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yBopa,

[AnodaHToB AONPUHOC Pa3Bojy MaTeMaTuKe, a Mpe CBera apuTMETUKE, je Beoma 3HauajaH U
360r Tora je HasBaH ,ouem” aputmetuke. iInodpaHToOBE jegHaAYMHe Cy 3HaYajHe jep o0bjeantbyjy
roToBO CBe cagprkaje Teopuje b6pojesa (Ae/bMBOCT bpojeBa, NPOCTU BpojeBU, KOHrpyeHuMja...),
Teopuje jeAHauMHa, NONIMHOMA, HejeAHAaKOCTU, MaTeEMaTUYKE JIOTUKE...

NcTpaxkusarbe KBaapaTHuxX AnodaHTOBUX jeAHauyMHa PasBWUIO je MHOTe METOAE 3a HUXOBO
pelaBartbe a HEeKe 04, WX Cy: METoA MUHUMANHUX pellewa, AuodaHToBe anpoKcumauuje,
KBagpaTHW ocTauu, anrebapcka palmperba. OBe metoge 6uhe npuKasaHe Kpo3 npumepe y
AasbeM eny pasa.

Y oBom paay 6uhe peun o MNutaropnHmMm Tpojkama. MosHaTo je ga cy MuTaropuHy Teopemy,
KOja MMa 3HayvajHe Be3se ca [TUTaropMHUM Tpojkama y cBojum rpaheBMHCKMM noasBm3nMa nopes,
ErmnhaHa Kopuctune v yumsunusaunje y Basunony, Knum, UHanju n Mekcury. MNpBu Teopujcku
M NIOTMYKKN yTemesbeH Ao0Ka3 MNutaropuHe Teopeme notumye jow og Eyknmga. Nctopuja pelerba
MuTaropuHe jeaHaunHe x? + y2 = z2 nosHaTux kao MNutaropuHe Tpojke (X, Y, z), Hepa3aBojuBa
je op uctopwmje MuTtaropuHe Teopeme 1 nma Takohe ayry npownoct. MutaropuHa Tpojka (3,4,5)
je 6una nosHaTta cBMM ApeBHUM KynTypama. Ha npumep, 6aww Ta TpojKa je 3anmMcaHa y KUHECKUM
OOKYMEHTMMa CTapuUM MPEeKo TPU Xusbaje roavHa. [lpesHe umsunmsalmje cy 3Hane v 3a gpyre
MuTaropuHe TpojKe, O YeMy cBeJouYe [/IMHEHe NAoYMLE UCMMCAHE KAMHACTUM nucmom. Nako
MHOMM WUCTOpPUYapM MaTeMaTuKe, AaHac onwTenpuxeaheHy ¢opmyny, Koja reHepuile cse
MutaropuHe Tpojke: x = 2mn, y = m? —n?, z = m? + n?, npunucyjy Anodanty, Ta popmyna
je BepoBaTHO EyknuaoBo geno, 6ap y cmucay npsor nucaHor Tpara. JuodaHT ce jeaHOCTaBHO
TMM Popmysiama BeOMa YeCTOo KOPUCTMO, a BEpPOBATHO je M NPBU KOju je ycneo Aa m3sene u
dopmanaH gokas Tor TBphesa.

Mehy mModaHTOBMM jeAHAYMHaMa 3a Koje NOCTOjU aAropMTam 3a HMXOBO pellaBake UCTMYe
ce jeaHaunHa obamka x2 — dy? = 1, rae d Huje NoTNyH KBaApaT. Y MaTeMaTUUKoj AnTepaTypw
OBa jegHayMHa je no3HaTa Kao [lenoBa jeaHaymHa. CaBpemMeHM MCTOpPUYApU MaTemaTuKe
Ojnepa onTy:Kyjy Aa je HenpaBeAHO OBY jeAHauYMHy Ha3Bao [enosom. Haume, Ojnep je umtajyhu
Banucosy ,Anrebpy” u3 1658. roguMHe, ouurnegHO HanpaBuO Tpewky M 360r npuanyHor
Banucosor nosmBarba y KbKM3M Ha Mena v umMtMparbe HEeroBmx pagosa, pasymeo ga cy Banuc m
BPOYHKep y CBOjUM pafoBuma o jeaHaunHun x2 — dy? = 1, kopuctuam Heke Menose pesyntaTe.
MehyTrm, Tom jeAHaYMHOM Cy ce MHTe3UBHO baBuan AuodaHTt, Apxumen, backapa, JlarpaH,



Ojnep, Tayc. Y pecseT/baBatby a/fropuTMa 3a pelwaBambe lenose jegHauynHe moryhe je Bulie
npucTyna, anu cy HajyobuyajHuja ABa: reomeTpUjcku u anrebapcKu.

Mucahy n o jeaHoj o4 Hajno3HaTUjUX Teopema y MCTOPUjM MaTemMaTUKe a TO je BesvKa
depmaoBa Teopema. Mpobnem Koju je noctaBno Pepma je TakossaHa BenuKka depmaosa
Teopema Koja TBpAM Aa je jegHaumHa x™ + y™ = z™ Hemoryha 3a uene No3UTUBHE BPeAHOCTU
X, Y, Z, aKo je npupoaaH bpojn > 2. lokas 3an = 3 n3seo je Ojnep, anu je NPOTEKIO NPEKO CTO
roguMHa Kaga je layc AOKa3ao TEOpMjCKe OCHOBE KOje je y CBOM [0Ka3y HEOCHOBAHO KOPUCTUO
Ojnep. Aokaz 3an = 5 je 1828. roanHe ob6jaBuno Aunpuxne, anu je oH 6Mo Beoma csokeH. 1912,
rogvHe OBaj A0Ka3 je 3Ha4vajHo ynpoctmo lMnemesb. [lokas 3a n = 7 n3Beo je Jlame, anu je 1aj
[0Ka3 KacHuje npuanyHo ycaspluimo Jleber. Ha Kpajy 20. BeKa, LLeo CBeT je NpusHao, aa je 360
rogMHa nocsie CBor HacTaHKa Besinka PepmaoBa Teopema, Koja je y CyLTUHM cBe TO Bpeme buna
XunoTesa, MocTana [AokasaHa Teopema. EHgpy Bajnc (Andrew Wiles) je noKasao BenuKy
depmaoBy TeEOpPEMY M YLLAO Y UCTOPU]Y.

Bennkn Hemaukm matematmyap Xunbept je 1900. roguHe Ha mehyHapoaHOM MaTEMATUUYKOM
KoHrpecy y Napusy ¢dopmynucao 23 npobaema umje je pellaBare 3HauYajHO AONPUHENO Pa3Bojy
MaTeMaTUYKMX HayKa y npownom BeKy. O BenvKe BaXKHOCTM 3a oBaj pas je 10. Xunbeptos
npobnem — npobnem pewnsoctn AnodaHToBUX jeaHAUMHA: ,3a gaTy AnodaHTOBY jeAHAUMHY ca
6110 Kojum Bpojem HEMo3HaTUX BeMYMHA U ca LenobpojHMm KoedbuuMjeHTUMa U3MUCTUTU
NOCTYNaK KOjUM Ce MOXKe o4ayYnuTn Aa N Ta jeAHaYMHa MMa UK HEMA LenobpojHUX pellemra”.
Opyrum peunma XunbepT ce nNuTao Aa /M NOCTOjM OMNWTKU anroputam nomohy Kojer ce 3a
OnodaHToBy jeaHaunHy oapeheHe Knace moxe pehu ga M oHa UMa LenobpojHUX peluerba.
Teopujcke ocHoBe 3a pelaBatbe 10. XunbepToBor npobaema y sBpeme werose dpopmynauuje cy
bune ockygHe. MehyTtum legen, Yepuy, a KacHMje negeceTmx U We3aecetTux roanHa POBUHCOH,
Oejsuc v MaTHam cy cBojum pagosuma npunpemunm 10. XunbepTtoB npobnem 3a peliere, aa
61 ra pycku matematuyap Jypuj Matujawesny 1970. rogmHe 4edUHUTUBHO HEraTUBHO PeLLUO.
Hanme, oH je AoKasao Aa NoCTynaK 3a Kora ce Xnunbept uHTepecyje y cBojum npobaemmnma, He
NOCTOjK.

HeratusaH oagrosop Ha 10. XunbeptoB npobnem yKasyje Aa je pewaBare [OModpaHTOBMX
jegHauyMHa NPUAMYHO KpeaTMBaH MOCA0 KOjU MOMKe 3HauajHO YTULATU Ha MHTENIEKTYaNHU U
HaY4YHM Pa3Boj Jbyau.



Fnasal

JlnHeapHe n HennHeapHe AnodaHToBe jegHAUMNHE

OcHOoBHa NuTaka Koja ce MOCTaB/bajy Be3aHa 3a cBaky [uodaHToBY jeaHauunHy je Hahwu
pellerba AaTte jegHauMHe, AOKa3aTU UAWM OTNOBPFrHYTU ersncTeHUMjy pellerba. Kaga rosopMmo o
NMHeapHoj JnodaHToBOj jeAHAUYNHM Ca ABE NPOMEH/bMBE, OATOBOPU HA OBA NWUTAkba HaJslase ce
Yy HapeaHWM NpMmeprma U Teopemama. Yecto ogroBopu Ha 3a4ata NuUTakba Mory 6UTh Tewwku,
LITO 3axTeBa npeno3HasBake ogrosapajyher metona 3a pewasarbe gaTor npobnema. Y osom
nornaesby 6uhe nsnoxkeHe Hajuewhe metoae 3a pewasarse JnModaHTOBUX jeaHAYMHA.

NnHeapHe AuodaHToBE jeaHauYnHe

Teopema 1. JlMHeapHa [ModaHTOBa jegHaumMHa ax + by = ¢ Mma pellerba ako M CaMO aKo
d|c,roejed = (a,b).Y Tom cnyyajy je onwTe pewerbe jeaHauymHe 0b6amnKa
c

= Cav 2yt e
X=gatgh y=gh-gt ted)

roe ce pewetmse (a, f) jeaHaunHe aa + bfi = d moxe 8o6UTUM EyKNMA0BUM anropuTMom.

CneumujanHo, ako cy 6pojesn a un b y3ajamHo npoctu, Tj. ako je d = (a,b) = 1, oHpa je cBaku
ueo 6poj ¢ gesbus ca d nNa jegHaumHa ax + by = ¢ CMrypHO MMa peluerba.

Dokas: Ako je (xg, Vo) jeaHo LenobpojHo peletrbe NMHeapHe [uodaHToBe jeAHaUYNHe 06/1MKa
ax + by = ¢, Tapa je ax,+ by, = c. MocToje y3ajamHo npoctn 6pojesn k wnlTaken pa je
a =kdw b = ld, wro 3Haum pa je kdx, + ldy, = ¢, ogHocHo d(kx, + ly,) = c. NleBa cTpaHa
jegHaKocTH je pesbmBa ca d, na mopa bUTH 1 AecHa cTpaHa, Tj. d | .

Ob6pHyTO, HeKa je d | ¢, Taga nocToju ueo 6poj m Takas Aa je ¢ = md. Kako ce 6poj d moxke
NpeAcCTaBUTU KAao /iMHeapHa KombuHauuja og aub, 170 je d = aa+ Bb (a,f € Z). Tapa je
¢ =md = m(aa + Bb ), naje oHga x = ma, y = mf, jegHo pelere gate jeaHauuHe.



. c c .
Oakne, ako d | ¢, Tapa jeaHaumHa ax + by = ¢ uma pewere x; = S0 Y1 = E'B rae je nap

(a, B) pewere jeaHaunHe ax + by = d. MehyTum, y TOm cayyajy jeaHaumHa Mma 6eCKOHAYHO
MHOrO pelera. MpeTtnoctasumo aa je (u, V) NpPoM3BO/bHO pellere jegHaunHe ax + by = c.
OHpa je au + bv = c. Ca gpyre cTpaHe je ax; + by; = c. [lpema Tome MMamo Aa je

au + bv = ax; + by;,

ofakne je
a b
E(u —x) = E(Jﬁ —v).

Kakojed = (a,b), 10 je (g,g) =1, na

bI aI

—|u—xq, — -V

d 1 d)’1

ofakne je
+bt at t €EZ

u=x —t, v=1y, ——t, .

1T B4 d

ZK;

b a
au+bv=a(x1+at>+b(y1—at)=ax1+by1=c

cneau pa ypehenu nap (u, v) 3a nponssosbHO t € Z 3a40B0/baBa AaTy jegHAUMNHY.

MNpumep 1. Pewntn jegHaumHy 155x — 95y = 100.

Pewewme: [aTta jeaHaumHa uma peuwerse, jep je (155,95) = 5,a 5/100. Npema Tome jeaHaumnHa
ce Aesberbem ca 5 morke ynpoctutu, Tako aa ce gobuje 31x — 19y = 20. Kako je (31,19) =1,
TO noctoje uenn 6pojesn amnf Takenm gda je 31la — 198 = 1.bpojesn a n f ce oapehyjy
EyKNnaoBMm anroputmom:

31=1-19 + 12
19 =1-12 +7
12 =1-7+5

7=1-5+2



5=2-2+1.

Capa je 1=5-2:-2=5-2(7—-1-5)=3:5-2-7=3(12—-1-7)—-2-7=3-12—-5-
7=3-12-5(19-1-12)=8-12-5-19=8(31—-1-19)—5-19 = 8-31— 13- 19.

Nakne, «a = 8u B = 13.Kako je 31la — 198 = 1,70 je 20(31a — 198) = 20, naje 31-20a —
19 - 208 = 20. Oasmwe pobujamo pga je xo = 20 = 20-8 =160uny, = 208 = 20-13 = 260.
Mpema Tome, ONLWTE pellere aAaTte jegHaunHe je 4aTo opmMynom :

x =160+ 19k, y = 260 + 31k (k je ueo 6poj).

Mpumep 2. Pewntun jegHaumnny 27x + 59y = 20.

Peweme: [laTa jeaHaumHa uma petlerba jep je (27, 59) = 1un 1]20. Kako je d = 1, To nocroje
uenu 6pojesn aun f Takeu pa je 27a + 59 = 1.bpojesn a n f ce oapehyjy Eyknmaosum

anropuTMom:
50=2-27+5

27=5-5+2

5=2-2+1.

Capajel1=5-2-2=5-2(127-5-5)=11-5-2-27=11(59—-2-27)—-2-27=11"
59 — 24 -27. 0akne,a = =24nf = 11.

3Hamo aa je
= + bt = at(t Z)
x=—ca+ - y—dﬁ 7 €Z).
Jamse nmamo
—20(24)+59t 20 11 27t
*=7 1 Y= T
naje peweme
x = —480 + 59t y =220—-27t(te Z).



MNpumep 3. [okaszatm ga AuodaHtoBa jegHaumHa 28x + 70y = 39 Hema pewera y ckyny
uennx 6pojesa.

Peweme: Kako je (28,70) = 14 u Kako 14 Huje penutess 6poja 39, pata AunodaHTtoBa
jeQHauMHa HeMa pellera y CKyny uenmnx 6pojesa.

HenuHeapHe AunodaHToBe jegHaunHe

Mo3HaTo je Aa He NOCTOojM ,,0NLWTMN NOCTyNakK' 3a pewaBarbe AModaHTOBUX jeHa4YMHa, aau 3aTO
noctoje MeToAe Kojuma ce MOTy peLlaBaTV HeKe CrneuunjanHe Kaace oBUX jeiHauynHa. Y gabem
aeny paga smaehemo Heke oA TUX MeETOZA KOjU CY KOPUCHM 33 pellaBakbe KBaZpaTHUX
OnodaHTOoBMX jegHaYMNHa.

MeTtopa npousBsoaa
Akocy I(x,y,...), ., [;y(x,y, ...) uenu anrebapckm n3pasu, Taga je jeAHaumHa
L,y .) .. Ly(xy..)=a,
3a Heku Leo 6poj a, eKBMBANIEHTHA OMCjYHKLUNU CUCTEMA jeaHAuYMHa:
Lx,y,..)=c ... Iy, ...) =cp nn
L,y ..)=d...I[n(xy .)=dy, win..

npyuyemyje a=c¢; ... ¢y =d;-. .. dyy =...NPeacTaB/beHO Ha cBe moryhe HaunHe
Kao npounssoa m uenux 6pojesa.

Mpumep 4. Pewnti y cKyny NpMpoaHMX 6pojesa jeaHaumHy x2 — y2 = 31.

Pewembe: MowTo je 31 npoct 6poj u Baxun x2 — y% = (x — y)(x + y) umamo aa je
x—y=1 n x+y=31

nnu

x—y=31 un x+y=1



Pewere npeor cuctema je x = 16, y = 15, 4oK ApyrM cCUCTEM HeMa pellerba Yy CKyny
npupoaHux 6pojeBa (WTO ce MoOXKe 3aK/byuuTM M 6e3 padyHa jep ako x, ¥y € N oHaa je
xX+y>x-—y).

Mpumep 5. Pewuntn jeaHaumHy xy — 2x + 3y = 13y ckyny uenunx 6pojesa.

Pewerwe: Kakojexy—2x+3y=13oxy—2x+3y—-6=7<x(y—-2)+3(y—-2) =
7 & (x + 3)(y — 2) = 7, paznukyjemo cnegehe cnydyajese:

) x+3=1,y—-2=7
2) x+3=7,y-2=1
3) x+3=-1,y—-2=-7
4) x+3=-7, y—2=-1

[akne, pewera gate jeaHaunre cy: (—2,9), (4,3), (—4,-5), (-10,1).

Mpumep 6. OapeanTtun cee NpupoaHe bpojese x TakBe Aa je 2* + 1 KBaapaT npupoaHor 6poja.

Pewere: Ako je 2 + 1 = y2, onpa jey? — 1 = 2%, OgnocHo (y — 1)(y + 1) = 2*. Heka je
2* =2%-2b(@a>bh),rpejea+b=x.Tapajey+1=2%ny—1=2" naje2¢ -2 =y +
1 — vy + 1 oaHocHo 2% — 2P = 2. llame cneam pa je 2P (24P — 1) = 2. JacHo je pa je 2P = 2 n
2¢°b —1=1,najeb=1uva—b=1Jaknea=2, b=1, a+ b = 3. Mpema Tome UMamo
paje 23+ 1 =9 oaHocHo x = 3.

Mpumep 7. OppeamnTn cBe npocte 6pojese p Tako Aa je 2p + 1 ceamu cTeneH HeKOr NpUPoAHOr
6poja.

Peweme: Heka je TpaxeHu npmupoaHu 6poj n. Npema ycnoBmMma 3agaTka je:

2p+1=n’

m—1Dm+n°+n*+nd+n?+n+1)=2p.

Kakocy 1,2, p u 2p jeayHun umHnoum 6poja 2p, 1o cy moryhu cnegehu cnyyajesu:



1) Akojen—1=1,0onpajen=2,najen®+n>+n*+n¥+n?+n+1=2p=127,
wTo Huje moryhe, jep je 2p napaH, a 127 HenapaH 6poj.

2) Akojen—1=2,oHpajen=3,najen®+n°+n*+n3+n?+n+1=1093 =p.
Kako je 1093 npoct 6poj, To je (n,p) = (3,1093) jegHo pewwere npobnema.

3) Akojen—1=p,ongajen=p+1=>3,najen®+n°+n*+n3+n?+n+1=>n+
1 > 3, wTo 3Ha4M Aa Y OBOM CAy4ajy HEMA peLlema.

4) Akojen—1=2p,onpajen®+n°+n*+n+n?+n+1=1najen®+n®>+n*+
n3 + n? + n = 0. NpeTxoaHa jeaHauMHa HEMa peLlerba Yy CKyny NpupoaHMx 6pojesa.

Mertopg 36upa
Akocy I1(x,y, ...), ., [;n(x, Y, ...) uenu anrebapckun M3pasu, Taga je jegHaumHa
(LGy, )2+ + (n(x,y,...))% =aq,
3a HeKM npupoaaH 6poj a, eKBUBaNEHTHA AUCjYHKUM[U CUCTEMA jefHAuNHa:
L,y . )N =s;...(Uy(xy, ..))?% =5, nm
(Ly, . )2 =t;. . .(Ln(x,y,..))?* =ty win...

npu yemy je a = s;+. . . +s, = t;+. . .+t,, = - NnpeAcTaB/beHO Ha cBe moryhe HaunHe Kao
36Mp M NOTNYHUX KBagpaTa.

Npumep 8. Y ckyny uenunx 6pojesa pewnTn jeaHaunHy x* + 2006 = 2x2 —1,

2006 — 2x2 —1 ekBMBaNEHTHA Ca jeAHAYMHOM

Pewerbe: Kako je aata jegHaunHa x* +y
x*—2x2+1+y2006 =90
OAHOCHO

(xz _ 1)2 + (y1003)2 = 0.

Kako je 36up KBagpaTa aBa uena bpoja jeaHak 0 ako M camo ako cy oba 6poja jegHaka 0, na je
3aTo moryh camo jefiaH cnyvaj:

x2=1=0uny=0

x—Dkxx+1)=0uy=0.



[akne pewera gate jeaHaunHe cy: (1,0) nam (—1, 0).

Mpumep 9. Y ckyny uenunx 6pojesa pewnTu jeaHaunny 4x2 + y% = 12x + 4y — 12.

Pewetbe: TpaHcHOPMULWIMMO jeaHaumnHy y 36up kBaapata (2x — 3)% + (y — 2)? = 1. MowTo ce
Y 3a4,aTKy Tpake Camo pelletrba Y CKyny uenanx bpojesa, pasnukyjemo cnegeha aga ciyyaja:

1) 2x =3 =1ny—2=0T,j.

x=2ny=>2
2) 2x—=3==-1ny—-2=0r,.
x=1ny=2.

[akne pewera aate jeaHaunHe cy: (2,2); (1, 2).

Npumep 10. MocToje An uenn 6pojesn X 1 y Koju 3aA0BO/baBajy jeaHakocT x2 + xy + y2 = 1?

Pewere: AKO ce [faTa jeAHAYMHA MOMHOXM ca 2 Aobuvja ce eKBMBA/NeHTHA jeAHAuYMHa
2x% + 2xy + 2y? = 2, ogHocHo x2 + (x + y)? + y? = 2. 36up kBagpaTa Tpu 6poja je jeaHak
2, aKo cy ABa og, Tvx bpojesa no 1, a Tpehu 0, na pasnunKkyjemo Tpu moryhHocTu:

1) x2=1, (x+y)>?=1uy?=0. Chegn apa je y=0, (x—1)(x+1) =0 oaHocHoO
x =1wmx =—1,nacypewesra (1,0) uan (—1,0).

2) x2=1, (x+y)?=0uy?=1.Kakojex+y=20,a|x| =1u |yl =1,70 cy pewera
(1, -1 wan (—1,1).

3) x2=0,(x+y)2=1uy? =1.Cregn pa je x = 0,40k je y =1 nam y = —1, na cy
pewerba (0,1) nam (0,—1).

CBa pewetba gate jegHaunHe cy : (1,0); (—=1,0); (1,-1); (—=1,1); (0,1); (0,—1).

MNpumep 11. VY cKyny uenunx 6pojesa pewnTy jegHauymnHy
x%+5y? +5z2 —4xz— 2y —4yz+ 1 = 0.
Peweme: TpaHcHOpMULIMMO jeiHAUMHY Ha cnegehun HaumH

(x?2 —4xz+4z3)+ (22 —4yz+ 4y?) + (y> — 2y + 1) = 0.
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Opasae je

(x—22)>+(z-29)*+(y—-12=0.
Cnegn pa je

x—2z=0,z—-2y=0uny—-1=0

najey=1 z=2y=2wnx=2z=4.

MeToA, KONUYHUKA

JegHaunHe Koje cy nnHeapHe, O4HOCHO KBagpaTHE MO je4HOj 04 MPOMEH/bUBUX YMHE Kaacy
jedHa4YMHa Koje 4ecTo MOXEeMO peluaBaTu KOMOWHOBarbem MeToda U3 Teopuje OBUYHUX
anrebapckux jeaHa4YMHa U Teopuje uenmx bpojesa.

Ha npumep jegHaunHa A(x)y + B(x) = 0, npu yemy cy A(x) v B(x) Hekun uenu anrebapcku

A(x)
M3pasu Mo X, MOKe Ce pellaBaTh aHa/IM30M paLMoHaaHor aarebapckor n3pasa B0
X

Mpumep 12. Pewwntu jegHaunHy xy + 7x — 3y = 23 y ckyny uenux 6pojesa.

Pewewmve: [aTy jeaHaunHy moxemo 3anucatv kKao x(y + 7) = 23 + 3y.

3ay = —7 jeAHauynHa Hema pellera, a3ay + —7 je:
23+3 2
=" g 2
y+7 y+7

Na 6u pewere x 6uno uenobpojHo, mopay + 7 € {1,—1,2,-2}1j. y € {—6,—8,—5,—9}.

Ckyn pewema je: R = {(5,—6),(1,—8), (4,—5),(2,—9)}.

MNpumep 13. OapenmnTn cBe Lene 6pojese X U Yy KOju 3a10BO/baBajy jeAHaKOCT
x?—xy+2x—3y=6.
Peweme: [JaTy jeaHaunHy moxkemo TpaHchopmMmncaTh Tako Aa oHa uma cnegehum obamk:

x% 4+ 2x — 6 = xy + 3y ogHocHo x% + 2x — 6 = y(x + 3).

11



3a x = —3 jeAHA4YMHa HEMA peLLeHa, A0K 33 X # —3 MMamo Aa je:

_x2+2x—6_ . 3
Y= x+3 - X x+3

Kako y mopa 6utu Leo 6poj pasnukyjy ce cneaehe moryhHocTu:

1) x+3=1=>x=-2, y=-6
2) x+3=-1=>x=—-4y=-2
3) x+3=3=>x=0,y=-2
4) x+3=-3=> x=-6, y=—6.

Mpumep 14. OppeaunTn cse geoundpeHe npupoaHe bpojese Koju cy jeaHaKM KBaapaTy 36upa
cBojux undapa.

Pewembe: Heka je TpaxeHun 6poj Xy = 10x + y. U3 ycnoea 3agatka ce gobuja ga je 10x +y =
(x+y)2vmm 9x+ (x+y) = (x+7y)% Kako je x #0, To je nu (x+7y)# 0. [Jemerem

nobujeHe jeaHakoctu ca x + y aobwja ce jeLI,HaKOCTngxy +1=x+y.

AKo je Hajsehu 3ajegHUYKM Aenunay, 3a X Uy jegHak d, oHAa NOCTOje y3ajaMHO NpocTy bpojesn
anbTtakenpgajel <x=ad <9n0<y = bd < 9.Taga jeaHaunHa nocraje:

9ad

- 4 1=
(a+b)d+ (a+b)d
O/HOCHO
9a
a+b+1—(a+b)d.

Mpso hemo nokasatn aa cy a v (a + b) y3ajamHo npocTtu.

MpeTnoctasumo cynpotHo Aa a u (a + b) Hucy ysajamHo npoctv. Taga 3 k, k > 1 Tako aa je
a=akva+b=ckWsa+b=ckvwwamo ga jeb =c,k—a opHocHO b = c;k — a;k,
b =k(c; —a,). Aakne umamo a = a;k, b = k(c; —a,) a 10 je Hemoryhe jep cy awub
y3ajaMHO MpoCTW.

9a
Kako KOAMYHUK —p Mopa 6utn npupoaaH 6poj u Kako cy a u (a + b) ysajamHo npoctn u

nowTo 9 mopa 6utn aesmwus ca a + b, moryha cy cnegeha Tpu cnyyaja:
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1) Ako je a+b =1,0Hpa je9a + 1 = d.OBaj cnyyaj je Hemoryh, jep 3 a+b =1
cnegm, 36orx + 0,gajea =1, b = 0. Y Tom cayyajy je d = 10, wTo HKUje moryhe, jep
jed <09.

2) Ako je a+b =3,0Hpa je 3a+1=3d. OgHocHo 3a—3d = -1, 3(a—d) =-1.
OpaBae Mmamo pga je nieBa CTpaHa AesbMBa ca 3 a AecHa HMje, Na 0Baj CAyyaj Huje
moryh.

3) Ako je a+b=9,0Hpa jea+1=9duma=9d—1. Kako je 1<x <9, 10 je
1<x=ad=09d—-1)d <9,0Hpajed = 1.To3Haum gajea =8ub = 1.

Nakne TpaxeHn 6pojje 81 = (8 + 1)2

MeTtoa AUCKPUMUHAHTE

Mpupona pewerba jeaHaunHe A(x)y? +B(x)y + C(x) =0 3aBucM oa AMCKPUMMUHAHTE
2
D(x) = (B(x))" — 4A(x)C(x).

MowTo TpaskMmo UenobpojHa pellera, aHaNM3a AMCKPUMMUHAHTE 3aCHMBA Ce Ha YMHbEeHMUM aa
je D(x) = 0, ann n Buwe, aa je D(x) = m?, 3a Hekn Leo 6poj m.

Npumep 15. Pewntn jeaHaunHy 7x + 14y = 5x2 + 5xy + 5y? y ckyny uenmx 6pojesa.
Peweme: JaTy jeaHaunMHy MOXKEMO Aa 3anuLIEMO Y eKBMBAJIEHTHOM 00/INKY
5y2 + (5x — 14)y + (5x% — 7x) = 0,

n oHa je kBagpaTHa no y. Kako je D(x) = (5x — 14)? — 4-5(5x2 — 7x) = 196 — 75x2, ako
[aTa jeAHauyMHa MMa pellera, oHaa je x? < % = 2,6133...,, oaHocHo x € {—1,0, 1}. Umamo

cneagehe moryhHocTu:

1) x=-1>5y>—19y+12=0=>y=3
2) x=0=>y=0
3) x=1=>y=2

Dakne, R = {(—1,3), (0,0), (1,2)}.
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Npumep 16. OapeanTn cee Lene 6pojese x 1 y Takse aa je 2x% + 5x + y? = 19.

Pewerve: [laTy jeaHauMHy MOXeMO MOCMaTpaTV Kao KeagpaTHy no x, Tj. 2x2 + 5x + (y? —
19) = 0. Kako je D(y)=52—4-2-(y?—19) =177 —8y? ako pata jeAaHauuMHa uMMa
pellera, oHaa je y2 < %7 = 22,125 ogHocHo y € {—4,—-3,—-2,—1,0,1,2,3,4}.

McnnuTuBarbem 0BUX AeBeT CyyajeBa 3a y Aobujamo 4a je ckyn pelwerba jeaHaumHe {(—3,4),
(_31 _4)F (ZF 1); (2; _1)}

OcTtaum KBagpara

BehuHa yyeHMKa je MMana NpUAKKY Aa pellaBa 3a4aTKe Y KOjUM Ce KOPUCTU YMHbeHWULUA Aa
nocneara umdpa (y AekagHom 3anucy) npupogHor 6poja Koju je noTnyH KBaapat (makne,
KBagpaT HeKor gpyror npupogHor 6poja) He moxke 6uTM npomssosbHa. Moryhe nocneare
umope kBagpata cy 0,1,4,5,6 n 9, AOK He NOCToje NOTNYHM KBagpaTU KOjU ce 3aBpluaBajy Ha
2,3,7 nnun 8. OBa YUNHEHMLA Ce MOXKe Apyrayunje UckasaTn Ha cnegehn HaumH:

akoa € {0,1,2, ...,9}, oHAa KOHrpyeHuWja
x? = a (mod 10)

nma pewera (no x) ako n camo ako a € {0,1,4,5,6,9 } naun jow: moryhu octaum kBagpara
npupoaHunx bpojesa no moayny 10cy 0,1,4,5,6 1 9.

MorKemo nocmaTpaTh ocTaTKe KBagpaTta U Mo OCTa/IM Masnm MoZyanma (He camo no moayny
10) n To hemo BMAEeTU y HapeaHOM NpuUmepy.

MNpumep 17. Moryhu octaum KBagpaTta npupoaHux bpojesa:
nomoayny 3cy: 0,1

no moayny 4 cy: 0,1

nomoayny5cy: 0,1,4

no moayny 6 cy: 0,1,3,4

no moayny 7 cy: 0,1,2,4

no moayny 8 cy: 0,1,4
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no moayny 9 cy: 0,1,4,7.

OBO ce /1ako NpoBepaBa KOHCTPYMCakbeM Tab/iMLa Kao LWTO je HapeaHa, 3a ocTaTke no moayny 7

N
w
NN
vl
(o))

X 0 1

x? 0 1 4 2 2 4 1

Npumep 18 . [okasatv ga 21| a? + b? nosnaun 441 | a? + b?.

Pewere: Ako 21 | a® + b% onpa 3 | a® + b2 n 7 | a? + b?. Octaum KBagpaTta no Moayny 3 mory
6utn 0 Mnm 1, na 36mup ABa TakBa KBaZpaTa MOXKe 6UTU Ae/byuB ca 3 camMo ako cy a U b ae/buBm
ca 3. OHga je 9] a? + b?. CanynHo, ocTaum keagpata no moayny 7 mory 6utn 0,1,2 uam 4 na
36Mp TakBa ABa bpoja moxe 6uTM ae/buB ca 7 camo aKo cy oba aesbuBa ca 7. Taga U
49| a? + b?, a opaTne v 3 npetxogHor cneamn 9 - 49 = 441| a? + b?.

MeTop, ocTaTaKa

OBaj meToA je KOPMCTaH 3a AOKasuBame Aa AaTa je4HavynHa Hema pellewa. Hanme ako 3a
Heku npupogaH 6poj n > 1saxu L(x, y,..) =r (modn) npn vemy r€R < {0,1,2,...,
n—1}, aD(x, y,..) =s(modn) npuuemys €S < {0,1,2,...,, n—1}, Taga y cayyajy ga je
R NS =@, jeaHaunHa L(x, y,...) = D(x, y,...) Hema pelietrba y CKyny Luenmx 6pojesa.

MeTopa, ocTtaTaka npu gembewy ca 10, yecto ce HasMBa meToa nocnegre undpe, 40K MeToA
ocTaTaKa Npu Aesbery ca 2 HaznuBa meToa napHoctu. Ha npumepy = (mod 10), unyctosahemo
dbopmupatrbe Tabene Koje mory 6UTH of, BEIMKE KOPUCTU:

n = -(mod10) 0/1]2]|3]4|5|/6[7]|8]09
n? = - (mod 10) 0/1]4]9(6|5]6]9 4|1
n* = - (mod 10) 0/1]6|1]|6|5]6|1 |61
nn+1)=-(mod10) [0]2]|6|2|0]0]|2]|6 2|0

Npumep 19. [Jokasatv Aa jeaHaunHa x2 + y? = 2006 Hema peluersa y CKyny Lenmx bpojesa.

Pewerbe: KBagpaTtun uennx 6pojesa npu gesmbewy ca 4 gajy ocratak 0 (Kaga je 6poj napaH) unu
1 (kapa je 6poj HenapaH). Kako je 2006 = 2 (mod 4) na oHAa cneau fa cy X, Yy HenapHu.
O3Hauumo x = 2x; +1, y = 2y, + 1 rpe cy x4, y; uenu 6pojesun. Taga je:
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(2%, + D2 + 2y, + 1) = 2006
42+ 4x, + 1+ 4y, 2+ 4y, + 1 = 2006
4(x2 +x, +y12 +y,) = 2004
femwerbem ca 4 gobujamo: x;(x; + 1) + y,(y; +1) = 501.

C o63upom Aaa je nesa cTpaHa napaH 6poj, a AecHa HenmapaH, TO jeAHaYMHa HeMa pellerba Y
CKyny uenunx bpojesa.

Npumep 20. [lokasaTh aa jeaHaunHa 3x2 + 8 = y2 Hema peluerba y CKyny Lennx 6pojesa.

Pewerbe: AKko 61 moctojann uenu 6pojesn x myTakeu aAa je 3x2+ 8 =y? oHga 6u u3
3x2 =0 (mod3) n 8 =2 (mod 3), cneamno aa je y2 =2 (mod 3). Oso je Hemoryhe jep
ocTaum KBagpata no moayny 3 mory 6utn 0 mnam 1.

Npumep 21. [okasatv ga jegHaumHa x2 + y2 + z2 = 2007 Hema pelera y CKyny Leanx
6pojes.a.

Peweme: KBagpaTtn uenmx 6pojesa npu gesbery ca 4 aajy ocratak 0 (Kaga je 6poj napaH) nau
1 (kaga je 6poj HenapaH). Kako je 2007 = 3 (mod 4) To cBa Tpu 6poja x, y, Z mopajy 6uTu
HenapHa. Heka jex =2x;+1, y =2y, +1, z=2z; +1,rpe cyxq, y1, Z; uenn 6pojesn.
Tapa je

4%+ 4x, + 1+ 4y, + 4y, + 1 + 42,2 + 4z, + 1 = 2007, ogHOCHO
xl(xl + 1) + yl(yl + 1) + Zl(Zl + 1) = 501.

JleBa cTpaHe nocnegte jegHayvmHe je napaH 6poj, a AecHa HenapaH, Na jegHa4yMHa Hema pelue-
Hba Y CKyny uenunx bpojesa.

Npumep 22. [lokasaTth Aa jeaHaunHa 3x2 + 5y? = 4444 nema peluera y CKyny Lesmx 6pojesa.

Peweme: 3a ceako n € N umamo n? = r(mod 10), npu yemy r € {0, 1,4, 5, 6,9}. Nakne ako je
(x,y) jeaHo pelwerbe aate jeaHaumHe umamo: 3x2 = a (mod 10), a €{0,3,2,5,8,7} n5y? =
b(mod 10), b € {0,5} na u3 Tabnuue
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3ak/bydyjemo aa je 3x2 + 5y2 = c(mod 10), c € {0,2,3,5,7,8}, a saxku 4444 = 4(mod 10).
JeaHaunHa, pakne, Hema pellerba.

Npumep 23. [la am jegraunna x;* + x,* + x3*+ . . . +x,,* = 1599 uma pewera y ckyny ue-
nnx bpojesa?

Peweme: AKo je x npupoaaH 6poj oHaa cy moryhu octaum npu aesbery bpoja x ca 16 us ckyna
{0,1,2, ...,15}. Taga je x? = k(mod 16), k € {0,1,4,9}.

M3 tora cnean pa je x* = 0 (mod 16) nan x* = 1(mod 16). 360r Tora 36mp x;* + x,* +
x3*+ .. .+x, npn  pemewy ca 16 Mmoxe [mgatm BuNo  Koju  ocTaTak M3 CKyna
{0,1,2, .. .13,14 } ann He n 6poj 15. Kako je 1599 = 15 (mod 16) 1o aaTa jeaHaumHa Hema
pellera y cKyny uenmx 6pojesa.

MeTtoaa MMHMMAZHOr pelera

OBa MeToda Ce YecTo KOPUCTM MPUINKOM Hanarkera CBUX pellerba Hekux AnodaHToBuX
jeAHa4YMHa, OHOCHO A0Ka3MBakba Aa pellerba He noctoje. MpuHumn je cnegehu.

MpeTnocTtaBMMO Aa gaTta jegHauyMHa MMa LenobpojHMX pellera U ga NOCTOju afiropuUTam Kojum
ce u3 jegHor uenobpojHOr pellerba jeaHaunMHe gobuja Apyro uUenobpojHo pelwerse. AKo
jeAHa4YMHa Mma uenobpojHUX pellerba, OHAa MOCTOjU pPelleHe Koje je MUHUMAJIHO Y HEKOM
cmucny. Pewerbe Koje ce nobuja n3 Tor pellera HUje Makbe, Na ce Tako Aobujajy ogpeheHe
0COb6MHE TOI MWHMMANHOI pelleHba- OHe Cy NOHEeKas AOBO/bHE O3 3aK/byyMMO A3 TAKBO
pelerse (M, AaK/e HMjeaHO APYro) He NOoCTOoju.

Opyra dopmynaumnja ose metoae je cneaeha. MpeTnocTaBMMO Aa NOCTOjU peLleHe jeaHauYmHe Y
CKyny npupoaHux b6pojeBa M Aa ce mMo)Ke Hahu anroputam Kojum ce U3 jeaHOr MpupoaHor
pewera Aobuja 4pyro NpMpoaHO peLlerbe, ann Koje je cTporo mame (y ogpeheHom cmncay) og,
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nonasHor. To 3HaYM ga nocToju 6eckoHa4yHO MHOro MpPUMpPOAHMX BpojeBa Makbux of, AaTor
npupoaHor 6poja, wTto je, HapaBHO, Hemoryhe. [lakne, gaTta jeAHadyuMHa Hema MPUPOAHMUX
pewera. Y oBom 06AMKy OBa meToda je no3HaTa Kao PepmaosBa metogsa 6eckoHauHor
CMakbUBakba.

Mpumep 24. [loKasaTu ga jeaHauYnHa
x2+y2+2z243(x+y+2)+5=0
Hema peLluera y CKyny pauuoHanHux bpojesa.
Pewere: [laTa jefHaumMHa MOXKe ce HanMcaTn y o6aunKy
2x+3)2+ 2y +3)2+(2z+3)*=7.

MpeTnocTaBMMO CYNPOTHO, HEKA jeiHaYMHa MMa PeLLeHa Y CKyny paunoHanHux bpojesa. dasbe
MMaMo Aa je:

+ + =7, miEZ,niEN

na MHOXeHeM fieBe W AecHe cTpaHe ca 1, °n,%n;? nobujamo:
(mynyng)? + (mynyng)® + (mznyny)? = 7(nynyng)?.
Heka je: mynyn; = a, myn;nz = b, mygnyn, = ¢, nynyn3 = m. KoHa4yHo gobujamo:
a? +b?% + ¢? = 7m?.
Tapa je m > 0. HeKka je m Hajmame moryhe.

AKo je m napaH 6poj, m = 2n,Taga je a® + b? + c? pemuso ca 4. Jlako ce nposepasa Aa
6pojesn a, b, c mopajy 6uTH naphu, Tj. a = 2a,, b = 2b;, ¢ = 2¢c; u a2 + by? 4 ¢,2 = 7n?,
LUTO je KOHTPaAMKLMja Ca MPeTNOCTaBKOM O MUHUMANHOCTM M.

AKo je m HenapaH 6poj, Taga je m? = 1 (mod 8), na je a® + b% + c? = 7 (mod 8), wTo je
Hemoryhe.
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Fnhasa 2

MuraropuHe Tpojke u Bennka Pepmaosa Teopema

Y oBoj rnasu 6uhe peun o MuTaropuHUm Tpojkama Koje he 6uTM npaheHe Teopemama,
HbMXOBUM A0Ka3MMa Kao U NpUMepUMa.

MuTtaropuHe Tpojke

Tpoyrao umnju cy mepHu 6pojeBu CTpaHULA X,y U Z NPUPOSHM DBPOjeBM KOju 3a[4,0BO/baBajy
penaumnjy x2 + y? = z2 Hasusa ce MutaropuH Tpoyrao (Ha ocHoBy [UTaropuHe Teopeme TaKas
Tpoyrao je npasoyrau). MpupoaHu 6pojesn x,y,Z Koju cy pellera jeaHaumnHe x2 + y2 = z2

npeactassbajy MurtaropuHe Tpojke.

AKo Heka pgBa opg 6pojeBa Xx,Yy,Z Koju 3a0BO/baBajy AaTy jefHAYMHY MMAjy 3ajefHUYKMU
penvnay d (Behu op 1), oHpa je m Tpehn oa wux gemmB ca d. 3ato hemo pgasbe
NpeTnocTaB/baTh Aa cy 6pojeBn X,y U Z y3ajaMHO NPOCTU Yy NapoBMMA (Y NPOTUBHOM MOXKEMO
CKPaTUTU jefHAYMHY HWUXOBUM 3ajeaHUYKMm penvouem d). TakBo pewere (X,y,z ) pate
jefiHaYMHe Ha3MBaMO NPUMUTUBHUM peLleHeM. JacHO je Aa HanaxKerem CBUX MPUMUTUBHUX
pewetba (X, Y, Z) HaNa3MMo M CBa OCTasa, jep cy oHa obamka (ax, ay,az), a € N.

Teopema 2. AKO je Npou3BoA ABa y3ajaMHO NpoCTa NpupoaHa bpoja KBaapaT uenor 6poja, Tj.

ako je ab = c?, (a,b) = 1,7Tapa cy v a n b kBaapaTh uenmnx bpojesa: a = a;2, b = blz.

Doka3. [la 6u 6poj 6uo KBagpaT uUenor 6poja, HEOMXOAHO je U AO0BO/bHO Aa CYy My CBWU
€KCMOHEHTHM Y KaHOHCKOj daKkTopm3aumju napHu. Kako cy a u b y3ajamHO NpoCTH, TO OHU HeMajy
3ajeJHUYKMX Aenunaua, na je cBaku nMpocT genunal, 6poja c? wan genunau, 6poja a uaw
aenuvnay, 6poja b, ann He n genunay oba oBa 6poja. 3aTo cBM NpocTU daKTopu bpojaa n by
KaHOHCKOj ¢daKTopM3auuju mopajy MMaTh napHe eKCMNOHEeHTe, Tj. a M b cy KBaapaTu Lenmnx
bpojesa.
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Teopema 3. [la 6u ypeheHa Tpojka (X,y,Z) npeacras/bana NPUMUTUBHO peELLIEHE jefHAUYNHE
x? + y? = z?% y ckyny npupoaHux 6pojesa, HEONXOAHO je 1 A0BO/BHO Aa Ce X, Y, Z U3pakaBsajy
y 06/1UKy

x =2mn, y = m? —n?, z=m?+n?
(m,neN,(m,n) =1, m > num,n pasamuute napHoOCcTH)
U
x = m? —n?, y = 2mn, z=m?+n?
(m,neN,(m,n) = 1,m > n um,n pasanunute NapHocTM).

Dokas: Heka je (x,y,z) npumnuTuBHO peluere jeaHaunHe x2 + y? = z2. Nokasahemo Hajnpe
4a op 6pojeBa Xx My jeaaH mopa 6UTK NapaH, a ApyrM HenapaH v ga z mopa 6utn HenapaH
6poj. AKo cy x ny oba napHu, Tada je u z napaH 6poj, Na ce jeAHAYMHA MOXKE CKpPaTUTW, Tj.
nocmaTpaHa TpojKa Huje NPUMUTUBHO pellere. AKO cy X 1y oba HenapHu Taga je z2 = x? +
y? = 1+ 1 =2 (mod 4), wo je Hemoryhe.

Heka je x = 2a napaH, a y HenapaH 6poj. Taga je z HenapaH 6poj. JaTta jeaHAuYMHA ce MOXKe
HanucaTtn y obnky

x2=z2—y?*=(z-y)z+y).

Oba ynHMoUa Ha AeCHOj CTpaHu cy NapHu bpojesu, nNa cy 6pojesun

_z+y z—y

Y= 2

uenn. Taga je x2 = 4a? = 4uv, 1j. a? = uv.

U3z =u+v, y=u—v3akmbydyjemo aa je (u,v) = 1. Ha ocHoBy Teopeme 2 cneam Aa OHM
Mopajy 6UTK KBagpaTH Lenux bpojesa: u = m? M v = n?, npu 4emy m v n Hemajy 3ajeHUUKMX
JAenunaua u pasauuute cy napHoctu. [akne, gobujamo ga je x =2a=2mn, y=u—v =
m?2—n? z=u+v=m?+n%npuyemycy m,n € N, (m,n)=1, m > nwv 6pojesu mun
Cy pas/MunTe NapHOCTY. J/lako ce NpoBepasa Aa je:
(m? —n?)? + 2mn)? = m* + 2m?n? + n* = (m? + n?)?,
2

Tj. a TpojKa (X, y, Z) 3aa0Bo/baBa jeaHaunHy x2 + y? = z2,

CnnyHo, aKo je y napaH 6poj gobujamo aa je Tpojka (X, y, z) Apyror o4 onucaHux obanka.
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MNpumep 25. AKO je NONYNPeEYHUK Kpyra HenapaH NpocT 6poj, Taga ce OKo Tor Kpyra mory
onucaTu TaYyHO ABa HenoAyAapHa NpuMUTMBHa MNuTaropuHa Tpoyraa. [okasaTu.

Pewemwe: Ako je a =m? —n?, b =2mn, c = m? + n? npumutusHa MuTaropuHa TPOjKa,
NONYNPeYHMK yNncaHor Kpyra ogrosapajyher tpoyrna je

r=%(a+b—c)=n(m—n).

Ako je r HenapaH npocT 6poj p, umamo cnepehe ase moryhHocTu:

1) n=1,m=p+1, a=pp+2), b=2(p+1), c=p?>+2p+2
2) n=p, m=p+1,a=2p+1, b=2p(p+1), c=2p*+2p+1.

Mpumep 26. Hahumo cse MurtaropuHe Tpojke 3a 0 < z < 20, x < y.

Peweme: Hahumo Hajnpe cee npumutuBHe MnTaropmnHe Tpojke Koje 3agoBosbaBajy 0 < z <
20, x < y.Cse npumuTmnBHe MnTaropmHe Tpojke cy o6anKa

(m? —n?, 2mn, m? +n?) nan (2mn, m? —n?, m? + n?)

rae je m >n v m, n ysajamHO NPOCTU NPUPOAHM BpojeBu pasnmumTe napHocTu. Kako je no
ycnosy 3agaTtka 0 < z < 20, oHga nocmaTpamo cneaehe cnyyajese:

1)3an=1, m =2 pobujamo m? + n? =5, m? —n? = 3,2mn = 4, ogHocHo AobUjamo
TpojKy (3,4, 5).

2) 3an =2, m = 3 gobujamo m? + n? = 13, m? — n? =5, 2mn = 12, ogHocHo gobujamo
Tpojky (5,12,13).

3) 3an =3, m = 4 pobujamo m? + n? = 25 > 20.

4)3an =1, m =4 pobujamo m? + n? = 17, m? — n? =15, 2mn = 8, ogHocHo fo6Mnjamo
Tpojry (8,15,17).

TpakeHe MutaropuHe Tpojke cy: (3,4,5); (6,8,10); (9,12,15); (5,12,13); (8,15,17).

MNpumep 27. Oapeamtn npuMnTUBHE MUTaropuHe TPOYr10Be Ynju mepHu 6poj obrnma je jeaHak
MepHOM 6pojy NoBpLUMHE.

Peweme: JacHo je aa je mepHu bpoj obuma ceaKor MUTaropmHor Tpoyraa jegHak

2mn+m? —n? + m? + n? = 2mn + 2m? = 2m(m + n).
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MepHu 6poj nospuwmHe je mn(m? —n?). Oakne, 2m(m +n) = mn(m — n)(m + n), na je
(m—n)n=2.Chegm pajen=1, m—n=2wumn=2,am—n = 1. lpema Tome nocroje
asa pewersa: (m, n) = (3,1) uam (m, n) = (3,2).

MowTo ce y 3aaaTKy Tpaxke NpUMUTMBHE [UTaropuHe Tpojke oHAa npsBo pelere (m, n) =
(3,1) opbauyjemo, jep cy m n n oba HenapHa 6poja.

Ctpanuue Tpoyrna cy Taga: (12,5,13), 0 = P = 30.

Benuka ®epmaosa Teopema

Mo3HaT ¢paHuyckM maTemaTuyap Mjep Pepma (1601-1665) 6mo je jesaH oa ocHMBaua
caBpemeHe Teopuje bpojeBa. lNocTaBuMoO je HM3 Npobaema uuje je pellaBarbe AOBENO A0
3Ha4ajHux gocturHyha. HajBuiwe Hanopa je ynoXeHo Aa ce AoKarKe (MM OnoBprHe) Heroso
TBphere Koje je Ha3BaHO ,Bennkom” dPepmaosom Teopemom. Mjep Pepma ra je UCcKa3ao Ha
MapruHama jegHe JModaHTOBE KHUre 1 F1acu:

Hemoeyhe je Ky6 pasznoxcumu Ha 08a Kyba, HU bukeadpam Ha 0ea buxkeadpama, u yonume
HUKakae cmeneH sehu 00 Keadpama, Ha 08a cmMerneHa ca UCMUM MAKBUM U30HUOUEM.

MaTtemaTnyapm cy ce BuLle oA Tpu Beka 6asuam sennkom Pepmaosom Teopemom. Ta Teopema
je KoHayHo AoKasaHa 1995. roguHe. EHrneckn matematmyap EHgpy Bajnc (Andrew Wiles) je
[O0Ka3ao Besnky Pepmaosy Teopemy.

Teopema 4. Ako je n ma Koju npupogaH 6poj sehu og 2, oHAa He nocToje npupoaHu bpojesn
X,Y W Z, TakBu Aa je

x" 4yt =2z"

Cama Teopema [l0Ka3aHa je 3a MHore nocebHe BpeAHOCTU M310XMOLA N. [JoKas 3a cneunjanaH
cnyyaj n = 4 ( Koju notuye og camor ®epmaa) nokasahemo Ha HapeaHOM 3a4aTKy.

Npumep 28. [okasaTm aa jeaHaumHa x? + y* = z2 Hema pewera y cKyny NpuMpoaHMx
6pojesa. CneuujanHo, jeaHaunHa x* + y* = z* Hema npupogHux pewerva.

Pewete: lpetnoctaBumo aa pewerbe y N noctoju u pa je (x, y, z) TaKBO peluere ca
MUHUMaANHUM z. Taga cy (x, Y, z) y3ajaMHO NpPOCTM y NapoBMMa.
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JepaH on 6pojesa x,y je napaH. MowTo je (x2,y2, z) npumnuTeHa MuTaropuHa Tpojka, nocToje
y3ajaMHO NpOCTU NpupoaHM 6pojeBm m, n TakBu Aa je

x%? =m? —n?, y?2=2mn, z=m?+n?

Tpojka (x,n,m) je Takohe npumuTMBHa MuTaropmHa, nNa Noctoje y3ajamHo npoctm u,v € N

TaKBU Aa je
— .2 2 — 2 2 _ P
m=u*+v°, x=u*—v* n=2uv (jepjex HenapaH).

JeaHaunHa y? = 2mn ce cBoaym Ha (%)2 = uv(u? + v?). Mehytum, 360r (u, v) = 1 cy 6pojesu
uv nu? + v? ysajamHo NpocTH, a HUXOB MPOU3BOJA, je KBaapaT, na 3aTo noctojec,d € N 3a
Koje je

(D uv=d?> n u?+v?=_c=2

Haj3ag, 360r (u,v) = 1 nuv = d? noctoje a,b € N Taksu aa Baxn u = a’>n v = b?, na apyra
jeaHaunHa y (1) nocraje

a* + b* = 2.

Nakne, (a, b, c) je pewerbe nonasHe jegHauMHe M NPUTOM je ouurnegHo ¢ < z, WTo je y
KOHTPaAMKLMjM ca nsbopom pewersa (x,y, z).
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Fnhasa 3

MNenoBa jegHaunHa

Pesyntatn Teopuje [OModaHTOBMX anpoKCMMaLMja MMajy NPUMEHY M Yy peluaBakby HEKMUX
OnodaHToBUX jeaHauMHa. MnycTpyjMmo oBO Ha npumepy MNenose jeaHaunHe

2

x?—dy? =1, dHwnje noTnyH kBagpar

UMja pellerba TPAXXMMO Yy CKyny NpupoaHux bpojesa. HaBeguMmo Hajnpe Heka jeAHOCTaBHA
CBOjCTBA OBe jegHa4YnHe.

YcnoB aa d HYje NOTNYH KBaApaT je HeoNxo4aH jep y CynpoTHOM jeflHa4YMHa, CEM TPUBUjanHoOr
(X0, ¥0) = (1,0) Hema apyra pewetba . MPeTNOCTaBUMO 4a je Taj YCN0B UCMYHEH M NPENULLMMO
jeaHauYmHy y o6aunRry

(x—yVd)(x +yVd) = 1.
MpeTnocTaBumo, Aasbe, Aa 3HAMO jeHO pellerse ( X, Vi) jegHauuHe, Tj. 4a je
(% — Y1\/E) (e + )’1\/3) =1

CreneHoBareMm ca nn Jobujamo
(xn - yn\/a )(xn + Yn‘/g) =1,

3a Heke npupogHe bpojese x, U Y. 3anpaBo, NpUMMeHOM BUHOMHe dopmyne Koja rnacu:

n

(a+by" =) (1) av*bk,

k=0

MW CMO p06unu pa x, npeacTtas/ba 36Mp CBMX YaHOBA y Cyyajy Kaga je k napaH 6poj, Aok

yn\/a Kaga je k HenapaH 6po;j.

[akne, AaTa jeaHaunHa nog HaBedeHMM npeTnocTaBkama (aa d HUje NoTNyH KBagpaT v Aa bap
jeoHo pellerbe NOCToju) MMA HECKOHAYHO MHOro pelwena (X,,),) U OCHOBHWU MNpobnem je
Hana)kere jegHor oA kbux. Hajmarbe of TakBUX pellerba (NpeunsHuje, OHO pellere Kog Kojer

jex, + yn\/a HajMarbe) Ha3nBa Ce OCHOBHUM peluerbem. OHO LWTO HUje CacBUM TPUBMja/IHO je
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[la ce JoKaxke [a aKo je (X,,Y.) OCHOBHO peluere, Taga Cy NPeTXO4HUM MOCTYMKOM OnuMcaHa
cBa peluerba lMenose jegHaumHe.

Kaga je ocHOBHO peluerbe (x,,Y,) NO3HATO, oapehuBarbe OCTaNMX pelera (X, V,) MOXKe ce
M3BPLWINTU BMNO OMMCAHMM MNOCTYNKOM CTeneHoBaka, 6UN0 dopmMUparbeM pPeKypeHTHe Bese
[Ba y3acCTonHa pewera. Hanme, 13

Xn41 T yn+1\/a = (xn + yn\/a)(xe + ye\/a)
= (xexn + Yedyn) + (xeYn + .')’exn)\/a
3aK/byuyjeMo Aa Mopa 43 BaXu

(2) Xni1 = XeXpn + Yedyn, Yn+1 = Xe¥n + VeXn-

Oakne, Hu30BM (Xx,) 1 (V,) 3ap0Bo/baBajy cuctem AndepeHUHUX jegHaumnHa (2), y3 noyeTHe
ycnose xo = 1, yo = 0. U3 oBor cuctema Hu3osu (x,) u (y,) ce ogpehyjy pekypeHTHO.

Nema 1. Ako cy 3a Heko k € Z naposu (x;, y;1) 1 (x5, V,) pewera jeaHaunHe x2 — dy? =k,

OHJa je yCnoBOM
X+vVd= (xl + ylx/a)(xz + yzx/a), XY € Z

(y3uma ce npousBo/baH 3HaK y nocneanoj 3arpaau) oapeheHo pelierbe jegHaunHe X2 —
dy? = k2.

Jokas.
Y [loKa3y KOPUCTUMO Aa U3:
X +YVd = (x; + yVd)(x, £ y,Vd), XY ez
cnegm
X-YVd =(x; — yVd)(x; F y,Vd), XY € Z.
Capaje
X2 —dy? = (X +YVd) (X - YVd)
= (x; + y,Vd) (%2 £ y,Vd) (%, — y1Vd)(x; F y,Vd)
= (6,2 —d y12) (%2 — d y,%)= k2.
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BarkaH pesynTaT Teopuje inodpaHTOBUX anpoKcumaumja je cnegeha OQupuxneosa Teopema.

Teopema 5. HeKa je a@ npounsBos/baH peanaH 6poj u t € N. Taga nocToju paunoHanaH 6poj Z

TaKaB [a BaXu

D 1
|a—— <—unl<g<st.
q qt
Doka3: Mocmatpajmo t+ 16pojea ax — |ax|3ax=0,1, ... ,t. CBM oHM npwunagajy

nutepsany [0, 1). Mogennmo Taj MHTEpPBan Ha t MHTepBana

b B [

Ha ocHosy [upwvxneosor npuHumna, 6ap jegaH o4 TUX MHTepBasa Cagp»uW ABa o4, AaTuX
6pojeBa; Heka cy To 6pojesun ax; — |ax;| v ax, — |ax,| v HeKa je, Ha npumep, x, > x;. Taga je

1
r > [(ax; — lax;]) — (ax; — lax, D] = [a(xz — x1) — (laxz] — lax; ).
O3HauMMO q = X, — X1, |lax,| — |ax,;]| = p.Tagasaxn 0 < g <twu
1

laq - pl <~ o -2 <
aq—pl<7, |a <t

Teopema 6. 3a npousBo/baH npupodaH 6poj d Koju Huje NOTNYH KBaapaT, jeaHayuHa
x? — dy? = 1 uma pewetva.

[okas: Heka je dukcnpaH npupopaH b6poj t; > 1. Ha ocHoBy [dupuxneose Teopeme nocroje
npupoaHu bpojesu p; U g, 3a KOje BaxK

1
3) |Q1‘/E_ P1| < o a1 < t;.
1
Tapa je
1
P1 <q1\/3+t—< q.Vd + 1,
1

naje
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4) qlx/a +p; < 2q1\/3 + 1.

MHoxehu nese un aecHe cTpaHe HejegHakocTu (3) u (4), c o63mpom aa je q; < t; pobujamo aa
je

(5) Ip12 — q:%d| < 2Vd + 1.

MN3abepumo caga npupoaaH 6poj t, Tako A4a Basm
1

t, >t n t—<|q1\/_—p1|.
2

Ha npeTxoAHO onNMcaHW HauMH HahMMo HOBM Map NpUpoAHUX bpojesa (p,, G,) 3a Koje BaXKu

Ip,% — q;2d| < 2V/d + 1. 3aTum HacTaBMMO OBaj nocTynak Hanasehu HM3 Naposa (p,, G,) Koju
33/0B0/baBajy HejeaHauuHy Tuna (5).

MocmaTpajmo BpeaHocTM p,2 — q,%d 3a cee n € N. CBe OHe ce Hanase y WHTepBany

(—2vd —1,2V/d + 1), na Kako Taj MHTEpBAN CagpKM KOHAYHO MHOro uenux bpojesa, TO
noctoju ueo 6poj k + 0y emy Takas ga je

pnz - and =k

3a 6eckoHayHO mHoro BpeaHocTn n. Mehy Tako usabpaHum naposuma (p,, q,) cvurypHo he
nocTojat ABa, 03HauYMMO Mx ca (xq, y1) M (X3, y,), 3a Koje Baxu x; = x, (mod |k|) w
vy = y,(mod |k|). O3Haummo ca x, n y, Lene 6pojese 3a Koje Baxku

xo + yoVd = (x; + y,Vd) (%, — y,Vd).
Ha ocHoBy neme 1 Baxku
(6) Xo® — Vo2d = k2.
Mpn Tome je
Xo = X1X; — Y1 Yod = x> — y;?d = 0 (mod |k|),
Yo =—X1Y2 + X2 1 = —x1y1 + x1y1 = 0 (mod |k]).

36or Tora je x, = x|k|, yo = ylk| 3a Heke uene 6pojese x u Yy, 3a Koje, 3ameHom Yy (6)
nobujamo aa saxu x2 — dy? = 1.

JoKaxumo TBphere npema Kojem cy Hanpeg, onucaHMm PeKYPEHTHUM MOCTynKom oapeheHa
cBa pewetba [enose jegHavnHe.
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Teopema 7. Heka je (x,,V,) OCHOBHO peliere jeaHaumHe x2 —dy? =1 (d Huje noTnyH

KBagparT), Tj. HEeKa je To peluere 3a Koje je uspas x + y\/a Hajmarbn. Taga je cBaKO pellere
(x,y) Te jeaHaunHe ogpeheHo ycnosom

(7) x+yVd = (x, + y,/d)" x,y €N, 3anekon € N.

Dokas: [a je nap (x,y) oapeheH ycnosom (7) pewere gaTte jeaHaunMHe, AOKA3aAM CMO paHuje.
MpeTnocTaBuMo, CynpoTHO TBphHetby, Aa NOCTOjU pelwere (X, V) Te jeaHauymHe 3a Koje He BaXKu
ycnoB (7). Taga 3a Hekon € N BaXku

(x, + yex/a)” <x+ y\/a < (x, + ye\/a)"“ )

Y3umajyhu y o63up pa je (x, + ye\/z)_1 =xe—ye\/3, aenehu npeTxogHy ABOCTPYKY
HejeaHakocT ca (x, + Y,V/d)™, aobujamo

(8) 1<X+YVd<x,+ y,Vd,
roe cy X Y uenu 6pojesun ogpehern jeaHakowhy

x+y\/3

X = e VD

= (x + y\/a)(xe — ye\/a)".

Ha ocrHosy neme 1, mehytum, nap (X,Y) 3agosomasa jeaHaunHy X2 — dY?2 = 1. Mpu Tom cy
6pojesn X nY nosntnsHu, jep M3 npetxoaHe jegHakoctu cneam ga je 0 < X — YVd <1 aus
(8) je X +YVd > 1. Ha Taj HauuH je (X,Y) pewere pate Menose jegHauuHe y cKyny
npupoaHux 6pojeBa 3a Koje je u3pas X +YV/d mawu op X, + ye\/a, WTO MNpOTUBpEYn
MWHUMANHOCTK U3bopa pellema (X, V. ). JobnjeHa KOHTpaanKuMja AOKa3yje Teopemy.

Npumep 29. MocmaTtpajmo jeaHaunHy x2 — 14y% = 1.

Pewere: MNpumehyjemo pa je d = 14.Mpobarbem ce Hanasn HHEHO OCHOBHO pellerbe
x, = 15, y, = 4 (3aucra 152 — 14 - 42 = 1). Ksagpuparem 106ujamo:

(15 + 4v14)? = 449 + 12014, naje x, = 449, y, = 120.
Jare ce MOXKe HAacTaBUTK CTeNeHoBakbeM, MeNYTUM jeAHOCTaBHMUje je UICKOPUCTUTU cucTem (2).
TakKo je:

X, =152 4+ 14-4% =449, x; =15-449 + 4-14- 120 = 13455,
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y, =2-15-4 = 120, ys = 15-120 + 4 - 449 = 3596,

[dasbym pavyHOM ce MorKe 406uUTK

n Xp Yn
1 15 4

2 449 120

3 13455 3596

4 403201 107760
5 12082575 3229204

6 362074049 96768360

uTa,. Buammo aa pewerba Bpao 6p30 pacty.

29



Fnasa 4

Teopema Xace- MMHKOBCKHU

OnwTa Teopuja OnodpaHTOBUX jegHAYMHA CafpKM BeMKM Opoj OTBOpeHMX nuTarba Mehy
KOjUMa je W nuTarbe MocTojakba anropuTmMa KOjUM ce 3a CBaKy NOAMHOMCKY [unodaHToBy
jeAHauYnHy MOXKe ogpefuTu A3 AU OHA MMA WUAM Hema UenobpojHUX WMAW pauMOHAIHUX
pewera. To je jedaH og yyBeHWx XwunbeptoBux npobnema, dopmynuvcaHux Ha Il cBeTckom
KOHrpecy matematuuyapa y [Mapmsy 1900. roanHe. OproBop Ha TO MUTAHbe je HarKanocT
HeraTueaH. C apyre cTpaHe, Teopuja KBagpaTHUX [AMOPaHTOBMX jeAHAYMHA je TFOTOBO Y
NOTAYHOCTU UCNUTAHA.

Teopema 8. KBagpaTHa [uodaHToBa jeaHauyMHa MMa pellera y CKyny pauuoHanHux 6pojesa
aKo M CaMO aKo MMa pellerba Mo CBaKOM MPOCTOM MOAYAY M Y CKyny peanHux 6pojesa.

Osae heMo NokasaTu jelaH MeTo/, HanaXerba onwiTer pelerba (X, y, Z) jeAHaunHe
(9) p(x,y,2z) = Ax?> + By?> + Cz?> + Dyz + Ezx + Fxy = 0,

roe ¢y A,B,C,D,E,F uenn 6pojeBn, akoO Ham je NO3HATO jeAHO HETPMBWjaNHO pellerbe
(%0, Y0, Z0) Y KOM je, peunmo, z, # 0.

MeTop, ce 3acHMBa Ha cnegehem. Ako je (x,y,Z) paumoHanHo pelere jeaHaumHe (9), oHaa je
n (kx, ky, kz) paunoHanHo pewere 3a cBako k € Q. Ako je z # 0, 33 norogHo k je kz =1, na
MoXKemo 6e3 cmarberba ONITOCTU NpeTnocTaBuTh Aa je z = 1. Taga jeaHaunHa (9) nocraje

(10) P(x,y) =p(x,y,1) = Ax> + By + Fxy+ Ex+ Dy +C = 0.

CKyn cBumx pewiera jeaHaunHe P(x,y) = 0 je HeKa KpMBa Koja CafpiKM TauKy Ca paumMoHaHUM
koopanHatama M (x1,y1) = (Xo/Zo, Yo/Z0), P(x1,¥1) = p(x1,¥1,1) = p(X0, Yo, 20) /20 = 0.

CaKa npaBa | Kpo3 Tauky M, ako Huje uena cagpykaHa y KpMBOj, ceye KpMBY Yy joLl jeIHOj TauKu
N (ako je [ TaHreHTa, cmatpamo aa je N = M). AKo ce npaBsa [ Kpehe no ckyny cBux npasux Koje
nponase Kpo3 M n Mmajy paumoHanaH Harmb, ckyn gobujeHnx npecevyHux Tadaka N he 6utH
yMNpaBo CKYM PaUMOHaHUX pellera jeaHaunHe (10).
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Npumep 30. Pewntn jeaHaunHy 2x2 + 1 = y2 y ckyny paumoHanHux 6pojesa.
Peweme: NMohmmo of pewera aate jeaHaunHe (x4, y;) = (0,1). CBa gpyra pewema cy AaTa ca

(x,y) = (pt,1 + qt), rae cy p,quenn nt paymoHanaH. AKo GUKCMPamo p 1 ¢, jeaHaunHa
2x% + 1 = y? paje jeanaunHy no t:

2p§zq2 . Capga pobujamo

2p%t? = 2qt + q*t? opaknejet = Omnt =

Lo 2P _wtq
2p2_q2 ’ y 2p2_q2'

Mpumep 31. Pewntn jegHaunny 2a? + 7b? = c? y ckyny paumoHanHux bpojesa.

Pewere: MoxKemo NpUMeTUTM A3 je jeiHO HEeTPUBUjanHO pellere jeaHauunHe (1,1, 3).

Ako je ¢ = 0, jeanHo pelwerse je (0,0,0). Hapasbe cmatpamo ga je ¢ # 0. AKO CTaBUMO X =
%,y =§ CBOAMMO jeaHaumHy Ha 2x2 + 7y2 = 1y ckyny paumoHanHux 6pojesa, unje peluere
obpasyje Heky kpusy (enauncy). Tpojka (a,b,c) = (1,1,3) Ham paje pewerse (x1,y1) =
G,%) Heka je (x,y) HeKo pelierbe jeaHaumHe M HeKa cy t € Q U p, q € Z He 06a jegHaKa Hynu,

TaKBU Aa je

_1+t —1+t
x_3 p’ y_3 q'

3ameHOM OBUX BPEeAHOCTW Y NOa3HY jeaAHaunHy gobumjamo
1 2 1 2
2(§+pt) +7(§+qt) =1

LUTO Ce CBOAM Ha

t t
4%+ 14%+ (2p* + 7¢*)t* = 0.

Ckpahusarem ca t gobujamo —2(2p + 7q) = 3(2p? + 79*)t, opakne je

_ 22p+7q)
© 3(2p*+7q9%

naje
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—2p% — 14pq + 7q 1 _2p*—4pq—T7¢°

1
11 =_+pt= , =—4qt= .
(11) x=37TP 3(2p% + 7q2) y=374 3(2p% + 7q?)

C Apyre cTpaHe, 32 CBAKO pauMOHasHO pelwere, Tj. Tauky N ca paumMoHanHUM KoopauHaTama,
npasa [ = MN vma paumoHanHW Harvb, WTO 3HA4YM Aa Cy CBa pauMOHa/sHAa pellera Halle
jeaHa4vnHe obyxsaheHa popmynom (11).
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