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EXPANSIONS OF COUNTABLE MODELS
7. Mijajlovi¢, Belgrade

ABSTRACT

Works of Kueker, Reyes, Barwise, Makkai and others, show that certain sets
of model-theoretic objects related to a countable model A, as AutA for example,
behave as analytic subsets of the Cantor discontinuum. Based on the properties
of Lindenbaum algebras we show that the set all of all countable expansions of a
countable model A to a £1 theory T of Ly,w has the same property. For example,
the following is proved for a class of second order sentences:

Theorem Let A be a countable model of a countable first-order language L, and
let L' be a countable first-order ezpansion of L. If ¢ 1s an infinitary £1 sentence in
L' of the form AP13Py .. .¢Y(P1, Py, ..), where Y(Py, Pa,...) 1s an Ll . sentence,
where L' = L' U{P;|i Ew}, P, i €Ew are new predicate symbols, then the number
of expansions of the model A to L' that are models of ¢ satisfies CH, i.e. this

number is either < o, or it is equal to 2o,

The proof of this theorem is based on the properties of analytic subsets of the
Cantor space, and a variant of Suslin operation.

As an example we obtain Kueker’s Theorem: If A is a countable model of a
countable language L, then AutA satisfies CH. To see this let L(F) = LU {F},
where F is a unary function symbol, and 7" be a theory of L(F) which states that
F is an automorphism in respect to symbols of L. Then obviously there is one-to-
one correspondence between expansions of A to L(F) that are models of T', and
automorphisms of A. Therefore, |AutA|, according to the stated theorem, satisfies
CH.

In a similar way as in the preceding example, one can show that the set of all
prime ideals of a countable commutative ring also satisfies CH. In other words, the
Zariski space of a countable commutative ring satisfies CH.

As the last example, it is easily deduced from the above theorem by designing
an appropriate sentence ¢, Kueker-Reyes Theorem:

If A is a countable model in a countable language L and P C A, then the set
{QC Al(A,Q) = (A, P)} satisfies CH.

The above technique can be used in other situations, too. For example, . Farah
gave a new and short proof of the Morley theorem on the number of countable mod-
els, based on the Silver’s result on the number of classes of an analytic equivalence
relation.
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