Bu6parb B U 1pyrywo cucremy KOOpAUHAT (u"), TO COOT-
BeTCTBYIOLMMY KoopAuHaTamu B =w~!(U) 6ynyr (u'j, X’f),

B ol k
rae X'; u Y, ceasann ¢ X7 W COOTBercTBeHHO Yi opu  10-
MOUIYM COOTHOLIEHUH

n
B Y ou'E
() xi= 35 xl,
j=1
. ' n a]‘
. i N ., Ou
@ v XS

6%
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U3 KOTODBLIX, B YACTHOCTH, CJelyeT

n n

(3) g V;du”’ :2}1 Yidd.
TaxuMm oGpasom, Buipaxenue (3) onpenesseT Ha BCEM PACCIOEH-
HOM MHOroOGpasuu P copokynuocth 1-dopm 0f (i=1, ..., n).

3apukcupyem Hexoropuift Gasuc (§, ..., §,) BEKTOpPHOrO
NpoCTPaHCTBA 7, ABAAIOLIETOCH CTAaHAAPTHBHIM CJ0eM Kacarelb-
HOrO paccaoeHHoro wmuoroo6pasus T (B). Ham wussectHo, uro
MB MOEM paccMaTpMBaTL TOYKY X KaK Takoe JuHe#Hoe oTo-
Gpaxenue npocrtpauctsa I~ Ha T,, mpu KoTOopoM o6pasoM mo-
Goro sjeMenTa £, sABasteTcH

> X[ (0/0uk).
A=l

Orcwona caenyet, 4to [ -anHayHas gpopma
n

> 0%,

i=1
COBMafaeT B JEHCTBUTENLHOCTH ¢ TOH caMmoi#t ¢dopmoit 0, koro-
pas Obila eCTeCTBEHHLIM, ,BHYTPeHHUM“ o00pa3oM oINpeaeJeHa

B § 1.

Mubi OnpenenuM Terepb (POPMY CBABHOCTH «® C MOMOUIBIO
R
pauubix komnouent I'j;. BBepem coBokynHocTb opm

n n
(4) o :E 14 <dX{ +u§=1 DXt du“>.

Kaxnas us uux mupencrasasetr cobo#t 1-dopmy na P, ompene-
JEeHHYI0 He3aBUCUMO OT BHOGOPA JOKaMbHBIX KOOpAMHAT (4?).

Tenepb MOMOKUM
: n

S .
W= Z, (D,’-ZA;Z,
L E=1
rie Ag, &, k=1, ..., n, o6pa3y0T Tako# 6aauc MPOCTPAHCTBA

al(n, R), ssaswowerocs aare6pofi Jlu rpymnm GL (n, R), uto
WMCIOT MECTO paBeHCTBa Af - &j:a,’iak. Me npenoctaBiseM uu-
TaTeQI0 B KayecTBe YNPaXHEHHs 10Kas3aTb, YTO » OKaabiBaeTcs
¢dopMott cBsisHOCTH B P, npuyeM KOMIIOHEHTH 5TOW CBA3HOCTH

B JIOKAJbHBIX KOOpAMHATAaX 41, ..., u COBMAa0T C 3aJaHHBIMU
pynkuuamu %,
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§ 5. Hoas TeH30pOB KpyHeHHA H KPHBH3IHBI

Mup BBeneM B B moasg Tak Has3HBAaeMHX TEH30POB KpydeHUs
W KDHUBM3HH, HCXOAS M3 [OCTPOEHHHX Bbillle (GopM KpyueHHs
W KpUBH3HB B P. Jlns 2TOro Msi Hpexie BCEro 3aMeTHM, YTO
CYLIECTBYET B3aUMHO ONHO3HAYHOE COOTBETCTBHE MEXIY TeH30D-
HHIMH [OJSIMM HEKOTOPHX THINOB Ha B, ¢ o0aHO# CTOpOHBI,
H HEKOTOpbIMA ¢opMaMH Ha P, npuHUMAOWMMHU 3HayeHus u3 F
WIH U3 ¢, ¢ APYro#t CTOPOHH. BCHOMHMM, KCTATH, YTO uMeeTcd
B3aUMHO OIHO3HAYHOE COOTBETCTBHE MEXIY BEKTOPHBIMH NOJAMH
Ha B u takumu F-3naunoiMu QyuxumaMu Ha P, koTtophe o6aa-
1AT CBOHUCTBOM f(xa)=a~1. f(x) (1emma § 3).

dopmy o Ha P Mb 6yleM HasuiBaTh 20pU30HMAABHOLN, eCIH
OHa, MCye3aeT B TOM CJydyae, KOrAa OJHa M3 HE3aBMCHMHX Mepe-
MEHHBIX fBJISETCA BEPTHUKAJIbHBIM BEKTOPHBIM MoseM. Ito I0-
HATHE BBOAWTCA Oe3 BCAKOH CBA3M C CYILECTBOBAHHUEM HEKOTO-
po#t auHeltHOH cBA3HocTH. Hukakux npeinonoxeHu#t O CyuecT-
BOBaHWH JWHeHHOW CBABHOCTM He [eJdeTCs W B CAELYIOWHX
HHXKe Tpex JeMmaX. JIuiib Nast ynpouieHHs NOKa3aTelbCTB Mbl
BOCIO/b3yeMCcd [POUIBOJbHOH JHHEHHOH CBA3HOCTBHIO; BO BCeEX
CAy4aax NpU STOM HAWM paccyxieHus He OyAYT 3aBHCETb OT
BHOOpA JHHeRHOW CBA3HOCTH B CHJIY TOPUSOHTAIbHOCTH (HOPMH &,
I10 3aMeuanue Mp Goubliie He GyIeM TOBTOPATH,

Jlemma 1. Cywyecmsyem 83aumno 00HO3HAYHOE COOMBEM -
cmeue Mmedcdy MHOMCeCmBOM mMeHn3opuux noseld K na B
muna (1.1) u muoocecmsom maxux F-3HaunblX 20pU30HMANb-
Hotx 1-gpopmn a na P, xomopvie o6iadaiom c8odcmeon

*
Ry-a==qa"1.qa

018 scarozo 3aemenma a€ G.

HDoxasaTeabcTBo. Maes nokasaresbctBa Ta Ke, HTO
u B jJemMme § 3. I[lycte 3amano tensopuoe moste K tuna (1,1);
trorna K, (2€ B) ectb JuHefHb# 5HAOMOPGUSM KacaTeqbHOro
npoctpanctsa T,. Onpenennm Ha P F-suauuywo 1-popmy o pa-
BEHCTBOM

o, (X =x"1. K(nX"),

rae X*— npoussoabHHH KacaTeabHb BekTOp B Touke X € P.
Henocpencreenso nposepsiercss CBOHCTBO (opMmbl @, cHopmyan-
posannoe B JeMMe 1. O6patHo, nw6as ob6nanaiomas >TuM
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cBOficTBOM (opMa a NopoxnaeT rensopHoe note K tuna (I, 1),
onpenenseMoe Gopmyoh

K, (X)=x-a, (X",
rie w(x)==u u X* ectb audt BekTOpHOro moia X; NpH 3TOM
npaBas 4actTb HE 3aBUCAT oT BHOOpa TOUKW X Haj u.
3amernmM, uro ¢opma 0, seemennas B § 1, kak pas sB.Jagercd
dopmMolt co croficTBoM, ykasanuuiM B Jemme 1. CoorseTcTBYyIOUIEE
TeH30pHOe MoJe Ha B ompelessercs paBeHCTBOM

KX)=x:0,(X)=x- (x"1.2(X*)=2X,

T. e. IHpelcTasiser cOGOH TeH30pHOE IOJe TOXIECTBEHHBIX Hpe-
o6pa3oBannft KacaTeJbHOro MPOCTPAHCTBA B KawAOH TOUKE MHO-
rooGpasus B.

Jevma 2. Cywmecmsyem 83auMHO O0O0HO3HAYHOE COOM -
semcemaue Meicdy MHOIECmMmBOM men3opusx noaeli K nHa B
muna (1,2), macux, wmo K(X, VY)=—K(Y,X), u muoxce-
cmsom maxux F-3HQYHBLX 20DU30HMAAbHOLX 2-HOpM @ Ha
P, komopuie o6aadaiom csolicmeom

®
Ry-a—=at a

0asa awbozo ssemenma a€ G.
NokasareabcTBo. Paccmorpum Hexoropyw dopMy o
YKa3aHHOTO THIA W ONpENeN¥M TeH30pHOe moje K paBeHCTBOM

K (X, V)=x-a (X", V"),

rie n(x)=u u X*, Y* o0603HaualoT audTH BEKTOPHHX NoJef
cootBercTBenHo X u Y. B cuny toro, u4To @ ectb (opMa, Mu
noJydaeM

KX VN=—K(, X).

Jletanu mokaszaTeJNbCTBA MBI OCTaBJAAEM UYUTATENIO.

Onpepeneunne, TeusopHoe nose T na B, coorsercrByio-
mee Qopme 20, rre O ecrb (QopMa KpyueHHs, Ha3HBaeTcs
nosem mernsopa kpyiensiss. OHo mnpeacrasaser coOolt TeHsop-
Hoe nose tuna (1, 2) co csoficteoM T (X, V)=—T (V. X).

JemMa 3. Cymecmsyem 83auMHO 0OHO3HAHHOE COOMBEM -
cmaue Medncly MHONceCMBoM-mensoprulx noasel K muna(l, 3),
TaKUuX, 4To

KX, V)=—K(. X),
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20e K(X,Y) ecmv mensoproe nose muna (1,1), onpedesen-
Hoe 0as a06bix 08yx sekmopubix noaeii X u Y, u muosce-
CMBOM §-3HAUHBLX 20PU30HMAAbHBLX 2-gfopm a Ha P, o6aa-
oanuux Csolicmsom

R,-a =ad(a~?) - e,

m. e. npunadaexcayux muny ad(G).

JokasaTeabcTBO. Mbl OrpaHuuuMcs YKa3aH#HeM COOT-
BercTBuA. Ecau a mpencrasaser coboff ¢opMy yKazaHHOro Tuma,
MBI OlIpejiesiieM TeH3opHoe mnoJje K paBeHCTBOM

K, X, V) Z=x-0, (X Y x"1Z,

rne X, Y u Z—xacareabubie BexTopnl B Touke i, X* u V*—-
aupTet X # Y coorBercTBeHHO M T (X) = L.

OnpeneneHune. Teuzoproe none R Ha B, cooTBercTByoUIee
¢dopMe 22, rne @ ecTs (opMa KPUBM3HL, HABLIBACTCH 1O.4EM
mensopa rkpususns.. OHO mpencrasiser coGolt TeH3opHOe MOJe
tuna (1, 3) co csolicteon R (X, V) =—R(Y, X).

Teopema. [Hoass men3opos KpyueHus u KpPUSH3HbL Bbl-
pasxcaiomes cae0yiomum 06pasom ¢ HOMOWBIO OREPARUL KO-
sapuanmnozo Oudibepenyuposanus, onpedessemol Oannoll
AUHEAHOU CBA3HOCMDBIO:

TX,V)=Vx.Y—Vy. X—[X, Y],
RX, V)=[Vx: Vy]—Vx, 1,

20e X u Y —npouasoasine Bexmopuvie HOAS HA MHO2000-
pasuu B,

HokasareabctBo. Iycts X* u YV* o6osnavawor audrol
BeKTOPHHX monet X u Y coorBercrBeHHO. Bocnoabayemcs

dopmynoit
(Vx-V)=x-(X;(0(Y))), =(x)=u,
H BCHIOMHHM, yTO A [X*, V*] ecTb de)r ckobku [X, Y] (n1emma 2
3 § 1 raasw [I). Torza Mu moayuum
T, (X, N=x 20X V)=
—x [X 0 — Y B(X)— B, (X, V) | =
| =(x- Ny — Ty - X)— X 7],
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YTO W JOKa3biBaer nepByl0 ¢opmyny. [lokaxeM Ttenepb ¢op-
MyJAy IJas 1oJs TeH3opa KpuBH3HH. [lycte Z — IPOU3BOJbLHOE
BekTOpHOe mosie Ha B; paccMorpum dyuxumio f=10(Z%), rae
Z* — nudt BexTopHOTO moas Z. B cuay rtoro, 4ToO
(X% YV l=h[X* V140 (X* Y7,
MH TOJIy4YaeM '
(IVx, VWl Z—Vix,v)+ £), =
=x(Xe - Vf— Voo X°f —(R[X", V1), f) =
=x - ([X* YD, f
Boabmeu Temnepb Tako#t saemeHt A€ g, Ang KOTOPOro
Ay =(v[X* Y*]),.

Tak kak

22,(X%, V) =—o, (X V) =—A4,

TO BTOpad (opMmylna TeopeMH MOJydaeTcs B CUMy cJenylouieh
JeMMBI: A

Jevmwa. Iyems f—markan F-3naunas @yucyus sa P,

das KOmopoil
flxay=a~1. f(x);
mozda 0as awlux ACQ u XCP umeem Mecmo pasercmso
) *
Ag - f=—A. f(x),
20e .1e8as Hacmb eCmb pe3yibmam RPUMEHEHUS KaCameds-

HO20 Bexmopa A; K gynxguu f, a npasas uwacmoe — pe3yns-

mam npumenenusi aremenma A€q k f(x)EF.
Ookasarteabctro. Ecau a; ectb onHonmapamerpuueckas

noarpymna rpynnsl G, NOpoxieHHas saemeHToM A€ g, TO

. . _ et f @) —f ()
AL = tim L0 2TE) i St A1)

TeM caMbiM 3aKOHYEHO M HOKAa3aTEJIbCTBO TEOPEMBI.
Bocnoabsyemcs BHpaxeHHeM TeH30pHHX nosel T u R ¢ no-
Mowblo onepauuu Vx-« Y =1£(Y)- X u KoMHOHeHTaMu I"fj B JIO-

KaJIbHBIX KOoopaunarax (!, ..., u"), onpenensieMbiMH DaBEHCTBOM

o) Ga) = 255
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Toria mwel moayuuMm caepywume BupaweHus pan  Kosddu-

) i
unentoB Ty mons teusopa kpydenns T n kod3pduuneHTOB Rpjk
MOJA TEH30Pa KPWBM3HBI R:

T(ou auf) ET‘fak’ Ty=T{—T};

i}
R(b’;: au) ( ) Eijkai’
oy LY
a

i —_—
mjk —

ins i
js "“I‘;eSI‘fm)-

§ 6. ToxnecTBo Bbaukn

BOCTO0/Ib30BaBILKHCE BBIPAKEHHAMH [JIf TeH30DHHX mnonedl T
# R, nonyyeHHeiMH B § O, W mocjaelHuM 3amedanuweM B § 3,
MBI HEMEIJIeHHO [OJyuaeM CJeAyollie BhIPAKEHHs 1J9 KOBa-
pHaHTHBIX AnpdepeHnHaloB 3THX TEH3OPHLIX TNOJeR:

(V2. TYX ¥)=Vz - T(X, V) —T (Vz- X, ¥)—T (X, Vz- ),
(Vz: R(X. N=[Vz2 R(X, )| —R(Vz- X, V)—R(X, Vz-¥)

AJs MmoObiX BeKTODHBIX Nojelt X, ¥ n Z wa B.

M5Bl JlokaxeM HeKOTOpHIE KJAaccHueCKwe TOXeCTBa, colep-
wawue T, R ¥ uX KoBapuaHTHHe AnddepeHinansl.

B nocsenymouieM #anoxeHnn Mbl OyleM 00603HaYaTh CHMBOJIOM
©K (X, Y, Z) uakaudeckyio cymmy naunolt dopuu K (X, Y, Z),
NpHHEMaOWe#t 3HayeHHs H3 MoOOro BeKTOPHOTO MpPOCTPAHCTBA,
T. €.

K(X, Y, 2)4K(, Z, X)+K(Z X, V).

Teopema 1. Las anw6ox sexmopunx nozefi X, YV
u Z umeem MeCmMO pagesHcmso

(1) S (RX, 1) Z} =8 (T (T (X, V). 2)} + B [(VxD) (V. 2)).

B wacmrocmu, ecan mensop xpytenus T pasen 0, umeem
MECMO PagerHcmso

& (R(X, ¥)- Z} =0,
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JNokasateabcTBO. B cuny dopmyn
TX,Y)=Vx-YV —Vy.- X—[X, Y]

TX V= —-T(, X).
Mbl TIOJyYaeM
TTWX.Y),2)=T{ x-Y, 24T Vy - X) —T([X, Y], 2).
Us no.rlyquHor.o TOXNECTBA M W3 Bupaxenus nas Vz.T cre-
Ayer, 4To
ST(T (X V), 2))=—3((Vz- TI(X. ")} +

+&{Vz - TX, V)—T(IX; Y], 2)}.

B cuay towuecrBa SkoGu

S{[1x. 1], 21} =0,

BTOpOE C.JjaraemMoe npaBo#l yacTtu npeaslayuiero paBeHCTBA OKa-
3bIBAETCA pPaBHLIM

S(Vx-Vy - Z—Vy Vx Z—Vixp - Z}+S X, Y], Z]} ==
=S (R(X, ¥)- Z}.

Tem cambim TowpmecTBo (1) noxasano.

Teopema 2. Han awbux sexmopusx noaeld X, Y
u Z umeem Mecmo pageHcmso

&) C{(Vz- AKX N+S{RT (X V), Z]}=0.
B uwacmnocmu, ecaw T =0, mo umeem Mecmo pageHcmso
S{(Vz-R(X, )} =0

(mooicdecmso Bvanru),

llokasaTeabcTBo. Bocnosb3oBaBWUCh BbIPaXKeHUEM 13
(Vz-R)(X, Y) u dopmyJo#

TX, V)=Vx-Y—Vy. X—[X, Y],

Mbl MoJydaeM

S{R(T(X, V), Z)) =

=S ({R(Vx- Y, Z)+R(Z, Vy - X) —R(IX, Y], Z)) =
=C8{R(Vz- X. N)+RX, Vz- )} —S(R(IX.Y]. 2)} =
=—8&{(Vz- R)(X, N}+&([Vz, R(X. ] —R(X, Y], 2)}.
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Jlanee, BOCNOJb30BABIINCH (OPMY.IOH
R(X, V)=1[Vx, Vy] —Vix, 11>
MEl TI0IY4HM _ ,
[Vz, R(X, V)] —R(IX, Y}, 2) =
=—Vix,v1-Vz24+ V2 Vi, vy +Vixn 2z +
+Vz . [Vx, Vy] —Vz. V[x, Y] — [Vx, VY] . VZ+V[X, ¥]e VZ-

Llnxnndeckas cyMMa 9TOro BhpaXeHus paBHa O B CHIYy TOX-
nects SIKoOH

S{X Y], Z)=0 n 3{[Vz [Vx. ]} =0,

Teopema IOKa3aHa.

§ 7. l'eope3uueckne KpuBbIE W MOJHOTA
JAuHeliHo#i CBA3HOCTH

Ilycre Ha wMuorooOpasuv B 3anasa ;vHe#inaa CBA3HOCTb,
Mu Gynem HasmBaTh 2eode3uteckofi B B Taxylo auddepeHuu-
pYyeMyl0 KpuBYI0, KacaTesjbHble BEKTOPH KOTOPOH noJayyaioTca
OI¥H W3 IPYroro napajnjeibHbM NepeHeCeHHeM BLOJb 3TOH Kpu-
BoH. Bmesem paccnoenHoe wMsoroo6Gpasie penepos P; wMeer
MECTO cJefylouias Teopema:

Teopema. [lpoexyusa aw6ofi unmeparbuoii Kpusoll
RPOU3B0OAbHOZ0 OA3UCHO20 BEKMOPHOZO NOAA, 3a0aHH020 Ha P,
sasagemcn zeodesuyeckoii 8 B. H nao6opom, npoussosvras
2e00e3uveckan 8 B moocem Gboimb NOAYYEHA ONUCAHHBLM
o0 pason.

Jdoxazateabctso. Ilycte B(E)— Gasncroe BexTOpHOe
nore #a P, coorsercTBywouee sneMenty € F, a b,—He-
KOTOpast HHTerpanbuas Kp#usasg mnoas B (§), npoxomsuwas depes
MPOU3BOJBLHYI0 TOUYKY X, € P. Mbl mnpepmosaraeM, 4to Kaxuas
KpHBasi, KOTOPYI0 HaM NPHAETCA pPacCMaTpHBATL B XO0Ze JOKa-
3aTeabCTBa, OIpeneneHa B HEKOTOPOM OTKPLITOM HWHTepBaje,
conepxamem 0. Tlpoexuns u, xpusoit b, Ha MuorooGpasme B
ecTb xpupast B B, mpoxondllas deped TOUKY #,=w(x;). [lo-
KaXeM, YTO KpHBas 4, siBadercs reojesudeckoit. Kacarenblibie
BeKTOPHl KPuBOH u, oGosxauaemble cuMBOJOM U, MOMHO 3a-
nucare B BHge U= B(E), uto pasuo b;-£€ Ty, KaK 370
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clefyeT W3 onpejeileHus GasucHoro BekTopHoro moas B (E).
B uacrhoctu, Uy = x, - §. Tlockoabky KpuBas b, aasercs aud-
TOM KpHMBOHM u,, MpOXONAUIMM dYepe3 X, MBl yCMaTphBaeM U3
onpejeneHus fMapalielbHOro nepedecenus (§ 3), uro U, noay-
yaercs u3 Uy mapaiieibHeM IllepeHeCeHMeM BIOJb KPUBOH 4.
Ho sto u o3HauaeT, 4TO #; €CThb reoie3HyecKas.

O6paTHO, nycTb #,— HEKOTOpas reofesudyeckas C Hayaib-
HoOlt ToukoH 4, BrilepeM Takyw TOUKy X,€ P, nas KoTtopoH
T (Xo) = tg; myctb E=x71.Uy€ F. Ecin x, obosnauaer ot
KpPUMBOH 4, C HayaqbHOH Touko# X, a U,—KacaTe/bHHe BeK-
TOPH KpUBOH+ 4, TO Mbl umeeM U,= x,-§, NOCKOJbKY u,—
reoneanyeckas. C apyro#t cropous, U,==(X}), rae X; o6o-
3HayaeT KacareibHble BEKTOPH KPHBOH x,. Taxum o6pasoM, Ml
noayyaeM

0 Xp=x;! - c(X)=x;1-Uy=E,

YTO W O03HauYaeT, YTO X, €CTb HEKOTOpas MHTerpajbHas KpHBas
GasucHoro Bektopuoro moas B (§). Teopema nokasaHa.
BBeneHHBII B XOJ€ 3TOrO AOKa3aTennCTBa HapaMeTp ¢ reo-
Ne3nyecKOoll u, Ha3bIBACTCHA ee KANOHUHECKUM NAPAMEempoM.
Cnenctsue. Jaa npoussorvnoli mouky pE B u npous-
B04bHO20 KacameabHoz0 8ekmopa X 8 amol moixe -cyuje-
cmgyem 00HQ U MOABKO 00HAQ 2e00e3u4ecKas ¢ HAYAAbHbMU
Oannotmu (p, X), m. e. maxas zeode3utecKas u,, 4mo

=p u (dujdt),_,=X.

Ilpu amom KaHoruteckuli napamemp [ 0OHO3HA4HO Onpede-
ASEMCS HAYANbHB MY OQHHBLMU.

HoxasartenbcTBso. PaccMOTpHM NPOH3BOABUYIO TOUKY X,
MHOT006pasus P, Takyio, uto (xo) =p. lycts E=x;1- XEF.
Ecan x,—wunrerpanphas kpusas 6asucHoro sektopHoro nois B (§),
NPOXOAsIIAsd YePe3 TOUKY X, TO ee HPOeKIHd 4, NPENCTaBJIsgeT
CO6OH Treofe3HYeCKYI0 C HaYaJdbHBIMH JaHHBIMH Hy=—p ¥
(duyldt),_,= X. Tlycte v,—npyras reolesnueckas C TeMM Ke
CaMbIMH HaAYaJbHHIMH JaHHBIMH, COOTBETCTBYIOLIA® WHTErPaAbHOH
KpuBo# ¥, OasucHoro BektopHoro moas B(v), ®€ F, npoxo-
Asigelt Yepea TOUKY Y, TOTAA Mbl JOKHEL HMETh V= X,a
A/ HeKOTOporo snemeHtra a € G u n={(x; a)"1 - X=a"1-&.
MNockoasky B(a=1-& =R, - B(E), Ml BUIMM, 4TO ¥, = R, - X,
f, CIeNOBATENbHO, Uy ==U4; L% BCeX {, JTMM JOKa3aHA eAUH«
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CTBEHHOCTb Teoje3ndyeckol u,. K3 aTOro paccyxienmsa creayet
TaKXKe, YTO KAHOHMYECKHH napaMeTp reojesuyecKoH i, ne aaph-
cut or Bmbopa JudTa X, M, CTano ObTh, onpeleisercs efuH-
CTBEHHEIM 06pa3oM.

IMyctb uMeeTcs HEKOTOpas OKPECTHOCTb TOUKM p € B ¢ Ji0-
KanbHbiMH KOOpAMHaTamu (u!, u?, ..., u"), B KOTOpoH onpe-
AelieHb KOMMOHEHTh I’fj auuefiHofi ceasHocTH. Torna reonesu-
uecKad ONMpPENSTHTCH pellleHMeM CJeAyolled cUCTeMbl guddepen-
UHaAbHBIX ypaBHeHuﬁ BTOPOTo INopsiaKa:

duk e dut dw
ata+21‘u a2 w0 k=1 ....n
i, j=1

Ecau BBecTn paccioeHHoe MHOTOoOpasHe penepoOB, To 3aaaua
cBefleTcs K OIpEAe/IeHHI0 HEKOTOPOrOo BEKTOPHOrO mojs, T. €.
K DeIlEHHIO CHCTEMbl NepBOTO NMOpaaKa *3),

Onpenenenue. JlnHelinada CBA3HOCTb HA3HIBACTCH nOAHOHE,
ecau m06asg TEONE3HUECKas 4, MOKET OWTb MPOLOMKEHA A0 HE-
OTpaHMYeHHO GOJbIUNX 3HaUYeHHH ee KAaHOHWUeCKOr NapaMmeTpa.

HiMeer MeCTO cJeAyiolliee MpelIOKeHHE [12]: asuneinasn
c8A3HOCMD noaa mozda u moabko moz2da, Ko20a rascdoe
fasucHoe Bexmoproe nose 8 P ssasemcs noaHwm, m. e.
k0200 Kadxcloe GA3UCHOe BeKMOPHOE noae nopoicdaem z24o-
Gaabnyio oOHONApamempuieckyio zpynny npeobpasosanuil
MHO2000pasus P.

§ 8. HopmasbHble XOOpPAHUHATHI

Mpl J0oK@KeM CyLleCTBOBaHUWE TAK Ha3biBAEMBIX HODMAAbHHLY
KoopOduram B OKPECTHOCTU JOGOH Touku us B.

Teopema. Kaxdas mouxa p u3 B o6aadaem nekomo-
poii okpecmrocmsio N, maxod, wmo awnbas mouxa 3moi
oKpecmHocmu Modcem 6oimb coedunena ¢ p 00HOU 1 MOAbKO
00H0i 2000e3uteckoll, aedxcauseld 8 N. Cywecmsyem marasf
cucmema ROKAAbHBLX KOOpOunam (ut, ..., u™), 048 Komopoi:

) ul(p)=uwP)= ... =u"(p)=0;

2) anbas ze00e3ul¢ecxa;z npoxodsuas uepes mo4Ky p,
3anuceigaerncs ¢ NOMOULIO Cyucmemst ypaswerud suda u’ — a‘t,
i=1,92, ..., n 20e(al, .. . a")y—mnekomopas nocnredosa-
measHocmb NOCMOSHHBX, @ t — KaHoHudecKuli napamemp.

IMono6uas OKPeCTHOCT: N TOUKH p HA3HBaeTcd HoPMAAb-
HOti oKpecmuocmblo STOH TouKii; KOOPAMHATH (4!, ..., u"),
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o0nafalolMe ONUCAHHBIMM CBOHCTBAMH, HA3HBAIOTCA HOpPMAAL-
HBLMIL KOOPOURAMAMU.

Idokaszateab cTBO. 3aduxcupyem OGasuc £y, &, ..., &,
npocTpaHcTBa F ¥ pacCMOTPUM 7 COOTBETCTBYIOMUX GasUCHBIX Bex -
TopHbix fodelt By, B,, ..., B, ua P.llyctba=(a!, ..., a®)E€ RY

n

n .
BEKTOpHOe Node X alB, MH 0003HaunM CHMBOJOM aB; OHO
i=1
npencrasager coboli 6asucHOe BeKTOpPHOE HOJE, COOTBETCTBYIO-
n

“llee 3JeMeHTY a’t, BubepeM m0GyI0 TOUKY Xy, AJIS KOTOpOH
i=1

m (X,) = p. BekropHoe mnoJe @B NOpO¥AaeT JOKAAbHYIO OJLHO-
NapaMeT pUYecKylo Tpynny JOKaJIbHHX Npeobpa3oBanHuit HeKOTOPOH
OKPECTHOCTH TOUKM Xo. VIMeHHO, MBI MMeeM MHOXeECTBO JOKa/b-
HHX npeoOpasoBaHuii ¢, (f), onpenedenHux aas |¢{ <3 npw
HEeKOTOpPOM 0 >> 0 B HEKOTOPOH OKPECTHOCTH TOUKH X, M TaKUX,
uro ¢, ()9, (') =9, (). Ilpennonoxus, 4T0 0 NpUHAATE-
KUT HeKOTOPOH Manol oxpectHoctd C Hayana KOOpRuHaT B R",
MBI MOXeM CcUHTaTh, 4YT0 o00pasw ¢, (f) x, onpejeleHs A1
|t] <120 npu HexotopoM &' >0 u ana scex a€ C. Obpas
TOUKM X, Npu npeo6pasoBanuu ¢, (1) Mb G6yzeM o06Go3HAaYaTh
cuMBooM ¢ (2). Temepb Mbl onpelenuM AuddepeHUHpyeMOe OTO-
OpaxxeHue Y OKpecTHOCTH Hayajla KOOpAuHaT C B MHOroo6pasue B
paseHcTBOM Y =1 . ¢. Torna auddepenunar sToro oTobpaxeHns
Oyner mpelcTaBidath cOOOH KoMMo3uuMio0 AndQepeHuKaios OTO-
Opaxennt ¢ u n. JIuddepenunan orobpakeHus ¢ ectb auHel-
HOe oToOpaxceHuWe NpocTpaHcTBa R", paccMaTpuBaeMoOro Ttemepb
KaK KacaTelbHOe NPOCTPAHCTBO NPOCTPAaHCTBA R B Hauame
KOOPAMHAT, B FOPM3OHTAMLHOE NMOANPOCTPAHCTBO Q B TOUKe X,
Paur storo JuHeHHOro otoOpaxeHus paBeH 7, TaK Kak (Bi)xo’

i=1, 2, ..., n, o6pasyior 06a3uC TFOPU3OHTAJIHLHOIO MHOANPO-
crpaHctBa Q. C Apyroffl CTOpOHBI, ICHO, YTO paHr NpPOEKUHH T
TOPU30HTAJILHOIO MNOAAPOCTPaHCTBA Q Ha T, pasen n. Taxum
oOpasoM, paur npeoOpasoBanus ¢ B Touke 0€ R" paseH #.
Mui 3akai0YaeM fO3TOMY, YTO CYLIECTBYeT HeKOTOPas OKpecT-
Hocts C, Touku 0€ R", Ha xoTopo#t oToGpaxenne ¢ sB/sercs
TONOJIOrHYEeCKHM U 00pasoM KOTOPOH cCuyxHT oKpecTHOCTH N
TOUKYM p us B. :

JT0 03HayaeT, YTO MBI MOXKeM paccMartpuBath (al, ..., a?)
KaK CHCTeMy JIOKaJAbHHX koopawHat B N, Tlpoekius mpexoas-
nsiled uepes TOYKY X, HHTerpaabHoM Kpusol mobGoro 6asuc-
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—_—

n

*
HOTO BEKTOPHOro moas X alB, MoxeT OLITh 3aMUC aHa ¢ oM ABIO
i=1

cucTeMbl ypaBHeHMH u'==a'f; 5Ta npoekuus ABNAETCA regpe3K-
yecko B cuay Teopemn § 7. TeM caMbiM NOK23 aTeqbCTBo F€0-
peMB! 3aBeplIeHo.

§ 9. Astomoppu3Mbl ¥ BexTopuble Modd Kuaausura

Jlio6oe nuddepennupyemoe npeobpasosaiie ¢ MmHoroobpa-
3ua B uuayuupyer ecrectBeHHOoe auddepenuPyemoe npeobpa-
30BaHue PAaCcCJAOCHHOTO MHOro06pasus penepos P Muoroo6pasys B;
5TO moclenHee npeo6pazoBaHde Mbl 6yaem 000 aHayarh cUMBO-
JOM- c}' ViMeHHO, MBI ONIDENETNM ¢ KaK NpeobpasOBaHue, CTapsllee
B COOTBETCTBHE penepy

x=WXyn ..., X)EP

B TOYKe # = m(x) HOBHH penep
9 ()= (@Xy ..., 9X)EP.

VnayuupoBantoe npeoOpasoBaHue ¢ aBasetcd, OYEBHAHO, dBTO-
MOP(HU3MOM TIJaBHOrO PaccioeHHOro MHOrooOpasua P (B, G);
3TO O3HAYa€T, YTO BHINOJHAIOTCA CAEdyIOUMe YC/I0BHA:

n-@:q;-w H c}(xa):c?(x)-a
ana mobuix X € P u a € G. M 3aMeyaeM TakkKe, 4to @ (x - £)=

= (x) -t a9 mo6oro siaementa E€ F, rae X u ¢ (x) paccMa-
TPUBAIOTCA KaK JuHefiHbe oToOpawenus npocTPancrea F cooT-
BercTBeHHO HA T, ¥ Tp(u).

[lycte 8alana HeKOTOpas JuHeHHaa cBA3HQcTL B B; TOrma
npeo6pasoBanue ¢ MHOro06pa3us B HasbiBaeTCA A8MoMOPpHUIMOM
5TON CBABHOCTH (MM, UHOTAA, agPuHnbLM NRPEOGpasosanuen),
eciu ; COXpaHfieT COOTBETCTBYIOUIYIO cBA3HOCTD B P (§ 4 raasw [I).

B stoM cayuae moboe dyHnamentadbHoe M 11060e GasucHoe
BEKTOpPHOE 10Je OKa3blBalOTCA WHBApUHAHTHBIMH OTHOCHTEILHO

npeobpasoBannd ¢. B camoM Zese, oueBMAHO, uT0o mobGoe GYH-
JLaMeHTaJNbHOE BEKTOPHOE . 10Je HHBApHAaHTHO OTHOCHTEJLHO

@ B CHIY TOTO, uTO ¢ fBAAeTCd aBTOMOP(DU3IMOM paccioeH-
Horo MHorooGpazua P (B, G). C npyro#h CTOpOHH, BO3bMeM
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11pousBOJbHOe 0asucHoe BeKTOpHOe noje B == B (§). i mo6oi
TOUKH X € P Bexrop ¢ - B, mpeactasiser coO0H HeKOTOpHH

' rOpM3OHTAJLHEIH BEKTOp B TOUKE ¢ (X), IpuUYeM BbLIIOJIHAETCS
ycioBue

T B)=9 -m(B,)=9(x - =¢(x)-E,
OTKyla cJelyeT paBeHCTBO
] Q- Bx = Bg(x) ’
HO 3TO uW O3Hayaetr I/IHBapl/laHTHOCTb 633HCHOI‘O BeK’rOpHOI‘O

10Js8 B OTHOCUTENIbHO NIpeoOpa3oBaHust @.

OGparuMca Tenepb K AuddepeHnnanbHbiM dopmaM. Mer 6e3
TPyAa 3aMedaeMm, 4YTO €CJIM @ eCTb HEKOTOpHH asroMopduam
32JaHHOH /nHeHHOH cBssHOCTH, TO popMa O u dopMa cBasHOCTH ©

OKAa3BLIBAIOTCA WHBAPUAHTHLIMU OTHOCHTENBHO NpeoOpasoBaHus ¢.

Herpyano mnokasatb, uro u oOparHo, eciau ¢opme 0 u o
MHBAPHAHTHE OTHOCHTE/NBHO HEKOTOPOTO IlpeoOpasoBaHud pac-
CloeHHOro MHorooGpasus P, To 3TO npeoGpasoBaHue WHAYHM-
pyercd HexoTOpblM npeoOpasoBanvieM ¢ 6asml B, mpuuem Hpe-
ob6pasoBaHue ¢ ABJAETCH aBTOMOD(U3MOM 3aJaHHOH CBASHOCTH.
UtoObl NpPOBEPUTb 3TO YTBEPKIAECHHE, 3aAMETUM IIPEXIE BCETO,
yro moboe auddepeHnupyeMoe npeobpasoraHue ‘F MHOroo6pa-
aug P, ocraBasiouiee uHBapuantHoR ¢opmy 0, mHaynupyercsa
HeKOTOpEIM audipepeHuupyeMeM npeobpasoBaHueM 6asn B. IT1o
MOXHO IOKa3aTh IPAMHM BHIYMC/IEHHEM, €Cly BOCHOJb30BAThCH
puipaxeHuamu aas 0t usz § 4. Ecau, xpome toro, npeo6paso-
BaHHE ¢ OCTaBIfeT UHBAPMAHTHOH U GopMy ®, TO OHO OKadbi-
BA€TCH B 3TOM cJjyuyae aBroMOpduU3MOM 3ajaHHOH JuHelHOH cpaA3-
HocTH. MBI npuxomum, TakuM oO6pas3oM, K TOMY BBIBOAY, UYTO
rpynna Bcex aBTOMOPGU3MOB NAHHOH CBSBHOCTH €CTECTBEHHO
usomopdHa rpymne Bcex npeoOpasoBaHult MHoroobpasus P, ocra-
BJAAIOUMX WHBapuaHTHEMH (opmbl § v o. MHaue rosops, ykasan-
Hag TpyNa coBmajaer ¢ Ipyumo# Bcex npeoOpa3oBaHu#i MHOro-
o6pasus P, coxpaHsiowuX NOJHYI0 NapajjieludyeMocTb, IOpo-
WAAEMYIO NaHHOH nuHe#inoH ceaAsnocTeiO (§ 1).

Pacemotpum nexoropoe BextopHoe uosne X Ha B. Jlas
mo6ux XEP u u=m(x)E B oupeneleHa J10KalibHa# OAHO-
napaMeTpuyecKas rpynna JOKAaJAbHHX IIpeo0pasoBanuil ¢, deH-
cTyouux B okpectHoctd U Toukn 4. Kamnoe npeobpasoBanue g,
5TOH TIpyNnmel HHAYHUPYET, KaK MBl B 5TOM YOEAMIMCH BHIUE,
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HEKOTOpOe npeolpasoBaHHe ¢, okpectHoctH w—1(U) ToukM x.
OTCI0A2 HEMEeNJIEHHO cJaeayeT, yto npeobpasoBaHus ¢, obpa-
3YI0T JOKAJbHYI0 OJXHONAapaMeTPHYECKYIO FPYIy Npeolpa3oBaHui
oxkpectHOCTH w~1(U) TOYKH X M, C/ICAOBATEJbHO, MHAYHHPYIOT

BekTOopHOE moJaezX Ha w—!(U). Mtak, MBl NOKa3a/H, 4TO KaXA0E
BeKTOpHOe mose X Ha B MHAyUHpyeT ecTeCTBEHHHM 06pasoM
BeKTOpHOE moje X Ha P.

Tenepp MB panuM caeaywuee onpencaenue. Hasosem Bek-
tTopHoe mnone X Ha B gexmopHuim noaes Huaauwza (wm
UHPUHRUMEIUMALBHBM APHDULHEM 1npeobpa308arie ) OTHOCH-
TEJAbHO JaHHOH JHHEHHOH CBABHOCTH, €CJH BCce JOKaabHble Hpe-
06pa3oBaHHa ¢, NIOPOKACHHBIE STHM BEKTOPHHEM NOIEM, SBJAIOTCS
JOKaJbHHMH aBTOMOp(®H3MaMH naHHOH cBAsHocTu. B atoM cuay-
uae,. NOCKOJABKY JI000e (yHAaMeHTalbHOE M J10O0e GasHCHOe
BEKTODHOE 110J€ HHBADHAHTHO OTHOCHTEJBHO @;, HMEIOT MECTO
paBeHCTBa

(X, A1=0 u [X, BEI=0
ans mobhx ACguEECF (cp. § 2 raasn 1). MowHO 1mOKasaTh,

yT0 O0BPAaTHO, €c/aM Kakoe-Jau60 BeKkTOpHOe node X Ha P yno-
BJICTBOPAET STHM YCJOBHAM, TO OHO HHAYLHPOBAaHO HEKOTOPHM
BeKTOpHHM moJeM Kuamura X Ha B.

MHoXecTBO BCeX BeKTOpHBIx noJei Kuaimura ma B o6pa-
3yer aare6py JIn, sadouyiocs noaarebpoi aarebpu X (B).
Yro6H A0Ka3aTh 3TO, paCCMOTPUM JBa BeKTOPHBIX noJs Kua-
auara X u YV M HHAyuMpOBaHHBHIE MMH BEKTOpHHE moad Ha P,

KOTOpHe MBI 0603HallHM COOTBETCTBEHHO )?H )7 .I/IB paBeHCTB
[X, A1=0 u [V, A*]=0
B CHJIY TOxAecTBa ko6 MH noayuyaeM
X, 7], a=114" V1. K1+ 11X, 41, =0,

roe, Kak Jerko Buaerth, [X, Y] npencraBasger coOo# BexTOpHOE
noae Ha P, unayuupopaHHoe BekTopHhM moJeM [X, Y]. Cosep-
LIEHHO TaK e MpoBepsercd, 4TO :

[1X, Y1, B¢)]=0.
Tenepb MB LOK@XEM CACAYIOUIYIO TEOpeMy:

7 3ak. 99%.
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Teopema. Ecau Oannas aunelinas C883HOCMD NOAHA,
mo aw6oe gexmoproe nose Kuaaunza X na B noposcdaem
HeKoOmopyw 2406aAbHY10 00HONAPAMEMPULECKYI0O 2DYNNY Npe-
o6pa3osanuii mHo2006pasus B.

HokasateabctBo ([12]). Msbl BOCHOJBL3YEMCS TEM, YTO
moboe GasucHoe Bekroproe noxe B (§), § € F, apasercs NOJHEM;
3TO 03HAYaeT, YTO OHO HOpPOKAAZeT TI06aibHYIdO ORHOIapaMme-
TPHYECKYID Tpynily npeoOpasoBaHuii MuorooOpasus P (§ 7).
PaccmoTpuM BekTOpHOe moje X Ha P, MHAYUHMPOBAHHOE AAHHBIM
BektopHeiM mnojeM Kuanuwra X ua B. Ham pocratoyno mnokxa-
3ath, 4ro X TMNOPOXKAdeT rJa06aibHYI0 ORHOINApaMETPHUECKYIO
rpynny npeo6padosauil MHOroo6pasus P. [[1s 3T0ro Mbl BO3bMeM
NPOM3BOJIBHYI0 TOUKY Xo€ P u mpennonoxuM, 4yto X mOpOX-
NaeT HEKOTOPYIO JOKAAbHYI0 OAHONAPaMETPUYECKYIO TpyNly Jo-
KalbHBIX NpeoOpasoBaHuH ¢,, ONpPeACIeHHBIX B HEKOTOPOH OKpe-
crHocTi O TOuKM X, Aaa Beex £, |£]| < a. Mbl nokaxeM ceiuac,
yTO B 5TOM Cayuae X NOPOXKAZET TPYNNy JOKAJALHBEIX Inpeobpa-
30BaHuH at B HEKOTOPOH OKpecTHOCTH JiobGoH Apyrod TOUKH
u3 P, onpeie/eHHbIX AIA TeX xe 3Hauenutt £: [f|. a.. Ma storo
6yAeT CaenoBath, uto X HOPOXKAZET Tria06aibHYI0 OXHONIapaMme-
TpUYECKyl0 rpynny npeo6pasoBaHuil MHorooOpasus P.

Ipexae Bcero, B3sB JAIOGYI0 TOUKY Y, == x,a (a € G), aexa-
Y0 B TOM K€ CJO€, YTO U X, MBI NOJaraeM

@) (xa) = 9,(x) a

aas mo6oit Toukn x € O n moboro £, |t| < a. Tak onpexeneH-
Hble npeoOpa3oBaHus cp; COBNARAIOT C JOKaibHHIME NpeoOpaso-

BAHMAMM, HOPOXKAEHHBMY N0eM X B HEKOTOPOH OKpecTHOCTH
TOuKkH y,; uMenso, X mOpoxnaeT ¢, B okpectHoctH R, .0
Touku Y, mpu ao6om ¢, |t| < a. IleHCTBHTEIBHO, BEKTOPHOE

~

noje B R .0, uHAYUMPOBAHHOE TPYyHIIOH N', copmanaetr ¢ X,
a y @,

~

TaK Kak X WHBAPHAHTHO OTHOCHTENbHO R,.

Ilanee Mbl paccMaTpuBaeM ORHOHApaMeTpUyecKyw TIpyImiy
npeo6pasopanuit b, — oo < § < 00, NOPOKACHHYIO 6a3UCHBIM
BeKTOpHHM fojeM B (§). Jlia moboi TouKu y, Bulia Y, =0, X,
Mbl TOaraeM

9y (0 x)=0,(3%, x),



§ 9. Astomoppusmet u eéextopusie nors Kuiiunea 99

rae x — mo6aa Touka u3 O u |¢| < a. Tak kak X HHBAPHAHTHO
OTHOCHTEABbHO Npeo6pasoBaHuil §, KaK 3TO cAeAyeT U3 PABEHCTRA
[X, B(E)] =0, 10 Mbl BuIHM, uTO ;; NeHCTBUTENBHO TpencTa-
BJAeT cOOOH rpymny JAOKadbHHX NMpeoOpasoBaHHi, MOPOKIEHHBIX
BEKTOPHBIM TOJEM X HEKOTOPOH OKPECTHOCTH TOYKH V.

YroObl 3aBepINTh [OKA3aTENLCTBO, JOCTATOYHO 3aMETUTh,
yto ai06as TouKa ¥, € P Moxer OblTh 3anKcaHa B BHAe

)’0=(b]_’sl . bZ,Sg .o bk,sk . xo)a,

rie a € G u Kaxnoe b; s; peacTapaser co6olt npeo6pa3oBanue,

COOTBETCTBYIOLIEE 3HAYEHHI0 §;, NapaMerpa ¥ HNpPHHALIeKalee
OJHONApaMeTPHYecKOl rpymie npeoOpasoBaHufl, NOPOKIAEHHOM
HEKOTOpHIM Ga3NCHBIM BEeKTOPHBIM moaeM B (%). Ito yreepwue-
HHE *"MOXHO J10Ka3aTh caeayiouwnm obpasoM. [lycTb = (x,) =4,
U ©(Y¥,) =7, B cuay cyuecrBOBaHH® HOPMalbHHIX OKpeCT-
HOCTel M CBA3SHOCTH MHOroo6pasuss B, KOTOPYI0 MBI MOKeM
NPEANONOKHTh, OTCIONA CJeAYeT, HYTO U, MOXHO COEIMHUTH
C U, KpUBOH, cocTofielf W3 KOHEUHOTO YHCJA OTPE3KOB reo-
. Ie3NYyecKuX, H3 KOTOpBIX IepBHIfi HauuHaercd B TOUKe i,
a nocAelHUM OKAaHYHBAeTCcd B TOUKEe U, Kaxnaa reoiesnyeckas
€CcTh TNPOEKUHS HeKOTOpO} WHrerpaibHOW KPHBOH HEKOTOPOro
6a3UCHOrO BEKTOPHOTO TM0JS; Mbl MOJydaeM, TakKMM o6GpasoM,
TOYKY 2, BHAa
29="0y,5," U35, -+ - Dr,s," X0

JeKaulyio B TOM XKe Coe, 4yto H touka Y, Ho torma y,==z,a
Ans HeKOoToporo aixeMentra a € G. Tem caMbiM TeopeMa JOKa3aHa.

Teopema nepectaer OHTb BEepHOH, €CAM He NpeANoOaararhb,
4TO CBA3HOCTb ABJAdeTcs NojaHoi. PaccMOTpHM, vanpumep, iio-
CKOCTb R? ¢ mioCKoH nuHeHHO# cBs3HOCTBIO. [lycth X 0603Ha-
uaeT BeKTOPHOE MOJe, MHAYUUPOBAHHOE KaKoH-1n60 oxHOmapa-
MeTPHYeCKOH FpynioH CABHIOB

o ((a B))=(atct, b+ct), (a, BYER,

rie ¢— HeKoTOpa? ¢uKcUpoBaHHas NocToAHHad. flcuo, uro
X — pexropuoe noxe Kuianuura. Temepb pacCMOTPHM MHOro-
obpasue B —= R?— (0, 0) ¢ nOpoxKAEHHON MAOCKOH CBASHOCTHIO,
KOTOpas yxe He ABAgeTcH MOJHOH. Cyxe€HHE BEKTOPHOro noas X
Ha B ecTh BekTopHoe ,noAe KWiIHHra, HO OHO He NOPOXAaeT
r106aibHOM  OHONAPAMETPHUECKOR  FPYNnH  NpPeo6pa3oBaHuH
Muoroo6pasus B.
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§ 10. Jlunefinie cBasHoctTy ¢ VI'=0, VR=0

Kak ™Mbl ywe BHAeaH, npH 3afaHHOW JHMielHOH CBABHOCTH
Ha B ¢opMbl Kpy4eHHs W KPHBH3HBl NO3BOJSIOT HAalTH ropU30H-
TANBHYI0O ¥ BEPTHKAABHYIO COCTABAAIONIKE CKOOKH, K COCTaBjeH-
Hoft M3 mOOLIX ABYX Oa3HCHBIX BEKTOPHHX noJeit, Mmenso, ecau
B=B() u B'=B({)—aBa 06a3ncubX BEeKTOPHHIX HOAA, TO

8 (1B, B']),——26,(B, B

o (v[B, B']),=—22,(B, B').

Orciona crepyer, yro ecam 8 =0 (uan, 4TO TO Ke, ECIAH moje
TeHsopa kpydenus pasHo 0), To ckoOka [B, B’] BepTHKa/ibHa,
KaKoBH Obt HH OblNM Ga3UCHBIE BekTOpHHE noia B u B’. Ana-
JOTHYHO, ecan 8 =0 (WM, 4TO TO XKe, €CAH NOJIE TEH3Opa
KpHBH3HB paBno 0), To ckobka [B, B’] ropusouTanbHa.

Yro6bl M3yunTh noppoOHee NMOBeAcHHE GAB8UCHBIX BEKTOPHBIX
nojedl, Mbl JOKaXeM ABe CICAYIOUIHX TEOPEMEHl,

Teopewma 1. Ilycme &y, ..., §,— 6asuc npocmpancmsa F
u By, ..., By—coomgemcmgyouue Ga3aucuvie BeKMopHble
nossn. Hanuwem pasaosicenue

kB, B,]=2I§1ff,-3,, G Jj=1,2 ..., n),

20e f?j—cotiorcynuocmb nd  OQudppepennupyemsix @dynrxyui
Ha P, maxux, umo

0, (B, B)=—2 fk (x)k.
k=1

Ecau VT =0, mo raocdas u3 Pynxyul f’fj NOCMOAHHG HA
MHoocecmge Py={x € P; x ~ x,}, -2de x,— npouasossnan
mouka us P.

HNokasaTeabcTso. PaccMOTpHM NpPOM3BOJBbHEIE BEKTOP-
Hele nona X, ¥ u Z na B; nycth MX audTamu 6yayT coor-
BeTcTBeHHo X*, Y* uw Z* Hanuwem pasnokenus

n n
X=X 4B, u wfﬁwm
1 -]

i=
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M BhluHCIHM Z* - O (X*, V"), 1. e. dyuxumio, noxyuyaevmyio npu-
MeHeHHeM BeKTOpHOro mois Z* K F-3uaunofl gyskuun 8 (X*, V¥
Ha P. Mb noayuaeM

220X, Yy=2" { 1,,21 $''0 (8, Bj)}:
=—Z { . .ékzj"l*jfu?k } =
% (Z9) ¥t +¢" (ZV) Fire+ 8 (2'75) 1) =
9@1( #) B, éde’B,-)M(éqs’Bp $2v)5) -
P> 3 (Z1h) ¢t =8z ). ¥)+B(xX, (V2 -¥Y)—
% @

" rle Mbi HCNO/b30BATH GopMyxRy, onpeneisomyno Vz - X (§ 3):
Vz+ X),=x-(ZH(X")), =(x)=u.

n .
Wrax, X, (Z* ¢') B, npeacraBaser coS5of auPT BexTOpHOrO
i=1 .

nona Vz - X. ‘
Tenepb Ml BuauM, yto Z*+ B (X®, V*) ecTh ue uro HHOe,
kak ¢yukuus P — F, COOTBETCTBYWOiUlas BEeKTOPHOMY NoOMoO

%—VZ -+ T(X, Y) B cmbicae neMMbl § 3. [lefictButensto, B (X*, Y*)
ecTb ¢yukuug P —> F, COOTBETCTBYiOLULag BEKTOPHOMY MO0
-1— T (X, Y), uro HemOCPeACTBEHHO CJeAyeT W3 Onpeletenus

Teﬂaopa kpyuenus T.
Ananornuto 8 ((Vz - X)*, V') ecTb dyukuua P — F, COOTBeT-

1
creyiomas BextopuoMy noumo o T(8zX, 1), a B(X*, (V- Yy)—

BEKTOPHOMY MOJIO —2—T(X, Vz - Y). I3 nanucanuoro Bhime Tox -

NeCTBa caepyeT, 4TO (GyHKIHS
n

> (ZH7) P9,

4 Jo k=1
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COOTBETCTBYET BEKTOPHOMY IO.JIIO
V2 T V) —T V2 - X, V)—T(X, ¥z - V),

KOTOPOEe DAaBHO —;—(VZT)‘(X, Y) (§ 6).
Ecimm VT =0, 10

(VzT)(X, Y)=0

ans  moObX BekTOpHEIX Tonedt X, Y u Z. CrenoBartenbho,
B STOM Ciyuae Z*f;; nomkHO pasuAThes 0 ang moboro ropu-
30HTANLHOTO BexTopa Z* B mobo#t touke x € P.

BoabMeM npOMBBOJBHYIO TOUKY Xo€ P; mycTsb

Py={x; x~ x,}.

Mbl 3naeM, uto P, npejctasiser co6Gofl npuBeleHHOE pac-
caoenioe MHoroo6pasue co cTpyktypHo#i rpynmo#t ®, xoropas
ABAsSeTCA Ppynnoll ronoHOMuy ¢ GasucHo! Toukol x, (§ 6 raasw 11).
Tak kak Kaxpas u3 QyHkuu# ff]. otoGpaxaercas B 0 moOeM
rOPU30HTATLHEIM BEKTOPOM, TO Kaxias M3 HUX NMOCTOAHHA Ha Py,
TeM caMBIM HOKa3aTelbCTBO TeOpeMbl 1 3aBepllieHO.

PaccMoTpuM cCyseHHst Oa3MCHBIX BEKTODHBLIX moJel Ha pac-
ClOeHHOe TMOAMHOTOOOpasue Py, Mbl NOAydUM

n n
kB, Bj|= > kB, = B<2 ci?jik) na Py,

k=1 k=1
rie ct’.‘j—-HeKOTOpre nocTosHube. Mb 10Ka3anu

CaenctBue. Ecan VT =0, mo zopusonmaasuas cocma-
BASIOWAA CKOGKU, COCMABACHHON U3 400X 03yX 0a3UCHbLX
sexmopuux noseid na Py, cHosa sisasemcs 6Q3UCHBM 8EKMOP-~
Hom nosem. Ob6pamnoe ymgsepocOenue maxdxce cnpagedsuso.

[Tocne mpuBeaeHHOrO A0Ka3aTelbCTBA CNPaBeLIABOCTbL O00par-
HOTO yTBEPKAEHHs TOUYTH OYEeBUAHA,

Teopema 2. Ilyems By, ..., B, umewom mom e
cmica, wmo u 8 meopeme 1. Ilyems Ay, ..., Ap—0ba3uc
npocmpancmsa §, a A“;, vy ATy —coomsemcemeyiouue Pyn-

Oamenmanvrvie BeKmopree noss. Hanuwen pasroscenue
nﬂ

o[ B,, BJ.]:QIEIgZ.A; @Jj=1, ..., n),
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\
!

20e gfj——maxue Ouppepenyupyemvie @yuryuu rHa P, dan
KOMmopbLx

2,[B, B]=— X g4 4,

Ecau VR=0, To kawnas u3 ¢yHxkuuit g% nocrosuHa na P,.

IHDokasateabcTBo. [Iycts X* V*u Z* 0603HaualoT TO Ke,
YTO M TNpH JOKasaTedbCTBe Teopembl 1; Kak W padblle, myCThb

n

n
X=X ¢B, V=B,
i=1 J=1

Mul noayuum Bhpaxenue aas Z* - @ (X*, Y*), T. e. nas dyHxuuy,
noiyuyaemMof TpHMEHeHHEM BeKTOPHOro moas Z* Kk ¢-3HauHOM
dynkumn & (X*, Y*) ua P. Kak u npexne, noayuaem

() Z*- QX V)=R((Vz - X)", V") + QX" (Vz - ))—
o ;§1 t,,2=1 (2°g5) ¥/ Ay

Paccmorpum Homoe pektopHoe moie W Ha B ¢ auprom W*,
Mp! pokadem, YTO HMeeT MeCTO PaBeHCTRO

@) (Z*- QX" V)0 W=
= ZM(Q X, V) 0W) —Q (X°, Y*)(Z* - O (W),

rae JeBad 4yacTb €CTb pPe3yabTaT npUMeHeHHd (-3HauHOH yHK-
wan  Z*- @ (X*, ¥Y*) Kk F-snaunoit oynkumu 0 (W*); sameruw,
yro BooOule, ecan A, ecTb §-3Haunas QyHKuus Ha Pu fx ecTb
F-3naudas ¢yHkuus ua P, 10 Af ectb F-3naunas ¢yHKUus,
onpeneaseMas PaBeHCTBOM (Af)szx-fx, OcTanbHble Y/JIEHB
B (2) MMEIOT AHATOTHUHLIE CMBICT.

JleficTBUTENBHO, MYCThb

nﬂ

QX Y)=DH A w0 fx)=0,W).
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M= noayuaem
n’

ZZ@XL Y- oW =2, {glhk(/\k.f)}=
= 3 (Z) (A )+ DA A, - (Z2) =
=(Z2- X" YD), - f(O)+8 . (XY Z)f=
=(Z,+ Q(X* V) 0, (W +2, (X", V) - (Z- 0 (W),

YTO M JoKasbiBaeT (2).
Haum wuaBectHo u3 onpenenenut R u Vy « ¥, uro

2@ YW

ectb ¢ynkuna P — F, oupenensiomas BeKTOPHOe MoJe
592 - (R(X. V) - W),

AHAJIOTMYHO
XYY - (2 - 6 (W)

ecTb (DyHKUMA, OMpPelesiOlas BeKTOPHOE MoJe
TR V) (V2 - W),

CrepoBatelbHO, JieBasi yacTb paBeHCTBa (2) oupene/seT Bex-
TOpHOe TOJle

39z R 1) W.
Hs (1) u dopuyanl aaa VzR (§ 6) Beitekaer, uro QyHkuus
n* n
=3 3 (Zeh) ¥ (A)
ollpefenseT BeKTOPHOE [0Jle
5 (Vz - R)(X, V). W.
[Myctb Temeps VR ==0; 3T0 03Hauaer, 4To

(VzR)(X, V)-W=0

as mobeix X, YV, Z n W. CrepoBatelbHd, Z‘g{.’] pasno 0,

KaKOBbl OB Hu OGN FOPM3OHTaJAbHSIH BeKTOP M Touka x € P.
Tem campiM Teopema 2 HOKa3aHa.
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Bosbmem Gasuc A, i=1, ..., r, amre6pu rononomuu §,
KoTopast sBiaferca aare6pot Jlu crpykTypHolt rpynnu npuse-
NXEHHOTO paccloeHHoro MHoroo8pasus P, CooTseTcTByOUIHe
dynramentaspubie BexTOpHBle noas A%, [=1, ..., r, onpene-

Aensl Ha P,. Takum 00pasoM,

r
v[By By|= ,§1 A%

OKa3hiBaeTcA (PyHIaMeHTAJHHHIM BEKTODHBIM I0JAeM, COOTBET-
CTBYIOLUMM 3JIeMEHTY

r
. kz.l a4 A€,

rae dz——HeKOTopble noCToAHHbIE,

CaenctBue. Ecau VR=0, mo sepmuxassias cocma-
BAAOUASR CKOOKU, COCMABASHHOL U3 £1056Lx 03yX BeKMOPHBLX
nozeid ua P,, npedcmasasem co6ol gysdamenmanvroe gex-
moproe nose. Obpamioe ymsepucOzrue marxsce 8epHO.

W3 nByx paccMoTpeHHslX clescTBufi M Teopemsl 2 § 1 BHTe-
KaeT

Teopema 3. Ilyems VT =0 u VR=0. To20a xoxeyno-
Mmeprasn anzebpa Jlu oxasssaemcess Hansanymoil Ha $ynoa-
MeHmansbHsie u 0a31CHbLE BEKMOpHble NOAsL NPpusedensozo
paccroennozo mrozoobpasisn P,

PesioMupys pesyanTaTel 3Toro naparpada, cocraBuM cie-
Aywowyo Tabauuy, XapaKTepH3Y LYK IuUHeHHBle CBA3HOCTH
NMPOCTHIX TUIOB:

T=0%2 h[B,, B)]=0;

R=0 2 v[B,. By]=0;

VT =0 & #[B;, By] ects Gasucnoe BexTopuoe nome (na Pp);

VR=0 & v[B;, B,] ecTs ¢ynpameHranbHoe BeKTOPHOE TOJe
(na Py);

amech B,, B,— 1Ba TPOM3BOJbHHX Ga3HCHLIX BEKTOPHHIX MOJS
Ha P.
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§ 11. AdduHHble cBA3HOCTH

PaccmoTpum aupdpepeHnupyemoe MHorooGpasue B. IlycTe

P(B, G) u P(B, G) 0603Ha4ai0T COOTBETCTBEHHO paccioeHnoe
MHOrooGpasue pernepoB W adduHHOE pPaccI0eHHOE MHOrooGpasue
MHOFOOOpasHs B; Mbl ynoTpefiafieM CHMBOJHKY, BRENEHHYIO
B § 11 raasm II.

Adppunnod csnsnocmso (B 06001eHHOM CMBICIE) HAZBIBAETC A
CBA3HOCTL B PN’(B, 5).

Mycrts ©— dopMa CBASHOCTH HekOTOpo# adduiiofl cps3-
Hoctu I'. dopma @, onpenenennas na P, npHHMMaeT 3Havenus

u3 aare6pel Jlu g rpynnet G. Tak kak G npeacrasaser co6o#t noay-
npsMoe npoussescHue F X G, MBI 0dyyaeM NOAYNPAMYI0 CyMMy 22)

§=F-+g,

rie F—anre6pa Jiu, otokpectBasfiemas ¢ rpymno# F (4 ¢ Bek-
TOPHBIM TPOCTPAHCTBOM PAa3MEPHOCTH #, KOTOpOe fB/deTcH
CTaHAAPTHEIM CJI0EM KAacaTeNbHOrO PAacCIOEHHOro MHOroo0pasus

MHoroo6pasug B). C nomollbio BiOMXeHnHs t MHoroo6pasus P B P
MBl TIO/TyydeM OJHO3HAUHOE PA3A0KEHHe

(1) Fo=0-4a na P,

Flle o ecTp HekoTopad F-3naynad l-dpopma Ha P, a © — neko-
Topaf ¢-3naunad l-dopma na P. Tak kak o ecTb ¢(opma Tuma
ad(G), To o ectb ¢opma thna ad (G). Herpyano uposeputs,
yTo o mpeicTasiget cobolt ¢opmy cBfsHoctd Ha P u, caeno-
BaTe/bHO, OMNpeNeafieT HeKOTopyio aHuefinywo cesasvocrs I' na B.
C .apyro#t cTopoHb, & fBifSeTcs TOPH3OHTAILHOH 1-dopMoH,
IpHHUMAOILEH 3Hauends w3 F, Tako#, uto

R .a=a"t a.

Ho 3To osnayaer, 4To a ecTb $opma, COOTBETCTRYIOLIAA, CO-
rracHo Jdemme 1 § 5, Hekoropomy TenwzopHomy moaio tHna (1, 1)
Ha B. ’

O6GparHo, MM TOkaxeM ceHuac, yto ecau 3a0aHs. Hexomo-
pas srunelinas csa3nocms I' wa B u mensoproe nose K
muna (1,1) na B, mo cywecmsyem aOHa u moavKo 00xa
apdbunnas ceasnocms, maxas, 4mo gopma o 8 (1) cosnadaem



ks

107

$ 4. Aggpuntivie g oart0CTU
\’\—/—\\_/4

¢ opmod COABHOCMy, o0 sn0cmy p, @ Popua o & (1) cos-
nadaem ¢ ¢popmod, CothBBmcmeylotl/‘ea OQHHOMY MEH30p .
Homry noaw K.

s noxasarenbcry, wmy #CTOM,gyeM Pa3NOKeHHE
g
P:;PXF.

[Ipexne BCero ompely; M ¢ B NPOygpoJbHOH ToUKe L (x), X € P,
JloGo#t KacarenbHBH yeKTOp X MuorooOpasus P B Touke t(x)
MOXeT OblTb eJMHCTBEyBIM 00pa30yM npencTaBAeH B Buie

)?_:—“)(—FA,

rae A € F u X — xacaresbHbifl BeKTOp MHorooGpasus P B Touke x.,
C nomowbio popmet ¢BAsHOCTH @ cBA3hocTu I' Ha P u dopmul o
Ha P, coorBerctByiouwiell TeH30PHOMY om0 K, MOXHO HAMMCATp

o (X) =0 (X)+a(X 1 A).

Tenepb Mbl onpenesuM ® HAa BCeM MHOrooOpasuun P c noMollbig
tdhopMynl

Ry o—ad(a ) o

Jlerko nmposeputb, UTO ® OKasbiBaeTcd GopMoli CBASHOCTH Ha p ",
ClIeN0BATENbHO, ONPEALAET HEKOTOPYIO apPUHHYI0 CBAHOCTH L.
U3 nocTpoeHus ACHO, YTO UMeeT MecCTo pasnoxenue (1) hopmsl .
EMHCTBEHHOCTH MOYTH OUYeBUaHA.

CkasaHHoe 03Hauaet, 4To adduuHad CBAIHOCTb olpenensercs
HEeKOTOpOH JuHeHON CBA3HOCTHIO M TeH30DHbIM NoJem Thna (1, 1)
na B. B vactHocTH, Kaxias auHeHHad CBA3HOCTH I' va B unayun-
pyer enuHCTBeHHYIO addunHy0 cBasHocTb I', Takyio, uro dopma o -
B (1) okasuipaercd paeHo#t 0, Taxas CBABHOCTD I' naswiaerca
QPPURHOL CBAZHOCMBIO, KAHORUYECKU NPUCOEOUHEHHOL K OaH-
Hoii auwneiinoll csasnocmu T,

Mb1 6yem paccMaTpuBath faee ullb aGPUHHYIO CBA3HOCTH T’
KaHOHUUYECKH MPUCOEIMHEHHYIO K AaHHOW auHeHHON cBasnoct I'.
I'pynna rofoHOMUH CBA3HOCTH T', kotopas sBasercs NOArpynmo#H
aunHo rpynmsl G, naseBaetcst NpoCTO 2pYANOL 2040HOMUL
(unu, uwaie, weoO0HopPOOHOU 2pynnoi 2040HOMUUL) W 0603Ha-
yaercd cumBosoM P, B To Bpems Kak rpymnfa roJOHOMHH JuHeli-
HOM CBA3HOCTH, ABAAIOLLAACA Moarpynnokt rpynuet G = GL (n, R),
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OymeT Ha3bIBaTbCH B JanbHefed 0040p00.10i gpynnoli 20x0-
Homuu v 0Go3navaThca cumBoiom I,

Teopema 1. ¥ npedcmasasem coboi obpa3 zpynns

20n0n0muu O npu 2omomoppusne $: G—G (moxcHo cKa-
sams unaie, wmo ¥ ecms 00.40p00ias wacms 2pynnsl 2040H0-
maun D).

HoxasaTeabcTBO. BosbMeM OnmoOpHYW ToukKy x € P ans

Wy t(x)EP naga ®. Ilycte t—ropusonTanbuas Kpusas B P,
cooTseTcTByOUlaA aaeMenty o € P, T. e. coeaunsouiag Touxu t (x)

H 1(X)@a; HAM HYXKHO TNOKa3aTb, YTO $(t) €CTb roPuU3OHTAAbHAA
KpuBag B P, coeaunsiomas Toukd x u x)(a@). JlocraTouno Ao-

KasaTb, 4TO OTOOpaxenne {: P — P nepesopur I' B I' Tak, kax
3To omucano B Teopeme § 5 raaswt 1. Ho ato caeayer us mo-
cTpoeHus GOpMbl . JehcTBuTeNbHO, nycTe X — KacaTeabHH#H
BekTOp B TO4ke t(V), y€ P, rOpPH3OHTATbHBEIA OTHOCHTEAbHO-

ceasnoctu I'. Tornaa
0 (X)==0(X)+8(X)+ A,

rie X=X+ A, X_-q)(X) €CTb PA3/0KEHHE, COOTBETCTBYIOLLEE
P=P X F. Tak xax u)(X) paBHo 0, TO u ¢-uacTb 3HaYeHUA

©(X) dopus o Tawe pasma 0, T. e. X = y(X) ecTs BexToOp-
HOE MoJe, FOPH3OHTANbHOE OTHOCHTEALHO I'. Insa awdoro ropu-

30HTANLHOTO BekTopa X B pou3BOAbHOA TouUKe X€EP wmu Mo-
KeM naltTn Taxo sxevent a € G, uro xaE (P). Toraa
YO =4 (R RpX) =Ry 4(R, - X),

~

rae R; - X rOpH30HTANLHO B P W, c1e10BaTelbHO, q)(R; . )?)
ropusonTaabuo otnocuteabuo I'. Takum o3pasov, §(X) ects
ropu3oHTalbHHH BexTOp B P.

Jhio6o# aaement ¢ €D MoKHO 3amucaTh B Buie 4 =S - 4,
rae a = q)(aN) € W. 3n3Ch § HA3BIBACTCA MPILCAAYLOHKOT HACMBIO
aneMenta . Mbl joxaxem Temeph Teopauy 2

Teopema 2. Iyems = {u,; 0Lt L1} —328cnyman
Kpusasn, npoxodawin uwepes moicy € B. Tpincanytonian
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wacms 2020K0Mun 4 € D, coomsememeyoueli T, noxcem Gomes
noaytena caedyowum 06pasor. Ilycme Y,— xacamessroiil
BEKMOp 8 MoOuKe 1y, MNOAYLUBULULECA 8 pe3yapmame napai-
AEALHOZ0 NePeHeCer s u; (xacameasrozo 8exmopa K 1,) 800.4b ©
u3 mouxu u; 8 mouxy uy. Mu naxodun xpusyw {c,;; 0 Lt L 1}
8 KacameasHom agpgunnos npocmpancmse Ty, maxyo, wmo
¢o="0 u ee Kacameasnsie 8exmOps C, NAPALIELbHBL BEKNO-

pam —Y ;. To20a MPARCARGUORRAS HACMb JAEMERMA A PABHA Cy.
HokasateabctBo. [lyctb x,—onopHas touka aas W
u ®. Mo moxem paccmarpuBars Ty, Kak craspaprebifi. caiofl F
KacarelbHOTO pacClioeHHOro MuorooGpasus T (B) u x,— Kak
TOXAecTBeHHOe oToOpamenue F Ha cels.
BosbmeMm audT X, KpuBOH x;, mMpOXOAdllMH Yepe3 X, OTHO-
cuteabHo ‘cBizHoctH I'. Ou gBiserca ropuaoHTanbHOH KpuBOH

B P, nakpuBaomedt #, Yro6sl noayuutb JaudT Xx; OTHOCH-

~

teabHo I' B P, MBIl Hanullem
X=Xy Cyp
rae ¢,—Hekotopas kpuBag ¢ ¢o=~0 B rpymme F. Buiuucaum
~ gy
m(x,). Te xe BBIKIaAKY, UTO H B § 2 ruaasel 1I, gaoor takofl

pe3yabTar:
' c;l-c;—}—ad(c;l)-a(x’t):O.

TaK KaKk Xj—— FOPU3OHTA/IbHbIE BeKTOPb B P, TO Mbl MOnydaeM
o (x)=o(x})40 (x)=0(x}).

Cnenosareabuo,

c;te c;=—6(x;).

7 -1, 7 -1, 7
G(xt) paBHO Xx; w(xt), T. e X; U;, HO 3ITO He uTO WHOE,

Kak BeKTOp .Y, nallefi teopemsl. [1peAsinyiiee paBeHCTBO O3Ha-
yaeT, UTO €; eCTb KpPHMBad, KacaTelbHEE BeKTOPEHI c; KoTOpoO#

napanaenbHel — Y.

Teopewma 3. Ilyems x,— Kpusas 8 P, zopusonmarsnas
omuocumeasro csasnocmu U, u u,— n (x,)— ee npoexyus 8 B.
Jugm xpusoi u;, onpedeaennsii 8 P omnocumeasno I', mo-

P t 4
gicem Guims 3anucaw 8 gopme

xt= xt' Ct,
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20e ¢,— nexomopasn kpusas 8 F. Kpusas u, ssanemcs zeo-
0e3unecKOd 8 MOM U MOALKO B8 MOM CAyHQE, eCAU C;— NPA-
man 8 F.

IHokasateabcTBo. Te xe BHKIALKH, UYTO U B R0OKa3a-
TelbCTBE TeopeMsl 2, AT

c’t-ct—lz—ﬁ(x;).

Eciau u,—reonesnyeckas, ToO X,— MUHTErpajibHas KPHBasA HEKO-
Toporo GasucHoro BektopHoro moas B(£) B P (teopeMa § 7) u,

c/e10BaTeNbHo, B(x;)———i nas Bcex f. Ho 3To o3Hauaer, uto

¢ -crt=—EF T. e. ¢c,—nupavas B F. Croab xe oueBHIHA
t 6 ¢

CNpaBeNINBOCTL H O6paTHOFO yTBEDKAEHUA.

[lpumeuanus k raase III

1) Onpenenenne auHeHHOH CBAsHOCTH ¢ moMompbio Vi -V (§§ 3, 4)
BIepBHE -6bljl0 naHo KocyJaeM; 3aTeM OHO ucnoJs3oBajgoch K. Ho-
munzy [14].

2) Ecan aumefinas cessHocts I' 3amana ¢ momompio Vy -V, TO, Kak
JerKo NOKa3aTb, ONepauus

Vy-X=Vg-¥—[X, ¥]

onpeneseT HOByi cBasHocTh I. Ecam cBasHocTs I' ompenesena c mo-
MOLbI0 KOMIIOHEHT I‘Z, 10 I onpegeaserci ¢ TNOMOWbIO I‘;;‘ =

R 1 ’ o .
=17+ Hanee, 7(1‘—[—1‘ ) €cTb TaKKe JuHeHHas CBA3HOCTb; OHA ONpe-

1 .
Jengercsl KOMIOHEHTaMHK 7(I‘f‘j—[-l""i); MoJIe TEH30pa KPY4YeHHd 3TOH
CBA3HOCTH SIBAAETCA HYJACBBIM.

3) I[Tycme na Mr02000pasuu B 3a0ana pumanosa Mempura; mozda
cyujecmsyem OOKA U MOALKO OON@ AUHEUNAS C8L3HOCMDb, YOO8.AE-
MBOPAIOUAST CALOYIOUUM  YCAOBUAM: a) NOAC MEN30PE KDYLeHUs
S8A5IeMCsL HYAeBblM; D) napassesvnOe nepenecenue s8Asemcs u3o-
Mempudeckum AuKeiHbM OmoOpaceruem OOHO0 KACAMeALRO0
npocmpancmsa Ha 0pyzoe.

Takasa JAuHediHasd CBA3HOCTb Ha3blBaeTCs puMaHOsOli CB8A3HROCMBIO
(unu csn3nocmero Jlegu-Yusuma), TPHCOEIUHEHHOH K NaHHOH puma-
HoBOH merpuke. Ecan 0603HauKTh PHMaHOBY METPHKY cuMBoJioM g (X, Y),
TO pPUMAaHOBY CBA3HOCTb MOXHO 3ajatb C NOMOILIbIO Koaapuamﬂof/i
npousBogHOA Vy -V (§§ 3, 4), xoTOpas onpenensercd EAHHCTBEHHBIM

06pa3zoM H3 CACAYIOmEr0 ypaBHEHH::
2W(Vx Y, 2)=X-g(V,2)+Y-g(X,Z)—Z-g(X, ¥)+
+& (X, Y] 2)+¢g([Z X1. V) +g (X [Z, ¥]),
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rae X, ¥ u Z—npousBoibHble BexTopubie noad. CBoiicTBO a) mpo-
BEPAETCH HEMOCPEACTBEHHO; CBOHCTBO b) clienyer H3 ypaBHEHHd

X-g(Y.2)=g(Vx-Y, Z)+ g (¥, Vx- Z),

KOTOpPOe MOMET ObiTh Jerxko MNoayuewo. JanbHeHliHe CBeXEHHS O PH-
MaHOBBIX CBA3HOCTAX CM. B cTaThe Bopeas u Jluxueposuua (IIUT. B IpH-
meuannu 1 k raase II).

4) Upynubl TONOHOMHE JHHERHBIX CBA3HOCTeH GHIM JeTadbHO U3Y-
vyeusl Hulienxéiicom [13]. Yacts 1 paGorel [13] momer 6biTb 3HAUH-
TeJAbHO yNpOLleHAa MNPHMEHEHHEM TeopeMbl O TrOJOHOMHH H3 § 7
raaBsl 11,

5) I'pynnma Bcex aBTOMOPGH3MOB HeKOTOpOH naHHeluol CBA3HOCTH
(§ 9) aBasierca rpynunoii Jlu [8]. Teomerpuyeckoe T0OKa3aTeAbCTBO GbLIO
zano C. KoGascu [10], HcmonbsoBaBWIHM MOJHYIO MapajieAW3yeMOCTb
MHOroo0pasust £, BO3HHKAOWYI0 KaK pe3yAbTar 3anauus JauuefiHoft
CBSI3HOCTH.

6) C momompbio pesyibratoB § 10 Gbina nokasana cClenyomas
reopema [11]: O0OHocsssnoe duggepenyupyesoe muozoo6pazue M
¢ 3a0aHHOL Ha HeM noAHOU AUHelHOU C8A3HOCMBIO, MAKOH, 4MO
"VT=0 u YVR=0, MoxnHO paccmampusams wax 00H0poOHOe npo-
empancmso G[H, 20e G — HauGoavwass cssstas epynna Jlu asmo-
MOpPu3M08 OaHHOl ces3HoCmL.

Jluneiinble CBA3HOCTH 3TOr0 THna Gbiam u3ydyensl B [14] ¢ pas-
JAHYHBIX TO4YeK 3peHHd. B uacruoctH, nuneiinbie cesisHocTH ¢ 7T =0
u VR = 0 nasuiBatoTca cummempuynst My (B cmbicie d. Kapraua),

7) Cnmoco6 paccMoTpeHusi, npumemenunii B § 11, mpuuamaemur
C. KoGascu 1 aBTOpY.



TNNPUMEYAHHUS NEPEBOJYHUKA U PELJAKTOPA

Kuura oTamuaeTcq CKATOCTBIO M TOYHOCTBIO  H3JIOMKEHHS
M OJHOBPEMEHHO HEKOTOPHIM cBOeOGpasueM tepmunosorud. Crpe-
MACb COXPaHHTb JAKOHMUYHBI CTHJIb aBTOPa H B TO Xe BPEMs
NPAaBUABHO MepelaThb COJepiKaHHe MOHATHH, Mbl MecTaMH GbLIA
BHHY:ICHH BBECTH He YNOTPEO/ABIIMECS B DPYCCKMX KHHrax
Tepmunbl. Tak, mb nepesoauM lift of a vector field — sugm
sexmoprnozo noas; differentiably complete family — nosnoe
omuocumesbrRO cynepnosuyun Oupdepengupyensix Gyuxyui
cemedicmso; local family — soxaasr0 noanoe cemeilicmso; the
group acts differentiably -—epynna delicmsyem oJugppepenyu-
pyemvim o6pasom; the group acts to the right —zpynna
Oelicmeyem npasocmopoRHUM 06pPA30M.

Hanee, M oOpauaeM BHHMaHHE unTartejeft Ha TO 06crofi-
TeABCTBO, UTO aBTOP WIAPOKO MO/b3YETCH MOHATHAMH TEOPUH
TOMOJIOTHYECKUX TPOCTPAHCTB, aiare6panueckoff TEOpPHH rpynm
H TeOpHH BEKTODHBLIX [pPOCTPAHCTB, HO B TO Xe BpeMd 1O
CyulecTBy He ONHpaeTcs Ha TeopeMbl 3THx Teopuit. [Toaromy
MBI COUMH IXe/IeCOOGPa3HbiM CHAGAHTb TEKCT CPABHUTEJBHO He-
GonbliM yHMCJAOM npuMedYaHuf, 4TOGH [aTh UHTATEN0 BOBMON-
HOCTL 060#THCH Ge3 NOHCKOB ONpelefeHHi TeX MM HHBIX MOHATU’
B KHHrax no tomoJtoruu u antre6pe, Ilpumeuannsd, oTHOcsuiMecs
K TeopHH xaycnopgoBbX MPOCTPAHCTB, TEOPHH I'PYNN H TeOPHH
BEKTOPHBIX NMPOCTPAHCTB, OGBENMHEHH MOJ COOTBETCTBYIOLUIUMU
3aro/I0BKaMH. '

XaycpopdoBsl nmpocTpancTaa

1) MHOxeCTBO S 3/1€MEHTOB X, Y, 2. ... Ha3bBaeTCd Xayc-
dopgossim npocmpancmson, ecmd L moboro x €S ompe-
HelleHH HexOTOpwe MuOXecTBa U,CS, HasnBacMmue oxpecm-
HOCmAMu 3NeMeHTa X, KOTODhie YAOBJIETBOPSAIOT ClelyIOIHM
TPeGOBaHUIM.
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1. Ina mo6oro x €S cywmecTsyer mo KpafdHe#t vepe onHa
okpecriocts U,; x €U, ana moboro U,.

1 2
2. Ecmt U u U(x)——oxpecmocm 3JIEeMEHTAa X, TO Cylle-
; 3
CTByeT Takas OKPeCcTHOCTb UY storo snemenra, uto

UOcUP 0 U

3. Ilycte sapaum x, U, u y€U,; Torna cyuecrsyer
okpecTHOcT U, saemenTa y, Taxaﬂ uro U, cU,.

4, Tlyctb SallaHbI NpOH3BOJIbHEE X, YES (xq&y) TQI1a
cywecTByioT okpecrnoctd U, Uy, takue, uro U, nu,=0.

COBOKYNMHOCTb BBEAECHHBIX TaKHM ob6pasom oxpecmomeﬁ Ha-
abiBaeTcsl 6a3ucox xaycaopdoBa NpoOCTPaHCTBA.

%) TosopsT, 4r0 xaycAOpdOBO MPOCTPAHCTBO YAOBJETBO-
PRET 8mOpOd aKcuoms cuemHOCMU, €CIH OHO 006/ajaeT cuer-
HbHiM GasHcoM. -

3) 'oBOpsaT, YTO HA HEKOTOPOM MHOXECTBE 3aAaHa MONo-
Aozus, ecAd B HeM ompeleneHa cHcTeMa OKpecTHOGTeH, yio-
BIETBOPSIOLIMX [EPeYHC/HeHHEIM BLIIEé aKCHOMaM XaycnopdgoBa
npoctpaHcTBa (MM ApYroH, HECKOJbKO OcnabJaeHHOH cHcTeMe
aKCHOM).

Kaxnoe 110 AMHOECTBO xaycaop¢$oBa NpOCTPAHCTBA MOMKHO
cHAbIUTh UHOYRUPOBAHHOL TONONOIHeH, eCIH 3a OKPECTHOCTb
€r0 TOUKM IMPHHATH M[EpPEecedeHHe €€ OKPEeCTHOCTH B HCXOAHOW
NPOCTPAaHCTBE € PacCMATPHBAEMBIM MOAMHOXKecTBOM. CHabeHHOe
3TOU ecmecmBeHHOd moOnos02ued TOAMHOMXECTBO MOXHO pac-
CMATPUBATh KAaK HOBOE XayCAOP(OBO NPOCTPAHCTBO.

Oanosnaunoe orobpaxenHe muoxecrsa S xaycaopdosa npo-

CTPaHCTBA HA IPyroe MHOMECTBO S 3TOIO e WJH APYroro xayc-
10p(oBa NPOCTPAHCTBA HA3BIBACTCHA HENPepbleHblM, ecnu Ais
KaWI0ro a/eMeHta x €S u moGOH OKpecTHOCTH UcS obpasa
X STOFO 5JEMEHTAa MOXHO ykasatb okpectHocts UcS sroro
aneMeHta x, orobpaxamouyioca B U.

TFomeomopusmon (monorozudeckcur omobpanxcerues) Ha-
3bIBAETCS B3aUMHO OJHO3HAYHOe H B3aWMHO HempephbiBHOE 0TOGpa-
Kenue, '

4) MHOxecTBO B XxaycnOp(OBOM NPOCTPAHCTBE HA3bIBAETCS
OMmrpsimul M, €CAU KAOWAbIK €ro anemMeHT 0GnanaeT OKPECTHOCTHIO,
npuHaatexaiiell 3TOMy MHOXecTBy. B uacTHocTH, Kaxnas OKpe-
CTHOCTb ABJSAETCS OTKPBITHIM MHOMKECTBQM.

8 3ax. 996.
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MuoxecTB0 XxaycAOpdoBa MPOCTPAHCTBA HA3BIBAETCH 3AMK-
HymetM, eCIM ero NONOJHeHHe [0 BCer0 mpPOCTPAHCTBA OT-
KDBITO.

5) MuoxecTBO xaycaop$OBa nNpPOCTPAHCTBA HA3bIBAETCH KOM-
nRAGKMHABLM, €CIA U3 BCAKOTO er0 CYeTHOrO MOKPBITHS OTKPbITHIMH
MHOXECTBAMH MOXHO BBIAGTHTb KOHeUHOe NOKPHITHE.

8) Xaycnop$0Bo NPOCTPAHCTBO HA3bIBAETCHA CBA3HbLM, €CITH
ero Heab3s pasGuTb Ha [Ba HENMyCTHIX HeMepeceKaloUIMXCH 3aMK-
HYTHIX MHOXeCTBa. MHOMECTBO B XaycnopgOBOM mpOCTpaHCTBE
HA3BIBACTCA C8A3HGIM, €CIH OHO CBA3HO, Oyayun paccMmaTpu-
BAEMO KaK MOAMPOCTPAHCTBO.

"y Komunonenmod (cBA3HOM) 9eMeHTa xaycaopdosa mpo-
CTPAHCTBA HA3HIBAETCH MAaKCHMA/MbHOE CBSI3BHOE MHOMXECTBO, CO-
Jepxallee 3TOT 3JEMEHT.

8) Xaycropd0BO MPOCTPAHCTBO HA3BIBAETCHA LOKQAABHO CBA3-
HbtM, ecld JIo6Gasi OTKPhiTas OKPeCTHOCTh JMOGOH TOUKM copep-
HAT O0O6nacTb (OTKPbITOE CBSISHOE MHOXECTBO), COLEPKALLYIO
3Ty TOUKY, '

MuoxectBo B Xxaycnop¢OBOM HpPOCTPaHCTBe Ha3HBAaeTCs JO-
KadbHO CBS3HbIM, €CJIH OHO SABISETCS TaKOBBIM, Oyayuu pac-
CMaTpHBaeMO KaK XaycAOP(POBO MPOCTPAHCTEO.

9) Henpepoisrod Kpusod B Xaycaopdonom npOCTpaHCTBe
HasniBaercs o6pas otpeska [0, 1] npu ero HenpepbiBHOM 0TO-
6pawennn x; (0 ¢ 1) B ato npocrpancTBO. ITymenm Hazbi-
BaeTCs HelpephiBHAas KpHBas, Ha KOTOPOR yKasaHbl HauyajbHas
TOUKAa X, H KOHeuHas TOYKa X;, HJH, KaK rOBODAT, yKasaHO
Hanpasenue 06x00a.

10) MuoxecTBO XaycaopdoBa NPOCTPAHCTBA HA3bIBAETCS
AUHEHHO C8A3HLLM, eciH JiofGble JBe er0 TOUYKH MOXKHO CO-
eMHNUTb HenpepbIBHOK KPHUBOH, Jgexaliel B STOM MHOXeECTBe.

1ty F'omomonueii oroGpaxenut ojHOrO xaycaopdoBa mpo-
crpaHcTBa L B gpyroe S HasbBaeTcs HenpepbiBHOe OTOGpase-
HHe

f:LXI=S,

rae /=1[0,1], 1. e. dyukuus f(l, £) co sHaueHusmu us S, me-
npephiBHasg 0 COBOKYNHOCTH ABYX aprymeHTtoB [€L u f€ /.
Iycrb samana romoTomus f orobpameHuit HeKOTOPOrO Xayc-
nopposa npocrpanctea L B 6asy B paccioeHHOr0 MHOro-
o6pasus P. Hekoropas romoromus F oroGpakeunit L B P
HasHIBAeTC TOMOTONHEN, HaKkpsisawoujell HCXOJHYId T[OMOTO-
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nuio f, eCln e2 NpOeKUUS Agggercd HCXONHOH roMoTomweft, T. e.
=IF (. 1 =f( D).

Teopena o nakpwgawujei zomomonuu (cM. [19], crp. 67)
yreepxaaer caedyiouiee. Ilycte 3anaHo HenpephiBHOe oto0Opa-
wenne F, xaycnopdoBa npocrpancTsa L B pacClIOeHHOe MHOTO-
ofpasue P wu romoronuss f({, f) oroGpaxenuit sTOrO mNpPO-
crpaictea B Gady B, taxas, uto wF,())=f(l, 0). Toraa cy-
LecTByeT HakpuiBaiowas roMoronus F (L, ) nna f(l, £). Tlpn
sToM, eciu f[m(x), £] nocrosnvo npHu { Lt Lty To U F(x, 1)
TaKXe MNOCTOAHHO.

[Tycte L cocTout u3 OBHOH TOukh [, a xo= Fy([)—ee
ofpas B P. Tlycte f(/, {)—roMorouus orobpamenu#t Touky [
B Gasy B, rakas, uro f(/, 0)=m(x,). Dra romoronus Oyner
kpuBof #, (0 Lt < 1) B 6ase ¢ HauanbHoH TOUKOH = (xo). Ilo
TeOpeme O HakpbiBapowe#t romoronud, B P cyuecTByer KpH-
Basg y,, NpOeKTHpylowasca B 4;.

12y [omomonuel meXLY INBYMA HENPEpPHIBHBIMH KpPHBBIMU
(nyTaMH) T, U T; B xaycaopdosoM npocrpancTBe B, HMe0MMH
ofuine Havana H oOuide KOHUBI, HA3BIBAETCS HEIpepPhIBHOE OTO-
Gpaxenne ¢ (¢, s) npsMoro npoussenenua [ X I 1ByX enMHHu-
Hbix orpeskoB /=1[0, 1] B npocrpancteo B, Ttaxoe, uro MHO-
wectBo Touek @ (£, 0)€ B (0L ¢ 1) coBnagaer ¢ <, a MHO-
xecrBo Touek o (£, 1)€B (0Lt 1) coBnagaer ¢ <. Ecm
MeXAy ABYMS NyTAMH CYUIECTBYET TOMOTONHA, TO TOBOPAT, YTO
OAHMH W3 HWHX MOXeT OBTb [epeBeleH B ADYro#l HenpepuBHOH
nledopmanreft BHyTpH NMpOCTPAHCTBA.

18) JIBa 3aMKHYTBIX NYTH, Hayaaa M KOHHb KOTOPHIX COB-
MagaioT ¢ ToukO#t u (HaskiBaeMOH OnopHod nan 3TUX nyTeit)
Xaycaop¢doBa npOCTPAHCTBA, HASHLIBAIOTCH 20MOMOAHBLMI MEXAY
coCOH, ec/am OJMH M3 HHX MOXHO flepeBecTH B JAPYro#t Henpe-
puiBHOR nedopmanMeit BHYTPH npocrpaHctsa. Komnosuyued pv
IBYX nyTe# , v ¢ ONOPDHOH TOuKOH «# HasbiBaeTcs HOBHI NYThb
¢ ToH e omopHOH ToukoH, mnoJsayvaoumeHcs npu nmocaepona-
TEJbHOM MPOXOXACHWH cHauana ., a 3areM v,

MuoxectBo Bcex TOMOTONHBIX Mexay coboft myreft ¢ omop-
HO TOUKOH # Ha3biBACTCA 20momonuyveckum raaccor. Onpe-
NeNMM  KOMIO3HIMI0O AByX TrOMOTONMHueckHX KaaccoB C, u C,
KaK HOBHH KJjacc C,Cz, cocrosiuMét W3 Bcex MyTeft, roMOTOMN-
HHX pv, Tle p H Y~ NPOU3BOJbHbie nytd s C, u C, cOOT-
BeTcTBeHHO. Toraa MHOxeCTBO BCeX rOMOTONMYECKHX KJACCOB
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ofpasyer Tak Ha3LIBaeMyI0 PyYHOAMEHMAAbHYIO 2pynny TNpo-
CTpPaHCTBa.

14y 3aMkHYTHH OyTh ¢ ONOPHON TOUKOH # HA3BIBAETCH 20MO0-
MOnHpM HYAl, €CTH OH MOMET ObTb CTSHYT B TOUKY He-
npepuBHOA nedopmaniedl BHYTPH INPOCTPaHCTBA.

1) k-mepusii e8KAuO08wM npocmpancmeon R (otHe-
CEHHbIM K JeKapTOBOH CHCTeMe KOOPAMHAT) HAa3biBA€TCA MHO-
HECTBO BCeX YyMOPSIOUEHHBIX CHCTEM KR BELIECTBEHHBIX YHCE

(*y ..., x,), HasbBaeMbIX moO4KaM4 3TOIO IPOCTPAHCTBA,
B KOTOPOM pacCTOfIHHE MeMJy IByMSl TOUKaMh (X ..., Xp)
u (Y, ..., ¥,) onpenensercs popmyroH

p=V (@ — ¥+ ... FC— ) =p(x, ).

Omxpomoir uwapoM B €BKJIMIOBOM I[POCTPAHCTBE RF pa-
AMyca @ ¢ I1EeHTPOM B TOYKE X HA3HBAETCH MHOXECTBO BCEX
TOueK y € RE, pas KoTopHx p(x, y) < a.

EBKIMI0BO NMPOCTPAHCTBO MOKHO PAaCCMaTPHBATL KaK Xaye-
IOpGOBO MNPOCTPAHCTBO, €CAH  MHOXKECTBO BCeX OTKPBITHIX
IWapos cuuTath GasHCHOM CHCTEMOH OKpecTHOCTEH.

pynmbt

18)  I'pynnoé (G  Ha3HBAeTCA MHOXKECTBO  3JEMEHTOB
a, b, ¢, ..., B KOTODOM OINpelefeHa IPYMIOBas KOMMOO3HLHS,
conocrasasolan Kaxno# ynopsanoueHHo#t mape (a, b) 3/1eMeHTOB
M3 G enMHCTBeHHHIH 3MeMeHT ¢ =ab us G W ob6nangalolias cie-
LYIOLIAMA CBOHCTBaMU:

1. (ab)c=a(bc) (accouHaTUBHOCTD).

2. CywectByeT emMHHYHBIH 37MeMeHT e, TakoH, uTo ae=
=ea==a n moboro a & G. :

3. Hna Besxoro a& G cywecTByer eNMHCTBeHHHH o6par-
HbIfl sstemert o' € G, Tako#, uro aa l=a"la=—e.

3ameruM, yTo mapa 3sJaemeHTOB (@, b) W3 rpynnn G B KHuTe
paccmarpuBaeTcd Kak 3jeMeHT npsamoro npoussenenus G X G.

ITodzpynnott H rpynnbl G HasHBAaeTCd MHOMECTBO 3Je-
MeHTOB M3 (G, 00pasylouX TPynny OTHOCHTEIbLHO TPYyNNoBoH
KOMIO3HIHK HCXOLHOH I'pyIIbL,

1y Jlegon cmedcnoir  Kaaccou rpynns G no mop-
rpynne H, nopomjeHHHM ajgemeHTOM a & (, HasHBaeTcs MHO-
KectBo all Bcex 53/aeMeHTOB BHLa ax, I'ne x & H. JleBbe
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CMEXHBle KJIacchl, MOPOKIEHHble Pa3MHYHBIMH 3JEMEHTaMH, JHEO
COBNAAa0T, JUOO He MMEIOT OOLIMX 3JAeMEHTOB,

AHanornuHo onpenensercs NpaBbifi cMmexHuft wiaacc Ha.

Ecan Ha=—=aH npu moGom a€ (G, 1o noarpymna H Ha-
3LIBAETCS UHBAPUAHMHOU.

Brympennum asmonmoppussox rpynnbl G, onpenenseMbiM
37EMEHTOM @, Ha3hBaeTcsl oToOpaxehne

x—alxa, x€G,
rpynnst G B ce0s.

VuBapuautHaa mnoarpynna H HHBapHaHTHA OTHOCHTENHHO
BHYTpEHHWX aBTOMOpDGH3MOB rpynne: a~'Ha=H npu mobom
a€q.

.« MHOXecTBO BCeX CMeXHHX K/I1acCOB MO WHBAPHAHTHOH mon-
rpynne H o6pasyer Tak HasblBaeMylo @axkmop-zpynny G/H,
B KOTOpPOH KOMIO3WLHs KaaccoB afl u OH onpepensercs xax
knacc abH. Moxuo mnokasarb, uTto abH =—abH, rne a,
u b, — mobule snemenThl U3 aH n bH COOTBETCTBEHHO.

18) Qrobpawxenne ¢ rpynnsl G Ha rpynmy G’ HasbiBaeTcs
u30moproi v oTobpakeHnem (M30MOpPGHU3MOM), eCaM OHO B3a-
MMHO OLHO3HAYHO M COXpaHseT FPYNIOBYIO KOMIO3HIHIO:

¢(ab) =2 (@) ¢ (b), a bEQG.

HsovopdHoe oroOpaxende rpynmel Ha cebs HasbiBaeTcs
asmomopdusmom. B dactHOCTH, aBTOMODGMHU3MOM ABJASETCH
oTOOpaxeHHe 4

x —alxa,
rle x —Tekywu#, a a— NIPOU3BOJNBLHO (UKCHPOBAHHLIA 9ie-
meHT rpynnbl. Taxo#t apTOMOpP(H3M HasHBaeTC gHYMPEHHUM
A8MOMOPPHUIMOM, TOPOXKIAECHHBIM 3JMEMEHTOM @ (Cp. TpUMe-
uaHHe 16),

19) OnHo3HauHOe (HO He 0043aTebHO B3aUMHO OLHO3HAYHOE)
oTo6paxenue f rpynnsl G’ B rpynny (G Ha3biBaeTCsi 2040.M0p-
pu3mMoM, €CIH OHO COXPaHAeT FPYINOBYI0 KOMNO3MIHIO:

f(ab)=f(a)f(b), @ bEC.
MHoXecTBO BCeX saementoB u3 (', KoTophle oTobGpaxaloTcs
B eIMHWUHBIA 9jement U3 (F, Ha3bHIBAETCA AOPOM TOMOMOP-
¢usMa. AHaNOTMYHO oONpelenserTcs roMoMOpdusMm asreGpu B
anrebpy.

20)  duaoMOPPUIMOM TDPYNNB  HasHBAETCA  romMoMoOpdHOe
oToGpaxeHue TPYMilbl B STY Xe rpymmy.
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20y Jlpameim npoudgedenuem WIR NPAMOL CcYMMOL r
MHoxect8 Ay, ..., A,, B3ATHX B 3TOM IOPsIKe, Ha3bIBaeTCs
MHOXECTBO BCeX YNOPALOYEHHBX COBOKynHocTed (ay, ..., 4,),
roe a;—saemedT w3 A; (f=1, ..., r). Ilpamoe npousBeneuue
MHOXeCTB A, Ay, ..., A, oGosnauaerca A; X A, X ... X A4,.
[Ipsamas cyMMa 3THX MHOXeCTB oO0oaHauaercs A+ A, ...
co A,

2) Ecmn B rpymne (, obaanawoiueft unBapmaHTHOH mon-
rpynmo#t N, umeerca mnoarpymna H, wusomopduas daxrop-
rpynne G/N, 10 a060# anement u3 (G MOXKHO NPENCTABHUTD
KaK Tpou3BelleHNe HEKOTOPHIX 3JjementoB u3 H u N. B arom
cayuae roBopar, uro (G ecTb noaynpamoe npousgedenue H
n N.

B uactHoctu, npamoe npouspeneHne IAByx rpynn H u N
ABJIAeTCA TOJYNpsAMbIM Mpousselenuem. B vem n H n N Gynyr
WHBAPHAHTHBIMM MOITPYMIIaMH.

AHa/OTHYHO OmpenelseTcsl HOAYRPAMAS CYMMQ B Clyuae,
KOrJa rpynnoBas KOMMO3MIMA HA3blBAETCH CJOMKEHHEM. '

BexTopHbie mpocTpaHcTBa

23y Jluneidnois NPOCMPAHCMBOM, WIA BEKMOPHbLIM NpoO-
CMPAnCmBOM, UIH MOOYaeMm AuHelnblX @Oopm Hal noieM R
BELUECTBEHHBIX uncest (T. €. HAl MHOMXECTBOM BCeX BelLEeCTBeH-

HBIX uynuced, o0603HauaeMblX pajlee dyepe3 o, B, 7, ...) HasH-
BaeTC MHOXECTBO 3JeMeHTOB (BexkTopoB) X, V,Z, ..., B KO-
TOPOM:

1. Onpenenena omnepanusl CJAONKEHUA, ONHO3HAYHO COMHO-
craBasowad Kaxno# mnape BexTopoB X, Y HOBHIH BeKTOp
XY, vasbiBaemuifi uX Ccymmoh, npuuem

X+VY=V+X X+NtZ=X+(¥+2).

2. Onpenenena Onepaunys yMHOKEHUS YHCAA HA BEKTOP, COMO-
CTaBJAOIL A% KAKAOMY HHCAY o W KAWAOMY BexTopy X HOBHIH
BexTOp X, MpHYEM

Xo=0oX, 1 - X=X, (@4pfHX=0X+BX,
a(X+V)=aX+aV, a@X)=(af)X.
Ornepaiyst BbIYATaHUS BO3HAKAET aBTOMATHYECKH:
X Y=X1(—1)Y.
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BexTOpHOE NPOCTPAHCTBO MOMHO CTPOUTh He TOJBKO Hal
nojeM R BellleCTBEHHEIX YMCeJ, HO M, HANPHAMEP, Hal MHOXe-
ctBOM § GyHKUHH, npu nOMOLIK KOTOPHX Onpeaessercs Audpde-
peHUMpyeMas CTpykTypa MHoroofpasus V.

24) BexTOpHOE INPOCTPAHCTBO HASHIBAETCA N-MEPHBLM, €CJN
B HeM HMeeTcst cucteMa n BexT0poB Xy, ..., X, (6asuc npo-
cmpancmsa), yepe3 KOTODHIE JAWHeHHO BbIpaxaercs JOGOH Bek-
Top X TNpPOCTPaHCTBA:

X=a X + . -+—ozn '

mpHuyeM CaMu BeKTOpH X, ..., X,,
HE CBA3aHbl COOTHOLIEHHeM BHAA

BX 4 ... +B,X,=

.
rae He Bce By, ..., B, pasum O.

25) BeKTOpPHHM IPOCTPAHCTBOM, CONPANCEHHLIM K JAHHOMY,
HA3HBAETCA MPOCTPAHCTBO JAHHeHHBIX OTOOpa)ceHHH HCXONHOTO
NPOCTPAHCTBA HA NOJe R BelleCTBEHHBIX UHCEJ.

28y Apz2e6podi Ha3LIBAETCS BeKTOPHOE MPOCTPAHCTBO, B KOTO-=
TOM Ofpeje/eHa elie Onepauns yMHOXEHHs BeKTOpOB (Ouiaunei-
Has Ofepauud), COMNOCTABIAIOWIAS Kaxao#f ymopapoueHHOH nape
BexkTopoB X, Y wnomuit Bektop [X, Y]—wux mnpoussenexue,
npuuem

X, Y4 ZI=1X, YI4IX, Z}, (X4-V. Z) =X, Z) 1Y, Z],
[aX, BY]=2aB X, Y].

. Tako#i aare6po#t Han nosem R BeilieCTBEHHBIX UHCeJ ABAACTCS
MHOXecTBO § pyHKu A Ha MHOrOOGpa3nu V, APH NOMOIIH KOTOPHX
onpeze/sercs auddepeHnupyeMas CTPyKTypa 5TOI'0 MHOI006pasus.
2"y Hoeasom ¢’ amre6pel § HasuiBaeTca nopaarebpa, KOTO-
pas ,BblIEPKUBAET* yMHOXeHHe Ha JM06O# 3/1eMeHT 06 bemToel
anrebphi:

JHHE#tHO He3aBHCHMDI, T. €.

ag’ € ¢’ npu moboM a € q.
) Asmonmoppuzmon anreOpb Ha3LHBACTCA ee OTOGPaMeHHe
Ha ce6d, NPH KOTOPOM COXPAHSIOTCH ajareOpanieckue ONepalyH.
JlonoanuTedbHble NpUMeUAHns

29) T. e. cyuiecTBOBaHHe B paccMarphBaeMo#t 06JacTH 1POHU3-
BOAHHIX JMIOOOI0 mopsinxa.
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80) 3nak + o0603HaYaeT 34ech KOMIO3UUUIO ABYX OTOGpPa-
wenuft (pynkuuft).

51) Tpaexmopueii onHonapaMeTpHYeCKOH rpymmbl ¢,, MPOXO-
asime#t uvepes Touky, X €V, HasHBaeTCs MHOMXECTBO TOYeK

¢x (— 00 <t <L H-00).

. 1 npu i=/],
82y 3= P ]
/ 0 npui=£]J.
3%) sign s==-} 1 na9 dYeTHHIX NEpPecTaHoBOK W ——1 qnd
HEYETHHIX. '

n

84) Tlon saeMenToM MuOmectsa D= X, ® noHuMapTCcA
r=q

(OpMaibHO 3aMUCAHHEIE ,CYMME“ (DOPM pa3AHUUHBIX HOPAAKOR:
lZw(Xi)—}—izjw(X, X))+ o FoX, ... X)),

IleficTBHA Han STHMH 3JeMeHTaMH (CJOMEHHE 3NEeMEHTOB H HX
yMHOXeHHe Ha (PYHKUHMH) ONPeAeIsioTcs MO OOLIYHEIM NpaBUJaM
JeHcTBHH Hal MHOrOu/MeHaMH € Y4YeTOM TOrO, 4Tto Aad (opM
ONHOTO MOpfAKAa OHH YXKe ONpeleNeHH.

1) Assmepruposartem 0OTOOPANKEHHS HA3bIBAETCS er0 3aMEHa
HOBHIM OTOOpaXkeHHeM, CONOCTaBIASIOWKM npexHeMy npoobpasy
pe3ynbTaT A4bMepHUpOSAHUs TpexHero obpasa. Onepauus
a71bTEPHHPOBAHAA MHOFOMHAEKCHOH BeJWUMHH ONpelefsieTcsl Tak:

1 .
iy ooy tp) = pT E(S‘g“ )8y 1y v s Gip)?
s

rae 3uak 2 0603HauaeT CYMMHpOBaHHe NO BCEBO3MOMXHHM
s

lepecTaHOBKaM WHICKCOB iy, ..., L,

36) 3Dro rTpebomanue oOecneunBaeT AHPDepeHUHPYEMOCTD
oTobpaxenutt

a—at, (a, b) — ab.

37) CumBost ad ectb cokpaulende cioB adjoint representation
(npHcoeHHeHHOe HPeCTaBJIeHHE).

38) B rekcre maercd omnpeleneHue JHIIb MIaBHOTO PacciOeH-
HOFO MHOrooGpasus. Dosee OGWHM MOHATHeM dBJdeTCd NOHATHe
PACCAOLHHOZO0 MHO02000pa3usi (He o6sf3arenbHo riasHoro). Ms
OnpefieIeHUs, NAHHOFO B TEKCTe, CAeAyeT, YTO B IJI4BHOM pac-
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CJI0EHHOM MHOTOOOpasuM CaOH, COOTBETCTBYIOUIHA NMPOH3BOJLHOH
TOUKe € B, r. e. ee NOJHbA npoo6pas w—!(x), usomoppen
rpynnie G. B oGuieM cayuae ciao#i pacCiOEHHOro MHOrooGpasus
npeAcTapnger coGoli nuepeHUUpyeMoe MHOr006pasne, B KOTO-
POM rpynna G TpaH3UTHBHO JneficTByeT npaBOCTOPOHHHM 06 pas3oM,
HO KOoTOpoe He 00s3arejbHO H30MOPGHO caMOH rpymme.

99) Ilpe TOUYKH MHOro0Gpasusi P Ha3LIBAOTCA IXLBUBANCHNM-
HOLMU 10 OTHOUIGHHIO K rpymie @, ecau CyuecrByer mpeobpa-
30BaHMe, fBJAIOILEECs 3JaeMeHTOM rpynnsl G, Nepesossdiuee OHY
M8 STHX TOuUeK B npyryio. Kaaccom sxsusasenmrocmu Hazbl-
BaeTCS MHOXECTBO BCeX SKBHBAJIEHTHHIX MeX1y cO000H Touek.
MHOXECTBO, 39JIeMEHTaMH KOTOPOFO ABJIAIOTCA TaKHe KJI4acChl,
Ha3BLIBACTCH PIKMOP-NPOCMPARCMBOM HHO2000pa3us P no omuo-
WERUIO K COOMHOULEHUIO 3KBUBAAEHMHOCMU, NOPONHCOCHHOMY
epynnod G. CooTsercTeue ™, oTHOCAWEE Kaxiofl Touke x € P
collepxauiufi ee KaaCC 3KBHBAJEHTHOCTH, Ha3biBaeTCsl KAHOHU-
4eckol npoexuyiel.

40) 'pynna Jlu npeo6pasoBauuit MHOroo6pas3us V HasmBaercs
mpan3umusKoi, ecad Iad JOOHX IBYX TOUEK MHOroo6Gpasuf
CyllleCTByeT 11peoOpa3OBaHHe H3 STOH IPynilel, nepesoisllee
ONHY TOHYKY B APYIYIO.

41) Cywxennyio (restricted) rpynny roJOHOMHM Ha3bBalOT
TaKXe Ol paHU4YEHHOH I'pynnofi rosoHOMHH.

42) Mepa Xaapa p onpenensieTcs Ha MHOMXECTBAX JOCTaTOYHO
INHPOKOT'0 Kiacca (6ope/ieBCKHE MHOMXECTBA), 3aMKHYTOFO OTHO-
CHUTeJIbHO CUETHBIX TeOPETHKO-MHOKECTBEHHLIX Onepanuil (06beau-
HeHHe, BblUMTaHHe, mnepecedueHHe), OTIHUMTETbHBHIM CBOMCTBOM
Mepbl Xaapa fiBAsSeTCSd €€ uH3APLAHMHOCHS OTHOCHTEABHO JIeBBIX
cApuroB rpymnel L, mrx npasbix casuros R,. Mepa Xaapa v (A4)
MHOXECTBa A, ABIFIOWLAACS U JNeBO- M TPaBOMHBAPHAHTHOH,

p(RA) =p(L,A)=p(A),

HaabiBaeTcsl GMHHBA PHAHTHOM.

OTHOCHTEIBHO 3TOH MepHl ONpeAeIIeTCs ONepauns HHTer pHpoBa-
HHs yHKUMH 110 GopejeBckMM MHOXecTBaM. B wacrnoctH, Gia-
rofaps KOMIaKTHOCTH I'PYIIIH, MOXHO PacCMaTPUBaTh HHTErPalbl,
pacupocTpaHdenusie 10 Bced rpymne G.

43) Peup uner 0 note v' = du'/dt.
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