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VYBOI

CraTucTuKe TOpETKa MMajy BEJIMKM 3Hayaj y BEpOBAaTHONM M CTATUCTHIM, aKTyapCKoj H
(MHAHCH)CKO] MaTEeMAaTUI KA0 U y MHOTHM JIpyruM obiactuma. CTaTUCTHKaMa MOpeTKa je
nocBeheHo mocra maxme, MOCEOHO y TMOCIEAmHX HEKONMKO roauHa. Ha oBy Temy je
o0jaBJbeH BEIMKH OpOj HAy4YHUX pajoBa, Kao W KmHra. MHoOrm ayropu cy ce OaBwin
IBUXOBUM OCOOMHAaMa, pacrojenama, MOMEHTHMA, aCHMIITOTCKOM TEOPHjOM EKCTPEMHHUX
CTaTHCTUKAa NOpETKAa M IHMXOBOM IPHUMEHOM Yy TECTHPalby CTAaTUCTHYKUX XHIIOTE3a U
OLICHMBARKy IMapamMerapa, 3aTHM TpaHHIaMa M alpOKCHMAIjOM MOMEHATa CTaTHUCTHKA
IOpeTKa, Kao M CciIydajeBe KaJ Cy OHE paBHOMEpHO pacnopeheHe m kama Hucy. Kao mro
BUAMMO CTAaTHUCTHKE IIOpETKa IpeATaBbajy OOMMHY TeMy 3a Ipoy4yaBame. Y paxy ce
pa3marpajy mpoOJieMd KOjU ce OJHOCE Ha TayHe pachojelie CTaTHCTHUKA IMOpeTKa W Ha
npobieme oapehuBama BHUXOBUX MOMEHaTa. A JeioM je 3axBalieHa W aCHMTOTCKa TeopHja
CTaTUCTHKA MOPETKA, TJIE Cy JaTe OLlEHE HHJEKCA pera pacioene Koje ce qeuHunry nomohy
EKCTEPEMHHX CTaTUCTHUKE TTOPETKa.



1. Teopuja pacnogesia CTATHCTHKA MOPETKA

1.1. lepuHumuja cTaTUCTUKA MOPETKA M lbUX0BA CBOjCTBA

Hus koju ce 1o0uja kaja ce KaJl ce moJaly u3 y30pKa ypeae y Heomnaaajyhem mopeTky Ha3uBa
Ce BapHjallMOHU HK3, a CICMEHTH TOT HU3a HA3WBajy Ce CTATHCTHKE MopeTka. Jlakie, Heka je

(X1,X,, ..., X;,) cnydajan y30pak u HeKa je (Xq,X,, . . . ,X,) JeIHA peamu3airja Tor y30pKa.
BpojeBe x1, x5, . . ., X, MOpEhaMoO MO BENMYMHM U IOOHJEMO HU3 X(1) < X(2) S ... S X(p) -
CnyuyajHe BennuuHe AeduHuIIeMO Ha cieaehn HauMH, 3a CBaky peanusauujy (xq,%, . . ., Xp)
HEKa je
X(l) = X(l) , X(z) = X2)r X(n) = x(n).

Cnyuajue Benmuune X(1), Xy, . . . , X() 30BY C€ CTaTHCTHKE IIOPETKa, a HU3 X() <
X)) < ... < X 30Be ce BapujallMOHU HU3 y30pKa (X;,X,, . .., X;,). Jlakie, craTuctuke
noperka X1y, X(2), ... , X(n) OPBOT, IPYIOT, ... N-TOT PaHra cy peloM IIPBU, APYTH, ... , N~

TH €JIEMEHT BapujannoHor Hu3a. [locebHo ce u3aBajajy:
CTAaTHCTHKA IIOPETKA MPBOT paHra X1y = Min{X;,X,,..., X, },
CTAaTUCTHKA IIOPETKA N-TOT paHra X,y = max{Xy,X,,..., X }.
ITomohy mux ce nedunnine pacton yzopka W = Xy — X(q) .

CrarucTrke MopeTKa ce KOpHUCTe 3a AePUHUCAkEe MEAHjaHe y30pKa. Y30pauka MeaujaHa je
CTAaTUCTHUKA

Xi+1) akojen =2k +1
Me = { %(Xk + Xy+1), ako jen = 2k

Bumumo na je 3a HemapHO n MeaMjaHa Takol)e CTaTUCTHKA MOPETKa, a Ja TO He BaXKU U 3a
HapHo N.

Jom je;[aH IMpumMep KOpI/IIJ_IhCH,a CTaTUCTUKA TTOPCTKa je CKCTPEMHO OACTYIALE O Y30PauKe

cpenune X n) — X. VY3opauka cpeanna ce nedunuine Ha cienehn HauuH X = %(Xl + X, +

1
o K)= IR X

CBe OBe CTaTUCTHKE MMajy BakHe NpuMeHe. ExcTpemu ce 4ecTo jaBibajy KOJ CTaTUCTHYKOT
npoydaBama TOIUIaBa W Cylla, y TEOPUjH ayKuuje, UTH. PacmoH je mo3HaT mo Tome jaa
00e30ehyje n1oOpy OmeHy 3a CTaHIapIHO OJCTYIAlke 0 U UMa MIUPOKY IMPUMEHY y 00JIacTh
KOHTpOJIC KBaJHTeTa. EKCTPEMHO OICTyName je OCHOBHM ajiaT 3a OTKPHBAKE ayTiiajepa.
MenujaHa je mo3Hara Kao poOycHa olieHa JIoKaluje.



1.2. Pacnoesia cTaTHCTHKE MOPeTKA

Heka oGenexje X wma ¢ynkumjy pacnomeny F. Ilpoct ciydajam y3opak obuma n u3
pactionene F je n-topka (X;,Xs,...,X,), rme cy X;,X,, . . . ,X, HE3aBUCHE CllyyajHE
BEJIMYMHE ca MCTOM (QyHKimjoM pacnoxene. Heka je Foy(x), r =1,...,n, dyskuuja
pacnoziesie T-Te CTaTUCTHKE Hopetka X(y. PyHKUMja pacrojene MaKCUMAaJHE CTaTUCTHKE

HOpeTKa je
Fiy(x) = P{X(ny < x}
= P{X; < x} = F"(x).
CJ'II/ILIHO, 34 MUHUMAJIHY CTaTUCTHUKY IIOPCTKA BAXKU
Fay(x) = P{Xy <x}=1—P{Xq) > x}
=1-P{X; >x}=1—[1-F)]"™

Onpenumo GyHKIH)y paciozene 1 -Te CTaTHCTHKe noperka X,y Hekaje A, = {i : X; < x}n
|A,| 6poj enemenata ckymna A,. Tana je
Foy(x) = P{X¢y <x} =P{|A,| =71}

n

=> () Fieon - Feor.

i=r

F(x)

n! r—1 n-r
= f (r—l)!(n—r)!t (1-t)" "dt.
0

CDy'HKI_II/Ija pacioneiic CTaTUCTUKE IMOPCTKaA X ) MOXKE€ CC 3alrCaTu U 'y HETaTUBHO 6I/IHOMHOj
dopmu (Pinsker, Kipnis, Grechanovsky, 1986) na cienehu Haunu

n-r
r+i—1 .
Fory(x) = F ( T )[1—F(x)]l < x < 4o
i=0
JlaTu u3pasu Baxke 3a MPOM3BOJbHY MOIYJIAIH]Y, OWlla OHA HEMPEKUIHA MK THCKPETHA.

OnpenuMo cana TyCTHHY pacrojieNie CTaTHCTHKE MOpeTKa X(,)3a JUCKPETaH U HENpPeKHIaH
CIIyuaj.

Kako je rycruna f(x) = F'(x) audepeHumupameM ¥ eleMeHTapHHM TpaHchopMmaljama
nobuhemo rycTuHe pacnojena.



3a JQUMCKpeTHy IoONyJlauujy, TyCTHHA pAaclojeNe CTaTUCTHKE IIopeTka X(-)aobujeHa
nudepeHupameM 1 eJIeMEeHTapHUM TpaHcpopManrjama GyHKIMje pacnoene je cieneha

fory(x) = P{Xry = x} = Fy (x) — Fry(x — 1)

F(T)(x) F(r)(x—l)

n! 1 n rd n! r—1 1 n rd
= t"r A -0 "dt — t' —t)" " dt
f r—D!'(n—n7)! ( ) J r—=D!'(n-—r)! ( )

0
Fay(x)

TL' 1 n rd
= t" (1 -0 "dt.
f r—D!'(n—r)! ( )

F(r)(x—l)

CrnenyjanHo 3ar = 1 u r = n nobujamo
fo@=N-Fa=-DI" =1 -F@I" 1 fm(x) =[F)I" = [F(x - D]

AKo je momyanyja arncoJiyTHO HEMPEKHIHA, OHJIA je TYCTHHA PacIioieNie CTaTUCTUKE TIOPETKa
X () Takohe nobujena mudepenumpamem QyHKIMje pacnomene cieneha

F(r)(x)
n!

= d 7"—11 n-r4
f(”(x)‘(r—n!(n—r)!ﬂof A -y

n!

T =-Dln—r)!

CnemnujanHo 3ar = 1 u r = n gobujamo

fy() =n[1=FQI" ' f(0), fmy(x) =n[F)]" ' f(x).

[FCOIH1 = FOOI" T f (0.

1.3. 3ajenHuuka pacmnojesia CTATHCTHKA MOPETKA

3ajeqHUYKA pacrojiesia CTaTUCTHKA MOpeTKa ce W3BOAM Ha ciuvaH HauuH. [Ipupomno, O6uhe
KOTUIMKOBAaHMja. 3ajeIHHYKa pacroiesia CTaTUCTHKA MopeTKa X () U Xy (1 <7 <s <n) je

Foye(x,y) = Fo(y)sax =y,

Foyey) = ZZl S WIF) — FV 1~ FO)P T sax < y.

j=s i=r

Jlatu u3pasu Baxe 3a CBaKy IOIMYyJalKjy Ouiia OHa HEMPEKUIHA WM TUCKPETHA.



OppenuheMo 3ajeHUYKY TYCTHHY pacrojeie 3a JIBeé M BHILIE CTAaTUCTHKA IOpeTKa 3a
JMICKpETaH U HelpeKuaaH ciy4aj. [Tomazumo on nuckpeTHe pacrnozerne.

3ajeHUYKa IyCTHHA PACTIOZIENIE CTATUCTUKA OPETKA Xy U Xy (L <7 <s < n) 3a
JUCKPETHY TOIyJIANK]jy 100uja ce nudepeHInpameM BUX0BE 3ajeTHIYKe (YHKITH]e
pacriozene,

f(r)(s)(x»y) = P(X(r) = x'X(s) =y)
=Fory)(®Y) —Foyx —1,y) = Foys 6,y — 1) + Fpyy(x—1Ly—-1) x<y.

OBaj W3pa3 ce YMHU PAYyHCKH MOTOAHHUjH, H0K je uHTerpaina ¢opma (Khatri 1962)
KOpHCHH]ja y Teopuju. HTerpamHu o0IuK rycTUHE pacnojelnie qjo0uhemMo moMohy cTaTHCTUKA
HopeTKa ca YHH(GOPMHOM pacIoesioM.

Heka je X cinydajua BenuuuHa ca pacnogenoMm F u meka je F~1(u) = inf{x : F(x) = u}3a
0 < u < 1. U3 menpekuanoctu (yHkuuje F ciemu na je F(F_l(u)) >uu F_l(F(x)) <
x.0nma je u < F(x) ako u camo ako je F~1(u) < x, (Serfling, 1980, p.3). Mdaxme, 3a
0<F(x)<1,

P{X<x}=F(x)=P{U<Fx)}=P{F 1) < x},

IlITo ykasyje Ha To ga X uma ucty pacnojeny kao F~1(U), rme U o3HayaBa ciydajHy

BeNMYKMHY ca yHupopMHOM pacrnozenoMm. Omaae ce oaMax Buau jaa Baxu, (Scheffe, Tukey,
1945),

(X(l) ,X(z), . --:X(n)) £ (F_l(U(l)),F_l(U(z)), ) F_l(U(n))),

A

riae £ o3HaudaBa jegHakocT pacmnojnene. OmaBae qo0MjaMoO YONIITEHE 3ajeTHUYKE T'yCTUHE
pacrofienie y TUCKPETHOM CIIy4ajy.

fre@y) = PIF ' (Uqn) = x, F(Uy)) = ¥}
=PFx—1) <Uyp <F(x),Fiy—1) <Uy < F(y)}

n!
T r-—DiG—r-Dl(n—s)

Jj vr—l(w _ v)s—r—l(l — W)"_S dvdw x < Y.

O6mact mo kojoj muTerpamumo je {(u,v):v<w,F(x—1)<v<Fx),F(y—1)<w<
F(y)}. OBaj HaunH mpejcTaBibarba 3ajeIHMYKE T'YCTHHE pacojiele ABE CTATUCTHKE MOPETKA
ce TpHMEmYje KOJ IPYrMX CTaTHCTHKa MopeTka. [loceOHy yiory uMa y yTBphHBamy
oJicycTBa MapKOBJBEBOT CBOjCTBA KOJI AMCKPETHUX CTATUCTUKA ITOPETKA, IITO j€ MPUKA3aHO Y
cneneheM oziesbKy.

YV IMCKPETHOM CITy4ajy 3aje/IHUYKA IyCTHHA pactionene 3a X(n,y, X,y - Xy (L < ng .. <
n,<n;1<k<n)je



f (X x )= n! fun1—1
) (A5 B D (=g — Dl (n—m)! ) ™
B

-ny-1. nk—nk_l—l(l )n—nk

duy, - duy,

(unz - unl)nz ” (unk - unk—1) — Uny,

riae je B k-auMeH3uoHu mpocTop aar ca B = {(unl,unz, ...,unk): Uy, SUy, S+ <
Up, , F(x, —1) Su, < F(x,)3ar =1ny,ny, nk} (Balakrishnan, Nagaraja, 1992).
Cana mpena3uMo Ha HEMPEKHUIaH CIy4Yaj, T/Ie je 3ajeJHUYKA TYCTHHA Paclojielie CTaTHCTUKA

nopetka Xy u X5 (1 <7 <s<n) rakohe nobujena nupepeHIMpaLEM 32a)j€THUIKE

dbyHk1Mje pacnoaene, cieneha

n!
r—DI(s—r—1D!(n-s)

fMI=FOI™.

Cana MoxkeMO JOOUTH 32ajeJHIUKY pacloieny 3a Xy Xmy)r--- ,X(nk) 1<n .. <n <
n;1<k<n)

frey) = i !Fr_l(x)f(x) [F(y) = F(x)]* 1

n!

(ny — DIy —ng — D! (n—ny)!
FM= () f () [F (x) — F(xq) ]2t

f(xZ) oo [1 - F(xk)]n_nkf(xk) 3ad X4 <...< Xk

fen) ) X1y e Xp) =

AKo neuHHMIIEMO X1 = —00, X1 = +00,ny = 0,141 = n + 1 npeTxoaHu U3pa3 MOKEMO
Ja 3anuiieMo Ha cienehu Hauna

: ([F(x0) = FOp] ™"
j+1) — J
g ("”‘ U{ Cyor =1~ 1)
j=1 Jj=0

CrnieuyjanHo, 3ajeJTHUUKA I'yCTHHA PacIoiesie 3a CBUX N CTATUCTUKA MOPETKa je

1

f.m e xy) =0l f(x) - f(xn) 3ax; ... < X

1.4. Pacniogena pacnoHa

[Tomohy 3ajennmuke ¢QyHkOuje pacnomene Kk CcTaTUCTHKA TIOpeTKa EJIEMEHTapHUM
TpanchopmaljaMa Mory ce ao0uTH (GYHKIHjE pacmojesie 3a pa3He (yHKIHje y Kojuma
burypumy cratuctuke mopetka. Ha mpumep, 3a mobujame (yHKIHje pacmojesne pacroHa



craructuka noperka W,.s = X5 — X yBomumo cmeny w,g =Yy —x. W3 3ajennmuxe

TYCTHUHEC pacCiiog€yi€ IBC CTaTUCTUKE IMOPETKA HHTECIPAJbEHBEM 10 X CIICAN

+ o0

f Fr100 fOOIF (x + wys) — FGOJST1

— 00

n!
fursWrs) = TG = r = Dl = 9)]

f e+ wp)[1 = F(x + wig) " ¥dx.

Crenmjanno, 3ar =1, s=nuW = X) — X(q)Baxu

fw W) =n(n—1) f FOOIF G +w) — FQOT™2f (x + w)dx.

OyHk1Hja pacnoene pacnona W je HemTo jeqHOoCTaBHY]a.

+00

Fy(w)=n f f(x) j m=—Df(x+w)[F(x+w')—F)]" 2dw'dx
0

— 00

=n [ F@IFG+w) = FGP Y, 2 dx

=n J FOO[F(x +w) —F()]* tdx.

Jobujenu pe3yaTaT ce MOXKE 3amucaTi U Ha cliefiehy HauuH
nf (x)dx[F(x +w) — F(x)]* 1!

W TIpeJCTaB/ha BpoBaTHONY Ja BpeAHOCT 3a Heko X;ymama y wmHTepBan (x,x + dx), a
npeoctanux n — 1 BpeaHOCTH yrajaa y uatepBai (X, x + w).

Ipumep 1.1. OapenuimMo pacrojielly CTaTHCTHKa MOpeTKa Kao W cratuctike W, umja je
nonynanuja yaudopmaa ua uatepsary [0,1].

300r yHu(popMHe pacrojene CTaTUCTUKe mopeTka hemo osnauntu ca Ugyy, Uy, ..., Uy,

W3 rycTune pacnioziene CTaTUCTUKE MOPETKa X () 100ujamo

n
r—D!'(n—n7)!

ul1l-w)3a0<u<1

f ) (u) =

fay(u) = 0, nHaue.

U3 3ajeHnYKe TyCTHHE PacIojese CTATUCTHKA HopeTKa X,y U X(5) Ao0HjamMo



n!
r—D!(s—r—1!'(n-ys)!

fors W v) = ( Ut v -—w)TT - ) 0susv <1

fi (s) (u,v) =0, unaue.

Kaxo je f(u + w,s) = 03au > 1 — w,¢ u3 pyHkumje rycrune pacrnona W, nodbujamo

1-Wyg

f U lw, ST —u = wy ) S du.

0

n!
r—=D!'(s—=r—1D!'(n-1:9)!

fWrS (Wrs) =

Veohemem cmene u = v(1 — w,s) mobujamo

(n+ 1)!

s-r=101 _— n—s+r
G- m—s+rinrs w7 a0 <wy <1,

fi Wy (Wrs) =

Bunumo na cratucruka W, mma 6era pacrojeny Koja 3aBHCH CaMO O]l S — T, a HE Ol S U T
M0jeTMHAYHO.

1.5. YcaoBna pacnoaelia, CTaTUCTUKE IOPETKA KAao JJaHal( MapKOBa

13 3ajenHnuKe pacmojerne 3a n CTaTUCTUKA MOPETKa CIIEH /1a je YCIOBHA I'yCTHHA paclojene
3a X1y, Xrazy - Xs-praeje X = x;3ai Srui=sraejel <r <s <n,cneneha
fX(‘r+1)'X(T+2)""'X(s—1)|X(i)=xi , L<r,i=s (xr+1' R xS—l)

s—1

=(s—r—1)!1_[F(xf(fj) X << Xy
1

Teopema 1.1. 3a ciyuajaH y30pak oOMMa 1 U3 HEMPEKHUIHE pacrojielie, yCIOBHA pacmojena
38 Xry1), Xra2) -0 X(s=1)> THE Je Xy =x;3al<rui=s,r<s, je caMO pacrnojesia
CBMX CTAaTHCTHMKA MOpETKa M3 y30pka obuma s — 1 — 1 mobujena us f(x;)/[F(xs) — F(x,)],
(2 < x < xy).

Kako je ycnosra pacnozena gara 0e3 x; 3a i <7 M > S, oHIA X(r41), X(r42)-++» X(s—1) HE
3aBHCE O] X(l):X(Z)’---’X(r—l) " X(S+1), X(S+2),...,X(n) KaJa cy X(T) u X(s) nate. Hakon
onpehuBama yclioBHE TYCTHHE PAcIoielie 32 CTATUCTUKE MOPETKA HIDKET PaHTa 3aKJbydyjeMo
na Baxu cienehe

fX(r+1)'X(r+2)v"'X(n)|X(i)=xi ,...,X(T)=xr (x‘i"+1' LN x‘l’l)

= fX(T+1)'X(T+2)""'X(n)| X(T)=x1- (x‘i"+1' LN xn)a

10



Ha OCHOBY Yera yTBplyjeMO Ja CTAaTHUCTUKE IOpPETKa y30pKa W3 HEMPEeKHIHE pPacrojese
dbopmupajy manan Mapkoa. Cnenehu u3pas aaje rycTuHy mpenasa.

l»—-F(y)}n_r_1 )

1-F(x) 1-F) 7%

fx(r+1)|x(r)=xr W=m-r) {

Heka Zz;) <+ <Zy) O3HauaBajy CTaTHCTUKE IIOPETKa W3 Yy3opka oOuMa N u3

EKCIIOHEHIU]aJIHE PACIIOENE
f(z)=e™ 0<z< oo,

OHJIa j€ 3aje/JHUYKA I'YCTHHA pacroiene 3a Z(;) jeHaKa

n
n!exp (Z Z(i)), 0<zy < <z <o,

i=1

ITO ce MOXe 3anucaTu U Ha cinenehu naunn (Sukhatme, 1937),

n!exp [— Z(n —i— 1)( Zi) — Z(i_1))],

rae je zg) = 0.

VBogumo cmeny y; = (n—i+ 1)(z(l-) - Z(i_l)) i=1,..,n7y;€(0,00). Y; cy He3aBUCHE
BEJIMYUHE Ca EKCIOHEHIMjaTHOM pacnoziesioM. Cazia Z -y MOKEMO Jia u3pasuMo Ha cienehu

Ha4YuH

r

\ Y,
Zoy= ) o~ Zen) = ) g

i=1 =1
OBO Je J'II/IHeapHa Q)yHKHHJa HE3aBUCHUX eKCHOHeHHI/IJaHHHX HpOMeHJ-bI/IBI/IX. I/I3 qera ciiean

na Z )y, -, Zeny popmupajy anutusnu ganan Mapkosa (Renyi, 1953).

Cmenom u = F(X) Kam je y IHTamy ancoJIyTHO HENEKHMIHA PACIOENa, MPEBOAUMO X(;yy
Ui (i=1,..,n), cratuctuky noperka ca yHupopmuom pacmnogenom U(0,1). Kako je
z = —logu w™oHOTOHO omamajyha ¢ynkmmja mo u, a —loglU wuMa EKCIOHCHIIHjATHY
pacrnozieny, clueau je

Ziy = —logUm_ri1) r=1,..,n.

W3 mpenxomHor uspaza u tpanchopmammje y; = (n— i+ 1)(zg) — zq_1)) cnem ma cy
KOJIMYHHIIH
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mehycob6no nesasuchu (r = 1, ... ,n; Upyq) = 1). Onarne cneau u na cy

Uy \

r

<U( 1)) = exp(—Yn—r+1)
r+

MehycoOHO HezaBuCHE BennunHe ca yaudopmuom pacrnozaenom U(0,1), (Malamgist, 1950).3a
IaperoBy pacnomeny Ha untepsany (0,1), Xy/X(41) je HE3aBHCHO, a Ha HHTEpBATY

(1,00), Xr+1)/X ) je HE3ABUCHO.

MapKoBJ/bEBO CBOJCTBO HE B&XH Y CIyd4ajy JUCKPETHE PACIOEie aKo HHCY HUCIYHCHU
onpehenn ycnopu. 3anpaBo nokazahemo na Baxu cieaehe (Nagaraja, 1982)

fX(l-+1)|X(i_1)=x, X(i)=y(Z) < fX(i+1)| X(i)=y(z) 3a x < y <z.
300r jenmHOCTAaBHOCTH, IpeTnoctaBuheMo 1a je f(x) auckpeTHa Haja HeluM OpojeBuMa.

fi-nwa+n(x Y, 2) _
fi-0o & y)

fX(i+1)|X(i—1)=x, Xa)=y(z) =

F(x) i
fF(x_l)(l —w)" " ldw

==-DIFY) -F-D]l—F ,
fp((;/_)l)(l - v)n_ldv

F(y) — F(x) —i—
P, fF(y_l)v‘ ldv fF(x_l)(l —w)" i ldw

f:((;_)l) vi=1 (1 —v)"~idy

b b b
L ] vl (1 —v)Vldv < L J v ldy ! f(l — )" idy
b—a b—a b—a '
a a a

I'meje0<a=F(y—1) <F(y) =b < 1. OBa HejeqHAKOCT CJIEJM U3 YHNFLEHHIIE Ja KaJa je
ciydajaa BenmuunHa Y yHudopMHA Ha mHTepBany [a,b], Y™' u (1 —Y)™ ! cy HeraTtuBHO
Kopenucane. OBa HejeTHAKOCT Takohe BaXkKu M KaJje X =y = Z, a oOpHyTakagje x =y < z
nmx <y =2Z.

1.6. Cponne craTucruke

Hexka je X1, X5, ... 0eckoHauaH HU3 HE3aBUCHUX, PABHOMEPHO pacropeheHnx NpoMEeHIbUBUX ca
pacrionenom F(x) u ryctunom f(x). 3a i = 2, X; 30BeMO Topma peKopaHa BPEIHOCT HHU3a
axo je X; = max{X;, X5, ..., X;}. Ilo norosopy, X; je ropma pekopaHa BpeaHoct. Mugekcu 3a
KOje C€ jaBJhajy OBE T'PAaHMYHE BPEIHOCTH MPEICTaBJba]y HHU3 CIYyYajHUX MPOMEHJHbHBHUX
Ty, T,, ... 3a koje Baxku T; =1, T, = min{ile- > XTn—l}' l'opmwe pexopaHe BpeaHocTH X7,
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MPENICTaBJbajy pPa3IMYUTE €JeMEHTe y HU3Y Y3acTOMHHX Makcumyma ona X;. CiaudHo ce
neduHUNLY T10HkE PEeKOPAHE BPEAHOCTH.

3ajennuuka pacnogena 3a Ty, Ty, ... , Ty u Xp, X1, o , X7 €
n n-1
tj+17t)
fe) | |[F&x]
i=1 j=1
3ax; < <xpul=t; < <ty Asajennuukarycruna pacnogene sa Xr,Xr,, ..., Xg,

n—-1
fr.a(x1s e x0) = f(x3) l_[r(xj)' Xy < < Xp,
j=1

J

rae je r(x) = f(x)/[1 —F(x)] croma pusuka wmimm croma Heycnexa ¢ynkiuje (Arnold,
Nagaraja, Balakrishnan, 1998).

Stigler (1977) je yBeo ¢dpaximone cratuctuke mopetka. 3a A >0,k >1,u0=t, <t; <
<t <1 rtome cimyuajue BemmumHe U(ty), ..., U(ty) umajy JIupuXIcoBy 3ajeHHUYKY
pacriojienny ca ryCTHHOM

_ r(d)
- T(At)OT (AL, — 1)) .. TA(L = )

f(uli "'luk)

k
| e = w01 - o
i=1

o=y <uy <<y, <Ll

3a A=n+1, U(t) (0<t<1) je B((n+1t,(n+1)(1 —t)) mpomensbuBa, a 3a t =
r/(n+1), nonama ce kao Ugy. Tama, U(t) = Umsie), MOKEMO TOCMATpaTH Kao
YHUQOPMHY (GPAKIMOHY CTAaTUCTHKY IOpETKa, a 3a Y30paK W3 IPOU3BOJbHE pacrojerie,
X@F1t) MOXEMO TpPENCTAaBUTH Kao F _1(U M+ t)). @pakiMoHa CTaTUCTUKA IOpETKa je
clly4yajHa MelIaBUHA OOMYHKMX CTATHCTHKA MOPETKa Koje 3a10B0JbaBajy ycioB, (Jones, 2002),

Uasin 2V Ugin + (1 =V) Uy,

Tnejer =[(n+ 1)t], c =+ 1)t —r,aV je nezasucua B(c, 1 — ¢) npomensprBa. AKO je
c=0onmajeV = 0.

JebuHummmMo yommry yHUPOPMHY CTATHCTKY TopeTka Kojy je yBeo Kamps (1995). Heka
Baxku X 2 F~1(U), mwro je Beh neduHucaHo y HpeTXOJHOM OJEJbKY. 3a M = 2, Heka je
m = (my,...,My_q) TOE Cy My, ..., M,,_; PEATHE BPEAHOCTH, IMApaAMETPU TAKBU A j& Y; =
k+n—i+ Z;-‘;-l mi=13al1<i<(m-—1)uk=1 Yomurena ynupopMHa CTaTUCTHKA

nopetka U(i,n,m, k), i = 1, ...,n, uMa 3ajeAHUYKY T'YCTHHY PacIOJIe
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n-—1 n-—1
flu, ) = k(] |9 (]_[(1 - ui)"“') (1 — u)k,
i=1

J=1

rae je 0 <uy < --- <u, < 1. OBe ciiydajHe MPOMEHJbHBE TIOKa3yjy MapKOBJ/BEBO CBOjCTBO
ca BepoaTtHohama IpeJasa

1— v}yi

P{UGi,n, k) > UG — 1,0, i, k) = u} = {1 —

rieje0<u<v<1l.

1.7. HemapameTapcKH HHTEPBAJIM NMOBEePerha 3a KBAHTHJIE

KBantun pema p je BpemHocT koja je Beha wim jenHaka on p% enemMeHaTa W3 y30pKa.
Crnenmjanno, 25%-THU KBapTUJI Ce Ha3WBA NPBU KBAaHTHJI M O3HA4YaBa Ce Ca &q/4, 50%-THH
$1/2 j€ Menujana y3opka, a 75%-THu &3/, HasuBa ce Tpehu kBapTuil. Paszmuka npsor u tpeher

KBapTWJIa CE€ Ha3MBa KBAPTHIIHH PACIIOH.
Heka je X ciydajHa BenmuuMHa ca HenpekIHoM pacnogenoM F(x). Taga jeqHaunHa
F(x)=p, 0<p<1

¥Ma JEJIMHCTBEHO PEHIEHE X = ¢, MITO Ha3MBaMO KBaHTUI peaa p. Ako F(x) Huje cTporo
pactyha onna jeanaunHa F(x) = p uMa pelieme y HEeKOM MHTEpBaly, U OWIIO KOja Tayka U3
TOT MHTEpBajia MOXe J1a Oy/Je KBaHTWI pefia p.

Ako X UMa IMCKPETHY PacTofIey OH/Ia BaKH
P{X <&} <p<PX<&}
Yonmrero, uMamo ga je &, = F~(p), rae je F~'(p) = inf{x: F(x) = p}.

Beposarnoha na ¢, mpunana uHTEpBaNy (X(r),X(S)) 3aBUCH O T, S,n U P, a He U ox F(x).
Bposarnohy norahaja X() < &,, rae je X uMa HENpPeKHIHY WM JUCKPETHY Pacrojedny,

MOKEMO I/13pa.31/ITI/I Ha CJ'ICI[ChI/I HAaYUH
P{Xy S &} = P{Xer) S & < X9} + P{X(s) < &p)
P{Xy < & < X9} = P{X(r) S &} — P{X(s) < &p)-

3a nmenpexkuano X BepoatHoha jporahaja na ¢, mpumaga MHTEpBAILY (X(T),X(S)) kojy hemo
o3Haum3u ca 1t(r, s, n, p) je
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p

p
n! - n-r J4 _ n! s— _ $\n-s
n(r,s,n,p)=bf(r_1)!(n_r)!t A - Tdt J(s—l)!(n—s)!t 1 -t sdt
0

s—1

= > (Hria-pm.
2.(;

i=1
JNlobujene pesynrare 1a0 je Thompson (1936).

Ay JIMCKPETHOM ciy4ajy u3 BepoBaTHoha P{X < Ep} <puP{Xx < fp} > p cneau

( n! r—1 n-r
P{X(r) Sfp}Zj(r_l)!(n_r)!t (1—-t)""dt
0

A n!
P{X) < &} < f GO 5711 — )" 5dt,
0

Kako je Beposarnoha norahaja X < ¢, < X(5) jennaka pasnuuu BepoBarHoha norahaja

Xy < &y u X5 < &, Baku 1a je

P{Xpy <& < X} = n(r,s,n,p).
Can4HO, MOKEMO JOOUTH U

P{X(T) <& < X(S)} < n(r,s,n,p).

JleBa cTpaHa OBHX HEjeIHAKOCTH He 3aBHCH 07 F (X), BbUXOBa rOpiba U J0Hha OrpaHruyCha He
3aBuce o pacnonene (Scheffe, Tukey, 1945).

AKo je nHTepBaJl OBepema ca Koe(uIjeHToM Koju je Behu niu jeqHak ox 1 — « 3a gato n u
P ¥ NIPOU3BOJbHE T U S OHJA jJe U T = 1 — a. Ogalbup 7 U S je ToHEKJe MPO3BOJbaH, HajOOIbE
je y3etu ga s —r Oynme mro mame. Ako je p = 1/2 y3ehemo ma je s=n—r+1, y Tom
ciy4dajy he m 6utu

1/2
|

n-r
1 n! z : n
— —| = r-1 - —-1=2™"
n(r,n r+1'n'2) Zf (r—l)!(n—r)!t (1=gdt—1=2 : (‘)
o i=r

NurepBanu moBepema 3a pasiiMKe KBAHTHIA $g — &, ¢ > P MOTY €€ OAPEIMTH IOMOhy

pasiuKa cTaTUCTHKA opeTka X(5) — X(y. [lokazahemo na saxu, (Chu, 1957),
P{X(S) —Xoy) =&q — Ep} >Ln—-r+1)—-l(sn—s+1)=L

P{Xw) =X S §q =&t 2 fwn—v+ D - Lwn-u+1) =L.

15



. P n!
Tnejel,(rrn—r+1) = f| (r-1)!(n—7)!

t" (1 - )™ T dt.

Jokas. P{X5) = X 2 $q = §p} 2 P{X(9) 2 $g) Xer) < &)
> P{X() 2 $q) +P{ Xy < &) - 1
= P{ X < &) — P{X(5) 2 &)
>L(rn—-r+1)—-Il(ssn—s+1)

Crnuyno ce mobuja u apyra HejeTHAKOCT. i

3a 6mito koje a € (0,1) 1 JOBOJBHO BEJIMKO M MOCTOjU Oap jemaH CKyIl BPEAHOCTH {r, S, U, v}
3a Koje Baxu fa je L>1—aul' 21—a. X —Xu) 1 Xy — X Cy ropma U 10ma
rpaHuIa IoBepema 3a §; — &, ca KoeduuujenTom nosepema = 1 — a. Y coyuajy g = 1 — p,
riejes=n—r+1uv= n-—u+ 1 gobujamo

1 1
Ip(r,n—r+1)21—5a, L(un—u+1) < Ea.

Y nOperxogHOM J0Ka3zy HEjeTHAKOCTH {X(S) =¢q Xy < Ep} ce MOry 3amucatd U Kao

{X(r) < &< < X(S)} W oJIaTiie BaXH
P{Xoy < § <& <Xw}2L,
P{E, <Xy <Xwy <&} =L

[akne, uHTepBaie [X(r),X(S)] u [X(u),X(U)] MOX@EMO Ha3BaTH TOPHU U JIOKBU HHTEpBAI

TIOBEPCHa 32 MHTEPBAJl KBaHTHJIA [Ep, fq], (Wilks, 1962).
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2. OuyexknBaHe BPCIAHOCTH 1 MOMCHTHU CTATUCTHKA IIOPETKA
2.1. OcHoBHe popmyJie

VY nmameMm paay no3abaBuhemMo ce MOMEHTHMA CTaTUCTHKA MOPETKA, TOTOTOBO OYEKUBAEM,
BapMjaHCOM M KoBapHujaHcoM. JIluHeapHe (YHKIIMje CTaTUCTHKA IOPETKa, Cy KOPUCHE Yy
olemUBamy napamerapa. Ilo3HaBame ouekuBama, BapujaHce U KoBapujaHce oMoryhasa Ham
na mpoHahleMO OYEKMBAHE BPEAHOCTH M BapujaHCy JHHEapHE (QyHKLHUje, U OJaTiie HaMm
HoMaxky aa Hal)eMo olLieHe U BUXOBY €(pUKaCHOCT.

[lonexan he GuT 3rogHO J1a MCTAKHEMO OOMM y30pKa, na hemo 3a X,y KOPUCTUTH O3HAKY

Xrm, T=1,...,n. Maremarnuko ouekuBame E(X,.,) hemo o3Hauuutu ca p,.,. 3a
HETPEKUIHY PaCIoIey BaXu

oo}

rn = [ Wfen()dx

—00

NI

o

f xF" 1 (x)[1 — F(x)]™ " f(x)dx.

— 00

n!
brn = G " Din— )]

YBOI'_)eH)eM CMCHC U = F(.X'), MAaTCMAaTH4YKO OYCKHUBAKBLC MOXKEMO 4 3allMIICEMO U Ha cne,uehn
Ha4YWH

1
f Flwu™ (1 —uw) " "du,
0

n!
Hrn = G " Di(n— )]

e je F~1(u) unseps pynkumje F(x),
E(Xrp) = E[F_l(Ur:n)]-

Kako je 0 < F(x) < 1, U3 HejeAHAKOCTH

PN xlf () dx
(r—1)! (n—r)!_

n!

C(r— 1)!&n—r)!

ElX|

BUAMMO Ja [y, TOCTOjU aKko moctoju E(X), momro Ha OCHOBY OCOOMHA MaTeMaTHYKOT
ouckuBama 3Hamo 1a E(X) u E|X| ucroBpemeno mocroje mwiu He mocroje. OGpHYTO HE MOpa
1a Bakd. Y TOM CMHCIY MOKEMO Jda KaxeMmo jaa ako mocroju E[g(x)], rme je g(x) Heka
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dynxmmja on x, omna nocroju u E[g(X,.,)]. Cnenmjanuu cnydajesu cy g(x) = x¥, (x —
Ur-)¥, 1 €%, najy penHe MOMeHTe, IIeHTpaTHe MOMEHTE M MOMEHTE TeHEpPAaTOPHUX (DYHKIIH|a
on X,.,. Momenar k-tor pena je

W= [ K fnCdn
n! r _1 n—r
B r—D!'(n—r) _f KT - PO () dx

= E(Xj*(:n)-

Sen (1959) je mokazao xa, ako nocroju E|X|% 3a mexo § > 0, onna yﬁ,i IIOCTOjH 32 CBAKO 7" 32

Kojejergo <r<n-—ry—1,tnejeryd = k.

CIU4YHO MOXKEMO Ja IIe(bI/IHI/IIHeMO MOMCHTC ITPONU3BOJa CTATUCTHUKA ITIOPCTKA

Ursn = jj xyfr,s(xry)dXdy

x<y

n!
(r—l)'(s—r—l)' n—-s)!

|| wErreotro - Feor
x<y

X [1=FI"*f()f (y)dxdy
=EX;pXep) 1,5s=1,...,n
KoBapujanca crartuctuka noperka X,., ¥ X;.,, Koja ce o3HauaBa CoV(X,.,Xs.n) = 0y 5 J€
Orsn = E[(Xrin = Hr) Ksin — Hsn)],
WIH

Orsn = HUrsn — Hrin Usm
= E(Xr:nXs:n) - E(Xr:n)E(Xs:n)-

Baxku Ka0 U OOMYHO 12 j€ Oy g.y = Oy, U [ j€ Oy py OMHOCHO 0, BapujaHca (ucrepsuja)
CllyyajHe BeJTMUuHE X,.,, KOja ce MOKe 03HaYuTH U Kao D (X;.,), ¥ jeqHaka je

Uzn = f (x — .ur:n)zf;‘:n(x)dx’

Jlox je 3a r < s KOBapHjaHca jeTHaKa
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+o0 Y

Oy sm = f f(x - .ur:n)(y - /'Ls:n)fr,s:n(xr :V)dXdy'

—00 —00
rae je fr s.n(x,y) 3ajenHnuka ryctuna pacnozgene 3a Xy, u X.p.
Oret, yBohemem cMmene, 3a Omino kojy pacrnoaeny F(x, y) umamo nia je

Oy sm = E{[F_l(Ur:n) - .ur:n] [F_I(Us:n) - .us:n]}

n!
T r-—DiG-r-Dl(n—

—u)S 1 (1 — )" Sdudv,

= Oj Oj [F0) = frnllF () = el "0

[pumep 2.1. 3a f(x) yaudopmuo Ha [0,1] mobujamo

[ee]

j x-x"H1 — )V Tdx

— 00

n!
Frn = 0 " D)t — 1)

_ n! (n+1)!
Cr=-D'n=1)" r'(n-1)!
T
n+1

OBaj pe3ynTar ykasyje Ha Ha TO Jia CTAaTUCTHUKE MOpETKa jeje obnact umon kpuse y = f(x)
Ha n + 1 menoBa, cBakM ca ouekuBaHOM BpenHomhy 1/(n + 1).

OnmTu MpUCTYT 3a TMPOLEHY MPOU3BOIa MOMeHara mpukasanu cy David u Johnson (1954)
nomMohy deTupu MPOMHIBHBE

n!
r—-D!G-r—-DIt-s—-—D!u—-t—D!'(n—u)!

fr,s,t,u:n(xli X2, X3, X4) =

X T Oe = x0) 5T (e — )P (g — xa) T (L — xg)™ Y,

3a l1<r<s<t<usnu0<x; <x; <x3<x4 <1, yBOIUMO CMEHE X4 = Y, X3 =
Y3Ya, X2 = Y2YV3Vas X1 = Y1YV2YV3V4-

Osnaunhemo koHcTaHTy ca C, ¥ uMajyhu y Buzy na je Jakobujan y,y3ys nobujamo
fV1,Y2, Y3, Y4)
=Cyi A —y) Ty A = y) Ty T A - ) T T T A — )
0<y, <1Li=1, .4

Ha ocoBy oBora Buaumo ma cy Y;, a oryaa u KOMUIHUIHA Xy /Xy Xen/Xems Xem/Xum ¥
X,.n HE3aBUCHMU. Jlakiie, uMamo
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1

1
fyf‘““(l — )5y,

EXFnXsnXenXiin) = 5oy
0

u—1+a+b+c+d (1 _

1
X ! f
Blun—u+1) Ya

0

vy tdy,

B r=1+a)!(s—14+a+h)!(t—14+a+b+c))(u—1+a+b+c+d)n!
S r=-D!Gs=1+a)!(t-1+a+b)!(u—1+a+b+c)(n+a+b+c+d)

['enepaiHo, 3a cTaTUCTHKE NOPETKA Xy (i = 1, ..., k) Baxu, (F. N. David, Johnson, 1954),

£ ﬁxai _ n! ﬁ(ri_l"'ziflaf)!
Tin | — (n + Z’i‘=1ai)! i1 (Ti -1+ Z;_:ll aj)!.

i=1

Haxne, ako je p, =r/(n+ 1), q, = 1 — p,., ciemmjasiHo 3a ¥ < § < t 3aKJbyUyjeMO J1a BOKU

Prds
m = Oy ey —
Hrin = Prs Orsin iz

_ 2pr(qs — Ps)qe
E[(Xrn — rin) Ksin — Usin) Ko — Hem)] = n+2)(n+3)

3pfaqr 6prqr n+3
E(X,., — ., )* = + — )2 _
Krn = trn)” = i Y i Dt D+ &) L ~ P~ g Prdr

Hopez[ MOMCHATa JIMHCAPHUX CI)YHKI_II/Ija CTAaTUCTHKA IIOPETKa, MOXEMO Ja OApCANMO U
MOMCHTC pacIlOHa:

EW) = unn — i
D(W) = 03t = 201n + O,
IITO CE y CITy4ajy CUMETPUYHOCTH Y OJHOCY Ha X = 0 cBOAHM Ha
EW) = 2upq
D(W) = 2(07p — 2011:n)
[pumep 2.2. 3a yanpopmHy pacmozerny Ha uarepsany [0,1] umamo

2 (n-1-1-1)  2(n-1)

D) = vz~ mtrDm+ DF

[ITo Moxe na ce mpoBepu moMohy T'ycTuHE pacnioHas3a ¥ = 1u s = n,
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wt2(1-w) 0<sw<l1,

1
fw, (W) = Bn-12)

0J1aKJe 1001MjamMo

(n—1n (n — 1)2 2(n—1)

P =D+ wvl) “Grom+ D7

AarepHaTuBHa ¢dopmy.ia 3a U,.,

Jema 2.1. Ao je X ciyyajHa BenmuumHa ca pyHKIHMjoM pacrogene F(x), onna 3a E(|1X]%) <
coud > 0 ciuenu,

lim x®[1—F(x)]=0 u lim x®F(x) = 0.
X——00

X—00

Hoxka3z. 3ax = 0,

oo}

x%[1 - F(x)] =x5f dF(t) < f t3dF (¢).

X

Ann xaxo je E(]X|%) < oo, necHa cTpana jeiHAKOCTH TeXH HY/IH Kag X — 00, CIINYHO
lim,,_o |x|°F(x) = 0. O

Axo je E(X) < 00 MOXKeMO J1a THIIIEMO

0 oo

EX) = fxdF(x)—f xd[1 — F(x)]
0

—00

" U3 MPETXOJHE JIEMEC BaAXXKU

%) 0
E(X) =J[1—F(x)]dx— JF(x)dx
0 —00

_ J [1 = F(x) — F(—x)]dx.
0

OBu pe3ynTaT HaM Jajy alnTepHaTuBHY GOpMYIy 3a U,., ako ce F(x) 3amenu ca F.,, (x).

mm=fn—&4@—amhmwx

[ToctaBumo 1a je ¥ =n u r = 1, U3 NPETXOTHOT H3pa3a J00MjaMO OCHOBHY (opmyiy,
(Tippett, 1925; Cox, 1954),
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E(W) = f (1 - F(x) = [1 = F(x)]"}dx.

Taxolhe kaz je X cumerpuuno y ogHocy Ha 0 uMamMo

.f n-— r+1n(x) ﬂn(x)]dx
0

OcHoBHe pesanuje

Onuty HaYMHY TPOBEPE MPOpadyHa MOTY ce JOOUTH KopulllthemeM penaiuje

(2) -(2)

[Tomohy oBe jeHAKOCTH MOKEMO JOOMTH HEKOJIMKO HACHTUTETA 3a MMOjeIMHAYHE MOMEHTE U
MOMEHTE IPOM3BOJA CTATHCTHKA TopeTka. Ha mpumep ako ysmemo ma cy (k,m) pemom
(1,1), (2,1) u nmpuMeHHMO OYEKMBaILE ca 00e cTpaHe Jo0ujaMo ciiejiche jemHakocTH

n
Z.ur:n =nE(X) = nu

> E(XEn) = nE(X?).

Ha cnuuan HauwH, 3a k = 1 um = 2 umamo

eranZ Z XynXom = sz+zz Z X, X,.

r=1s=r+1 r=1s=r+1

[TpumeHOM OYeKkHUBama ca 00e CTpaHe jeJHAKOCTH, J001jaMo

n

Yt 23 S =y + 20D e

r=1 r=1s=r+1
n-—1
r=1s=

Ti Z E(XpmXan) = @uz-

KsanpupameMm jequakoctd Y, (X,., — Urq) = (X, — 1) umamo

n

-1
Ur,sin zzﬁgzz__l[E(X)]z

22



n n
§ § Orsm = no?.
r=1s=1

Jlobujenu pe3ynTaTv Cy NPMEHJBUBU U Y JUCKPETHOM U Y HEIIPEKHUTHOM CIIy4ajy.

Tepheme 2.1. (Joshi, Balakrishnan, 1982) 3a u = 0, Baxu

n r
Z Hrsn T Z Ur+1,in 0, r=1,..,n—1,
s=r+1 i=1

Axo ¢y Uy ypebenn y Bumy MaTpuie, n — 1 cyma MOMEHaTa MpOM3BOJa KOJU C€ Hajase

u3Mely y3acTONHUX MOMEHATA [dy. ., CY HYJIE.

Jloka3s. Heka je

Ji=n

nl 1 v
r—1D!(n- r)!f f FL@)F 1 (w)u"" (1 — W) " dudv.
00

VYmecrto 1 — u nmucahemo (1 —v) + (v — u)

n—-1-— r

| _ 1 v |
j=0 0 0

(1= v)" 1" dudv
n—-1-r
n! n—l—r r—DHj'(n—1—r—j)!
(r—l)'(n—r—l)' Z( ) n!

.ur,r+j+1:n

= Z Hrsm» S=T+j+1.

s=r+1

Cnnuno, HaKOH cMeHe U = v + (u — v) nobujahemo na je

]2 _ (Tl — 1)! f f F‘l(u)F_l(U)ur_l(l _ u)”‘l‘rdudv,

n(r—l)!(n—r—l)!o

r
= E .ui,r+1:n'
i=1

J1+ ]2 =nppp_qut = 0.
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2.2. MOMEHTH y cJ1y4ajy HelpeKuHe pacnojesie

MOMEHTH CTaTHCTHKAa MOpETKa HIDKEr paHra y CIy4ajHOM Y30pKy o0MMa n MOry ce
EKCIUTUIIUTHO OJIPEIUTH CaMo 33 HEKE jeIHOCTaBHH]e MOIyJaIHje, Kao MITOo Cy MOIyJayje ca
YHH(OPMHOM WM EKCIOHEHIHjaTHOM pacmogenoM. OOuW4HO je mnoTpeOHa HyMmepdka
MHTETpalyja, Koja je YecTo 3aXTEeBHA, Al CaJa Cy JOCTYIIHE Ta0JInIe OYeKUBakbha, BapHjaHCH
Y KOBapHjaHCH 32 MHOT'€ CTaH/Iap{HE PacIoeie y30pKa.

3a Heke crmeuujanHe pacrojene Moryhe je KOPHCTUTH penanyje Kojeé CMO MpHKa3ald y
npeTxoaHoM ojesbKy. [lopen Tora mro o6e30elyjy mpoBepy mpopadyHa, MOTY H Jia JOBEIY
JI0 HEKUX TI0jeTHOCTABJbCHA. Y OBOM O/IeJbKY heMo JeT/hHUje pa3MOTPUTH CITyda] HOPMATHE
pacnozere.

['yctuHa 1 QyHKIMja HOPMAJIHE pacIojielie Cy AaTe

x2
2 —o<x < oo

1 _
f(x)=¢(x)=\/7_ne

F(x) =®(x) = J(j)(t)dt.

Baxu cienehe

n n
Z,um:n =1, E orsn=1 r=1,..,n
s=1 s=1

Joka3. U3 nezaBucHocT! X, — X u X crenu fa je
E[(Xr:n - }?) X] =0

nin
_ _ 1
EXrn X) = E(Xz) = E

Cmenom nX = Y71 ; X;.,, m06MjaMo 12 je Yo q fhy s = 1. O

Joshi u Balakrishnan (1981), cy moxasanu jour Heka 3aHIMJbHBA CBOjCTBA MATPHIE (Uy 5.n)-

n n
1. ZHT‘S:n =1+ Z,ur_l,s:n r=1,..,n
S=Tr s=r
n n
2. z Ursn = z Ussn—(m—7) r=1,.,n—-1

s=r+1 s=r+1
rze je fosn = 0.
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Hoxka3. Imamo

ZE:ﬁﬁnﬁn =:]»_':E:lh”sn
S=r s=1
n
=1+ Z Ur—1,s:n
s=r

ITO MOKCMO 3alUCaTH U Ha APy HAYHUH

n n
Urrin = 1+ z Ur—1,s:n — z Uy s
s=r s=r

Ha ocnoBy TBphema 2.1. Baxku u3pas 1.

CymupameM oarosapyhux uspasa 3a fy4q r41.n A0 Uy n:pn A0OHjAMO U3pa3 2.

O

H[!I/IMen 2.3. OnpennheMo MOMCHTC CTATHCTHKa ITIOPCTKa Ca HOPMAJIHOM pPacCIioAcJioM 3a

n=2.
oo = E(oz) =2 [ 20()p()dx = =2 f O()d($(x)

=2 j ¢ (x)%dx =% J exp(—x?)dx = %

I8

— 00

Kaxko je E(X1.2 + X22) = E(X; + X3) = 0, nobujamo

1
tiz = E(Xq2) = —E(X3) = _\/_E.

H[zI/IMeQ 2.4. 3a n = 5 MoxeMo Aa U3pasuMoO MOMCHTC CTAaTUCTHKA IMOPCTKa KOpI/II_HhCH:eM

u3pasa

o

I,(a) = J[Cb(ax)]”e_xzdx,

Taxo 1a je Iy(a) = n'/2.
Onpa je

2m+1

f [CD(ax) — —] e *dx =0 m=20,12, ...,

TaKo Ja je MOAUHTerpaiHa (PYHKITH]ja HEMmapHa 1o X.
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Tako nga Baxxu

i 2m+1
izlnlﬂ(—l)lﬂ ( i )IZm—i+1(a)
21 '

Im+1(a) =

CrenijaHo,

1 1
Il(a) = Elo(a) = ETII/Z,

3 3 1 3 1
I3(a) = Elz(a) - 111(61) + glo(a) = Elz(a) - ZIO(a)'
Nudepenmupamem unterpana I, (a) na a, 3a n = 2 nobujamo cieaehy jemHakocT

x2 (a2+2)

2m)Y2L,(a) = fCD(ax)er_ 2z dx.

[TapumjamHOM HHTETPAIjOM T00HMjaMO

a
/2 (a? 4+ 2)(a? + )V/?

I,(a) =
I()——1 tan[(a® + 1)/?]
2(a —nl/zarcan(a )

3 1
I(a) = marctan[(a2 + 1)2] - an/z.

HOMOhy OBHUX je,Z[HaKOCTI/I MOXEMO H3pavYyHaTH MOMCEHTC CTAaTHUCTHKa IOPETKa 3a N = 5

kopuirheweM MaplujaaHe HHTerpamuje 1 jenHakoct ¢ (x) = —x¢(x) nodbujamo
B(ss) =5 [ x0(p(0dx =5 [ 403 (0p(0¢(dx.
D=L VI o inz = 1,16296
Hs:s = —— 3(1) = marctan B r=vrinbryr + Sz aresing =1, :

Ha ciryan HaunH MOKEMO JOOUTH U

5 15

1
Has = 5373 ~ 3z arcsing = 0,49502

Uzs =0 U5 = —las H1:5 = —Us:s.

Hagemhemo pesynrare koje je mao Nadarajah (2008) 3a E(XkK,), rme cmyuajam y3opax
X1,X,,..., X, ima HOpManHy pacnogeny. Kao mro je mo3naro ryctuna za Y = X,., je

26



I
r—D!'(n—-r)!

k-t momenar 3a XX, ce m3paxana na cnenehu naumnn

[P HL = W] " p ().

fy(y) =

[ee]

|
B = 5= | ¥ [0 11— 000" e 0)dy
| n-—-r _ . o -
=== (L) [ eortemdy,
i=0 -0

Kopumrhemem unmeHuIle aa je

d(x) = %[1 + erf(%)],

rae je erf(x) dyHkuuja rperike kKoja je jeaHaka

erf(x) = 2 exp(—t2)dt,
\/Eo

nobujamo na je

= ST [ o
- \/ﬁ(rri! i)!_Zn — )l (n : T) <_%) pz:;) <r +1i7_ 1)
- Jooy" [erf (%)]Hi_l exp <y72> dy
g T DGR [ D (e I

(_1)mx2m+1

. 2
Kako je erf(x) = ﬁ2m=0 “eminm!

Wurerpan I (k, p) ce Mmoxe u3pa3utu Ha cienehu Haunn

o] [o%0) p
3 2 ( 1)m 2m+1 yZ
10p) = _.f [ T[mZO 2m+ 1)m'] exp <7> dy
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) (= 1)mat+mp
I(k,p) = ( ) Z Z 2m1+..-+mp+§(2m1 +1)... (Zmp + 1)m1.

e A F..om,!
(o] yz
. 2 ml+~~~+m,,+LkJr1 k
e y ~ 2 2 p+ k napHo
.f y (m1 mp) p exp <7> dy = 0 p + k HeIlapHo

—00

na je unrerpain I (k, p) jeanak

k+1 (_1)m1+ M
I(k,p) =7 22 2 z z (m1+1/2) ...(Zmp+1/2)m1!-"mp!

mq1=0 my

ptk+1

> ),3ap+knap1—10.

X l“(m1 + e tmy +
Wurerpan Moske 1a ce mojeanocrasu kopuiihemem ynkuuje Lauricella (Exton, 1978),

F;l(n)(a; by, ..., by; cl, . cn; X1, ooy Xp)

z z (@my 4ty P my - Br)m Xy 2y

=, (c)my - (C)m,mq! .. my!

p+k+1>F(p)(p+k+1 1

p k+1 1 3 3
I k, = __2_+pr( > a _;"';_;_1;"'7_1)!
(k,p) =m 22 2 4 2 2772

3a k + p napHo.

Konauno no6ujamo nzpas

n-r S r+i—1

n! 217" n—r 1\' r+i—1
Bt = 22 2 ()
VIre - Dim-ni&g L2 40
kt1, p+k+1 (») p+k+11 13 3
X1 222 F<T>FA T,E,...,E,E,...,E, 1,..., 1.

2.3. MoMeHTH y ciIy4ajy IMCKpeTHe pacnojeJie

VY cnydajy nuckpeTHe pacmnojene k-Th pelHu MOMEHaAT 3a X,., MOXe C€ TUPEKTO JOOUTH U3
neduHUIIje

o)

k
ul = Z x* firy (X)),

x=0
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rae je fo(x) ryctuna pacmogene 3a Xy Kojy cMo Beh nepuHucany 3a IUMCKPETaH Ciy4a)
(Feller,1957, p. 249). Heka je q(x) = f(x + 1) + f(x + 2) + -, nepuHUIIAMO TeHEPATOPHE
}yHkIHje

P()= ) f()s™, QW)= ) qCos®
x=0 x=0

3a |s| < 1, k-tu u3Bog 011 P () je

[0e]

P®(s) = z x(x—1) .. (x =k + 1)f(x)s*7k,

x=k

Ako k-t (axTopujanHu MOMEHAT [U[;] 3a X MOCTOjH, MOKEMO Ja IOCTaBUMO J1a je S = 1 u
uMaMo

upg = PO,
3a|s| < 1

Q(s)-(1=s)=1-P(s),

onakie, nudepenunpameM k myra u kopuithemem JlajoHMIIOBE Teopeme 100HjaMO
QW) =) +kQU D (s)(-1) = —=PW(s).

AKO U[k] TOCTOjH MOXKEMO JIa 3aKJbYIUMO J1a BaXKH U] = = kQ*-1(1). CrenujanHo,

=iq il F(x)],
x=0 x=0

ppy = EXCO= D] =2 ) xq() =2 ) x[1 - F(@)],
x=0 x=0

onakie cienu aa je D(X) = pp) + 1 — p?.

[TpumemyjeMo OBE p3ynTaTe Ha MOMEHTE 32 X,

co

Urn = Z[l - IF(x)(T'n -r+ 1)]'

x=0
D(Xyp) = 2 Z[l - IF(x) (rm—r+ 1)] + Urn — Mg:n-
x=0

CrnernujanHo, 1001jaMo 32 MOMEHTE EKCTPEMHHX BPEHOCTH ciieiehe
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ojatiie 1001jaMo
EW) = ) {1 = F"@) - [1 - FI,
x=0

AHAJIOTHO pe3yJITaTiMa 3a HEMPEKUAHY pacnojeny Ha uarepsairy (0, ).

Takohe Baxxu

o

n! - S—1r— n-—s
Ursm = DG —r— 1)!(n—s)!xz =0xyffv w—-v) 11 —w)* Sdvdw.

=Oy

O6mact mo kojoj maTerpamumo je {(u,v):v<w,F(x—1) <v<Fx),F(y—1)<w<

F(y)}

2.4. PekypeHTHe Be3e

OcHoBHe Be3e u3Mel)y MomeHata koje cMo Beh mpukasaian MOy Ja ce KOpUCTe Kao MpoBepa 3a
JUPEKTHO M3pauyHaBawkbe MoMeHara. [lopen ocHOBHUX penanuja n3BemheMo M peKypeHTHe
BE€3€ MOMEHATA.

Pesanmja 1. 3a npou3BomHY pacnozieny ca KOHAYHUM K —THM MOMEHTHMa BaXH

k k k
(n - T)llﬁrz + r:ur('+)1:n = n'ur(':rz—l

riejer=1,..,.n—1uk =12, ..

Ocuosue pesyarare ¢y goounu Cole (1951) 3a menpekugan u Melnick (1964) 3a auckperan
ciydaj. Cnenehm mokas mokpuBa oba ciydaja.

JHoxka3. (David, Joshi, 1968) Onabpahemo cinyuajuo jenan ox Xy, ..., X, ¥ IpeTIOCTaBUMO a2
je 10 Xi.p (i = 1,...,n). Pesynryjyha craructuka noperka X,.,,_q U3 CIy4ajHOT y30pKa oouma
n—1je

Xr:n—l = Xr:n+1 zai=1,..,r (A)
X1 = Xpm 3ai=r+1,..,n (b)

Kako je (A) cny4ajHa BelIMYMHA ca paHroM 7 + 1y y3opky oduma n, a r y y3opky n — 1, uta.
Onrosapajyhe BepoBatHohe norahaja (A) u (b) cy r/n u (n — r)/n, Tako na umamo cnenehe
BepoBaTHOhe
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P{ X1 < x} = P(A)P{ Xyn_1 < x|A} + P(B)P{ X;.n_q < x|B}
T n—r
= aP{Xr+1:n < X} +TP{Xr:n < x}

nJIn

NFrp_1(X) = 7Fp10 () + (M — 1) E.n(x).
KonavHOCT 3a [, je T0BOJbaH HE U HEOIMXOJIaH YCJIOB, IITO he BaXXUTH U 3a OCTaJIe peialmje.

3a ¢pyakumjy g(X), (cf. Srikantan, 1962), Baxu

(n - r)E[g(Xr:n )] +rE [g(Xr+1:n )] = nE[g(Xr:n—l )]

OBo yomnuiTemwe, 00yxBaTa (pyHKIUjy 'YyCTHHE U reHepaTopHe (QyHKIKIMje MOMEHAaTa, Takohe
Ce OJIHOCH U Ha penanyje 2 u 3, Koje Cy HajBaXHHJHU CIy4ajeBU. O

. . . K
Kpahe, anu koMImkoBanuje yonmreme penanyje 1 1o0uja ce Tako mro yﬁ:,{ 3aIUIIEMO Kao

J[F‘l(u)]kur‘l(l — W) " du.

0

n!
r—D!'(s—r—D!(n--s)!

IMocaeauna 1A. 3a napHo n Baxu

1
=(,,® K ) — &
2 ('u%n+1:n + u%n:n) 'u%n:n—l'
Joka3. 3ameHuMo y penauuju 1 r = %n. o

3a k = 1 odeknBaHe BPEAHOCTH Me/IMjaHe Cy UCTE 3a y30paKk oonma n (mapuo) un — 1.

IMocnenquna 1b. Ako je pacnojiena cMMETpUYHA U N TAPHO OHJIA je

® {,ug?n, k napno
Ui =) 2
P 0, k HemapHo.
x) — (_1\k, ()
Joxka3. Y nocnenuny 1A yBeneMo cMeHy ,u%nﬂ:n = (-1 ,u%n:n,

Penanmja 2. 3a npon3BOJbHY pacroieny

n
ulh = ) o (2 (Dul
i=r

raejer =1,..,nuk = 1,2,... MomenTu 3a X,.,, MOTY Cc€ U3pa3UTH KA0 MOMEHTH MaKCUMyMa
U3 y30pKa oA 7, ..., n. OBa penanuja ce MOXe yTBpIUTH MMPUMEHOM penaryje 1.
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Cana hemo mocmarparu ciydaj 3ajeJHu4Ke pacnojaene 3a X,., U X,.,,. I30anuBameM jenHe o
MIPBUX 1", 3aTUM JeJIHE OJ] S — 1" ¥ Ha Kpajy N — S, CTATUCTHUKE MOpeTKa X;., 100HjaMo peom

Xrm-1 = Xry1mn Xon—1 = Xog1m (B)
Xrn-1 = Xrin Xsn—1 = Xst1n (F)
Xrn—1 = Xrn Xsn—1 = Xon (ZD

Kako cy Bepoarnohe 3a (B), (I') u (1) peaom r/n, (s —r)/n, (n—s)/n 3a 6uno koje
x,y (x < y) Baxu

nFr,s:n—l(x: y) = rFr+1,s+1:n(x' y) + (S - r)Fr,s+1:n(x' y) + (n - S)P;‘,s:n(x' Y)-

OBaj m3pa3 MOXeMO Ja JOBEAeMO y Be3y ca OJroBapajyhum MOMEHTHMa IMPOW3BOAA U
nobujeMo Tpehy penanwujy.

Penamnuja 3. 3a 6uno kojy pactoienyu 1 <r <s<n
TlUris+1n T (s — r).ur,sl:n +(n— S).ur,s:n = Ny sin—1-

Joka3. Y dhopmynu

Al ww Y ,
— r—
nMT—l,S—l:‘l’l—l - (T _ 2)' (S —r— 1)' (n _ S)' f ny[F(x)]
X [F(y) = F()]*7" ' [1 = F(y)]""*dF (x)dF (y)
MNoACIIMMO MHTErpaJl HA CyMYy TPpU UACHTUYHA UHTCTpalia, 1 ,I[O6I/IjaMO

1=Fx)+[F(y) -Fx)]+[1-F®I.

Opatiie HEMOCpeaHO clen penanuja 3.
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3. OueHe MHIEKCA pena pacmnojejie M BUCOKHX KBAHTHJIA

CraTrcTuke mopeTka Kao ITOo cMO Beh HamoMeHynM MMajy BEIMKH 3HAuadj Y CTaTUCTHYKOM
3aKkJbyurBamy. Kopucre ce y onemuBamy HHAEKCA pera pacrojeiie W BUCOKUX KBaHTHIIA.
WNHpekc pemna pacrojiene je WHAEKC IpaBUIHE TPOMEHJBMBOCTH KOju ojpelyje ne0/buHy pena
pacriozienie oj1 Kora 3aBUCe MHOTH MaTEMAaTHYKH MOJIENU y pa3HuM oOnactuma. CBe OlleHe ce
neGuHUITY TTOMONY €KCTPEMHHMX CTaTHCTHKA IMOpEeTKa. Y OBOM OJeJbKy heMo mpukazatu
OIICHE WHJCKCA MPAaBWIHE MPOMEHJEMBOCTH @ KOjU ce Halasu y (pyHKIMjama pacropena
exctpemMHux BpenHoctu (®@pemeoBa n BejOynosa). IlpaBuiHa MpOMEHIBUBOCT je JIOKAIHO
CBOjCTBO (DyHKIIH]E, KOje oapel)yje IeHO MOHAMAKE Y HEKOj TAUKH.

Heka je G, (x) GpyHkumja pacnosiese eKCTPEMHUMX BPEIHOCTH Y Y-TlapaMeTpH3aluju

G, (x) = exp{—(1 +yx)~'/},
riejey ERul+yx >0.

Hamomena. y-mapamerpu3aija ce noOwja yBohemem cmeHe Y = 1/a 3a ®pemeoBy u
y = —1/a 3a BejOynoBy pacnozeny.

Heka je (Xy,X,,...,Xy) y30opak u3 pacnojene F koja mpumaga oO0JacTH IpHUBIAYEHA
bynxmmje G, (x) 3a kojy mocroje KoHcTaHTe a, > 0 u b, € R, TakBe /1a 3a cBaky peanaH Opoj

X BaXXKH

lim P{M,, < a,x + b,}=0G,(x)
n—->0oo

rae je M, = max{Xy,X,,...,X,} u Hexa je X(1y,X2),...,X(n) BapHjallMOHKM HU3 CTATHCHKA

MIOpETKA.

3.1. [IukanacoBa oOLEeHA

[MukangcoBa orieHa mapamerpa y Aedunuiie ce Ha cneaehu HauuH, (Pickands, 1975)

1 Xn—k+1:n - Xn—2k+1:n
In ,

In2 Xn—2k+1:n - Xn—4k+1:n

Yn
HaBoaumo pesynrare koju cy mokasanu y paxy Dekkers, de Haan (1989).

Teopema 3.1. Hexka je (X;,X>,...,X,) y3opak u3 pacrnozaene F u 9, [lukanacoBa onena. Axo

k o
Baxu F € D(G,) m k — ,~ — 00 Kafin — 0 OHIa Y = V'Y BEpOBaTHONM Kaj n — oo.
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Teopema 3.2. Heka je (X1, X5,...,X;) y3opak u3 pacnojene F u 9, ITukanacosa orneHa. Ako

k o
Baxu F € D(G,) u ~ > oon — 00 KaZi n — 00 OHJA P, — ¥ CKOPO CUTYPHO Kaj n — o0,

Inlnn

Teopema 3.3. Hexka je (X;,X,,...,X,) y3opak u3 pacnoaene F u ¥, [lukanncosa oneHna. Ako
Baxu € D(G,) . Uspas

-1

U = {1_;1:@)}

je yomNIITeHH WHBEP3 W MPETIocTaBUMO aa ¢yHkimja U(X) nMa MO3WTHBAH U3BOA M /2
noctoju mnosutuBHa ¢QyHkuuja a(t),t € R TakBa &ma 3a cBak mo3uTuBaH Opoj R Baxu

jeaHaKocT
@)U (tx) — t1TYU(D)
lim =lnx
o a(t)
NnJIn
 (t)YYU(tx) — t1TYU(D)
lim =—lnx
e a(0)

Taja cilydajHa BenuumHa Vm(§, — ) MMa acUMOTOTCKy HopmanHy pacrogeny N(0,02),
(Dekkers, de Haan, 1989), rxe je

, y2(22y+1 + 1)
{22y = 1) In2}*

Ornena kBanTwia &, nedunuine ce Ha cieahn HaYMH

£ Xn—k+1:n - Xn—2k+1:n

O

1~ + Xn—k+1:n'

U BaXH

a

_ 3 222y—1
N ikt iN(oV_).

Xn—k+1:n - Xn—2k+1:n ' (2)/ - 1)6

3a mano p 6au3y 0, ouena 3a &1, je

Vn
. )
";1—19 = ﬁ (Xn—k+1:n - Xn—2k+1:n) + Xn—k+1m0
1-(3)
3a k = [np] Baxu, (Dekkers, de Haan, 1989),
X _ = _ d 222]/+1
ok n—k+1m — $1-p _>N<0,V_>.

Xn—k+1:n - Xn—2k+1:n (2)/ - 1)2
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3.2. Xuj10Ba oneHa

Heka je (Xi,X5,...,Xy,) y3opak w3 pacnomene F koja mpumaga oO0JIaCTH TpUBIAYCHA
GyHkumje pacmozmene €KCTpEMHHMX BpemHocTH (G, npu 4eMmy je mapamerap y = 1/a
no3uTuBaH. Y XWIOBOj ONEHH (urypuiie kK MaKCUMaHUX CTAaTHCTUKA IMOpETKa. XHIOBa
oolicHa apamerpa y ce nedunuine Ha cieaehu maunn, (Hill, 1975),

k

—~ 1

Hy = Ez InXy i1 — IN Xy peon.
i=1

Teopema 3.4. (Mason, 1982) Onena H,, je c1a60 KOH3UCTEHTHA OICHA TAPAMETPA J aKO BaXkKe

k
cnenehu yclioBu — o0 U — > 0 Kajn — 0.

Teopema 3.5. (Deheuvels, Haeusler, Mason, 1988) Orena ﬁn j€ jako KOH3HCTEHTHA OIlCHA

k
napameTpa y ako Baxe cienehu ycinoBu ~—oou — 00 Kajgn — o,

Inlnn

[Ton ompehenum yciioBuma cimydajna BenmmuuHa Vm(H, —y) kKag n — o0 UMa HOPMAJIHY
pacniogeny N(0,02). Pesynrar o acMMIOTOTCKOj HOPMAalHOCTH XHJIOBE oLieHe omoryhasa
onpehuBame MHTEpBaja MOBEepeHa HEMO3HATOT MTapaMeTpa y.
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3ak/byuak

Omnucana cy eleMEeHTapHa CBOjCTBA CTAaTHCTHKa moperka. llpencTtaBibeH je jemaH meo oBe
mupoke teme. O0yxBaheme cy pacnojene CTaTHCTUKA NOPETKA U3 HENMPEKUIHE U TUCKPETHE
nornynainuje, lbUXOBM MOMEHTHU U Hajuemrhe kopumheHe oleHe HHEKca pena pacmnoaene. Pan
ce 0aBM cTaTHCTHKaMa IOpPETKa KOje Cy He3aBHCHE M paBHOMEpHO pacmopehene, mro aara
neguHMIIMja HE 3axTeBa. MelyTuMm, BeoMa BeTMKU Opoj KibUra M HAyYHHX PaJoBa KOjU Ce
0aBe OBOM TEMOM je ympaBo (HOKycMpaH Ha TakBe CTATUCTHKE IOpeTKa. BaxHO je
HAIMOMEHYTH Jla MaKO MOCTOje CIMYHOCTH H3Mel)y CTaTHCTHKa MOpeTKa M3 HENpeKHuIHe U
JMCKPETHE TIOMyJalfje, MOCTOje CBOjCTBA KOja 3a/I0BOJbABAjy CaMO CTATUCTHUKE MOPETKA U3
HETPEeKHUIHE pacIiofiene, JOK He Bake 3a OHE M3 JAMCKpeTHe pacnojene. Ha mpumep, Bunenn
CMO JIa, Y HENPEKHIHOM CiIy4ajy, CTaTUCTUKE mopeTka (opmupajy nanan Mapkosa, I0K y
JMICKPETHOM CIIy4ajy TO HE BaXH yBeK, Beh camo nox oapehennm ycioBuma. Kao mro je Beh
pedeHo, npuMeHa CTaTHCTUKA MOopeTKa je Beoma Benrka. Hajuenthe ce kopucre y onemuBamy
napamerapa crnenuUYHUX pacrlojena, y TEOpPHjH pacrojesia eKCTPEMHHX BpPEIHOCTH, Yy
olCHHBaBky Koe(HIMjeHaTa perpecuje, Kao U 3a OTKpUBame ayTiajepa. KopucHe cy He camo
3a ouewmuBame Beh u 3a mpeaBubame M oapehuBame HMHTepBasa NoBepemwa. JIluHeapHe
(GyYHKIMje CTaTHCTHKA MOPETKa, Ka0 LITO j€ PacloH, U eKCTPEMHU Cy NMPUMEHJBUBU Y pa3HUM
o0nacTuma, Ha MPUMEP Yy XHUIPOJIOTHjH, METEOPOJIOTHjU, CEU3MOJIOTHjU, CKOHOMETPUJU U
MHOTUM JIPYTUM 00JIaCTHMA.
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