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Particulary, 1F =Xk, w2 sy that X(s,2) is 2 x t en 4 -

a2 d sign-rezgzunulnor» o0f oxrdex » 1anthe

- o f - ER. amp ey, ey ey o
3 variadle (ESR . {s)y, In +nhiz cn3as we have

o -
'-"’-'""'O X ( & i {}3 13-:3- 30889
L ot S5 S 3 5
2 l ? ? »:]
7 P - N = T2
for any 8 € S and for all choices (:1ﬁ$.ﬁgtn)" MW{T)n I
in (2.9) each ¢ _ is +1, d.2., £or all choices of {sl,aaggsn)

{:iP(S) al"’d all \tlgﬂ;ag‘r \ ?":.41#}}?_

e

ngaat’ba
we say that K(s,t) 18 exftended totally po-
sitive of order v» with respect T o
s variahble (ETP (2}). In sinilar fashicn we dedd-
ne the annlogous n0+19nﬂ with respect to variable e LXK
K(s,t) is simultaneoucly extended sign-regular of order <r
in both variables, we symboalize 1% by LSR_ . Similarly 4if
we have simultanesously ET? _(3) and ETPT(t3, we symbolize
then by ETFT.
At the end we wizh to mention the bvasice bina-
rv operation enadbling usz Lo censtruct & TP or SR kerne
from two such kernelsz., Let X,L,M bs RORELL~measnrahle fun-~

ctions of two variables satisliying

(2.10) M(E,)) =) K5, 0 L(T,y) 4 T(g), FeS, ez

wnere the intagral is assumsd to converge absolutely. Here

f » o ? traversa EET,E ra3nectively and each deomaln 1S
a subset of the real line, (7{T) denotes a sigma-~{inite me-

!T""‘! E '.: ' v o - R % : - j
aanre definsd ocn PTe TWnhzsn P sconsists of s discrete 300 wne
: = o - 4 - Loy wam e
integral is of course Lntee?:

viewed as a continucus version of a matrix preoduct, toen

the exvression of the CAUCHY-BINERD formula that evaluates
subleterminants of M in teras ¢f thoze of X and L beroomes
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- TN el l:--li-u- J
on S AT,
Th2 structure of Total ns3itivity nas been enil-
rerly siudisd in KARLIN 1568, In tiais work (p».13) the te-

rminology of notions is motivated in zn interesting manner,
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Lew,

» £
(3!'1) j)l’-uag ;:"‘n

be a continuous real-valued funectiong definsd on a closed
finite interval la;a and consider the setv F = span{ﬁi,a
..,f}n} which formes all (gemeralized) polynomials of the

wﬂdé

u:'-i-"h.q
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form
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YWAd e [ AN PN . WP ,
choices (uw,.a.,tn)xw—mn{gg?mj), hy multiprlying the rows
-: H ! -A- .,.1.. 3 - - ! - '5"
in (3.2) by a factor Y or =l, we m0Y wlihthous regtrictin
¥ r -!u- - o . L -'l!‘.'ur -, -G '-“".\-"1" - LT y f - Y = LT
tn2 generalizvy 0% AZ results, sTtecify oo slgn EEKBaEJEL;pQ
+ L - - "';"' fu *&' “‘i"‘!' . "! an -E . S ) B J::‘ - \l o
aitiva, TJe note that the deteralnaats of tne 1070 (5.2) al
=g Em - h bt -‘ ey o " i I - < - - - o -1*\- —
vay3 have tha columns al anzed S0 that whe S, appedd 33
o . -é-a- 1.-'9 a | - -;h =4 = \-; i - 1__, L] L 4 ey
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rly rein s 1 . S P oLt . — L. " —y -t
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Fo , . A _ 4 E 2.
of moroa of generalized pelynonialld, Ll pgocgond A TeTrnR3
: - - F o . A , Ay - 4 .
of certain detzrminantal inaqualities nave wnCid ralative
marit3.
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ig a Twsystem for each

completTeo

if i}bl,...,?br
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g ¢t e n

linearliy independeny

fanctions on considered intsrval. In general, the 1nverss
i3 not trusj a3 PHANDO had remariad. For axa&nl@? ﬁnr Sy g-
tem { ¢ ﬁz} wnere f?l{ﬁ = t/%] and 0 (+1# 4= ; is
lin@arly indepondant on every -.nierval [a,b) which dees not

3 . -"- - P ] -; ‘,-.
contain the origin, and it iz not Tw-system cn thal initerval,
LN "
The system {i' y5_, ©f coniinuous functiora on
- = T i
fa,b] 13 2alled a we ¥ Cheabys ma v gsygten
(on Ta,b]) (IT-system) provided tho funostions $yssson @,1
—— &
5 -, ] ."1 ) - ' ‘F":L -y - 1 -t
sr3 linearly independent (on fa,b;) and e determinant (3.2)
P TR - A i L
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1 n o ;
rut;
 f s - e Ao
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—— B % B )i
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- i& ’_i" A ! k3
u—ig & 2 3 Lr
we say that a T-syatem 1s 4 snzcial circumstan of a
*} This system is eallcd by 3002 aUIROTI A Taa>» 9y
g t & m,.
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for p=lye.sst ars posliilve (noa=nazastiva), 1s called a

o = .
Mar ik ot syaten ( Heak Ha»kofs ﬂystem).), in
+hig ecage the funetion

K(t,8) 1= f?ﬂ(t) 321,400,013 £€ [Asb]

18 manifestly STPn reagpzectively T?ﬂn
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r >
Iin a naturaly way &8s in ©2, we may extend the
nations of total and of regular positivity for T-systens.
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In 3imila> faszhiecn wa can define the Chabyshay 8yaua-

TARLIA &
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&, INVIRIOLARORT 3898 AND GUUUERALIZED OoOVE{TRT

Let 2 {2 1) be a ziven natural panber and les
he a fixed 327 on rezl line, which containal leas
digtinet poiv
2138 ot lenst 11 dizdinct moints. A st D ool funmctlions des

1t3. Lot vs choosa a suhach T & LL contalindng

fined on ::? ig ealled interpolatory o005
o order n on X (abhreviated Iﬁmaat) i€ for every
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. te.
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f.n--:m

3idar  a given choice (Xy,...,x )€ 4, (3,01}, 1£k2n-1,
and givom values JFij..s¥,. Th3 32%

E =
.3..-} g#ﬂi’.%}

a7 functions from 2 wahich takes the wvaluos Tisvees iy a%
nt3

4 . - — =y - e mie = “1 - -3 fh, 1 - ? 3
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Now, let {? } 1=myB+l 00 ¢+l d
enc2 of intercolatory sets such that for every i:m,,.ﬁgn+€f
P, is of I.{if type ard Py C ¥y, . The seg
callel an interpolateoery saegment, If (=+&
wa have an i n t e r
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oclaitory ¢ihailn,
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t+tanded I-e2t of ordey n and degTraoe
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A pet X freom e linsoe apones L i called a ¢ on @
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hs 9,, ig 2alled an a ¢ ¢ v t & cone. The interacciion

e

a

. ol s he ? —
2 oecomeg, as well =8 any a0t of of K. by fo-

-~
H
T

i

2
my wiare Xy, X, are conss ith thae same vertex, iy 5 Ry
are pldoc cones. In ths topclogical linsar apace, the inte~
rior, *ho adherence and *“he onwvelope are alao coned. If

thn g2% X 48 ceonvex, the ocorns ig called o ¢ on v e x¥ CO~
f

e  ~IE * - ey S sy e 7 f r yr
ne, Tha convexr cone has th2 projersy thay wa,+ 2o, = &
e ; L.

L.
a0 S -y . : 3 g 3 e el 3
X ve o r2al tovalerisal lincsr 3arace, Q a given

3 x > X .-; 4 Rl ¥ -h o = N H -
gnocat of S¥ QAR R 2 zivoea point of X.

1
!’ Ty ] f'«! ‘ - r_' L ‘J{ !‘f‘_‘ .
T o - i Lo - % -, ;_: # T
‘f."" (Q% ti:] ) r’ ) .t }l . i w1 ' 4; i"n'il Y] :% - :, ? 5; I? Yo L Eiu"g'li ]

L ]
s
called tho vecsors of $he admi gs 1 b i d a p




DRZFTHITICN 5.2, The gat of all vectors h Irom X
dafined by
Fr "'-'E - ?‘" ?‘ [}
T - - . s . L BN i _\ !‘-' . ™
nf’: L‘f‘,} A{;‘_—}.i . > “e Al é.:‘ﬁ.. 1 E*r l.j Lh) 9 '\U E (? Q, :! y{:‘# é Alj (h) 3
-1 A Pl tf r— > - e ) - .}
s "i“? Lol O; > ) X R A —
- ..rf: E, ' ~ ’ O ol “_j'r—- .g.
1a & econe and it ig ecallied tho adnezrzent = 038
o f the 3¢t U@ gith rasgspect to tha
point z (edvbreviated K{Q; xgj)e The elements he& K{Q: x|
ara ealtled adlrerendt veetoras (with rosneed
pe x@)‘

In other word
thare exists o naighbourhocd UL (9,

%o+ UEINACY AU @) <€ Q

and about b £ X{Q; Kaj #¢ ean say that it has the property
that for every 7 (h) and fer every ‘UL (£,) we have

i = " £ ~, ) L
AN Lz, + eI N Y 21 () ) 145
the above definition was given first im BOULIGAND [}932}.

We will glve some properties of thoe cenes X{Q; H@} and
E[Q§ Kajg (sea fcr example LAURENT {;972j or HOPFMANIT KO-
LUMBAH [1974] ).

) and X{Q; x.] have the verii-

Kﬂ) 1a an open ged walle X iDs 35]

(a) The cones X(Q3 x
ces in the origin U.. Z(Q

St by

O
3

{3 a closed s2i.
dg nave

.;.0
SEEE R A

ars valid.
wdices. The elenment
11f for every seque-




ace (xy),1€1 of elenents from Q, thers exists a saque-
ace  (ry4),1€ I of non-negative numbers such thai

'!‘" - j—
1im =, (x, ~ x_.) = h.
4 - T wra S 0
1T 4
UL P Y e
(c¢) If X, & Qy thor v havs
-~ O ~ -
;ﬁ..(i 4 --},fj, . _i;‘; ”{.” : = ‘{g
b "3‘ = b 3 — 4_ _ |
ynila 18 x o D,Q, wnel
o A
/o - 7 3 T
K l\.Q; j\-.. ! PR {.1’ t J{ - ,'ﬁ
' « - 0 o

o ¥
Chs
S’
¢ i
L e U
[l
by b
o TR
& e
P PR
O WD
Oy 3
b 54
i i
™y o
AT e
1 S
“o M i
P4
— —
-
>

- == L0, MR gl { ¢ w ]
Ql o QE -(J? K.”_"‘ Zi I{\‘QZF Tﬂf

(£) If Q i8 a convex® os:t of X then for x & & we

Rawa

v - - / i ]
KiQs = b= adh ikﬁ A(Q - xo)]*'

0 - NN -
e T ARl _ )
If Q is a =2cavex ard ) ¥4 then for X, ¢ Q we have

1

. o l - —
'I' & ‘.'l : 4 Fi \.'!'r .|r - \ ( .':) ol ri / - _-_:} } ‘Sr Ts i [- ] -
(e TINQLs x Jex 108 T, 0 ) iy w2 U RIS Kol
1ol - - L7y d Lrr ko 4 ~ 7
. . s ‘a - ~ J(—-\ L. | —— '{—\- i i ﬁ » .'_u
> ¥ i 8 ~p b l ) Fi - -~ El i "} » : ¢ - A 3 K , .
% i N - i b S I e i Z 9 a - i, P T .
(w ) b, k, .”'l ? D J\r ) i.: ] . - ] 1 ) E.‘:.t i o} - : "L ]
If 4he ga2n ol iladlcid 173 (ite then +ha fipat wn inclusi-




nocd ©OF @X’ +hen w2 can conaider 1 =,
REMARX 5.4. B32low we will use the properiy (b) a-
120 a3 a dafinition of XIQs x 1,
RIMART $.%. Th2 lateat two inclusions from (g) do not

hacoma equaliitian even when 1 13 a Tinite set, Further,

e
]

Q)
.
o
o |
{i
i
b
|

i
.
3

-
=4 "]

[ 4 - . u,-":-‘ - . T 4 3 h b -
shere ar: vour ncore dnnlications anal
-t
wifm

ol

{2

[
b
Jrard
e
.

3 K; E\J 9 (\1 > lelj:f

- 1 i ey e oy =S k 3y v g il
gnish are obizinadble by comblining gyn!

el

5. DIFFRRIMITIATION WITH RESPECT TO THE CONE

Let X ba a topological linear space, 3 a subset of X
ard lat F: 3—>C Dba an operator which acts from S in &
linsor topological space G, We consider a subset Q of S5

znd a given point < Q.
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DEPINITION 6.1. (1) If for a fixed element h<€K[Qj x
h ¢ ©,, fOr every sequence (xi),i%LI of points from Q and
for every ssquence (ri)?ifll of non-negative numbers with
the propertizs
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a point x_, HOPFMANN % KOLUNMBAT 297415

(1i) If ® has adircctional derivaiive with regpect
-0 conn X {Q3 T in all directions < K Q3 xdj, and 1if the
ovarator Eé{xﬂ} : ??b; x&}*ﬁ?@ i3 econtinucus (in the =sense
21 e ﬁc;éluﬁ? cf G), then we say tnat Ff(xo} igs t h e
iirertional derivative of P wit h
respect %o 9 ai a p»oint Xy In this case
wa gay that P iz d i rec tionally al1ffeTln=
+ 1iable wi+*th respect to set §. By de-
finition we teks ?éxe}G%:}::*%ﬁ,




For ava

HAUSDOR? gpace
TY 8 <%

- ’ 1 o & - A e
+ra mADPINZ »k‘,B) h +ma diractional darivative with re
- 1 ; ] e v : - e i —
s-act to Q at a vpoint x_ in dirscticon < X:@;5 X Lo ¥ €y
A gy ] -
N e - g e Y- - o —
ra gur that f{s,8) 12 wranifornmnly 412 ferx
)
' < =) 4 e
antiadl e wivh re3pecyt T 0 U &5 &
L - B . - L] 'P e - — "t"[?' {"’I ﬁ -—
~ o 1 n ¥ X, 37 Pl t ion k. 1l QT evary 23
() 4w T ~ T T = o e @teac, P Gty T AaTmaa
!1; L1 E:’ -*ﬁ 3 {\ -r{- - } l T e 3 .;’:_' . i Fp . 1‘ - - X-j ? .a.t..a"-.i f e Ll d N - ot
. . i - L™ My - ,.',_F - Ir) - i e e o - l:i",? - - : -, \
} L i i q I-.’ : E":‘_ v, . L S --ﬂi- T Y 4‘:4 -k ) .L‘k 5 :}‘ \-l f} s ( 9
i 5 i v 0
- v - L -2 . L e o - "“r g m oy 1 A -
char e pyxiots Lo AnTer L4 oZuea taat
? o . - , :
d - ! - e # f - \* - .I" - . .‘ "'j’
e T, 8~ £lx .5 FALXK ,B)(hxiﬁ?; ix i, Hsed,
v i b e i Q iy .

2 give ona :xample.
pramples of unifornm 43171
o rvemaris tha

Aifferantis 1.,

{%}LPEJJ

i
|
e
£3

f-‘

Z}

have

r‘"
‘S

-
- l

~l *
KA g f"{ o o“'“‘l’ﬂ

-J
i+ thisg cas3e #®e

somestine: the

Later we =zhall consider the

erantiability.,

darivative

*F”‘l; . )(fl)

) 3
£1Q: (0,0) =~ (x.0)dR" = Z O ¥
“‘C: (0,0))(h) = x
for every h = 0) 7 K .23 xO,O)J.

shat tuae

previous e¢xample 3hows

“a Y 1= 2t : ; 2 1g m Fano -
e diffarentizl nobtien »ith respect to cone 15 more g
. o e - . A . 4 ( +- a e &
;1 4ham tre differential on the direcciion in 4 ganga oFf
. A
A T ATTS I 2 Yt 1 s OMmD nerater B Adcead 1NON
AMEAUX). Hamely, in our zxample the operasc
1 - 4- 1 ——
) ay o E L — .y b + Y O v v =y E’],m ‘Dg
- g - 1 L] ek ﬂ r 4 - s h‘ e H
{'ikfe thﬂ t:"q* ‘}r‘in.- JE Loiﬂqra ?’fl t-ll L-t..liaijhfc !ul' .;JQ .ti--l-\.ﬂ c{\_:le t W i
4 LY [
-n.-q...- i-_.l _}J -.{ I
’ it
5 - J.-- ’ "h 1-.--' - . I _ -‘?:’ i T " 1\ Ll "
T+ 13 elear that the darivatlive de7aized above i3
. : > N I P AP N VRPN T SO S MU ¥ 1 -
o pasvicul ar mase o 2 general acheme o) Ythe Linalt o ith re
. - ' oy &Y T “n ey ay - i TR o T
i;:.ji‘iq,} ‘13 iv -4 G :}' 5‘?1’5"\-’? 5‘3 :'\- am M L;':?". I’-’r L—i J o W i 1 Y -_#'-\.} ‘-3 ‘E {1.11'} » -t 5'3 .i l 1«- (o \..-"‘\-:I- ﬁ}\,‘
s nreusrhies ol the darivaiivae wit “Ojﬁﬁﬁt LD OO
y o O P’ (x ) 43 positilve hunoge-
(a)} The dariwative . r (X ) =3 pooib - 5
- F"".l 3
napnd 2a0ping.

} g
thara exista 3 o) Farag a
(¢) L= het ¥, st

feon waich

element aad

Y
R 4 5 1A




© e AL M S L T T T RS R e
e RE g R

1. mr o m it e b o A ek eI

2]
T

1 Ty - e ‘.
i . 3 A 1 - i &
) - o~ <3 i 45 L fa-1
0 ) g e o o 1}
~ | &3 i = Q b A
ey i i . — “—” arrd 0y 4
K| - st Lt/ & o1t . b & R
4 et & . K ! J @ ¢+
ey ) R i . e Ly
Fi 1) Moo - o — §3; ”
i B £ YRR € 4 & !
e’ +3 of] ~.,. £ ST
. i T Tt = i + 7} v
(o N Kol BRI & o TR Yoo
J- ~t Q -} 3 £ e o * 7, e
m... . -y (s ] €3 ~ - "3 by <+ L 4 &
Nio#? ] LY < e} it pd
Q + & e 8 " i -4 43 ~~
W 2~ 5 — = bt o Lo T =
&~ O} s u I o fe o4 © = » o~
TS ¥ -4 ~ ot £y o +2 G £ o~ g
vy S k4 o~ T 0 — ! o ] 4 £y o
o i €3 = d o G % i m | S QX
o MW 4 o < -t A o o~
52 o ' § - e _ o S —— N
——— D ] » ﬁw n - 3 " o P T ) Frd
2 I B fix A [£3 +3 Q & o~ i
L - ... [ ' IR EEE o bt N £4 43 e R I QG
T~ - i 1 £3 &4 © e S S
ﬁuA Y A \).,. n | h f 1
ot ~ Vo S i e e ™ Yt t £ 40 4= e 1} ~
: b v e oA IR L - = S
| 54 . bd e ¢ R ] Qo ” o ‘ 3
e 2 -~ et o~ nd . ~t - b4 +3§ ™ - st
{1 R - el « ] o — = 45 i A et - i
4 N e TR moo W o X it ™ = o~ .
ey h o -t £ A3 __n.um. . Y m. wi 2 L T
o X 0 o W oy o 2O ~ H i <
I v a STRNY 4 7 ve & O o - o o
o S ~ oo #q "~ i\ ~ .
_ ~ -4 4 AT L = frs g _
\J.\ ﬁw ﬁ#__ 42 & S h A
i o -~ -~ + St >y +-
oo P an ?..n w..\._._ ._..ﬁ wﬁ.&.r i) *e P i 43 42 ~t
c¥ A o d T 3 m Q 4 ) g
m £ (ot —~ M s o -
a4 10 o 0 g e o v
4 = "3 - ¥ M e I s CY n oG
oy bl AN B £, ' O hd
-4 -t « ¥y D & s —
sl e b ST b >
T & s ¥ s O iy 2 -y
) 4> a i D W £ e At s -
1 84 & v §-4 ol A2 7} bel
PRI 4 3 = ! 5 o
a3 i i D &) 1 ) o i 'R
Gy 3 Q £t i &) £ 53 J o
410 42 ol oo Q 42 it & A £

Ar
e




-

o
s h

oo

N f

Ll

P(x) - F{x,)

{ bt I
— 42 m o M A ! )

T 0 &) r 42w ! oy 4
bt £ Pl S ® 3 O & £l I -
U s o 42 1 42 ~~ 13 J:m -t

S 4 - = L e froee £ w0
YL Y iy - £ i » < B R ! £ ™
B ~ T ~ 3 g - &
& S B o I L R = R «t! &) - o P i ~~
RS - «H 4 St B N I I S Al o 4>
e T o " PR 40 T o ~— g -4 +2 ! a R
._. . o . ﬁ“h; ﬁm R m..._n l [} [ X - .-
o oo o Z RNy [ H Sl S S T B - M
i - o ., - o m...!“ ﬂdq.. -3 nu__. = u . T
AR k o o ~ O L 3 ~d LS Ve L
SR o oL T 3y - = B Oy - v W )
fra oyove % - - Nt oy O 8 0 LN S
¢ > b -~ wt e e R I P %
$04 ¢ . . - Mr? i vle 4 ™o b Q T - . y+
U, eprt ey by ¥ Q o et S St b m B
g 2 @ St e &, « 0O ! e S I &F
£ £ » O } ~ =] = SO IS - &3 o O
e 1o & P L b _ ol £1
o oo P -t bt ~ £4 o3 2 R R C B, »o®
A S -~ U ~ B - d B4 MR B R o N
—t T e £l T@A ¥ o £y T I4 e e~ O 42
S T — ~— o o @6 G Pex "3 i M —
£ S Ao S B &3 W ~ & <t [ Qe Bl oad v d M
o " o B e TR ~ = 2 t ! : T
Ly om 4 &0 . W2 - LTIV SRt TR 1
S T G e e by ) o e o SR A B Ay
£y 4B . e~ L T <, ¥ By T R o B A e g
. H:.,: " ™~ - 4 £ “u 1y w.u” i i ) LD
ny for S . &3 ’ - P i o
=t . < o T A S SR - o &
ol : RR e -2 o el Fey (D b LT “ - S e
A A . — 7] g 13 B e A
e B ; STR s ~ o . S troom : R £ G
B s S S B 3 ot 25 an sy h
s 4 e, om o= G 4D ; " e P> St €2 -t T = o e v e :
e o i [y i i ~ Y e LA W Lid oy
B B o oy 31 o &5 0 ™ £ ¢ & o N Biooed £
R R TR ER - S| IR o B S T M Fy — Kol 4 “rd I
%4 MmO 5ouy v~ Q0 ~ . O g D £
] o~ L3 43 D o~ e~ “ (¥ B __,m.l i o TR TS NS VY AT sl o %
ot B4 3 o 2 G o ae Lz, 3 Nt A2 'S s LY
4 S~ Y Bt MM~ U Iy St 4> (5 O r
ﬂw 1 F 1
m RS ey -

i:'p
7,
7
\
9
“hen
Tm
3
o
3
3
oD

.
- 3 - - ¥
SR B 0 £ * & w2 3
& tn £y ) B o~ o~ % 2
a ! rr-® 3 ~ £ A0 ﬂ.‘ﬂ B ._“ Wul a0 v m
o ) I P med 1Y ﬂ - H e =N ;
L ] LE ¥ . . . ﬂ.& =
o~ S o A5 B O o2 > LI e @ b w
: I -t ok Pkt 4 v Qs T T~ “rd
gt . o3 . - - ¥
- =y L ! i e [ m# 3 nm e >
— T T Tib )




mna determination of ths slamsnts X € A= @ NH

of =z, then we have the
loeal minimization problem. The elaments ¥, x° which veri-
ey (7.2) respactively (7.3) are called mindimal Tes-
pectively Y ocal minina 1 elemants.
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ons. ~ut
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1€ 1 jed 9

wners Yi and Zj ara real topologiecal linear spaces and 1,d
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Siﬁilmrlj to the precseding example 1t may be ahown tha<v
+he set D 13 tanzentially connectad at a point th' Wa
note nhere that D 13
aot convax (in usual
ﬁaﬁsa)g Piz.9.1,
F{AIPLE G.4ii. Let

Pig, 3.1, Hera we hava

The @2t D is not tangen-~
tially connectsd aty a po-
int QFEZ, Pigz.9.2. Vo no-
te that in last example
the set D is connected (in
usual sense)}. This Bhows
that the notion of conne-
ctedness and tangential
connectedness are indepe-

ndent.
?ig. 9.2, .
DEFINITION 9.2. Let

D ba a set Irom X su~h
that XiD; Xgl= O and
12t F: D—Y be an ope-

wator., Tha oparaior P le t angent ia 11 y s ep =
a bla al a point 19523 1f for every neighbourhood

)

Tarill

3

a
Ve )y B, € XiD; x, ], and for any &> 0 for which on

> ;
ths st
- 1
DP\{“ ?hl 1? (O;t), vh I\./(hﬂ)j
g2 Navya
(9.2) P{x, + nh) 5= P(x,),

m, 2
there 13 a neighbourhood W (n,) < V(h,) and there is a
functional y¥ € ¥, y™ # ©f (which may depend on h, and
W (h,))as well as a positive nunber £*(< ¢), such that
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TYAMPLE 9Q.iv. Lot { snd Y b2 BAHACH spacadg and let
P: X——2%) =Y bte a li
. o _

i......b-
1_.?}
g,};
k

invoug operator. Then
11y szrparssl - al any roint ﬁcéa:. Indzed,
'3 x_ ! = X .l on the hrasis of (3,2)

L

(9.7 ?(h) ¢ #hel (b))

whers |/ (»,) 18 an ardlirary convex neighbourhocd of a po-
L

L

& f&.s‘: Sy = 1/ (4, ), ~he noizhbourhood U'{.‘:ﬁa) may
, M.
he saparated froma Oy, thﬁa 131, there is a functicnal X &

(9.5) x*(m) > 0 whevng).
On he otlter hand, 1f wa pus
L 1= 5;;:: = X 1 P(x! = {}YE :Ker @

and 1f X/ Aenotes the guciient-space, then P i3 inver-~
£4pis o1 /L. Let O bt: s inverss of F on X/L. Then

for avery h € X/1 w2 may write ho= @ (F(h)) and by me-~
ana of (9.%) we concluds thot

r
.
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(3.6) *[dEm)y . > o Hn & V).

o
F, . ,

;> N7 4a :tho conjugats of 0 then the functiocnal

(%.7) g ¥ s (VT & T

aariafiss tha inequallsy

A
s C Y h < V{a

) s

srat tre functional (9.7) can
_0331 w.ich 18 souzht.

D

?{h
)

f,-;.-;

ﬁJ‘
b
$)
04
v
'L'.'I'
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13 & funeciionali, then we may tal: ¢+= 1 , In this case
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in Definisior 9.2 we consider “Wn,) = (hy) and £E¥=t.
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the esquality
(10.2) K[?‘-rio; x | = Eer D?(x ) ={:na=x 1 w(xo)(h) = {;Y}

holds. This result plays a crucial role in the establish-
mant of the multiplisrs rule, 1l.e., for the egtablishment
of 4the necessary conditions for the optimum. In the case
anen D # X, X, painz a vourdary point of D, ths PRECHET di-
fferential DF(x ) cannot be defined; hencz we cannct speax
on an eqguality a* the type (10.,2).

Ye note nere that 1if xad:.ﬁ and agsuning that the
extension of operator F: D—=>Y on I has the FRECHRT differ-~
ential DP(x_), then as follows from *6,(£), there also

exists ths derivative Pplx,) (with respect %o the cone

XD 30]) and they are esquivalent (emn X[D; 10}). But even
in this case, for the formulas of inclusion3 of n 2N fvyne,
strongér* properties are required. For this rsason we #ill
study the cones of thes setis defined by (8.1) in the case of

tangential - properties considered in §9.

DERINITIOY 10.1. A operator 2: XY is callead 8 o~
1l iad if any sst from X with a nonvoid interior is tran-
gforasd into a gat from Y alao with a nonvoid interior.

THEOREY 10.2. Let D&Y be a given set tangentlally
cornezted at a point x =D and let int( XiDs x, 1)# 9. Pu-
rithar lat ¥: DY be a continuous operator xhich ig tange-—
ntially sgeparable 2t a point Xx_ and Fﬁ(xa)z KiD; =z |—T
he solide, Then for the sev

(10.3) Mi= {xeD | Plx) = Flx,) ;
WA NAV2
(20.4) 2ld; = ]2 1h & int( X(D; xo'_"})i Pz, ) (R) = -&3,32,

PROOF., W2 denocte by T the set from the right hand
gids of (10.4)}. Let us Sappose that *he assertion is not

true., Then there is a point h €T, h % iM; x o)+ This me=
ans that &2 and that a nelghaourhaod q"(h ) of h

exizts mo that




p{x_ ) {n )

L
X, +7h & *re(0,8), ¥h &l (h)).
But tne last inclusion implies
- - . ? - A . ‘Eg‘ 1
(10.5) FLKG+“§Q) = f{xﬁ) F & (0,8), TR € u(ﬂa).

N +ha bazis of this, Prom the property of tangential r se-
~aration of the operator 7 ai 2z 4, we conclude ingt tnere

; o \
L 4! A,

) . - = R _}' ] N, — - - % o T

axt, 3 & ngighbournoel w/ (b ) & Lf(hﬁ), Srneticnal oy 2%,

e &l L T -

AT S «nd a po3isivae nuakem £7¢ (0, sueh thoet oo the

. . 7 ! o

R

b L]
DN { K‘;I*fh }l}'?‘"} *;-(01 £*) '1?“?,‘5‘: }'/I (QE}) }

a2 hava
(10 .3) ¥ f?( +»Yh) = F(x )] = O.

On ith2 other hand by thse tamgantial'* connectednaza of the

Ik
faad o

<Y

D, a positive numbar .= El(ha) can e attached to

5t

f Por
03 neigihbourhood 1$ﬂ(ho) 35 tnhat for every E_GE(O,ﬁil) the

o

3

>

-~ | o : 9 .

}

ig nonvoid and convex. If & mjm{.il,ﬁﬁ} then thes st

.,

ri= D f"\{:{g*i-“;;h{‘ip e (0,€), ¥nh € W.lh ) P

13 convex and the inzcuality (10.6) occurs. We will show

that on the set ZX%; e left-hand aide esrression froeno (10.6)

nregerves a constant cign. Indesd, 83uming the contrary
ey |

- . 3 \.a 1{ - - }’} ﬂ: A o
2+ iﬁ?‘?lﬂl-“l¢, Zn Ko+*/2h2 AN

ba two points for whicii wa nAve

3 H ey N i ' ey L s
(10,7) y TRz, )= ;@n,.{ﬁ_‘yj <0 < 7R (z,)- #{x )],

» 4 L AN -
By manns of the fansential sonnectednegs of the s21 %]

gn ean eonsidar an avzilary contiauvus funciion °F with

tho following properties
(2) 03 [0,1) —> /NE
(b) C(0) = 2, {1 =2,

4 ’
whers 3, and Z, &re the points considered above. Lat N

L]




e
be arather auxiliary funciion defined by
VY(sye= 7320 2(1)) - Plx,) ] £ 70,1

whinh 413 continucus and for wnicnh we nava

¥(0) = v Rlz) - Rlxg) ] <O,
V() = 7t E(zy) = Rlx,) ] > 0.

v . »
Havafrom W2 C d
1 W TR ¥ s — Ty o -l VoA . = i w1 ,
auech that W {7 = 0, But “(¥) = x + N A, = 2. & /I
- i

e,

in cons quence, the eguality

ig walid and we nosice a contradiction with (10.6).
mo mstile the ideas, we can 2onsider that on the gzt

Af we have |

| TR . “ (- pes

(10.8) y P (g + ) = () ] ‘

Indeed, let h € int( XD; x 1) M Wi(k,) be an arbitrary

noint. It results from the inclusion h € int( Kims = ])
trat thare sxists a generalizsd saquence (7;) ie¢I of po-
gitive numbers and a generalized sequencs (hi) 11 of
elementa from L with ‘ji*@e, hiwﬁh and xﬁ+'§ihi = D

Prom (10.8) 1% fellows

f'“’(*{ Y(r)] = y™( 1nm %T LP(x + Pyhyd- B ﬂ)g_ 0.

S 4aT
Hencz we nave for all h € int{ X[D; x_.1) fﬁli%(hg)
(10.9) y‘*‘{zﬁé(xo)(h)} > 0.
On the other hard, freom the inclugion hﬁﬂz T we gex
- S L - 7 e SO e, -

But Srom the fact that PI(x ) iz a solide mapping 1% resu-~

1%g that the 3et
3
5

waz a nonennty interior. Hence, by relations (10.9) and

Sl

(10.10) wa conclude y“‘=~@?' which coniradicts the assu-
mtion that vy™* is nontrivial. B
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REMARKX 10.%. The set  int( )
ccordinz to the Zollowlng
2

rally be replacaed oy X7D; KQEE

f
EYAMPLY 10.i. Let X:= RS, Di=+ {(x,7y)& R} x21,
{

v o -.!. ‘j
iLJi X QKDHG}{r
1 { o : 2 ; - e f '}
K)‘D; e § - %:: (:;g”)ﬁ :_R j :;_'i":_ ‘u}g EQ :':H".}i;ﬂ
e _ P :

rarthar

, R - it ] T
“he mapping ?5{3_) : Li0; KD]*?E. is a@elid . The vectors

st= [3,%) with 2 0 beloang to cona XD XO] an? satisfy

F o a

the agquality Fﬁ(ﬁj}(z} = Q. But for » > ¢ these wvactors
Go nnt belong o =wne CONS K?H$ 30]*
REMARK 1.0 4. If Di= X then we have int( K{D; x_]) =
X[p? X ] = X which is alwaysa occurri and wa have (HO=-
CRMANI S ROLUMEAT o741
r Ta - )
riE: x J&in € X| B(x )(R) = Oy,
On +the other hand froem (10.4) in thia cas? we obiailn

r(u: x ]2 € x| PLlx)(n) =-9y }.

™

il

Tinallwy it resuly:

Kiﬁ; f;]z-ih é< K] Fﬁ{xc){ﬂ)

i
iy
LNy
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Pormulas with inclusion of "2" type for admissible
and adherent cona2sg are of interest for expressing the cones
of union or intersection by means of the corresponding co-
nes of setn of participants. Anothar application of such fo-
rmulas is in determination of necessary conditions for the

extremun.
Let (S;) 1€l ba an arbitrary set of getls from linear

space X. Basides inclusions given in §5 (g), the following
can be conslidered, too

(1) E(N 845 7,) 2 (VK(Sy5 %), (14) X[Ysys ] € UK[Sss %]

L L LEI t,"C']I_

)2UK(S,5 %), (19) K{8,5 %] 2,

O LET TLEl -

(111) K(LJSi; X
(€T

Uaing formulas ‘535 (d),(2) as well aszs DR MORGAM s formu-
las, the study of implications (ii) and (iii) could bs re-

duced to the atudy of inclusiona (1) and (iv) respeciively.
So, for example, if we put Tiz= Cy34,i.¢., Sy= CyTy in (41)
and procesd %o complementis, we havs

(11) => g[{yr(ciii ; X1 & L;’LK[GXTi; x|

= [ (N2)5 x)] g U K[0yTy5 2,

el
(-\i ; b
= € gg[d,{itﬁlf*), ol 2 ﬁgﬁr"‘[“ﬂi’ N
= E( %5 x) 2 M) E(Ty5 %))
‘ €l
=> (1),

T that aense the inclusions (1) and (ii), (1ii) and (1&)
ars dual ag well as (x) and (%), (v%) and (%)) from %5 (g)>

e R T B L e T s T A o et T i ket e B Rl e G

i
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Thare fora tut of the 8 mention2d inclusions, 13 ig guffici~
ant ts study four, which are ilndspandent 1.0¢4 non-aual.
73 gazll conaidar k3 inclusions (i) and (iv}.

Compariag (1)~(iv) with thoss from 25 (g) mwe
reacluda tha®t whan the rigorous sizn nclds In (%)
(1) is not val:d. Tais case can occur only 17 +he set of
indices I i3 inZinite, Further, sincs in (.
g1 muat nodt bo valid even in tha cazg wa2n I ia a finive
avd therafors {('v) can be wrong even wich I 1s & finlze.

¢ uite ubiguitous

i
s

PLE 11.4i. Let X ve a HILDERT space and let?

“or= {x € X e al E el ]

(Y

Cy 8
a (% ©,) being o givea fixed point.

[z € X| =~ al < falit,

Since the functional D= [ + all is differentia~
bia in direction3, on the basis of 26 (c) we can write

/
Pq, @) (1) = §'e)(n) 2= Lim

ial )

N / _ . J ;-
f% e i) = Cloyg)R) = —

Since Q, and Q, are convax sets, on the basis of 5% (f£) and
Theoren 8,1 we gavx

\"

k(Q)s Oyl= adh B(Qy: Oy) =




\’
L -
S
r N P '}
=< %L} ‘a,h)y = 0],
Analogously,
3 & - _ﬂ'. " ) ~ :. ! * e "1
K{Q, 9 1 =1n€X: Jak> = O
Thereforae, it follow3
: rﬁ s E5 _.% f\‘, : ;* - e .{f Yra ,f- i / * L"T‘. - ‘E._.
while, on the other hand Qlfﬁ Q2 %K and tne cone Kig1f1

f\QZ;-ﬁgt} is en empty sat; 3o that (iv) is not valid,

Now, Theorsm 7.1 givesa the necesesary condition for
minipum of the functionzl £ on the set A:= f\eﬁ) M
M (fﬁ,ﬁ ). This conditien is expressed by equaitty (7.6)
wh“re*n *he cone3d X (P; 10), K(sz'i; X ) and ajgijjg 1

explicitly appear. BEquality (7.6) can be substituted by a
more zeneral

(11.1) K(P; x,) {V K[A; x,] = g -

This is the most general form of the necessary condition
for the extremum of the functional, abtained in the present

work, In tha case when

(11.2) K{A; x ] 2 (X(NQs x)) N E[NAL; x, 1)

’

from {11.1) clearly follows (7.6). But cur aim is to sub-
stitute (11.1) by a formula where %the cones of each ael-
ragtriction would explicitly appeaX¥. This i3 motivated
by the fact that the conss of some sets-regtrictions cou-
13 be, sometime, more easily determined then the consz K[Asx 1.
In this case if the cd2rator ?: DY and a szt

Q :={xed | 2x) = () |
aatisfty conditiona from Thaorams 2.1 and 8.3, then we got
(11.3) T(Q; x,) = {ne D x,) | Bi(x) () =Ty

Analogously, if the 82t I and the oﬁeraﬁor G: D—>Z Satisfy
the conditions from Theorems 8.4 and 10.2, then w3 have

5Lh¢_3g_n; X, iGé(xo)(h) = ﬁz} 2 K5 x .

.7 . ot ! ” — hﬁ
Z b €int(RiD; x| )| Gy(x )(h) =€, -

e

(11.4)




In Exemple 10.i, quoted in &10, we had F,(x )(h)

= P4(x,)(n) = 27 and X[i; x 1={(0,0);. On the othar hand
‘Fe hav2

{ - .“—h . '”Ei - ! “j r { - _ ;-;-.,2: e~ w £ _.—-»_‘IL
4 h’:: Kllﬁ; A N (:{_‘)k‘h)ﬁO{' — fl:m&,h?"i) B U ‘-l)ﬂ-}.\,..{\-f,l:il":i\.!r
- 0 ,.,,{ [ = . ~ =
N s
hal Y Yy ™ 4 w - -
=4(5,Me R x =0, U0,
, y
sRele
. - — } b r . 20
_ ’ : 7 . < - e N - < :
%h '- ig-. tiﬁ;ﬂi h.‘__j ‘; F-Di\:{ }(h):‘Of — alzzf"‘:.?j}“ -k l :“\ ﬁft {\’! 41%-O'
L ¢ : . J 3 _
N
- :;Jt
tnis exarul: sacss that in the general case in (11.4) nai-

thar inciusgion reduaces to equality,
q o
On the basis of (11.4) varicus conditions can be

stulied, encdling the sriting of en exact formula for com?
L My x. 1.

LS IPCRY¥YM 11.1. Let the set D and the operator G
satisfy all conditicns from Taneorers 2.4 and 10.2 and let
the equaliiy

. » | oy # "
adn( { b= int(X{D; x 1)} Gi(x ) (h) = 0, t)=
(11.5) f_ i . -
=+ h<XD; x ‘;Gﬁ(xo)(h) = O,
hold. Then
) w T 0 R . ’ " 3
(11.6) k715 x,] =+ h<K[D; x,] |65 (x5} (R) =05}

PROCG?. According to Definition 6.1,the derivati-
Gﬁixo)(h) snd @é(x ){n) represent relative limit-values
with rasypact to sei3 D and M resp rpctively. Since D=2 M e-
nd since Ggfz.)(h) exists, &(x Y{n) exists aTso and is e-
qual to the former, (see for exauple ALJANCICI1968,pp.69~
:u]) ~+ tn: basis of (1l.4) and (11.5) and using the a~
va statenont equality (11.6) may be inferred. O
et a3 meation a simwle, tui frequent casez: (11.° 5)
14 fplfirie’. whan for example, the sat on the right hand
sids in ‘11.4) i3 convex, naving o ncneaply interior, (aee
for exanule LAURENT 1972,Froposition 1.3.5] )
P EORDY 11.2.(3) Let the f£ollowing conditions be
fulfilled:
1° The get D (& X) is tangent .ally connacted at o
point x., and int(KLD; Kwi) x Q,




TR
-};-m-#-.

0 L :
2° Por every J=d the opsrator Gj is continu-
ra

ous and tangentially ssparadle at a poini X,
O , e e , . -
3Y Fer svery 3© J the operator GjD(xO) : KED;KOV‘
“*Zj is solide.
Then w2 have
™ o ; "'I { . . T ? il i ? f 1 - L
(11.7) K,_fﬂ,ﬂa X, ( jh int(K|D; x.] | Gja(mﬁ)(ﬂ) &,

(ii) I7,vesides the quoted conditions, Iollowing e-
7 1
gquality holds

adh( N\ {h ¢ int(X[Dsx

i--." L o - )‘ GJD( )(b-.) 2"3‘3 };I:

(11.8) I 3
;- {;hf‘KLD; KO?f Gjﬁ(xo)(h) z*@zj} ’
‘then ws have
(11.9) K Mmj; x, ) = ngg}ﬁj; xg:f .
PROOF. Put 2 :=71Z, and G := {(G;) } ¢J. Then
we get Je j :

M := C} Mj ={x«D } G(x) = G(K )-;.
JeJ “

It is easy to see that all conditions for Theorem 10.2 ars
fulfilled; and the proof of (1) immediately stems from this
theorem. The proof of (ii) results on the basis of Theor-
em 11.1, ©
when we are not formulas of the type (11.3) and (11.6},
then we shall be satisfied by a formula {11.2).

Lot X, be a point of the minimum of funciional

f on a 82% A, already defined. In &5 {(¢) we saw ithat fer

“¥
+ha get-restriction Q for which %€ Qie WO nave K{uf: xo}m
= X, Thersefore this cone is not essentiaL for deconposi-

A

tion of the cone K[A; xoj through tne ccne of component sub-

aata,
L=t
R 1 e ' 'C.'“ hY ?‘5
Igi-‘{i“-‘I! xahﬁ_ Qi n\(l-gi}i

Fe endsavour to determine the conditions under wnich %ne
following will be vailid

(11.10) R{A; =] 2 (iQIK(Qi; x,)) N (jQJ_K ENENDE
1, 3

i~y
£
{u

The zet of restrictive conditiocns Q; and H , (defined by (7.5))
gatisfying the inclusicn (ll.JJ in hOF?HANhJ;KOLL R 1974




13 said %o constitute a r e gul ar set-r

b

e
tne optimization probvlem which is under considerat

Cn. Such
8 result was obtained in the above mentioned paver { ' Exam~
-~ L
pls 251). The A a

of tangential connsacte
b

pr
-
raratnegs »-abla u 7arionad resulvs for a razular-

5 to
ity of a zat-resitriction. Here we will not insist on such

21 practice, the seta-raatrictions are fraquently
finite, Izt i3 why 1t will be of intersst to mentlion that
wnen 1 iz a finite 8ot of irdiges and J =1 , tha 30 ~pra-
gtriction i3 regular. Ths proof ig easily derived orn Tz
basig of taes nentioned fact that the Zormulae (1) in
i3 wvalid. Indecd, let hOE'(ffEK(Qi; xo});ﬂ Kid; %1 . Then

on the btasis of the ani iticn 5.1, for every 4+« L thnere
is a neiggﬁourhﬂod 7/”(h0) and there is a posiiive anumbar

£y such trat for all numbers 1" ¢(0,< ) we have i+ *'h <
&

—

Q.. Fut ?fy(b )= /WZ;h(h ) and £¥:= min &7, Yhen we
i’ ' s R 0 - ST vooRAEEE
5

get
v o f .-11- 1T Il )
+ ? h {«f{.;ﬂ Qi Y hool _}13; . -er,f;,er. (0 ,E.f) ,

On the other hand, from ho%fKiM; xﬁ], on the basia of De=-

Ay
finition 5.2 we conclude that there existra vector hfﬁﬂf(ho)
and there exist:a number 7., < (0,¢) such that X, +7 h.ot M,
i.e., Ko+ﬂﬁ‘hmu’§ (O Qi)Fﬂ M . But, this 13 equivalent

u----_r_F—

How, l2% X he a topolegical linear spacs and 4 2=

a gsemiocrdered topological lin#ar spaca sn:cn th-
at yt< T 1t<€y i3 an open set in T . A g8t A { D! and
a point x_ 7 A are given, D ( = 2ing any super-a22t of A,
The following definition will ba NeCAISATY

DEFINITION 11.3. A ceantinuous operator I: J-* 18
¢allesd A-~uniformly differen
w3l th resnect to a s8et A (precisel,y vwith

%
ct
i
¢

rasgvect Yo the cone KFA, X ), if for avery hc YA N
and for every neighbourhood "W{E\#E), there exists an index




F -
-" L I
By,

1,3= i@(h,iﬁﬁﬁﬁ)) such that for every palr of sequences
(Ki) 12T, (T4, iel with X4 € A, ryZ 0, Xy g ri{xi_ KO)"bhﬁ

wa havae .
e [£(xy) - 2] & WELEH R T et

PIEOREM 11.4. Let £ be A Weuniforaly diflferanti-

snla with rTespect to the set A and 1et £, (x, )¢ K4y x '
4 £ A he o local minls

(11.11) pin
he K EA;:’;GE

PROQF., We suppdose that the assumpiiocon
there exists hﬁﬁ.K[A; xeﬂ suoh that for

I W

of 4$ha tTheaoren

ia not trud. mhan
goma tgﬁ"?, t, > O we have

fﬁ(:{{})iho) = = t{} 4‘6‘-11]-;
Using the continuity of fg(xo) we may find a neighbours

hood W}L"(ho) such that .
’ . w-‘g N HI_, ;{', 3

fA(XG)(h) < > {h © (h,)

entiapility of £, we cOon~

On the vasis of n-uniform differ
clude that for hj and for t0/4 there exists an index 1.6
e 1 gsuch that for every pair of sequences (xi) 121, (ri) 1
- g7 & = — x,~ X, }1—7h ya have
¢ I with Xy A, T, Oy Xy~ X431 ri(ti ks) 6 ¥ &
) : 1
| ~ f 2oe(x Y (a Yy v
ryl £(xy) (xg)1 = %3 O}S o’ 4
<G
for every 1.1, nyt the last inequall®ty shows tha?
f(ﬁi) < f(xg} SEE A
~ {3 a loca.n mLT

wnich 18 contradictory to the fact that X,
nimal peint. tl

On ths bhasisz of the tangential prorerties, in the
falicwing sectlon we shall give the principle of exirer-
puam which presented a necessary condition foyr extrenud, 37

lao.,
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12, THE RULE 02 THE MULTIPLIERS

|

Let us consider now the optimization problen defi-
ned in £7. Th2 point x_€ A mu3t be determined -such that

f{xs) = mi

PEAROREM 12.1. Latd xoez i

st Ehn eoo:diticna from Theorem 10.2 b2 aati;
3
s

=
ey
L% )
Ed
Yot
)

ot

(i
1!

»d ¥, We suppoce thati f’(x ) and 6J(x,
nrinuouns. Then tho f3110W1£g syatea is dncompal

g
)

fﬁ(xo)(h) < 0,
Fé(xa)(h) ﬁ'eY?

(12 .1) 1 ‘ o
G{xo) + GD(EG)(h) & C,
h =int (X{D; xoﬁ).
PROCR. We supvose that a vector neint{xD; KG]),
h & 6-:‘7( vith ?'(x )(n) = Oy, existii Then by Theorem 10.2,

mere pre~isely by (10.4), we have h& X [M; x ], whereX is
givan by (10.3). Consequently a g%nﬂ“alijﬁd gequencs (- i)

i€7 of the points from D such thot ‘{xi): F(xo)u-ﬁ? and

a generalized sequence (ri) €¢I of poaitive numbers such

that X.->X_ , r.{(x,- x_)~>h, exist. On the other hand from
i “o i+7d 0
O

tae inclusion G(KO) +-Gé(xo)(h)%ﬁ ¢ regults that thera ae-

xists the index il such tinat for every 1> 1. w2 hoave

’

G(xo) + ri{G(xi) - Glx

O

Pt on tho basis of the convexity of the set O w¢ navs

1 ; 1 7 <
G(xi)t {l"'§T}G‘K0) *'“Ef“iﬂ(ﬁj} + T*(%(Ki}“ C(x(;‘}:gd
i, i
and for 1 >1, we daduce
-*-J- 3
2, & {X €D ?(x) = Y} o < A.

If 0 also satisfies the inequallty “**"""(xﬂ)(n‘= < G, then
thers exiats the index 10(3’11)# sueh that for every 1x>13

Wwe hgvya




’ . 3
» 1 £{x - 703 ;
JE(g) = flx ) <0,
whnich shows that X aannot pe an ovptimal point.

DERINITICY 12.2. Let S be an arvitrary convex set.

if for every bhy,n,©KiDj x,; and all #¢'0,1:, for thnes ope-

e N " ‘ﬁ‘- ("'"'s !.f p ;"'\.1\ -~
C{ ‘«._rr-f} (ﬂl) + (“‘Lm Jf} ' A {\ng) = {-:'.f:(r“' ﬂ}h‘é klr“fﬁ’}iﬁz) — S
ragpectively
Ci ( ny+ (1=ny) = ol & (ny) - (1=4) 1 (h,) €5
then we sSay that 'L i3 ¢ onvex raspectively ¢ ¢ n-

c o ve on the s2t 5.

THEOREM 12.3%. 2uv

Ss= Ljé;l(u - G(Kg})% u¢C }
PENE ‘

and let xﬂé.ﬁ be an optimal elexrent. We 3uppose that tha
following properties are fulfilled:

1° The set D is tangentially connected at a point
x, and the set 1nt(X[D; x,]) is nonempty and convex,

29 The eoperator F is ceontinuocus and tangentially
geparable at a point x  and the derivative Fi(xo) ig n
solide mapping from X onto I,

29 The operators fﬁ(xﬂ) and Gﬁ(xg) exiat, they Are
eontinuous, fﬁ(xo) is convex on R and ﬁé(xa) is concave on 8.

Then there exists a nonnegative number {M_(iﬁﬁaﬂd the fun-

. - s L S d . 1 Vi oem
ctionals y*%%f and =Z < 37, which, wansn AT D are not egqu-
al to zero-funciicnals ¥, respaciively -@;i a0 that tha 1-

naqualities
oty (2 () 7y TR (x )R]+ 27 (Gp0xp) () = 0,

z“{z) £ 2" [6(x,)]
for evary ne int (X(D; x&])and for all =<C held.

PROCTF, We consider the seta

pr={(r, B (x,) (0), 2) & RATAE

) r oz £5(x.)(B), GHlz)(n) =2 =5

Er P L AR R T T



|
3 Q:n.{{?,'ﬁ?, T) e BRx¥x% | @ <0,
oA ki

~ o
1 e’*f{an Gitx{})) l :rl. P Oj 'ilff:C }j

LY

>

N

I7 irl,Fﬁ(xO)(hl},zl) and (rg,?é(xo}(hz),zz} arsz tvo ele=-

I T M T Gy T o = + » 7 e }'
~sahay of O, then by convaxity of Lﬁ(xg) 72 nave
l‘_ud

# . A " . o
piix Monyr (1-8)h,) = o f

RICS S(x,)(ny )+ (1-0)25(x ) (hy)

L

-~ ,,‘:?" .."" .
1’-1 ’ T“‘} o IR ? (} ‘;E: Wom e s
i < o

: 3 B S = £/ - - -
dn =ra o%her hand, taking into account tnax Gﬁgio) 13 con
gt 5

cavs on 3 a2z well as by convexity of the 8<% 3, we have

-5 .,_.,'# :'d}'f,‘ - Lo o o i:: 5 "
G CD(KG)kndl) W 51 —6- _L 1

(1-9) Gﬁ(xo)(hz) - {(1-8) 2, = (1~2) 32553
315 8, 8, 029 1.

Purther we have

ij(xg)('@hl-i- (1~€)h, ) - (Oz,+ (1-0)z, ) =

1

H

Gé(xa)(ehl'f- {1-—e»)h2) - £ Gﬁf:{m)(hl) -

~ (1-9) Gﬁ{xo)(hz) + Q@@1+ (1“@032) -

H

+ (83, + (1-¢&
34 (@31 { L)Sz)

S |
pesause 33653. Since ©h,+ (1~0)h, € int(Zn; ?ﬁ}}, =2 drad

1 . : 9 2 AApEragy T 13 aaagil ST
£33 ocnelusicn that the a3t P 43 tomwex. 13 138 2a01LY 3°9
{:1 1
b 4 Y i e ) w e o S N T en g Yo it
san skat P £ @ and that Q zlso 1 a comvax Jdet. LU U4 32UR

trat PMVQ = P occurs too. Indecd, ~assumt 20N

Thoen we nave




ﬁ-\'*. *‘ L}

by

we have

r(x )a) m=r = T <0
i.,8.,
G {x )(hI’ - fit(ul- G{xg)} = «tgiuzﬂ G{KO)),
ll;>04 ’ﬁ?é : ul§§? u, € C.
So we conclnude
G(x, )+ G7 (x ) (ny) :~G{KD)*'31(ul" Giﬁeﬁ}fwkg(uz‘ G(x,)) &=
o
< 5o

Prom the last relatica it folleows that a nositive numdexr 20~
~ O can be found sucn thatv

o
/ <
G(x,) s ef(x )(elhy) € C.
But then the equality Fﬁ(xo)(a{ hy) =9, is also satisfi-

sd as well as the inequalily (x ) (L by ) - 0. This shows
that the vector olhy Saﬁisfles all condltlons (12,1}, whi-
ch contradicts the assumption thav X is an optimal point.
Consegquently, the sets P and Q frcm (12.2) can be separa-
ted, i.e¢., there exists a linear functional (&k,y I

£ ( Rx¥x2)" such that

(12.3) ar + y [PS(x, Y(n)] + & [c., (x, ()l z oz p + 37 (7)

for all (r,¥q(x, ) (R}, 2) € P and for all {9y,
From the rizht side of (12.3) we conclude thaﬁ M Z0, 3incs
in thea contrary casa for .%?i gurficiently great the Insgu-
ality is no more trues. Similarly rron tha gecond part of the
inegquality from (12.3) we deduce that

5 (z) = EE[G(KG)]

pacause the hyperplans of the sesparaltlon palses through tha
common vertex of the cones P and Q. mhig ia jusiified by
tha fact that 1f we suppose ths revarss inegquality, then ior
D> O gufficiently grsat, irea E%[A{u- G(xg}l > 0 wWo
cnme at a contradiction,
Among the numerous pariicular cased a° mﬂntior here
only those which are contained in tne papers HOPIHANN &, GL@

BAN [1974], LEdPI[1972], DUBOVIZKI L MILUTIN (1965, LAURE 19 11972




13, 08 SUFFICIZNT COIDITINA

S
Lat I, T, x £A52 =X be b2 symbola appearing in
11, and let A b2 a tangentially connected soi at o voint

< e
e

n
PRS- xé] and avery nairsz ol caguznced L;i} nT, {xg) 191,
- e
T Ay rii?O, wit: 34“’103 e xg;ffﬂ thherne 2xists an
oinX 037 ig{h)C:I guch tha?’
I
rop £ ) f(xo};;;fi(ﬂc)inj +1>1 .

3 point =N and f: D—=T =e a differentianie 1%l
A and tanzentially separabls at KQ.'ThEn eitnor f

~f tz ) isg sign-regular at x_. Particulatly, in =

a rltarﬂa for tangentiazl separability of a furctional f:
. ¥-~R was given by (9.2). It is a clasalcal res

a convex functional f, defined on a copvsai gat D

sormed linear space, is differentiabls (inm tins 8
TRAUX) . Sinca f'(xo) fa tmagentially separable, we see 1hag

’(KO}(h) is sign-regular ait a peint I .

PHEOREY 13.2. Let the following condlitions be sa-
tigfied:

1° There exists a point £, A4 guch that  int(XiA;
: 30}) ig convex, ncavold and

omin ﬁf‘;‘{:t J{n; = Ty
€K A o
0
20 f(# i - o L
. ) ia sign-regular av X,
u < b - ™™ v i
TY f 13 convex on a cone aLﬁ;xﬁiﬁ
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Then f attains a local minimum at a point X_.
1f instead of (=) w2 suppose
. —~ T a o ae
) A& x, ¥ Xids; Aoﬂﬁ




then £ has a global minimunm (on the set A) at x_.

PROOR,., L2t ug assume +that the stait2meEns of Lna
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theorem is not true. Then feor a polut X == J’EQ) tns fo-
) - . . i, f:‘: - o ¥ — - . -

1lowing is valid: 7{x) -« :t(xo)a on the basis of (7)) we have
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Using convexity of X [4; xaj wa may f£ind an index 17

ch that
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On the basis of conveXily of £ wa have
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14, CONVILI PROBLEL

Let A be & convak sat. On ths basis of

concluds that K(&; KG) and K Aj; Ké? are COnVal.

-

24 and K Ajx | ¥4 &re valid also.

Let f: X—R bhe a 20nvis functional

=: oz v (1=d)x vini, wxe V(x)
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ned apace. 1t is known that f'(xo) 13 a positive-homogea-
neons sutaditive funciional. The clazgical re3uld 18

1 : 1

= [f(xc+*a ~ (%, ). - £7(x ) (k) = 0 for every x| and e-
very h from X, {ss2s for exampls DEMIANOY? RUBINOV 1368,
p. 26}, compars also with ROBIRTS 1 VARBERG 10973, 2,581 ).

2 £, besidaz inhe already 3ald, satisfies inz LIESCRYLZ com
niition, then £ is wniformly difi:rentiiablie (in the oo2n2»
n? Dafiniiicn 8,.2) and f’{xg) i o sullinecor fvacticmal,
(the hiesrarchy o differsant notlons of convexrlly may be Ia-
en, for examplz, in MITRINGVIC 297C) , ﬁiiEH?Lia?ARE;Rﬂflﬁ?f}e
I4% i3 e2asy to see that the convel fonrcional, LY a convena-
ble intarpretation, satisfies for example, the conditions
fvom ths Defivniticns 3.2, 11,3 ag well asz the zonditiona
frem Theorems in L8 - g;l@. Tre consonnance 1z that $hs
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while local ex amm 1s simultanecusly &g

mam. If the functiornal £ is8 convex, th

£{x) =t €7 is conver, D being conver 100, Ths2
noros a3 well a3 numercus obther in SRS ORR s R o f
Because we frecuently deal wmith convexlty, <heo
sroblems in such caged are Xnown &3 ¢ 6 1V 2
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gmace) are saparable by wmeans o roperyvlianzs. llore precige-
1y, if P and Q are convex and diajelnd @231, nroavided at
leaat one of them has a nonenpiy intarior, thsy are szha~
rable. The nonempty interlor regairanant may Do aubstifu-
tad by a4 compacureaa-contivlen oI 25 tanny ¢ne gt { or bl-
compactness in a loeal convex 3TN0 e a Linenr Tuncuional
4 = X% eorresvonds to every hyperolima H. QLo olosed 141
¢eox™, I H M"pasaes™ threough SO , Aa0e, 2. H, thon
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30 that )
(%) {{x) < e Yo D and T (x) = e X S Qo
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(14.2) sy x ) = Pexlyc s, '{;(K};‘g'ﬁ(xo)} .
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1% i1g paid to represet aget of S U P P OL t funcect i~

ocnalsas ondata point xﬁﬁ S. Some authors attribune
; y oy o
this nema to the set ~L7. When S is a cona,~ L {S; ﬂﬁg ig

called sometimes a 4 u a 1 ¢ on e (with respect to S5),
(gee for exanmple DUBOVIZEI M MILUDIN (1965, GIRSANOV 1970} ).
£ D is convex set, [ a conves functional and G2z L XD
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TAHN-RANACH &ee8 +q 41+t that LD xa} 1g nonempty. 1T we
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Ta often nave to deal wita

i._h.

tion, i.8., the target-functional £ i3 gziven with an opili-

=
nization procese, 32

» A L
(14.4) (Vo= max O {x.9).
s °
et Dy DVE e R zatizfy the conililons of Defini-~
: _ W ot .
(11i) andé 1=t O (- g) to contivucus Jor every £-

e '::_' L] 3 ] —
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(14.6) v Yi= e G o£ie) = h(mges)

ig & compact sst, (=zae | Theoren 9| .

particularly, if f£: D-> DU{+®; iz a convex
and continuous in a neighbourhoocd 3?(KG), thare erists
fé(xﬁ) and )
(14.7) fﬁ(x ) (h) :, TAX v {n
e L Lf ““{0
nolds, (see [Korocllar 111). Using (14.5) and (14.7) we
can ofter find the mentioned derivative.
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EXAMPLZ 14.1. Let X:= (X, 111 ) be the BAIACE

ce and let £ be a subnorm, Then s Have
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af go called normalizsd fands
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wing results.
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5ff; XO} ﬁ{é&Eﬂ?G(D)Fdj::‘ o El(xg)g »,o= O 0On “3(Kg)i
. — A - 3 — 1;-
=0 Jo! Eﬁ(xg) M”{El(ng) kdz(ﬁo)) ;

where .
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© ho By () b By (X,)
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pifsx t={ueNV_(D) ! 130 on B, () = 1, ~(DBlx,))=0]
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The directional darivative 18
f'(xj){h) = Ay nit).
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EYAMPLE 14.1ii. Lot X:= LF(E), 1«:2 <+, who-

: e . Lo
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El(::g):_n ;M; "‘31 E:a:@(*i;)i > 07,

EE(EO}:z {u:'El fxo(t)i = O},
and (%) i3 an arbitrary measurable nnetion on Ez(xg)
suen that {7(3)] £ 1 on EL(KQ}.

Ldf xﬁ)}u {. — =y | sirn Xo}? X % T 0

t‘ - J
u £ (f!;
and N
h) - P2 1.
’ L = m__ = - 1 i.-F- ] !
£7(x, ) (P e i }9 /

with

In fine we note that frequently tne directional de-~
rivative f'(io): ¥ -»@™ 13 a linear and continuous funecti=
onal, i.e., this derivative 1s the gradient of L., The no-
+m of & BANACH zpace X has the gradizsai iff the unit gphe-
re :=-%K€EX\ Hxll = l} iz smootn. If grad £(x is con-
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tinuous (in wvariad®ls x, i.e., in topology ol ) then th
-y amye oy Ty,
re exist the FRICHET Aifferential of § and we nNave
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CHAPTZR IV

proximation.

15. ON REST OHB-SInED APPROXIMATION

i. INTRODUCRICH. Let X be a get formed with n+l

points of the real axils and f3: ¥—R Dbe the restrictiom,
at X, of a polynomial of degree n. Evidently, there are
polyncmiala P and Q of degreas 0, such that

(15.1)
and
(15.2)

problems
ir (P,QF)

-~ - Sy o
P(x) = 0, Q(x) =9 T S 4

.L=3:P"'Q on Xi

Professor T.POPOVICIU has proposed the following
to study the existence and the uniguenesgs of & pa-
of polynomials of degres n whichn le minimal,

i ’
- -4

PP =0, Q= Q = O ot X

urther, let similar problem be solved in the case waen
¥ containz n+2  pointg.
prom (15.1), {(15.2) apd (15.3) we have
. ’ ) . e . e Y - * o S- a } . .-:‘
(P20 AP = £ = Q20)=2{2 20,2 20)=>F z nax L0, L7 o
and
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If we put
(15.4) O (%) 1= =a

P . T .
for every ﬁJEZCL{j then we want to find the polynonlals
P* and QF with properties

(15.5) O(P'-£,) = min O(F - L))
P&?G}fﬂﬁ

N

and

(17.6) C(Q"=(=£),) = m=ia _ (Q=(-1),),
Qiga(~f)+
SN

wnere

mherefore, we obsarvz that ihe above problem is a speci-
pen of the best one-sided aprroximation in uniform norm.

Ins »ired by POPOVICIU's problem our aim in this pa-
rt is a study of several problems of Ddes t ona—-sided appro-
ximation., Soms of our thsorems generalize the knoyn resul-
t3 about the same topic, and several new regulta are inco-
rporated into a presentation of the previously known theory.

i1, STATEMEET OF THE PROBLEM; EXISTEHCE OF T,
2SP APPROXIMATION. Let X be a compact set of R and let

¢[X] be normed by means of

(15.7) p{f) := max | £ () ! e clX.
x< X

The norm p 18 the measure of tns closenzss of the appro-
«imation. For & fixed element £ = C[X] w2 write

: T 7
(15.8) cB = {gecfxlyxex, alx) = 2(=) ¢
{%ﬁﬁi be a subspace (eclossd), and
—~ 3 , rip] - xr 3
. ~A D -
The purpose i3 10 atudy the elemants g“ﬁacﬁg guch that
(15.9) p(f- g.) = min w(f= 3),
ge "
B
in which case wa say thet g, = g,{(f35€C ;X) 1s tne elemant
of begst one-sided approximatlion ITon velow on X of the fun-




el

: *f;i) may ba definad. The followis :
aporoximation from below; an analogous Tesult holdg for
approximation from above, In our case o(f~ g) = max (£(x)-
- Y
Y ¥

Phe proofs about cne-glded aporoximation may Do
performed by using the facy that the ons~-sided approxima-
tion iz a partisular caze of s80me ProOD.CIS ~f uniform app-
roximation with constraints (sce for example TAYLOR [1968] ).
But our ailm here is to use tha cones-method. In the second
part of this chapter ws genernlize the problem in the follo=
wing manner: instead of an interval fa,b] we consider an
arbitrary compact get, the T-space on l|a, b! being subzti-
tuted by aa I-set of funciions dafined on thia set.

First we get two results regarding the existence
problem in ths case when X containg only a finite nunmber
of points as well as when 7 is a finite dimensicnal space.
We note that in this case any £: X—R 13 continuow on X,
1+ ia well kxnown that the procf of the exiphenne of & best

approximation easentially depands cn the faci that the be

nucuz Tuncition on & conmpact ozt aliaing ite exitrene values
- — ~ § ) apa o~ ] | il i -
THEQREM 15 .1. lLet X:i= 131?g..?ﬂ3}? ait::R and l1ed

Aﬁ?('C[Xj be given. Then fer evary £3 Y—R %there exlsis at
gi)

f""\.
o,

G

q:‘

leaBt one element g,
FROOF., We ¢

i = lgsna-}m

shere ¢ 13 an arvitrary sufficlently la s positive con-
stant.Ths ssta Q:= () M, and Q@ N arc cotnpact in .,

and 4 = inf p{f-g).




C(z)s= p({f=~g) = max |2 )= g(xi)i, z < ClL,

veing coniinuouz on CLXl, attains its minimum at least at
a point g, $QN3 , and wz have

S

\:(g,‘, = p(f- gx) = rqwn n{ = g) = min p(f‘ g)- )

g £UN g5 il
- y - = fi - o 1 . -4 -TI[I
MAROREN 15.2. If X (< R) 12 a coapact and o
Foo -1;-”11 . - - o
(Z C:X]) i3 finitly dimensional, then for every VA
" - e . i - - H
thave exists at least cone element Z. (T3 10 s A ).
5 - " A"} f - { g =
?RUO?- LEt S Bﬁﬁfl "; g-} y ¥ o7 33‘;’: : ﬁ-}’l S AR gl? L9 ‘i_gr.

igs any bagia, g;< ¢ix” for i=l,...,n. 1f wo put

Gﬁzz-ggﬁECEKj]?xfEK, h(x)éﬁf(x)},

than the set Vi= Ggfﬂiﬂfla convex and closed in . ., The
functional p, defined by (15.7), is coniinuous on . Now,
let us conéider

;=] geclx]] p(t-g) £ a+ O
where & 19 an arbitrarj positive number. Taking into acco-

unt that

M N Ao, inf p(f-g) = inf p(f-g) = d,
g uN Ny L -

. . . Lo - f‘rm
we see that it is enough to seek the minigun of ‘C(gl}= pif

- g) on H*Q'ﬂ”,. The gset M N ??B

uge it ig closed and vounded in 7 .The continuity of oL~

is compact in ¥ , bsca-

- g) with respect to g, implies that there is at lzast one

element g, ¢ N L. such that

S

p(f-g.) = min p(f-g) = min p(f-g). B
g Mg 8¢ n

One observes that the abovs thaora2md follow from & mors g2«

aral sitvation, Wamsly, if Q i3 3 closed subzat from Ok

H H s - . iy an E_-;_ -] i f &
auch that itz intergections Fith evary ﬁﬂbﬁ@t-ﬁﬁ?:ﬁiiriﬂim
-g)ffﬁ'are compact, then £ ciil adnits at lzagt ong elenent

of best approximation by means oI elemonts from Q. in Dan=
ticular, this iag true il @ is a aloand subget from @ Tini-—

+ H . f“*uff’!
ra dimensional space <l .




characterlzaticn theoren for a»npro
rengs due to TAYLOR |1969, Theore
18 a conpact set containing at lea

st n distines
( GfCT{J) 13 an arbitrarsaracse (cloa

rTm D)o
Por a fix=d g é’iﬁB we put
f - =

B,(g) t=1xel| £(x)~ glx) = p(E-2) I »
(15.10) ) .

c_(g) =3 =<l | £(x)= g(x) =0 5
and
(15“‘”} A(g):""‘ E(g) \J C“(g 3

0 (x) :
-1 if =xec_(g).

Points in E_(g) are called (pluse) extremal poinits and tnose
in €¢_(g) are called points of the (Lower) contact. The poi-
nts in A{g) are called critical polinis (with regpect to tne
function e:= f- g. Analggaua gymbols can be introduced for
approximation from above. If g.= g (£3 0 ;1), then dy :=
sz p(f~ g,.) 18 called the deviation and s.i= I= g, i cal-
led the deviation~-function. In thz gegquel we will symkgli~
ze by E,< f the fact that g_¢ 1] satisfies the SLATER
Cﬁnditiﬁh, i.e., that gg(x)- f(i) for all x=X.

THEOREY 15.3. 1f there exisis an elanent g e gn-

o

tiafying Zo < £, then a nacegazary and guificlent condition
which must be fulfilled D AT g 1 els
mnntafimﬁ' e3t one~aided anvroximation Irom I, amsly £, =

y
g (£ % sx), is that there does not silar § ¢ /U such

that

(15.12) 6§ (x) glx) > O S oxaA(Zs)s

where (Oi= &

o
8

PROOP, The functional ¢: C[X]-+ defined by r(g)s

= p(f~ g) is continucur and conve, Therafore, tne 8818
: 7
Qi=[ge ClX) p{f~ g) < p(£f- O ) |

-

Coi={gecXtxer, £(x)- 2(r) = Oj’




E
i,

'..J-
kil
-tfg
&3
<

ars convex, Since 3 & C, w2 have e n Fos d, th

tha conditions of tha Theorem 7.1 arse fulfilled., Thus g, {(f;
3 'K 3X) satisfies
(15.13) X(Q; 2,) N X(0

On tha basia of the Ezxanple 14,11, we have

-"“_a: -+ ! i
(15.2 {03 2.)= {g‘*'I{lYTK53&+(Eﬁ)a z(x) sign(€(x)=g+{(x))>0 }

(13 -1?) K{EB§ @ﬂ-) Y\J S ﬁ::i-il;‘ifi Egﬂ{?{.)? g(:f—) ~ Df:#

(15.15) K[#; z.0= F¢ .
In cur case aign (F(x)- g«(x)) = +1 Zor all x<cB, (gy)
and (15,13 ) reduces to

feccx]yx23,(z0), glx) >0} M

N Igeclxlivxec_(ga), s(x) <o} L =4,
which proves our asgarticn. {1

iv, CHARACTDERIZARICH, T h e cage with a

finite dinensionsal 8 peace.,~ Firat wa
note that in this caass the set A(gy) defined in 15.1ii.,
contains only finitly pany points. On a real line let X
be a compact set conitaining at least n disiinci points,
let % (&c[Xx]) have the dimensicu =n. We may write JE =
= syamnigl,.,.,bn} whersa &l,...gg 1g a basis of % gié
¢ (X]. Then we mey tansposs our problem to the same to-
pic in R®, This is motivated vy taking inio account the

L]
*

, Yy n
linear Diunivoqua corresvondanca betwzen JC and R

E’)ﬂ EEO{«EP-W {': ":}f{? '*Em‘? C,{x (C{;ﬁﬁﬁﬁﬁﬁﬂgf )édﬁi.&*ﬁ
x=1 -

¥ -
Tharafore to the aat CB’ he set

o o € JemBl o oy T ) e fwy =
(15.17)  Vgi= {L<R% ¥z ek, Tedy g (%) 2 7(x) §

correaponds. Further wo define the conitinuous application
.,
a : I—R by

ala

a(x) = ( g (®)sooe, 2. (x) ) tueX

and pud
a(a{g)) = a(ﬁ)l xeéﬁig}} .
fhe following characterizaticn thaoren is valid,
PHEQOREY 15.4., Let us assunas that there exists an
element g.<H such that g < £, and let £ be a glven




LS
LR
s
&

eleman?t 4in ﬁr;]; ffaﬁiia Phen ench of the following 13 a
C gufficisnt condition for gﬁﬁiﬁﬁ to be an e-
3+ cnaw8idad approxicaticon, Z.= %ﬁ(‘;rv + 1)
{a) There deces not 2xi3t g ¢ pan~§gl?...ﬂgn} au-
on that O (x)z(x) > 0 for all =z <€A(

o tha 3a%
() | #xeala,) ¥ );

aang::{m in &(g?&)?

¥
m <+ 1, and positive numders 7. such that a linear (and

-
T
—tl]
"\.

continuous) functional T € ¢lL} defined on Ci{Zlof the "po-
int svaluation™ typeo

\fl"“’}‘” . ;
ﬁdf%*u(xipﬂww ;f):;#uGu{)j“f“n_, feCix]
=1
patiafies %+£‘?{li 1.2, "ﬁ(g) w= for all gﬁiTQUa

PROO¥, We shall show that: (g,¢ &,(L3 W si) = (r)e
> (b)&>» (c). In view of Theorenm 15.% the first part is
established. To show that (a)é(b), let {+ y ¢y denote
the inner preoduct in R®. Then the set defined in (15.1%) may
be written in the form
<)

v, {a( A:f—xm...‘{ el y alx)) =

Hh

. n
and our problem reduces to finding a poind {%élﬁ for
which
w(el,) = min Y {{)
o €Vq
WHATe ,n
* .= e - T 3 1 »
Kg(d.) i= p ( £ ;:;dﬁ &, )
Ry usingz the formulas (15.14)-{15.13) we find
£(Q; 2.) = fg2cX) |wxe8,(g), 8(x) >0~
""{c‘i’ﬁmn ""f‘fﬁ :-3+(£~{:}1 <o<f'ﬁ a-“{)j/ > 0}':
s B, . .
*"-'-‘{c{f‘-'ﬁ E’ffit:@é(ﬁw:,_ g}q))a <;:;{Jf'3:r;, P O}ﬂ-
.Y af o\ -
K{Chi Bx)= gﬁcmj?;:»:ec__cgﬁ), g(z) <« 0}= |
£ }Rn! ‘:«?EZ{E'C_{%{)? {{{5 ; -a{x :};;»O:Tz

i}

il
-~ Fdy g-_-ll...-‘ i




b

I

.

By means of the Theorem 5.3 we reach the fact that the
e

aystem of 11 insqualities in m%3
<(‘}i 5 ,’;I? > - O “‘r;’v{[g '{‘. a(E.‘..(gﬂ))!
CREE y >0 -%f?ﬁi‘ﬁ(C_(gz))s

in unknown o/, is inconsistent, i.e., there is no any so-
lution. Sincs

(15.18) <ﬁ£’ ﬁ>>¢0
with
[?ﬁfﬁ 6(3 )a(x )l éﬁ(ék)j'::.é }*.

The set {a} of n-tuples, is coﬁﬁact in R™. It is known
(see for example CHENWEY {1966, p.19]) that the inconsiste-
nt property of the (15.18) is equivaient to

(15.19) G gn € co (1())

which i3 egquivalent %o (b). The chain will be completed
by showing (b)&> (¢). In order to show thisg, it is suffi-~
cient %o show that (15.19) ia eguivalent to (¢}, On acco-
unt of CARATHEODORY Theorem, thers exist at most =n+ 1 po-
ints {?1""’f8m and positive coefficients f?i such that

N

(15.20) n -@"lﬂn = ?;1 - I’PB:’L
with 3, € {03} Ze3=1 >0 1=nEarl. If x; €
¢ a(E, (gx)) we have

©, (34 = ©; alxy) = O(xy) ¢, alxy), ¥x;eB,(g)
as well as, if =x; €-~a{C_(g.)), w» havs

5 . ,.) — 29 - ' 3 o 3E - P 3

?i Ifli " §l a(-}{i) -~ c}(-ﬂai) S,\Zi. 'ﬂ(xi)a 4“_—}*& C...(:;.f;;)t

Thus, from (15.20) w2 have

}R S-fT(x ) =13(Ki) H.S ‘ﬁi(}€g }{ g, (= )3..ﬂ,gn(xi)}

which 1is equi?alﬂ nt to

(15.24) "710_(313 Oy & (xg) = 0, X = 1,.00,0,
L
By multiplying every equartion in (15.24) with arbitrary

numbers C(k’ X = 1l,...,00 and by adding up these egualiti-~




o)
(s

28 w» 9vitalin

il . i"' — ! -
210‘{34:} ?i L 2_ C{’&? ﬁiizi) JT’T'Q? Iiéi(gﬁ}l
L= - K=y -
that is
JQ T;P "
C(g) = 2.0{x ) Py glxy) =0 8 =3l By

L=y

i
We note that E+(gﬂ} = 9. Indsed, l1at usa ascume tns

sontrary. The ineguality 1 £ @ impliezs C_{z.) = Ty 1e€o,
wo must have A{g,) = C_{(g.) and |
m aEA
- o ; it : ™y ,“ ™ {‘:-)‘ x !-,.
0 ‘EF (xy) 0, 2{x;) 2. ©; alxy)

for every X;¢ A(gy). In otner words, for tha element gZ:=
2= g~ g,

vy y _ A ) :

heldss because gﬁ(xi) = f(xi) for all xié.&(gﬁ), which
aggerts that there is an element g ir ¢ such that (@)=
= O, [l

In connecticon with the umiqueness wa note that
the conditions which we have imposed, do not ensure the
uniqusaneness of ths beat approximation element for each
£ CX]. In the following paragraph we shall soe that in
the case whﬁn.'yg is an I—-apace, the best anproximation
has a unique solution as well as that the I=properiy -8
alsc a necessary condition for the unigusnzss.

16. THZ BEST ONE~SIDED APPROXIMATION
WITH I~PAMILIES

prbe

me

[ 3

Lot # (Ec(2]) be an I~subspace of d
1.2., Qﬁgia a lipear I-set of the order 2 on
. ¢[Z>R be a non-zero linear continuous funcizona

by
(16.1) ‘Mf):ﬂ €(

A

15100 1,
N
¥

=

S
17

v : M+
O‘/\Ja’_gqa-ag (+1 -
* a7 5 1) ‘

'6,.‘

miaiacy )

MA'L {ji

f"!
T

¥

4
proda
N

K‘*g&&ﬂg? 4“;
...i.. ‘n'.ﬂ-

1 4§ &~y+, then we have

s

ya+l=1| €19 *r T e ;
) ; *y +1 ?( - - - ) &
i ek .ﬁ'Ll ? I Ki“l * Xi '}‘l 2 & b2y .ﬁ-”\l_l +l

(16.2) fy=(-1

gl?ﬂtﬂgi_gm

9 :

.,, 1},( Elgaanﬁdkn ;




- L

1D

i 3 19##:;1+1,
and 4the pravronsiian at 2ms Anmontinator differs from zero,

Hdoraover, W& A3vVe

; f‘ [ T -':'1? f i & B v
HJ-{:}. A - hal {‘7‘ i | ™ o - 13'( - )‘
4A+.ﬁ. Ay 309y - py P
1 "+l 1? ' Xn
™n hig work T.POPOVICIU 1659 established that the unigus

functional of the form (16.1), from '« , Fa defined by
-

(16.3), Lixewiss he noted that in the cass whea I:=Ta,bl,

) may bo aosuned positive.

Therafore, in this case (16,2) implies ths well-known alt-

arnatae property of the cosfficients i?g,,aa,{rh+l, This pro-

verty remaing walid even 1£ ¥ iz an arbiirary compact sel
on R and if . ig an I-sat of 1n{[a,“b]} type and ‘a,b] is an
arbitrary interval which contains the gat Z.

mhe following theorem deals with uniquenass of so-
lution of the best one-slded approximation. The proof of
this may be performed by using similar arguments with those
from the unconatrained case (see for example LAUREHNT [1972,
p.96] ).

THEOREM 16.1.Let us suppose that there exists an e~
lement goej€ such that g, < £, In order that a unigque e~

lement 8= gﬁ(fgfﬁﬂgx) may exist for every ffzc[x}, it is
necessary and sufficient that the subspacs ! pe interpo-

latory on L.

we note that in ths I-case, if +he functional whi-
oh i3 considered in Theoram 15.% (¢), i3 fron fﬁfL, we mu-
3+ have m = n+ 1. Indeed, iet us asgs3une @ S n. Then tha-~
re oxists an element g ¢ 4 defined by condltions E(xy)=

ety
[

Vey 121,400,730 Then we have

d 1?
Y = RO,
Iz =2 ¥ elxy) =24y > 0
J;':'! .ﬂ:,‘,,."t i

#nich contradicts our nypothesis. but this me2xns tnat in
tha I=-case there exiat exactly n+ 1 points which form tha
set A(g,) of critical poinis from X.




17. THE ALTERIATORY CASH

If J{ is of the type Kn{[a,b]}, a,b]|D> X, then the
quotient of prevronskians in (16.2), has a conatant sign
and all coefficiants 1{5, i=),.0.,0+1 are different fron
zero. Thersfore, from (16.2) we conclude that ¢; have a-
lternating sign. Pinally the fact that the set é(”%) con-
tnina exactly n+ 1 distinct points, snables us to asage-
rt that the deviation-function @, = I g 2&S exactly n+
+ 1 vypoints in T a% which e takea alternatively tha valu-
es d, and O. This situation is called Tt n 2 ¢ & 8 ¢
1 th alternanc a. Ffarthar wa o3 ttend the Theo-
rem 15.4 as

THEOREM 17.1. Let N 3= span {greses8,t &C fa,b)]
ve an I-space of the type I-Ua 5“,[@ pi>X, and suppo -
sa that trere exists an elembﬂu gge J4? satisfying the SLA-
TRER condition on X. Then each of tine following is a necessa-

ary and sufficient condition for g2 to ve gy = 8,.(f5%3

3X):

(a) Tnere does not exist g€ X such that (=) -
+g(x) > 0 for all X €A(Bx)3

(b) The vector O pgn belongs to the set

co (§6(x){ g1(x)seeerg ()| ¥x€a(Ey)])s

(¢) There exists a linear functional *§&CTKT“Gf

the form (16.3) and £ &30+, where (Xq,.»«rX ) € Ay, (KON

N, (gy) Uc_(8y) O(x) gy >0 for i=l,...m#l aad

1¥ia <0
(d)(Alternanca) There exists the n+l ~tuple (tl,.

coyE 4y )€ By (ONE (g:) U C_(g,)) such that  © (%541) =
— ""G(xi) fol" i:l,lunjn-

Tn +his cage we have the folleowing CONSequented.

COROLMRY 1712 » L@t (Elg s & 4 grgn_;_,:}.) &E ﬁﬂ-}'}.(g) b"a
the "eritical® set from X with Tespect 0 8, = £ = Gy
Then the coefficients G(k of B, = g%(f;:%;z} satist

&

o
(17.1) Eéf(k gk(xi) = f(xi) o 'J% G izl,c0s,0+l

where ﬁ% are the coordinates of the "altermating' veetors




oo
n+l

1}:3 (1,0,1,0,50.) € aR* op 1}:3 (0,1,0,3,05.) € IR .

The systen of ccafficieants
Ala Z'Ll'i )‘29 Cu‘zi ses 5 A

+i
}
N

E

or

C{'{lﬁ ;"1’ %21 Az, > o N gé’{,ag A
with Ay >0 and M, <0 and r+ 3 =2+ 1 corresponds
in the funciional < to ths system of points ZysoeosTy gy

¥

Ja salect ons of ths above sysiems such that 4, > 0.
s ¢ E o ° 82 1 ez X AL ' -
Similarliy, if (il, ’En+1} ANR] XY arsa ariﬁik
cal pointa with reapsct to deviaticn-funciion e™:= £ - g~
whore g* = g¥(£;%;L), then the coefficients of g* sa-
tisfy

e 2 ” 1 M
(17.2) E O{k gii(xi) = f(xi)"' .‘i}i’.i 9 iz‘lgncngn+l
L | g
where '71} 1=1,,..,n+l ars the coordinatss of wvzctor Y:=

= (0’—1’0’-1’.Ii&)€ ]Rn+1 o *5::.": (mle’-l?O"’.) e_ﬁn'é'l

respectively. Now, if g, is g, (£3% s [2,b]), then in Xi-
MMERER [1959, p.12] it 4is shown that this 13 equivalent to
the fact that =g, i8 the gX(-£3¥;[a,bl), i.6., g™ (£;H;
s[a,bl) = =g (=£3;%; [a,b] ). This may be extended to the
I-czse with an arbitrary compact set I (< [a,b)). There-
fore in the case when the knots XysesesX, g 8T alements
from Zan+1(i) wa can assers the following: if for the e~
ctor the systen (17.1) furnishes thz clement g, then
from the some syatem one finds with the vectoxr 7 and for a
certain system (xi,...,zé%i)fiéxn+l(g)ﬁ tha aloment 2%
Wa remark that generally thease iwo 3yztems of knots are
not the same.

COROLLARY 17.3. If =n iz aven, then ths points
x4y and X, 4 8re critical pointa of $ths sama kind, i.¢.,
both belong to 3, (g.) or to C_(g«). Foer =u odd the same
points are critical of the dif{fersnt natura.

PROOP., Lat us supnoza 1 = 2x € I and 1+ 3 = 2ktl,
According to the al%ernatory property, it follows T = k+],
g =X or =X, 8 = k+l, In the Iirs? caze, - and -l
velong to E_(g.,), while in the second ca3se thass points
are in C_(g,). If n = 2k-1 € I and 7T+ 3 = cX, W2 have




r = g8 = %x. But thiag meana that Zy and K BT not of

) -
ths same kxind. Horsowver, iz both cases the numoar ol coen-
tact roints in C_(gx) 15 8 = [%:}+ 1. ©

COROLLARY 17.4. Let X := [a,b], 7 := span {ﬁl,.,.

,gn} be an I-32% of Tns tyne I,r,1 ﬁ'ﬂ} (L.2¢, Qﬁ_is a T=3pa~

ce on [2,b)), and let gy:= 1. Themn, 1f £ ds non-polync-

bty
j
[53#]
=y
e
i
Lo
Rty
o

mial with respect <o ':Q, tha function e =
,91) has the end=-points a and b in 13
nce A{gx).
PROOF. Suppess that x, 13 ex csrexmal, 1i.8., 6. ‘%i ) =
0
= p(f -~ g,), and x, , 4 18 a contact point, e (% . l)
| o

O

Let us suppose thatthere 1s an extremal point Z, between X
o

and Xy 44 (the sams study when x_ 1is a contact pointi.
The function e, differs on [x; , X ] from the consiant fu-

netion Dp(f =~ g4). This is motivated by the fact that the
number of extremal points is finite. Therefore we find a
positive number ¢ so that the funection e,— ¢ = £ = (g .+ c)
vanishes at three points from [zi » By o4 l] and it results

that the above funciion has at least =n+ 2 roots on [a,b].
But this contradicts the fact that g,+ ¢ ¢Fand that G+
+{f} 4is an I ., -space. Farther, assume that the enﬂmpo«

int a i3 not critical, i.e., lmﬁ 0 < e.f(a) <p(f =~ 2.l

bl

Then we can find a positive number ¢ for which ths fun-

ction o,~ ¢ = £ = (gu+ ¢) has o root on ER yﬁj ag well a3
a root on [Xy, x,]. This meana that @,- ¢ has at least

n+ 1 roots on [a,b], and must b2 £ = g, + ¢. But this
1a a contradiction and the proof is complate. b

Trne above Corollary ewxtands %o the well-known
result by T.POPOVICIU[193%]in the case X:=[3,b}; 7 being
the spacz of algebraic polynomials of ths degrese n= -1 .

i

13, COMPURATION

Let X { ’”"’En+l} ba fix=4 ard fé*be the

functional congidersd in Theorem 15.4 (c).
Put

ﬂ‘




:{hj_::{{ Ay i £ >0,
[gaj it ¥, <0,
and
={1e{19..,,m1}\ Y, >0}, dr={tefl, .0 m}l ¥ <0k,
Then we hav
{(2) = €Ae - )—gg (£(7y)= 3, (yy)) +3 tj@(vj)-ﬂ (25))
= i(-‘-(f) ("i)}

yi€ B(g8x) 2y 8 G _(2x)s

Therefore, if I & § and d,> 0, we s2e that <(£) >0. In

thin manner we conclude that by selecting the sign of ) .4

in (16.3) so that ;(*) > 0, by means of (16.2) we get the
possibility to divide the 1ndex—sat {l?...,n+l} into tae
auvsets I and J. Instead of { we shall ccnaﬂdﬂr the norma-
lized functional £ := ¢/ 7 % which satisfies £ (£) = @y
11T3413 well—defined the deviation d, f}(f) i3 known. The
familiarity with the sets I and J 1is aquivale»u to the fact
that the subsgsets B (g#) and C (g%) are known. The coeffi-

clients cik of g “Bfik By satisfy the system of equations

W

i
(18'1) ;Z:.!O{k gk(:{i) = \Lﬂ(ﬁi)j izlganlgnﬁul
ahare
1 —B'(d-,r) .
(18.2) e (xy) == £(xy) - 5= Gy

Thus g, 13 the element which interpolates ths function €
on tha set X. On the ofther hand, from the Lc*~t1ucu10ﬂ of
Y as wall as by taking into account that every slemsnt from
% ia determined by mn distincet points, w2 2By write

(18l3) g:ﬁ. pre L{':{?; Kl"“"xi"l’xi“?'l’a'E’;:ﬂ*i'l; t‘f)u
Wa note that the Sigﬂ.@(xi) aay ho determinad
as followa: if (18.1) is considered as a system 1n tae ua~

knowns Oy, eesy S, 4, then we have

Eqsesesl f L 1t @)
d - v( l’ ? }’1’ o ?{ gl? ’J..:?-g? 2

l?“““? n;.l T & 3 8 ?Kn.i.l

),




o
ﬁlﬂﬂﬂa%ﬂaf M i+ O#{.?;:ﬁ)
dﬂ‘ = ';( '{ﬂ ?ﬂ ﬂ'aﬁﬂi 13 3 dE""‘:‘ e ém = DJ
i P = -
wpara Di aye tha cofactors in the degveloping 0? “he deno-

a

minator by the elemenis of +ha last row. Since i
tor has a constant n i

whination of the valuea (1+ 0 (z,}/2, w2 =ay daterninsg tho
sign of coesfficlents Di guca %

ninal vaiue.

{"‘D
ﬁljni!ggﬂg. -

5(x.) = sign (V( Vi D, T,
. 1

Xyoeeestyyg
4 = 1lyeseynitls

Tha ghove method depends on & Punctional { whicii eana-=
bles us to £ind d, and O {xg), i=l,...,2 *1, Uaing ths mot-
hod of POPOVICIU of tne cansmdar&tian of two I=space: e
= 9pan 1g1,...,g } and "W = apan-%dl?.,.,ﬁn?gn+lr, Bl bee
ing selected in a convenable menner, we shall give & more
elegant solution. Indeed, lat

¥t
u = L{W; XyseeesTyqi f):m%%lak &y

and "L
Y = L(Wﬁj ? leniig.ﬁ. e o f):;:‘:}:‘ b‘{,— g‘t ?
n+l TS N £

shere d 1is o rveal number. If 4 =1d, i
the ccafficient of

“mnti
ﬂ;
ho:=u = 4,7 = ;;(ak ~ d 3?) i

belonzad %o ¢ and satisfies the ayatem (18.1). Thersfors 2

have h. = g,.(£3%;X). From the auvove wamaziks and by taxing
into account(see for example BLERA COPOVICTIU (1972, D.341)
that

7wt — . aq )
Elﬂ'é"l ""L ‘Ji“"ﬁ-‘ ﬁl‘?’rii'&ﬂ%‘lf L‘.,,ji
b it rqﬂ}‘ b a 1
ntl Te 3 Ryseeratnel? 713
1t we write dx = 8,,9/ Py4qs T2 00D find h,. 3ince the
generalized LA”RAI .5 ovperator iz linear (gae Tor example
STENA POPOVICIU 872, p.271), we may write




;v—.-_,_;l:__f:-
f: ‘1)
o N

(18.4) = g (£303%) = LUWS5 2ypueerXyyqs )

where ¥ i3 given by (18,2). ¥e ncte that in (18.4) tha coa-
fficisnt of &n+1 is zero. 1t is ol

from equalities f(xi) = u(x,), 1=1,...,n%l a3 wall ag from
Ec&”jiL, wa conclude that

(1) =

is a dividsd differsnee
I-segment # < ).

The functiocan defined by (18.3) is symmetric with
regpect to the knots. Taking into account the relationship
between ¥ and f, we shall represent the elemant &, in a
more convenient form. Namely, let us denote

intarest Lo rezark that

1 Y o
i - I Wog :{ljnan,g _‘2_1; :__l
L
(of

of order n with rsapect to The

m"}

O ¢ = f(xk)“ L(5; Klaﬁ*-aﬁk_lﬁxk+l"”“’xn+1§ f)(xk)

i = 1,01;911'{"1.
We may write (sse for example ELENA POPOVICIU (1972, p.451)

k 81 « o o 25N LY 1 -

v - )
( Xl"..’nk_l’xk'*'l""’xn'*'l

Let ﬂi”"’eh+l be non-negative numbers so that
|
(18.5) 2 0 = 1.
Put “+1h
(18.6) h = E¥~@k L(H 5 XyseeesFyoqrFereers™y ng £)

where €, must he determined in order that h = g (£3%0:3%)
On the basis of the egualities

g'f(xi) T fL o= kK,
L5 XyseessSpopoXgayreeoi®nnd 000 = p(o )= 5 41 1=k,
1 5 1,cs0,00%7),
wa may writse s ) §
n(z,) Z;-G* £(xg) =0y Oy = £z, ) =0y C g
1 = lyeeagnttls
From this it follows A
(18.7) f(xy) = hlxy) =0y 9y, 121, 400,01
7 mple, o218

Let us supposs that |0il% 0, i=ly...,nvl. (For exs




1, (oy-{gellz ex(®) g2 20} > {geit] wx et 800

havs
coa if 2,232 (g.)
£(x,) = (%) =% o ip o . b
1 : A 12z, 2 C (8.
and from (18,5) ws conclud2 that
{ & ., 3
“ cr + L4 =T
R M N R .
0 i Led,
Thus {(18.5) implias
1= "2‘: '8.:‘5 ﬁ‘_’-)*:'r %) - df‘-' 2‘"‘ 3 ’
A L{:I p L{;I i
that 1is
d, = 1/ :f’_“_ --%:-*- .
P g |
and finally
(-2—)/ 7. =~  for k&I,
{}}{ wel Y
(18.8) &, =

O for kedo

Therafore g, is given by (18.6) and (18.8). For the uncon-
strained casa, a similar result was obtained by MOTZEIN 2,
% SHARMA |1966,Thsorem 2], In the case with alternance we
have 51 §i+l'< 0, i=l,...,n. This implies the remarks I.om
the precseding’ paragraph. Likewiee, a gimilar represenia-
tion may be given when X contains a finite number @m>nt+l
of distinct pointa.

Purther weo present an algorithm for findi-~
ng the solution gx(fgﬁﬁ;x). Tn what follows "/ is an I-spa-
ca. The algorithm i3 the analogus of the one-voint RENDS

exchanze algorithm for unifornm unecongtrained approximation
(sez for example RICE 1364, p.173]). Cur algorithm sta?ﬁ?
Q L3
with a el X(O) of n+l distinet pointas 31< ):ﬁ--aXn+1
* (O) e VA W{Q} . .- 4
of X, Putting g" " = g (£330 77 ), the deviation—funciion
(o) - : (o), _ %
£f- g 1s examined over X and g ‘r=/_</, & 18 compared
PR

with €, From %the inclusion

LIFAN

f(g)}naf



T&d

{4

g “/0(P) 1= max F?(Ki(g)lé max | &{x) | = p(0)
izlgilign+l XGK

I
for 72Ty > e ¢[X]. In particular

( \ ] { Y
alol . ?Eo)(e(o); = nin ot (2= 5l%)s  ain n(s-gl7),
1.2.,
(18.9) alo) = E(ﬁ(ﬁ))a
h!

There iz ziways at least a polnd xqéii‘xi(ﬁf such that
{18.10) E(O)(:iq) = m?‘l:{f @(0){::5) =) E{(O)

e X(f: K\\KKG)
as well =3 & point Xgrffi‘\i(ﬁ) guch that we have
(18,11 (O ix .y = min,  &l®)(x):= ul0),

4 X G 7 x (o)
By meani nf (18,9)-(18.10) we gez that we have
(18.12) 1(0) = prele))y,
1¢ we have simultaneously

{

(18.13) nt®) > o ana ate) o pelohy,
then the fact g(o)ez’ﬁiB and bacauge e(o) has n+l criti-

cal peinﬁﬂ,(all points of X(o) (~X)), enablea u3 to asgort

that g(o) = g, (£;7%03X). If 1t is not the case, then at le-

agt one relation from (18.13) ia wiolated. Tho point with

the graatest devigtion from E(Q} ig substituted Dby tha

point above degeribad point in way which will be showa,
on the basis of (18.9) and (18.10) we conclude that 1% 18
poagible to have gimiltaneousl

(o) _

(18.14) m - 0 and alo)

p(a{®)).

Let X, or X ve one of tha rpoints satisfying(l8.10) and

(18.11) respectively. Setiing

-x‘} Lf 1 -
( Kq 1£ H(b’ - dkg) > Hm(g)ia

(13.13) (= i |
O Kq' 1z M(O} - ﬂ(c) = lﬂ(g)ka




]

"aw.r
/ - (1) .. (1} (1) 4
\18310) i ® = L,.si:-l EEER "{né_l ’ ';l_
qFners (o)
(0) {’xik fer i=lyeesentl, 1 = 1
x, Vot = O
i ey ,
} “z Ll} it o 4 =t
o Q L ot 1= ...'"'..{}g

{) ( 3 (l‘} -

(0} rozeed to X01). If Hoal) cx,, then 2, g
(2 /1) )

é E_?_(g(l)} and if :—fak-‘h) = Kq} s t}lf?ﬂ -:{{}‘-.1! {E C_{g(lj)n

Similarly with the uniform non-restricted approximation
(see for exampls LAUREHT[1972, p.1511), it may e proved
that the sequencas (dM) rve mw, (') vew, () e I,

; - - T {3 3 {T} i :
(™) T<€ @ , where ate), my, MU, 2% are 4he elem2nts
th .
which appear in the T°" -step, are convergent when T-»+72.

In the case with altBWﬂ ne t 18 easy to excha-

ce i
nge a point xi(o)ez K“ o) - by ﬁﬂ(l), Indeed, let =X, “l(g}
i i

and X (o) be two points fron X(O) so that K(ﬂéé(x - (0)

b4

y X4 (0)), Since we xnow the sign of the coefficlent corre-
0

sponding to xe(li wnich appears 1in the funciional ‘6

£
)

W o
exchange with preservation of the alternance, one of the

{7
points X, “1(0), Xy (o) Ly KQK“)W
Yo O
1§. THE CONIECTION BETWEZA CQHL-SIDED
AND UNCCHSTRAINED APPROFITIATLICN

e
10
&

sX), 8 = B (£37;3K) ve

T Tements of the cona-3ided ve-
at approximation from bel

ow, abova, aad of unconsgtrained
beat approximation respecitively. Then w2 have

THEQREHX 19.1. Let g,, g%, § b2 the elemenis
deseribed as above. In crder that a posiiive const




axistg guch thawt

(19.1)

g+c:~.: = T o I

(3

I3
ic

it is nace2ssary and sufflcient that g = L
PRO0F, Let £ = g, + 2¢c @®here ¢ > 0

and let

L

Alg.) = 3,(g,) Ve_{z.), A(g?) = B (g¥) Y C.(37) be the
sets of critical points ralazive to g, and g~ respectlv-
ely. Thenx € (g*) NC_(g.) = 9. Indeed, if 72 Eﬂﬂiﬂa_ that
the interzection 18 monveid, then maast O Em{§ﬁ).
Tharoloma ﬁhe alemants 3 * ani g, have {% ;+ L conbact-
notnts, which implies g+ = 7T, (sez for examole LAZAREVIC
1971]). It follows thalh we have

(19.2) BE_(g*) C_(g;ﬂ)g g2 .(g.) REIE

-

Po into account {10.2) znd
that g. aad g be cbizined
mesns of one of the palrs (J;?) or {7,

e ing

nay from (27.1.

Corollary 17=h v

G

1) of alternating

concilude

(17.2) by
ve-

stor3., Bvidently d% = d.= o. From (18.3) we nay 7rive, Wi~
th the pair ()
| #1
C Byeeee B, s
.@.{ ] } o
{l;@aqun | g}ll
_ . o .. - - f
| £, )~ f(1 f(x3)-c i{ﬁ4} e O
|
N ——
g.= &, (1;:X)= — B -
Er9veesi
n
V(| 1)
Al’ﬁﬂﬂ’.l.n
ard
| R3]
, By weasZ R
Wi - } .
1{1?0.:&&;-, :,,fl e l
. _ | i_ﬁﬂ
"l - _'*h"'-w* - Y — £y ,...,"f""';f-_* \.... % '
f ..;{j Lt ~__,:.?) i f{;..:::) L\._hi} “ e @ 0 [ O 1
. ~ g - / R 1
g =B (-25 W3R m e L
4g
P17 T T en,
v )
ﬂ*Lﬂﬁﬁlaj .1-11
(geefor example ELENA 2OTOVICIUICT2, ».341), Substituting
thoge wvaluaad In the agualisy g = g + 2¢, we cdiain
1. 1
. :;l} l-ﬂﬂ’g.,.,l | {;l t
7( ) .
(1903) - ,aiagx Foa :Oa
1 n -2
I - i en
2C 2C 4 o e 2c . 2¢
i




Ty s s e m,
g0 agn) . 0. in
Xygeses¥Fy' 7

£

Ragause V(

tha rows are iinearly dependent: thers a2re the conatanys3

A, anch that
.4 ot
\ 5 ~ -
(1914; A :1'--”_ 31(:;*) == 2&;3 1= ..Lgﬁtagn'éhhj..ﬂ
xzd1 = A i

2nam the fackt that 7{ is I-space, the squality (19.4) re-
maing valid for every =z <X. Zut, this implies tnat VR co-
ntaing the consgtant-funcliios, Ll.@., W 04 write gy 1.

Now, let gq:i= 1 and g.= a. (£33 4). Taen Z, *

+ dkéfwﬁ. Mirther we have that the funciicn £ - (gt d.)
takes the values -4, and O at n+l distinct poiats, The-
refore g, *td,= 8= g (£;00sX). It is clear that 2 = -

‘(g .+ g)-

The cage when Xs=la,b] was investigated in Lk~
WIS[}9731¢ whare the reader finds many refsrences.

%e note that in general casg, ¢ven if gytw N
the following inequality

1

1 .
P taph el ""‘L" sl in skl ——— R e
' - =Tma

d G 3
i1g valid, KAMMERER {1959].

Let X ba a ast on IR containing av least =+ 1 di-

- . R ‘*"". o~ . ot i oy s = LN Ry
atinct points and fi= 2 3. &, s a ziven slemsnt from F()
oy . - ,
A | £ - v~ g
7l 13 assuned to be an I-space of a2 TyRS Iﬂna?hﬂ,;agb;-j
_ et £ " -
n & o T owhich contalind ail

. A
2¥. By KT we dencte the subhsa?
&

nininum prop2riy

(20.1) PZ P z0, Q= Q
and

(20.2) £ := P - Q o A
If we use the same reason as 1n §‘15, e have

(20.3) p(f, = P¥) = min_ 1p(f, - P)




and
(20.4) p((=2), = Q") = =nin p{(=£), = Q),
qe Wt
wnere
~o g mi*-ui

Thuas e have
o 4 . ar..- " . - - nﬁf o
(20-'3) U= g""‘(f{_,;f 1 X) Q" = ﬁ:’%{(“f)w f}’f’_, 3 X) .

wridently, if £ doos not change its sign on ¥, then
the solution is trivial., If I, = # on X, then we have P =
_ ¢ and Q"= 0, Iz ¢t_=f on X, then P¥= 0 and Q' = — .

Fe remarX that the solution of the best approxi-
mation of this kind (wnich 1is descrived as above), R&s a
solution even if X contalins only n distincd points. In
+hig case, if X 3= {xl,.,.,xn}, from (18.3) and (20.5) we
get
X

P*: L(:}({j 1,...,1n§ f+ )g

g -

Q* = L(¥

=il

Klgliigxng*(#f)‘#)'

In the cagse when X 1= El"*"xn+1}’ the solu-

tion is given by (18.6). If ¥ = @?n «we have the problem

proposed by 7. POPOVICIU. o
Finally we note that if elther P¥ or QF is dete-
rmined, the other may be found according to (20.2).

-3

-

0YE~-3IDID APPROYIMATION
R WH~SYSTEUS

21. THE BESS
I

=3

H3

We continue 10 use the noiaticno as in thas prece-
ding sections. Let Zyseoerdy ne a NH-systen (Weak Markof?d
h b P — " - ?l 1T s
aystem) on X =nd let Jui= Span {ByrecenBpie Ta have

- !
pEmonEd 21.1. The elexzent g 3::1f£k By © TV is

= gy(f;:Hf;i) 1£¢ 4uns following conditions are fulfil-

L}‘..
ads

g
1

There exists the w=-tuple (yy soes Kr)ﬁéair(x),




\

Fa Lok

¥ ,.? * 4
-l

iy
Kl

1= pcn+l and the set of indiees Xyy...5%,., Such that
i T CYCK@;)

O J
i e%(x1,) = | d*a
: -4} -
&
gzg:_!;aaa naggg-&? l
0 n hr—n .
2 V( ) ::ﬂ" O’ {.«':1-?@1:.’?1

Xa 5000 g $ X vy 0099 &
10 R S g} T

gkjﬂgkz""’gk L 8%
30 .?( - e ol < ) = O _’Yj‘kzl’--agna
..m.lpgralﬂ 'Q.?“r‘“lq JI‘

PROOF. We have seen in $15.1ii1 end 515.iv  that,
inespactive of additicnal properties of the 3pace W, we
have

(€ = g%(f;§€;i)}<ﬁﬁ?*6*mn ¢ oo (10 (x)( gl(x),...

ceerBy(x) | vx€A(g,) ) =:C

@here the sign-function G(+) and ths set Alz,.) correspo~
nding to the deviation-function 6, 3= f - g, s are given
by (15.10) and (15.11). We will prove that

( 1°42°A3° )& o gn € C.

Let T be the minimal number of n-tuples from ihe
above convex hnll € needed to represent ihe vector O o,
Phug thers exist positive numbaers Ay seeey A, and a ==

tuple (El,-ga,xr)ffilr(l) such %hat

- A
LAy T
(=1
R %
216‘(;:1)( gl Ki)gaﬂﬂgé}l(ﬁi} ; :“G ;31 3
=1
i.es,
A
&M o
(21.1) - _
2_}15'(:1:1) gl{(xi) - 0) £ = 15.-;«;}:1.

( r<n+l i3 proved similarly a3 in the proof of the CARA-
PHEODORY Theoren, sa2 for example CHEBNET
Sinee the system (21.1) of n+l oquatlions in T unlmowns

pee ol LA



By

on o9 , allows a nontrivial solution. It follows that
1? T
thera oxists a suvsystez of (21.1):
£
£ Ay = 1
(21.2) :; -
7 ™ "l-rr f-v- - > T 1
-;_..-,{:'ki G\ﬁ.i) gk\ﬁi) = Og A = -;{1’.‘#’&-*‘-1
wherefrom the mentionzd solution is obtainel. Dus %0 tha
nontriviality of the sclution, the egquatisn 2.0, =1 be-
long3 obligatly to (21.2). )
The principal determinant of (21.2):
1 o« o e 1
G‘(xl)gkl(xl) o o o O'(Xr)gkl(xr)
D= . =
c(zy)8, (%) O(xr)gkr___ (x,.)
; O“(Xl) ® . I {j"(:{“)
g, (k) o o ¢ g, (.)
T"_ ¢ j
= (r—{ 5(Ki)) .
L4 .
g1 (x ) g“;,- {K )
itr'"l 1 mrﬂ*}- '.':f.' |
iaﬁag
G’(')ggqu oo 5y, 1
(2113) D= Km@(:{ii) ¥ { B T >
L= =1 K g » o A W :{
1’ S
ig not zero., On the other hand, golving shis aysien,we bave
(21.4-) D />\\v) e D\y” \J = }h?wuupx‘
#hz2re D, =
l L N l 1 ;L A l
~ . 4 "’*, \ \';:.5 LY '\
5{31)%1(’*1)”"'}(3‘-;-»& i (xyoy) 000y :u:f“ ;.7 ’(Ef’]*}il(ﬁr;

|

>

’\I(Il)g?, (Il) G(x 1)%1 (-“-J.wl) 0 D-( U+1)£Er$;tff+l) (Ef)gkr_gxr)




ia%ag

g * o KR 23
lg T“l)

SRR RS RS RN SRR

-.r"
3
- - N TR
(9 3) D@ﬂ (“¢} \ (KU)(Elﬁ(Ki)} V(
Sines me deal with Ti-system, the prevronskian im (21.5)
must be mozmnezative., Horsover, on ke basis o1 D + 0, from
(21.4) ws conclude

(21:\3) P 3
O X .
which implies 17 and 27, If thz firg’

word

3
19 gubatituted by any egquation from (21.1), execludls
firast, w2 obtain a 1o 9
unknowns Ayjeeey ) e
on3, 3° results. Tz rer

oy
nature of F}i’ fven |

wall as, on tha basia ol
\‘} . o~ g:zlg o 7 ¥ ﬂrﬂiff;gg‘r l
(21.7) G"(:{\',) = {~=]) sign{(ﬂ (xl)) v{ . ] < T
| 474 Av? L]ty I

k)

Now, from 20 and 30 it follows thatthe rank of

matrix nﬁr(xi)gk(ﬁi}*l* (nl,.g.gg AN ( Yo K = l,e.a,0y

——y )

is p=l. Thus ite columna {(totalling io ¥) ave linearly
dependent, i.e., there exiat tha numbers Ji;,a., ~; wiivh

'E]Ki\ % 0, guch that
=

% =
|hJ(ii)g1(xi}% 101
T - | | |
Iy i I oe ¥
£> 'E ) o | !im- 9D 7
‘---{zl H @ ii e i @ f -~ w ;,Rq #
L= ; & i :i &
] hgji

(D, (g )

T oy N
I# wa divide this esgualidty by «ngi and writhe Cyig: di/

il |
8 i
r f X ]
(21'8) Eil’i;’ %1 ] 1:[ me cEh :i.ﬂ ¢
4.!:::-% §; ot -] i .‘!:
EACILNEN}
zat (21.8) is of ths same form as (21.1) and we may repsal

o



the dissussion of aolvabiliiy 28 in (21.1) except that we
do not have a priori assunpiticn toat all g are re3ltive,

3ut, on the basis of (21.7) we coaclude that C(x;) 07(xy )<

<3, Prom this and from 2° ani (21.5) it follows thal

&’)z’?;lll??‘ »

O, On the ba-

R

1y from {21.3) and 29 it follows

i
' Aa
il
0 |
by
o N A

1.7
e

C.

- vay,T=l, Evidently, we may take M 2> 0, i=l,404,r, and

(22..3) shows thai O 0 belon 3 to the s:% €, [l

The case with unconstrained approximation of this
kiad is givea in MICCHELLI{[1974].
It i3 easy o szo that it is posaivle to get the

gim’lar resulis in ¢ifferent casss., Por exannls, itha sel

T . _.l -
‘%_.L’x,ﬁ!t,x 5(2:[ fl + in.up,}("'“ Er}xi l} X33 stlisot a

WM-3ystem on |[O,1}. Thus the approximation in space of 8~
p 1l ine functions may be obtained simlilarly as Ahove,

The approximation in lnwy—ﬂg s or in every gedv wpish nay

il

be related to TP-Xernels nn be studied as above,
b

Any two noras defined on a finite-dimensional li-

nzax 8spanse, ars equivalent. Honce w9 have gimilar »:31lis
i we consider the cases in different norned spaces. For
exampnla 1f we conslidar tha pzac? b* nen u3ing the formu-
1ag of 214, (Example 14.3441), wo may calculate zhe n2¢eg-
gary conass and for one-sided approx imaticn w2 may obiain
the results, as for example, BOJATTIC & DeVoR3 [1066 ), DeVOo-

[y
‘!

:'}ﬂ'-:}‘]

21.4) we concluds that sign A o= olgn O 4, A=l



mnogi problsal ex3tremum nili su objedinjent u okviru Ya-
riincionog raduna xoji Je dobio Sireru primenn u mogim
naudnim oblastima,. Proudavanje elsiramuna funkciconala, mo-

3¢ 3e reéi, polinje 8a CEBISEVljevon teorijon apT waimaclja.

mTM A

Po uzoru na LAGRANGEovu teoriju multinliketora razvila 32
Teorija ekxstrmuma funkcionala 83 ograniienjima. Za mMnogse
problemz optimizacije dobijeni su potredni nglovi sa eikst-
remum u obliku PONTRJAGINcvog prinecipa makgimuma koji jo
imao jedan nov karakter Xxojl Je rzrlitit od Xlasilne tso-
rijes Varijacioncg raluna. Proudavanje ekstremuma glatiih
funkcionala na skupovima sz delimilno glatkin rubovima ra-
~vilo sa Setrdesatin godina nadeg veka U vida Hatematilkog
prograniranja. Dvedagetak godina docnija dobijeni su potre-~
wni uslovi za eksiremum u annlitickoj formi. FPomocu tih re-~
#ultata mogll su da se sintetizuju avi do tada poznatl re-
zultatl teorije ekxstremuma (videii na pr. AYBOTHILK LT &
&Tﬂbyﬁ\HITL4%{1:19653 ). U najnovije vrens dato je viSe mo-
dela za dobliznjs poirebnih uslova za slratrenun. Navoedimo
samo neke: [JOUTPATUR 7 LOATAHCK Mt & TAMKPEALAIL,
MU EHKD 29611, Py ounwTEuY [1963], VHHEHM LA
{19551 s AV SOBML M 0y MU A T {:1965} , NEUSTADT Tl96'5_'#1-:
i drugi. Medjutim, jo uvek se mnogl problal opul
proucavaju 1zolovandc, Jedra jadinstvena I opdta teori]
ja bl praedstavijaia gintezu razllidlitin carbikularnih tesul-
tata jod uvek ne postoji. Jedan od czhilinih razloga ledd
u poznatoj razlici izmedju podtrebnin 1 davoljnih usglova ZA

skatremul,.

(B

U ovon radu izloiden je metod xonusa u teoriii opli-~

mizacije. Ovaj metod DOXAZ 20 a2 efikamnijio od mnogih dru-
gin 4 8ini se da e se u tom smislu joS intenzivnije razvi-




jati., Pojmovi T an g e n i jalne DovVvezano-~-

c

s+t 1 skupa i tangencijalno razdvo-

j 1 v og operatora (videti §9.) omogzucili su nam da do-
bijemo nova rezuliate o uglovima za eksivenun. Deobhilena je
einja veza izmedju poirebain i dovoljanih uslova. 3masirano
da tangenciljaln svoistva koja amo dobili ou

L g
E‘ﬁ

59. 1 210, omogucuju "petpunu afirmaciju’ matcoda Konuala u

-,

}dx

robleminma ontimizacije.

Id2ja o povazivanju Analize 32 xonuaina nijs nova.jod u Sta-

rom veku APOLCNIJE i DANDELEN proudavajin ozching xrivih 1i-
niia drugecga r2da pomolu gecometrije Xoenusa. CATLATEEODORY

[1907] primenocm Geometrije i konusa ispitugs caobirfs ang-
1itidkin funzcija. FOPOVICIU [19457, Ka?tﬁ$1951}, KARTIN &

5 SHAPLEY (19537, ROGCSIISKY {19581, ZIGLER 1566 1 drrvgl raz-
radili su i objasnili svu teoriju T-~siscema pomsoe ‘a geometd-
rijskih metoda, precilznije pomodu teorijs konusa, Jeina ig-
crpna studija geomstrijskih metoda data Je w mﬁR**“L‘@BBW
Pojam konveksnosti videga weda koji uvodl T, POPOVICIJ u
svojim radovima, omogucava jednu potpunu ¥*lasifikacijun fun-
xcija (realnih) prema odredjenim ge omedrilskinm ssobinnma
koja upravo su 1 potrebne u izgradjivanjs teorije konuea i
primene ovih u %teoriji optimizacije.

Prvi kapitol ove teze uvodnog je k?raktﬂv* Daju e
definicije 1 pojmovi koji se koriste u radu & p*# g}djeni
su za primenu konusa, Ruazlilitl fenomeni in *erpolacilia ob-
jedinjeni su preko pojmova t o t a il m o - DO iP5 i o~
v ih jezgara koil ge pridru ruiv dnterpoelacio=
nim sistemima. Uslovi jedinstvencati rescrnia interrolacl-

onog problema izralavaju g2 na prir ~nAan prédin womoou tolas
lne pozitivnontl pridruiencg 32870, Nata o su dod cefinicije

H L L r - .~ - -i'!-a -1 L . 1.“1 - rr T "3 L g H LI "E" bl 3 -
koje su vezana za pojam Xonvok.nostl vioesa Tecn 2 hvrdje

na Sema ocznalavanja 1 notaelje.
Drugi kapitol wpozvaden
logu dobili su mogu ¢ i 1 ad b 2T t on i

7a skup Q iz linearnog prostora i, definize 82 mozuci ko=

nus K(Q; X, ) sa wrhom u talli =, 3

I . « AT AP 3
K(Q; X {h ‘%L"(h)? JE&5»0,7rE V(i)a
£y s ooy vy & &b




{1 adherenini konus X|{Q3 = _ | 8a vyrhom u lsto

Neka zu X, Y, 72 topolodki liztearni prosiori u ko=~
jima su DEX, CEY¥ 1 EGTLE Aa+l,. Nega Je daljs Wi=
= (T, <) datl realan poluuredjen fopolodiki linsarni prostor.
Data su takodje preslikavanja £ D70, Fi3 DovY, @S D=7

g A 3
Mi= 3 xgD “1G(;*) =B

Tada imamo jadan og glavnih polaznih rozultatatAlko Jje za ta-
cku xod;A*ﬂ Q NH,

onda vazi
(22.1) R(P; x_ ) (VE(Qs x ) M KHG x ) =D

gde je

L)

Ao u problemu optimizacije imamo vide restrizcija, 8to e
s 5 ~ b oy e - " ! - h! _— 4 4
u praksi &est sludaj, mCIermo ataviti u (22.1) Q_gg Qi 1
o}

i, u
2
e
3
£
[Rpe—
[

M= A M, gds su I, J dati gkupovi indeksa. Ovir

} 4+ T ' i TR e vod e 1 T -
naface pitanie valjanoati inkluwije o051 Uix

LR
&
o
]
I3
-t
¥
F ™
P
1....5.
L
i
o
wk
4
E___
4"'-‘-
.
{3
LY ]
d
i |
L
l--n-""
{2
S
b4
i
-

gde su S, gat

' e r, 4 L “T S oty
tdualneovima o Semu demo goworitl deocnije. xHadl efextiv
1 oy o, - T % 4 5 o
nog izrafunavenja mosudih i edhersninin Lonusa v, 728 iz
jin, {O8)), uvell sme vise
L = -
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