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Р R Е F А С Е 

The Conference of algebraists from Belgrade, Za

greb, Skopje, Sarajevo, Tit9grad, Novi Sad and some other yugos
lav mathematical centers took place in Novi Sad on Мау зoth Yunetь. 
There were 55 official participants with 30 reports. 

Beside the offical participants, some other mathe
maticians attended the Conference. 

It was the second conference of yugoslav algebra

ists. The first conference took place in Skopje in 1980. 

The participants agreed that such meetings are ve

ry useful for interchanging scientific informations, fruitful 

collaboration ~? varian.s algebraic fields, and making contacts for 

other types of activitie,s. 

It was decided that the communications of the co
nference will Ье puЬlished in а separate volUтe. 

This book of proceedings is а result of the prece
ding agreement. The next algebraic conference will Ье organized 

Ьу the algebraists of the Faculty of Sciencie from Belgrade in 
1982. 

Novi Sad 

Mart 1982. 

• 

Editor 
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Algebraic conference 
N О V I S А D 1981 

POLYNOMIAL SUВALGEBRAS 

G. ~upona and s. мarkovski 

1 

А polynomial suЬalgeЬra of an algeЬra А = (А, а) is а 
suЬset В of the carrier of the algebra whicfi is closed under the 
polynomials belonging to а set of О -polynomials. In this 
paper polynomial suЬalgebras are considered, together with а few 
properties and examples. А special attention is given to the 
polynomial suЬalgebras of the algebras belonging to а variety. 

!· Throughout the paper а and а' will Ье two sets of 

operational symЬols and Х= {x1 ,x2 , ••. ,xn•···} will Ье the set 

of individual variaЬles. Ву (ј Х will Ье denoted the set of all 

а -polynomials, i.e. ()Х = Term ( а) • If р Е. ()'Х and if each 

variaЬle that occurs in р is in the set {x1 , ••• ,xn}' then we will 

usually write Р,=р(х 1 , .•• ,xn). Let л; ()' + а' х Ье а mapping such 
that if f Е: U (n), then f~ = f~ (х1 , .•• ,xn). Тhе mapping л 
induces а mapping from cr х into О'' х (denoted with the same 
symЬol Л) defined Ьу: (i) х~=х, for each х€ Х and (ii) f Е (Т(n), 
p=fpl···Pn ~ p~=f~(pl; •.. ,p~). 

, Let ! Ье an а -algebra, ! ~ an О'' -algeЬra and ф :А + А' а 
mapping such that ф(fA(a1 , •.• ,an)) = fi~(ф(a1 ), ••• ,ф(an)) for 
each f Е ()(n) and а;, ... ,anE. А. The-mapping ф in this case will 
Ье called а л-homomorphism from ! into ! ~. Мoreover, if А ~ А~ and 

if the emЬedding of ! into !L is а. л.-homomorphism, then ! is said 
to Ье а л-suЬalgebra of !: (We will sometimes say polynomial ho
momorphism (polynomial suЬalgebra) instead of л.-homomorphism 

(л.-suЬalgebra) • ) 

If. ~' is an а' -algebra, then an а -algeЬra ~А~ Ьу the same 

carrier А' is defined Ьу: ~~ (а{•····а~) = ~~(а{•····а~), for 
each f Е. ()' (n) and а 1~, •.. ;а~ Е: А~. We say that ~А.~ is induced 

, n --
from А' Ьу Л· 
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Let С" Ье а class of (Ј" -algebras and С Ье а class, of 

а -algebras. Then Ьу А С" will Ье denoted the class of u '1-al

gebras which are л-suЬalgebras of О'' -algebras belonging to .. С', 
and Ьу С л the class of U~ -algebras ~' such that all л-sub~ 
algebras of ~' are in С . We say that а pair ( С , С 1 ) is 

~-compatiЫe if each algebra ~ ~· С is а ~-suЬalgebra of an 

algebra ~-Е: С' such that л~- Е с. 

The following properties give some connections between С , 
С', С" and "С'. 

uf 

.!0 • (а) If С is а 
CJ"-algebras, then: 

class of О' -algebras and С" а class 

л ( с л ) ~ с ' с -~ ("' с; )"' . 
(Ь) The equatio.n Л( С л ) = С holds iff each () -algebra 

~ Е С is а л-suЬalgebra of an (Ј" -algebra А' such that each 

л~suЬalgebra of А' is in С . 
(с) The equation ("'С")"' С" holds iff С" contains 

any cr~algebra А' such that every л-suЬalgebra ~ of А' is 

1"<-suЬalgebra of ~ .. Е С" . 
2°. If ( С , С") is а л-compatiЫe, then С С "'С" 

3°. If С' is а quasivariety of О'" -algebras, then "С" 
is also а quasivariety of G-algebras. ([8], р. 274). 

We note that there are known infinite many varieties of 

а' -algeьras С' such that "С' is а proper quasi variety. 

This suggests to look 

С' of u" -algeЬras 
а -algeЬras. 

for а description of the set of varieties 

"С" such that to Ье also а variety of 

4°. Let 

а -algeЬra. 
Ьу А in с , 

С" Ье а variety of cJ"-algebras and А Ье an 

Let F' Ье the Q'" -algeЬra which is fr~ely generated 

and let р Ье the least congruence on К' such that: 

а= f~(a 1 , ••• ,a0 ) in А~ а р fF.-<a 1 , ••. ,a0 ). 

"С' Then А~ if the following condition is satisfied: 

а,Ь Е:: А ~ (арЬ ~ а•Ь). 
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5°. Let С' = Var ()'' t ~ Ье а variety of О" -algebras 

defined Ьу а set of identities t~. Denote Ьу <t~> the set of 

identities which are consequences from t~, i.e. which hold in 

all (Т' -algebras belonging to С' , and denote Ьу • t ~ the set 
of а -1dentit1es p:q such that р• : ~<t ~>. Then • С ~ is а 
variety iff "'С' = Var • t ~. And, if "'С' is the variety of 

all а -algebras then •t~ consists of trivial identities, i.e. 

the identi ties of the form р = р, where р е: О' Х. 
6° Let С= varO"t, С'= Var()',t~ Ье such that Се; "С'. 

Denote Ьу t" the following set of а• -identities: 

{р" = q• 1 р : q Е t} U t ~, 

and let С" = Var , t". Then the pair ( С , С' ) is л-compatiЬle 
iff С' с; С". О' 

7°. If С' is an axiomatizaЬle class of ()'' -algebras, then 
"C"-can Ье defined Ьу а system of open formulas. ( [7]). 

8°. Let t~ Ье а class of C1"-ident~ties satisfyng the follo

wing condition: 

(**) If u~,v~ are finite sequences on а' U Х, р~Е: Gx and 

if there is а q ~е: Ux such that u ~Р ~v ~ = q ~е: <Е ~>, then there 

is а q" е:: <Е~> such that u ~xv~ = q" Е: <t ~>, where х is а variaЬle 

which does not occur in u~p~v~. 

Then ·var ()' Е ~ is а variety of (Ј' -algebras ( [5] ) . 

~· Now, we will state some results concerning special classes 

of algebras, which will throw better look on the properties !0-~0 • 

1) Let §~!!).Ье the variety,of semigroups. If О'"'={·}= а"·(2) 
and if р(х1 , ... ,х0 ) Е. ()'Х' then Ьу the associative law an (2) 

identity of the form р: х1 х .•.. х. holds in §~!!)., where 
1 ~2 ~k 

iv Е. {1, 2, ... , n}. Thus, we can assume that if С 
semigroups, then С = VarE , where Е is а 

is а variety of 

set of identities of 

the forms .х1 ... х. = х Ј. . .. хЈ. , where i , ј, Е { 1 , 2 , •.. } , 
', 1 . ~k . 1 s v 1\ 

including the ~den~~ty х1 (х2х3 Ј =(х1х2 )х3 . 
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The following result is known as Cohn~Rebane's theorem 

( [1] page 185) : 

If А is an (Ј -algebra, then there is а semigroup ~ and q 

mapping f 1+ f of а into S such that А<:;;; S and fA (а 1 , ... ,an) '= 

= fa ••. а for each f Е () (n) and all а1 , ... , а Е. А. Then we 
1 n а n С' say that ~ is an -suЬalgebra of the semigroup ~· If is а 

class of semigroups, then Ьу С' ( СЈЈ will Ье denoted the class 

of а -algebras which are а -suЬalgebras of semigroups belonging 
с ,. to Thus, the Cohn-Rebane's theorem can Ье formulated as 

follows: 

1.1) §~ < О' > is the var~ety of all ЈЈ -alчeьras. 

We will state some other results. First, we will give some 

definitions. If р е: (ј Х and if Ь Е Х U а , then 1 р lь is the 

numЬer of occurences of the symЬol Ь in р. Also, Ьу ћ~~~~ we de-

note the variety of commutative semigroups, and Ьу С the variety 
r r+m -r,m 

~§~~(х =х ), where r and m are positive integers. Then we have: 

1. 2) А Е: AЬsem ( а ) if А satisfies any identi ty р : q, where 

р, q Е О' х-are -;~~~ tha t 1 р 1 ь-= 1 q 1 ь' for each ь Е а L) х ( [1 ОЈ ) . 
1.3) fr,m< а) is а variety iff r=1 or О'= ~(1). ( [6}.). 

We note that, if cr(o) = ~' then 1.1) and 1.2) are con

sequences from 8°. If in 1.1) or 1. 2) we have (Ј (о) ~'а\ а (о) :; ~ 
(or in 1.3) СТ-:;~), then the condition (**) of 8° is not satisfied. 

2)Let a={f}= (J(n), а"=(·}= (J''(2)and 

fA = х1х2 •.. xn. If С" is а class of groupoids, then лС' is 

denoted Ьу С' (n). Also, §!Ш (xyz=xyxz, xyz=xzyz), §~~ (xyz=xyxz), 

§~ (xr=xr+m) will Ье denoted respectively Ьу: ~· ~1 , ~r,m· And, 

§~n is the class of n-semigroups, i.e. algeЬras with an associative 

n-ary operation. 

2.1) ~~(n) = §!Шn· 
2.2) ~r,m(n) is а variety iff r=1 or n-1 is а divisor of m. 

2.3) fr,m(n) is а variety for all r,m,n. 
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2.4) Q(n) is а variety for every n. 

2.5) Qt(n) is а proper quasivariety for every n~ З. 

2.6) Let r' Ье а set of semigroup identities р= q such that 

IPii = lqli (mod n-1) (***) 

for each 1=1,2, ... , where n~ З, and let С'= §~~(Е). Then 

С' (n) is а variety. (We note that this result is а corrolary 

from ~0 ; and, conversely, if а variety С' = §~~(r') satisfies 

the condition (**) of ~0 , then (***) is satisfied for every 

identi ty р = q Е: r '. ) 

The above resul ts are proved in the papers [з), [ 4] , [5] , (9] • 

Some of the results in 1) and 2) suggest the following conjecture: 

If С' is а variety of semigroups such that С<((} is а variety 

а а с ' of -algebras for every , then (n) is а variety of 

n-semigroups for every n~ 2. 

З) If ~ is а ring, then Ьу 1.1) there is а semigroup S and 

а pair of elements а,Ь Е S such that х+у = аху, хеу = Ьху ("е" is 

the multiplication in the ring ~). But, if S is а semigroup with 

at least two elements, and if the operations + and • defined on S 

Ьу: х+у = аху, хеу = Ьху, where а,Ь Е s, then (S;+,e) is never а 

ring. This example shows that it can happen а pair (С, С'> to 

Ье not 1\-compatiЬle, although С ~ "С" . In [2} there are given 
1 

several examples of such noncompatiЬle pairs. We note that in each 

of the examples 1.1)-1.З), 2.1)-2.4) ,we have а compatiЬle pair of 

varieties. 

4) Now we will finish,our considerations Ьу an example of 

. С' , ь ь лС' а varlety = Varr suc t at is not а variety although 

•r' does not contain non trivial identities. Namely, let 

О'' =О'' (2) = {·}, а= (Ј(з) = {f}, and f" = (х1х2)хз. If 
r' = {(((х1х2 Јх1 Јх2 Јх1 = ((х1х1 )х1 ) (х2х2 », then ·r' does not 

contain nontrivial identities, but "Varr' is а proper suЬclass 

of the class of ternary groupoids (i.e. algebras with а ternary 

operation) . 
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SEMIGROUPS WITH n-PROPERTIES 

в. Trpenovski 

Semigroups with n-property were introduced in [8] in the 

following way: а semigroup S posseses the n-property iff every 
n+1 2 

n-suЬsemigroup of S is а suЬsemigroup, i. е. Q t;; S, Q t;;; Q ~ Q s;; Q. 

The proЬlem of descriЫng the structure of а semigroup with 

n-property is а special case of а proЬlem formulated in [1]. Neverthe

less, this special case is not easy to deal with and а structure 

description is given in [8] only for unipotent semigroups of that 

type. Using the idea of involving an (n+1)-ary operation, n> 1, 

in а semigroup, in this paper we introduce several classes of 
semigroups and give structure descriptions which follow the same 

pattern of structure description for unipotent semigroups with 

n-property. 

First we collect some of the results from [8] in the following 

Theorem 1. (i) Every semigroup with n-property is periodic; 

(ii) If S is а group,then S posseses the n-property iff the 

order of every element of S is relatively prime with n; 

(iii) Let Н 

Н li Р = 11 and ф : Р 

S* HUP onto Н 

in S* Ьу 

Ье а group with n-property, р а set such that 

+ Н а mapping.- Extend ф to а mapping from 

Ьу ф (х) = х for all х е Н and define an operation 

хоу = Ф (х) Ф (у) . 

Then S* = s[Н,Р,Ф] will Ье а unipotent seщigroup with n-property. 
Conversely, every unipQtent semigroup with n-property can Ье obta
ined in that way. О 

The general pattern sugested Ьу (iii) of the above theorem 

is the struc~ure set [н,Р,~. То Ье more precise, and for convenience, 
we bring out '~he following 
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Lernma 1. Let Р Ье а partia1 sernigroup, Е а sernigroup such 

tha t р Г\ Е = ~ and ф :Р + Е а hornornorphisrn. Extend Ф to а rnaи\ing 

ф*:S = PVE +Е Ьу ф*(е) =е for all еЕ Е and define an operation 

in S Ьу 

,= {ху if х,у Е Р and ху is defined in Р, 
х оу 

ф*(х)ф*(у) otherwise. 

Then S(o) will Ье а sernigroup with Е as an ideal and ф*-epirnorphisrn. 

Proof. This is in fact Lernma III.4.1 of [з]. Note that а 

rnapping ф frorn а partial sernigroup Р into а sernigroup Е is а horno

rnor_tJl1isrn if ф(ху) = ф(х)ф(у), х,уе:Р, whenever ху is defined in Р. 

We will denote the sernigroup constructed in Lernma 1 Ьу 

S[Р,Е,Ф]· 

А suЬclass of the class of sernigroups with n-property can Ье 

defined in the following way: а sernigroup S is said to Ье а л~-se
rnigroup iff Q~S, Qn+1c;;.Q ~ SQ~Q. The structure of а л~-sernigroup 
is very sirnple which is seen frorn 

Lernma 2. ([7], Theorern 1). А sernigroup S is а л~-sernigroup 

iff S is periodic and ху = еу for all х,у Е S, where еу is the 

corresponding idernpotent in <у>. (Here n > 1). 

In order to obtain rnore interesting classes of sernigroups we 

can suЬst1tute the left-ideality Ьу corresponding n-ideality and, 

alternat1vely, tak1ng suЬsernigroups, beside n-suЬsernigroups, to 

posseses the ideal property. In that way we can introduce the 

following two classes of sernigroups: а sernigroup S is said to Ье а 

л~-sern1group (Л~-sernigroup) 1ff Qss, Qn+ 1~Q -=*SnQ~Q (Qs;S, 

Q2 ~ Q ~ SnQ t;;Q). Each of th1s two classes, for n = 1, represents 

the class of л-sern1groups (see, for exarnple, [2], [4]). So, dealing 

with л~-оr л~-sern1groups we asurne that n > 1. For any sernigroup 

which belongs to e1ther of this two classes we say that posseses 

"left-1deal n-property". Observe that 

Lemrna З. (1) Every лn-semigroup is а л-semigroup and а 
о 

semigroup w1th n-property; 

(11) Every Л-semigroup is а Л~-semigroup; 

(111) Every л~-sernigroup is а л~-sernigroup. 
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The following is alrnost AЬvious: 

Lemma 4. Every suЬsemigroup and every hornomorphic image of а 
n n n n n il л 1 -, л 2-semigroup is а А0-, л 1-, A2-semigroup, respect ve у. 

Lemma 5. Let s Ье а semigroup. Тhen: 

( i) S is а л-semigroup iff Sa ~<а> for every а Е: S Ј 

(ii) S is а л~-semigroup iff Sna С: <а> for every а е s, where 
<а> = {akn+ 1 1kENO} is the cyclic n-suЬsв:igroup of S generated 

n 
Ьу аЈ if s is а A~-semigroup then sna~<a> for every aes, 

(iii) S is а Л~-semigroup iff Sna!;;<a> for all aes. 

Proof. Fo~ (i) and (ii) see [2] Lemma 2 and [7] Lemma З. From 

(ii) and Lemma З it follows that if S is а л~-semigroup then 
Sna ~<а> for all а Е S. Conversely, if Q is а suЬsemigroup of а 

n n n 
л 2-semigroup S and q EQ, from S q~ <q>SQ if follows that S Q!;;Q. 

Lemma б. Let S Ье а Л-, Л~-, Л~-semigroup. Then: 

(i) s is periodic; 

(ii) The set Е of all idempotents of S is а right-zero 

subsemigroup of S and is an ideal in S; 

( iii) For all а Е S, ma = 1 where ma is the period of а and: 

if s is а л-semigroup,then l<a>l s З, if S is а л~-semigroup then 

1 <a>l S n + 2, if S is а Л~-semigroup then 1 <а> 1 S 2n + 1. 

Proof. For Л-and л~-semigroups see [2] and [7]. Let S Ье а 
Л ~-semigroup, а S and <а> = {а~· а 2, ••. } . If <а> were infini te, 
then Q = <an+1> would Ье а suЬsemigroup of S which does not 
contain a 2n+1 but, on the other hand, a 2n+1 = anan+1e SnQ~Q and 

this is а contradiction. So, S is periodic since <а> is finite. 

Let еа Ье the idempotent in <а> and х Е S. Then 

i.e. 

(1) 

From (1) it follows that Е is а right-zero suЬsemigroup of S. 

If еЕЕ and х es, again from (1) it follows that ехех = е.е.х = ех, 
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so ех Е Е, i. е. ES s Е which proves ( ii) . Let Ка Ье the peric:>dic 

part of <а> and у Е Ка. From ( 1) we have tha:t у = уеа = е а and 
} 2 s } d < n+1> 4 f \ Ка= {еа. Let <а>= {а,а , ... ,а = еа an Q = а ; ~ \ 

s ~ 2n+l then a 2n+1EQ which is а contadiction and ~о we ha~e 
Ј <а> 1 ::'>. 2n+l . 

In what follows.S will Ье а semigroup of any of the classes 
n n n 

Л0 , л, л 1 , л 2 . Let us put 

Р = S\E 

where Е is as before, the set of all idempotents of S. Then Р 
will Ье а partial semigroup such that for every аЕР there exists 

some kE.JN with ak·not defined in Р, which is а consequence,of the 

periodicity of S; we may call such а partial semigroup а power 

breaking partial semigroup. We have therefore seen that 

а) Р is а power breaking partial semigroup. 

Let us define а mapping ф:S +Е Ьу ф(х) =ех, ех the 

idempotent in <х>, and let ху = z, х, у, z Е S. For some m E1N, 

m > ~' we have that zm = ez and then, Ьу Lemma З and 5, 

ez = ху ••• хуе Snyc;;<y> 

which implies that ez еу and 

ф(ху) =еу= ехеу = ф(х)ф(у), 

and ф is an epimorphism from Р onto Е. The restriction ф Фјр 

then is а homomorphism from Р into Е, which estaЬlishes 

Ь) There is а homomorphism ф:Р +Е. 

The operation in S can Ье, now, expressed of follows: 

= {ху if х,у е Р and ху is defined in Р 
с) ху 

ф(Х)ф(у) otherwise. 

Finaly, from Lemma 2 and б it follows that Р posseses the 

left-ideal property which can Ье introduced in the following way: 

d) (i) If S is а л~-semigroup then Р is just а set; (ii) if 
is а л-semigroup then ху = у2 whenever ху is defined in Р; (iii) 

s 
if 

s is а л~-semigroup then xoxl •.• xn = xs 
n' 8 < n+2, whenever xoxl"""xn 
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1s def1ned 1n Р; (1v) 1f S 1s а A~-sem1group then as 1n (111) w1th 

s < 2n+1. 

Conversely, let Е Ье а left-zero semigroup, Р а power break1ng 

part1al sem1group, Pn Е = ~. and ф:Р + Е а homomorph1sm. Extend Ф 

to а mapp1ng Ф* :5 = PU Е + Е Ьу Ф (е) = е for all е Е. Е and def1ne 

an operation in S as 1n Lemma 1. According to Lemma 1 S(o) w1ll Ье 

а sem1group and Ф* an epimorph1sm. It 1s eas1ly seen that S 1s 

per1od1c. F1naly: (i) 1f Р 1s а set w1thout operat1on def1ned on 

it,then S(o) will Ье а An-semigroup; (11) 1f ху = у2 whenever ху 
о 2 

is defined in Р, then Sy ~ {ф(у) ,у } ~<у> s1nce Ф(у) 1s the corre-

sponding idempotent to у (if у5 is not def1ned 1n Р then у5 = 
= [Ф(у~8 = ф(у)) and so, S(o) w1ll Ье а A-sem1group; for (ii1) 

and (iv), similarly as in (ii) we can see that S(o) will Ье а 

л~-, л~-semigroup, respectively. 

From the above discusion follows 

Theorem 2. А semigroup S posseses the left-ideal n-property 

iff S = s[Р,Е,ФЈ where Е is а left-zero semigroup, Р а power brea

king partial semigroup and: (i) S is а л~-semigroup, (ii) л-semi

group, (iii) л~-semigroup, (iv) л~-semigroup iff (i) р is а set 

without operation defined on it, (ii) ху = у2 , х,уЕР, whenever ху 
is defined in Р, (iii) x0 x1 ... xn = 
is defined in Р and (iv) x0 x 1 ... xn 

x0 x1 ... xn is defined in Р. 

х~, s < n+2, whenever x0 x 1 ... xn 

х~, s < 2n+l whenever 

Let us observe that it is very easy to formulate right dual 

of left-ideal n-property and, Ьу symetry, to translate all results. 

Also, we can, now, obtain structure description for semigroups with 

ideal n-property which can Ье introduced in an obvious way. For 

example, for the corresponding class of лn-semigroups we will come 
о 

to zero semigroups while in all other classes with ideal n-property 

Е reduces to one idempotent and some additional identities will Ье 

needed: instead of ху = у2 or х х1 ... х = xs we will have х =х2=у 2 
о n n у 

or х х 1 ... х = х 5 = х 5 whenever ху, respecti vely х х ... х is defi-
о ·.n о n о 1 n 

ned in Р. Пеt us observe that theclass of л~-semigroups can Ье 
interpreted as а class of n'-semigroups (for а structure description 

see [9]). 



12 

R Е F Е R Е N С Е S 

[1] Чупона !'.: Полугрупи генерирани од асоцијативи, Год. эб .. на 

ПМФ, IJ.., Т. 15 (1964), 5-25 

[2] Kimura N., Tamura т., Merkel R.: Semigroups in which all 

suЬsemigroups are left ideals, Can. Ј. Math. XVII (1965), 

52-62 

[з] Petrich М.: Introduction to semigroups, ColumЬus, Ohio, 1973 

[4] Шутов ~.Г.: Полугрупnы с идеальннми подполугруппами,мат. Сбор. 

(новая серия), т. 57 (1962), 179-186 

[5] Trpenovski В.: On а class of n-semigroups, Bilten DMF na SRМ, 

Skopje, Т. XXIV (1973), 73-80 

[6] Trpenovski В.: n-Semigroups with idempotents in which all 

n-subsemigroups are left ideals, God. Zbor. ЕМF, Skopje, 

т. 7 (1974), 5-11 

[7] Trpenovski В.: On а class of generalized л-semigroups, Bilten 

DМF na SRМ, Skopje, Т. XXIV (1973), 81-86 

[8] Trpenovski в., Celakoski N.: Semigroups in which every 

n-suЬsem.1"group is а suЬsemigroup, МANU, Prilozi VI-2, 

Skopje, 1974, 35-41 

[9] Trpenovsk! В., Celakoski N.: On left-ideal n-semigroups, 

God. Zbor. Mat. fak. т. 31 (1980), 5-11 



13 

Algebraic conference 

N О V I S А D 1981 

IDEМPOTENT PURE CONGRUENCES ON CLIFFORD SEМIGROUPS 

Branka P.Alimpiб and Dragica N.Krgoviб 

In this note we describe idempotent pure congruences on 

Clifford semigroups and we get an expression for the greatest iдem-

potent pure congruence on such а semigroup (Theorem 4). This is а 

solution of the proЫem stated Ьу M.Petrich [з]. 

First we briefly mention congruence pair of an inverse 

semigroup. All undefined terminology and notation can Ье found in 

[1] and [З]· 

For а congruence р on an inverse semigroup S the kernel 

and the trace of р is defined Ьу 

ker р 

tr р 

{aES 1 (3еЕЕ5 ) аре}, 

Р IE 5 

respectively [~Ј. This associates to each congruence р on s the 

ordered pair (kerp, trp). 

Conversely,the pair (К,р) is а congruence pair for s if 

К is а normal suЬsemigroup of S, р is а normal congruence on Е5 , 

and they satisfy 

(i) аеек л 
- -i 
ера а а ЕК 

(kEK). 

Theorem 1. [.2.] Let S Ье an inverse semigroup. If (К,р) 

is а congruence pair for S, then р(К,р) defined Ьу 

\ Ј -1 - -1 . -1 
а:р (К,р)Ь ф:> а арЬ Ь 1\ аЬ ЕК 
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is the unique congruence р on S for which ker р = К and tr 'р р. 

Conversely, if р is а congruence on S, then (ker p,trp) is а con
\ 

gruence pair for S and P(kerp, trp)=p. 

А congruence р on an inverse sernigroup S is idernpotent 

pu~e if for any a~S, еЕЕ5 , аре irnplies а€Е5 [~Ј. 

Theorern 2 [~]. Let s=[Y; Ga, ~a,SJ Ье а Clifford sernigroup. 

The pair (К,р) is а congruence pair on S if and only if К=[У;К , ~ 0 ] 
а а,~-' 

( i) к is 
а 

а norrnal subgroup of G a'~fY, 

(ii) l..j-la, S =\f_ IKa, 
a,s 

(iii) р is а congruence on Es such that 

-1 

е а > eS А eapef' :::;,. KS 'f а, S С. к . 
а 

(ivJ есе.>е/3 ~Кеt.ЧОl,б~К~. 
According to Theorern 2 we have 

Corollary 1. Let S=[Y; GN, ~ оЈ Ье а Clifford sernigroup. 
~ а,..,. 

Then (Е,р) is а congruence pair on S if and only if р is а congruence 

on Е 5 such that 

( 1) а > В л еареВ ~ ~а,В is one-one. 

Ву Theorem 1 and Corollary 1 we get а description of an 

idempotent pure congruence on Clifford semigroup. 

Тheorern З. Let S=[Y; G , V вЈ Ье а Clifford semigroup. 
а а, 

If р is а congruence on Е5 such that (1) holds, then the relation 

р defined Ьу 

is an 

pure 

idempotent 

congruence 

def 
~ 

congruence 

on s, then 

а > в ;\ еар е в :ф 

аарЬв ~ еарев 

on S, Conversely, if р is an idempotent 

V' а, В is one-one, 

" аа 'f а,ав = ьвl('в,ав· 
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If р is а pure congruence on an inverse semigroup S 

then р restricted to each suЬgroup of S is the equality relation. 

Тhе converse is an open proЬlem [~Ј . 
Let р Ье а congruence on а Clifford semigroup S and р 

restricted to each suЬgroup of S Ье the equality relation. If 
-1 

аареа, then according to Тheorem 1, аа аареа, i.e. еареа. Hence, 

аа р е~, which implies аа = еа. 

Thus, for а Clifford semigroup S, а congruence р is pure 

if and only if р restricted to each suЬgroup of S is the equality 

relation. 

Тheorem 4. Let S= [У; G , \f. а 1 Ье а Clifford semigroup. 
а а,.,_ 

The relation ~ on S defined Ьу 

is the greatest idempotent pure congruence on S. 

Proof. Let т Ье the relation on Е8 defined Ьу 

Evidently, ~ is an equivalence relation on Е8 • Let еа, еа, е6 ~Е8 • 

Then 

-1 -1 "'-1 'f-1 ::+<VнУ) (еа(бу)·'fбу,а(бу)'f у,бу =·еа(бу)l бу,а(~у) у,бу> 

../ 

Hence, т ~s а congruence on Е8 • 
\ 

Let а>а and eN ~ eQ, i.e. 
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(Vyr;Y) (е <f -1 = е 'f -1 ) 

~у у,~у Ву у,Ву ' 

' (Ј)-1 (L) Then, for· у=~, we get е~= ев r ~,в· Consequently, f~,в is one-one. 

Ву Theorern з, т is idernpotent pur"e. Let р Ье any idernpotent \.pure 

congruence on S. Then, Ьу Theorern З, 

а р Ь 0 Ф=> е р ео л а <f а 
~ .., . ~ .., ~ ~, ~ ... ь'f 

в в,~в, 

and 

(2) eNpe 0 :Ф (Vн:У) (VX EG )Х е рХ е 0 ~ (VyeY) (VX e'G )Х <f_ рХ У'_ а 
~ .., у у у~ у.., у у у ~у у у,..,у· 

{Ј)-1 . l!J 
Let ХУ€ е~уту,~у' ~.е. хуту,~у = е~у· Then Ьу (2), е рХ V а • Since 

~у '(. у,..,у 

р is idernpotent pure, we have Х У 
у у,Ву 

. -1 
=~ВУ' so Xylr'Cfy,By' Hence, 

tp -1 
е с 
~у у' ~у-

I.D-1 
еВУ' у,Ву' for all УЕ У. Analogously, we can prove 

-1 
еВу 'f' у,Ву .f 

Therefore т is the greatest idernpotent pure congruence on S. 

Corollary 2. Let а Ье the least group congruence and let 

т Ье the greatest idernpotent pure congruence on а Clifford sernigroup 

S. Тhen т= а if and only if the hornornorphisrns l.f_ а are all one-one. 
~,., 

Proof •. Let the hornornorphisrns 'f~, В are all one-one. Then 

ео tD - 1 
0 for all У - е f 11 а У .,уту,.,у. у', soe~ т В ora ~ .... ~. 

Тhus, trт wE , i.e. т is а group congruence. Since kerт=E, т is 
s 

the least group congruence а. Conversely, let т=d. Then trт=wE , 
s 

so еа т еВ for every а,В~У. According to Тheorern З, ~а,В is one-one, 

for every а В such that ~>s. 
' 

If the hornornorphisrns ~ в are all one-one, Тheorern 4 and 
а, 

Corollary 2 yield the following expression of the greatest idempotent 

pure congruence on S: 

Remark. Тhе corollary 2 can Ье obtained Ьу the following 

assertions: А Clifford semigroup is E-unitary if and only if the 
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homomorphisrns ~ а are all one-one [~], and an inverse semigroup 

а,., 

is E-unitary if and only if о=т [~Ј. 

Corollary З. Let none of the homomorphisms 'f.. а (a>l!) of 
а,., 

а Clifford semigroup S Ье one-one. Тhen т=ё. 

Proof. е 
--- а 

т е 11 ~ е0 т eal! ~ 

Е, we get т=Е 8 • 

~a,al! is one-one. Hence 

trт8tE. Since ker т 

Тhе following example shows that the converse is not true. 

е т е 13 - е 0 т е :ф 
а у 

ei3 т е =Ф е 
у а 

т е 6 ...р 

е 11 t еб :=Феа т е 6 ~ 

l.f 
у,о 

is 

~а,б is 

У' а, б is 

one-one. 

one-one 

one-one 

G 
у 

Hence, т=е, and,for example, ~а is one-one . 
.,,а 

{е , Ь } 
у у 

Theorem 5. Let т Ье the greatest idempotent pure congruence 

on а Clifford semigroup S= [У Ј G , 1f а] , and а> 1!. The following con-
. а а," 

ditions are equivalent: 

(i) еа т е 11 . 

(ii) (VyEY)'fay,l!y is one-one. 

Ul-1 - е VJ-1 
(iii) (Vyt::Y) ef!yly,l!y~ ayly,ay• 

Proof. (i) ~(ii). Let a,t!EY and a>f!. Then еа т е 11 

""""(VyeY) е е т еае -:::ф (Vy€Y) е т еа ~Vy) <е, а is one-one. 
а у .., у . . ау ..,у ау,..,у 

(ii) ·~ (iii). Let Х 6еа 'f - 1 а • Тhen 
у ..,у у ..,у 

V!-1 ~ С11 
ХЕе 11 УтУ,I!.У. хуту,l!у 

е (because У а is one-one) 
ау ау, ..,у 

....,-1 
~Х Е- е .1 • 

у ау у,ау. 
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(iii) -Ф (i). Let Х S е Ч' -1 • Тhen 

у ау у,ау 

Hence, е У -1 s;; е 0 У~-у 1,оу· According to (iii) and Theorern 4 
ау у,ау " " 

we have еа т е 13 • 

An inverse sernigroup is E-disjunctive if and only if 

Theorern б. А Clifford sernigroup S=lY; G , Ч оЈ is 
- а а," 

E-disjunctive if and only if (Va,I3~Y) (a>l3 _,. (~yi'Y)~y,l3y is not 

one-one). 

Proof. If there exist a,l3 У such that a>l3 and the horno

rnorphisrn ~y,l3yis one-one for all yfY, then еате 13 Ьу Theorern 5. 

Hence, т:ft. Converesely, let т:fЕ. Тhen there exist a,·.I3~Y such that 

a:fi3 and е а те 13 , frorn which it follows that е а теа !З. We di.stinguish 

three cases: a13=a,al3=13 and a>al3. If а13=а then а>а. Since еате 13 it 

follows that ~о is one-one for all у~У Ьу Theorern 5. Ву analogy, 
..,у,ау 

al3=13 irnplies ~ay,l3y is one-one for all у~У. If a>al3 the~ еатеаl3 

irnplies ~ау,а~у is one-one for all у~У Ьу Theorern 5. 
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N о v i S а d 1981 
Completions of Models and Galois Thery 

Zarko Mijajloviб 
1, Comp1etion of mode1e. 

It ie often coneidered the fo11owinc proЫem: Giтen two 
о1аееее '11\, m' of etructuree , define а map ~во that for А~ т 
the pair ~!)= (~,р) comp1etee! in а certain way, where !~ ~' 
and Pl! ~ ~ ie а morphiem. In order to make the coneideration 
o1ear. we aвeume that 1n,~ are с1аееее of mode11!1 reepectiтe1y in 
1ancuacee L, L' ео that L c;L', and that 'ЈТ4 m: are e1oeed under , 
ieomorphic imacee. For А·.!! Е mum Ъу Mor(!.,!!) а eet of 
homomorphieme ie denoted. Inetead of pEMor(A,B) we eha11 write 

"" --р:!~,!!. If! ie а mode1, then А eta~ for the domain of !• 
De!inition 1.1. Let А € 1'1\,. А pair (~,р) ie а comp1etion of ! 
(in reepect to1n') iff the !o11ovint ho1de: 
1° ~Е 'П\.' , 2° р:! ---. ,!!, 
3° For any Q е 1Jr , any q:_! ~ Q there 

is .1... :В ~ Q euch that ..tp=q, i.e. 
the d1sp1ayed diagram commutee. 

Examp1e 1. 2. 1° 71\. ie the c1ael!l of all linear orderincl!l, 'llt' 
ie the с1аве о! а11 oomp1ete orderincl!l, ,!! 11!1 obtained from! Ьу 
adjoinc to ! а11 Dedekind cute, р is inc1usion, Mor(!,,!!) is the 
eet o.f all embeddincs from ! into .!!• 
2° 111, is the c1ase of al1 alcebraica11y closed fie1de, ,!! is an 

alcebraic c1osure о! !• Mor(!,,!!) is the eet of all embeddince 
!rom ! into .!!· 

3° 111 is the alaee of а11 distributiтe latticee, 'lJ1.' is the eet 
о! al1 Boolean a1,ebras, ,!! ie а Boolean a1cebra cenerated Ьу 
а lattice of sets in Stone repreeentation theorem ieomorphic to 
А. Mor(A,B) iв the set о! al1 embeddince from А into В pre~ - -- - -servinc end-pointe 0,1 (i! they exist in !). 

The !o1lowing propoeition sumarizeъsome eimple yroperties 
о! this notion: 

Pr%'ositionl.3. 1° I! (:И,р) is а comp1etion of !• ,!!'s.Љ, ,!!'c=7lt' 
and р:!~.!!' then (В',р) is а completion о! !• 
2° If А Ьав\а completion (В,р) then! has а comp1etion (Q,q) ео - ', -

that q is'· an inclusion. 
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3° I.t Q Е~ , р:! ~ Q, and ! has а comp1etion in m' ,, then 

! has а completion (!,р) for some ! s;;; .Q., ! Е: '1Jt • 
4-0 If!l'~E1'11,, ~=!1 ~!2 , and (!i,p), (!2 ,q) are,,comple

tions respectively o.t !р!2 , then there is {Ј :!1 -----.. !~, such 
that qJ:. = (Ьр. 

Proo.t: Properties 2° and 3° .to1low Ьу the abstractness of the 
IWI' • c1ass '""' 

40 1!1 Р-> !2 In the disp1ayed diagram , the map 

pf ~ 'q 
!1 ~ !2 

r=q.,( is constructed first, · then /-> • 

In some cases it is possiЫe to strength the property 4-0 in 
the previous proposition. 

~W~' ' Theorem 1•!• Assume "~ is c1osed under nonempty intersectins of 
decreasing chains of models in ~ , and suppose а11 homomorphisms 
in question are injective. Then for any comp1etions (!,р), (.Q.,q) 
of ! Е 'lJt, there is an isomorphism rL. :,!! ~ Q so that .,Cp=q. 
Proo.t: Let (В,р), (C,q) Ье completions of А, and let оС:в ~с - - - - -t!l :.Q. ~! Ъе such that .lp=q, p.q=p which exist Ъу the defi-
nition o.t completion. If one of ~~~ iв not an isomorphism, then 
it follows that one o.t Ј..,~ iв not Ш2• Let В'= r-.41((!). Thuв 
!' ~ !• and ав one of .l.,~ iв not onto it follows й'FВ. Let 
а~ А. As c(p=q, ~q=p we have (Ъcl..p=r., во ра = (3.,(ра , 
hence ра ЕВ'. There.tore, р:!----.,!!'. Since ~!»-'=! ~!' it 
follows ,!!'Е W .. Hence, 
(1) (!',р) iв а completion o.t !• 

Now we construct а decreaвing sequence !=.!!о~ ! 1 jl ... ~ 1!~---
where .Ј <.\BI+ =k,· i.e. k 1в the ouocesвor card1na1 of card(B). 

Let !1·~'~ AввWile (~,,р) hав Ъееn construoted for all Ј<~ , ~<k. 
Then !l $ !• and (,!Ј,р) 1в а coшp1etion of !· If ?. = )+1 ! ,. 
1в constructed 1n the same way, ав !' hав Ъееn conвtruoted from !· 
If ~< 1( iв а 11m1 t ordinal, 1et В .. • 11 ВЈ. .1в for all Ј< ,.. 

-,. Ј-4.~-

р:! ~ !Ј it .tollowв that В~ iв nonempty, thue Ьу asвumption 
on ~ we have ~t.~ W: , and (!,_,р) iв а completion of !• 
There.tore, ~ Q!, iв nonempty, and (jl,p) 1в а completion of !• 
Вut .tor } <. k :s,-вJ+l-' -· во card( ,'i.. (в1-в1+1)) ~ k, what 

oontradiotв to fB0 1 ~ k. Hence, .L.,~ are onto, thus they are 
1вошоrрh1вав. 1 



Coro1lar;r 1,:;, 
comp1et1one o:f 

Ooro11arт 1.6, .Asвume 

let .С:Аз_;.,. ! 2 , I:t 

o:t ! 1 , ~· then there 

Proo:t: Obвerve that 
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w..' ,,~ iв ав 1n the previouв theorem, Then а11 
are 1вomorph1o, 
нмl 
-,~ iв ав 1n the previous theorem, and 

Cil,p), C!2 ,q) are oomp1etionв reвpective1y 
ie an ieoaorphiвm {Ј •!1 ~ ~ вuoh that q.t .. (SP• 

(il,p), (!2,ql) are comp1et1onв o:f !!· 

2, Embeddings o:f :tie1ds. 

Let z, !• ! Ье :fie1ds вuch that l S!, l S!• Then an Ulbedding 
cl:! ~ ! iв an !-embedding i:f:f L :fixeв Ј pointwiвe, i,e, 
!f х EF olx=x. Now we prove а theorem on ,l-embeddings Ьу uве o:t 
model theoretic methods, Notation and а11 notionв :trom mode1 theory 

are а в in C.Z.] 

Theorem 2.1. Let !•! Ье fie1dв, ! s;!, ! iв a1gebraic over z, and 
let ! ~ !, Ье an arЫtrary field, Asвume for al1 fie1dв ~· 
l S, 1! ~! such that \1!=!.1 < оо , there exist an ~embedding 
of 1! into !• Then there exiвt an ~embedding of ! into !• 
Proof: Let ~р= ~ U {!.: а € F}, where ~ is the 1anguage 

of the theory of -the fie1ds, and !Г (!,a)a&F' !=(!,a)a€F' and 

Г =Th(!) U А(!) , where А(!) iв the diagram of !• Wi thout 
1oss of generality we may assume that ~(!) is c1osed under con
junctions of formu1as. 
(1) r is а consistent theory. 

We prove (1): Let CC(~l'"''~n) Е ~(!), where t"(x1 , ••• ,~) 
Ъe1ongs to ~F' and ъ1 , .. _.,ЪnеЕ. Let JF!(Ъl' ... ,Ъn) ~е the 
sub.field o.f! generated Ъу ъ1 , ... ,ъn.and F, Then ! S:,!! S!, and 
since а11 elements ъ1 , ... ,ъn are a1gebra1c o.ver! it fo11ows 
1 !!=! \ .:::. оо , thus there is an ,!:-embedding .,( =1! ~ !• As ~ is an 
,l-embedding it follows that tl_ is an embedding from ,Ь into !• 

a1so, Hence, for !'=(!, ъ1 , ••• , bn), ~, is а mode1 of 
Th(!) + Cf(~l' ••• '~n). Ву Oompactness Theorem r is consistent, 
i,e,-(1) holds. 

!! ....... - ....._ 
~ -- ............ -

!1 ~ ~ к ..., 

F ,.. 

Let (!S1 ,k8 ) е~Е Ъе. а model 
of r , Then ! 1!!!• i,e, 
~1 is elementary equivalent 
to К, so there is а model 

"' ' 
Ј! such that !S -<. !• and 
К ~ fi, Since .... 1 ~ 
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(~,k8) 8dp А(!),! is embed.ded into !1' a:rid therefore into !1 

also, sa;r Ьу (6 • We prove ~<W ~ !· Let е 4WE. Since !. is alge
braic over Е• there '!в а polynomial р over ! ео that р(е)=~· Let 
d1 , ••• ,dn .Ье all diвtinct roots ot р 1n !!• Then !! ~ 1' , wh'ere 
'f iв эх1 ••• хn(р(х1)=Ол ••• лр(Хn)=Ол"_!}_х1~хј). Ав ,!-<,! 
it follows 1:1-f .• Hence, all rootв ot р !n Н belong to :к:.·Аа - - -p(fA (е))=О it followв f1(e) Е 1:. Observe that ~ =! __,.! is 
an _l-embedding · since А :Е --+ 1: is an embedding. Thiв finishes 
the proof ot theorem. г .- · - 1 

As а oonвequence of the laвt theorem we prove that an alge
Ьraic cloвure ot а field Ј !в а completion of F !n the веnве of 
the firвt part of thiв pa;er, вее аlво Example-1.2.2°. For conve
nience w~ repeat the definitio~ of algebraic cloвure of а field. 

Definition 2.2. Let z, ! Ье fieldв, and asвume ! s :ш,. Then ! !в 

an algebraic cloвure ot l itt 
1° ! !в algebraio over z, 2° ! !в algebraically cloвed. 

Theorem 2.3. Let ! Ье an algebraic oloвure of !• Then (!,Р) !в 

а completion of ! 1n respect to the claвs ..n: ot all algebra1-
ca11y с1овеd f1e1ds, where р is the incluвion. The oonverвe а1во 
holdв, that is if (!,р) is а comp1etion of! 1n respect to ~. 
then Е !в an a1gebraic c1oвure ot Ј. 

- Here, for ! Е 1'R. , 1 а '111! : Jlor(,!,!) is the веt of all 
embeddingв trom ! into !• 
~~ Suppose! ~в an a1gebraic o1oвure ot z, and 1et р:,!~! 
Ье incluвion. 0Ьviouв1y, parts 1° and 2° 1n Definition 1.1. are 
satiвfied. So we prove 3°. Let 1 Ье an a1gebraica11y c1osed fie1d 
and q:z ___, ! an arЫtrary embedding. Нowever, without 1oss of 
ge~erality we may аввumе that q !в the 1nc1usion. То prove that 
Е is J'-embedded, i.e. that there iв Ј. :Е ~ 1: with c(,pc:q, into 
fccording to the т:1eorem 2.1. it вuffice; to p;ove that for all 
intermediate fie1ds )!, ! S.1! 5. !• 11!=! 1 4:. - , 1! !в J-embedded 
into !• So let 11!•!1 <ео, ! S 1! 58.!· Then there are al' ••• •&nc:E 
a1gebraic over! so that 1!= !(a1 , ••• ,an) 

Ву induction on n we prove that l,(a1 , ••• ,an) iв !-embedded 
into !· 

Asвume ~ az(a1 , ••• ,an_1).....,.! ie an z-embedding. Let р(х) 
Ье an irreduc!Ьle po1ynom1a1 for an over !(a1 , ••• ,an_1). Let 
Ъ1= ~(а1), !E1, ••• ,n-1. In that саве we have 
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!h8n р'(х), the t.age ot р(х) under У 18 а18о 1rreduo1Ьl8 

over z<ь1 •••• ,ьn-1), •• otherw188 •• wou1d haV8 tor 8088 po1JDOa1a18 
Pi• Р2 p'•PiP2• an4 80 Р-Р1Р2 , а oontrad1ot1on, ! 18 о1О884, 80 
there 18 bn а I 8Uch that p(bn)•O, th8n there 1S '1' .2 't' auoh that 
~az(a1, ••• ,an) ~ z<~ ••••• ~), f(a1)• ь1, 1a1, ••• ,n. 

!he ex1stenoe ot ~ 1а prov1484 Ь,r th8 to11ow1ng w811-know.n 

LeDDDa 2.1,. Let !, 1].• ~ Ъ8 t1e14a auoh that ! S II•-'2• Let 
ас~, b&I2• It а,Ъ are roota ot the aue 1rreduo1Ьl8 pol7nom1a1 
р(х), then there 18 an J-1вomorph1am ~•!(а) ---+ !(Ъ), ~(а)•Ъ, !(а) 
!в а вuьt1e1d ot k generated Ьу Н u {а} , and a1a11ar17 tor !(Ъ) ~ 

Now we prove the converae ot _the th8orea. 
Let (!,р) Ъе а comp1et1on ot z, where р 1а an 1no1ua1on. JUr

ther, 1et ! Ье an a1geЬra1c c1oвure ot l 80 that Pll ---... !• !he 
о1аав т! ot а11 a1gebra1cally c1oaed t1e1dв !в o1o8ed ua48r 1nter
sect1ons ot d8creaa1ng ohaina, thua Ъ7 Coro11ary 1,5, ! and! are 
~1вomorph1o, henoe ! ia а1во an a1gebra1c c1oaure ot l• 

Аа а conвequence ot the previous theorem we have thaia11 re
su1tв in 1вt section are applicaЪle in саве о! !ields and algebra1-
cally cloвed !1е1dв. 

We obвerve, а1во, that the proo! ot !heorem 2.1. шау Ъе obtai
ned Ьу use о! u1traproductв, or вaturated шоdе1в instead ot Сошра~ 
ctness Theoreш. 

3, Galo1в !heory, 1nt1n1tarx extenв!onв. 

In th!в вect!on we sha1~ preвent а mode1-theoret1c approach 
!n deterш!n!ng 1n!!n!te a1gebra1c extenв1ons ot !1elda. !he on1y 
real hardle to Ъе overcome !в the ex!atence о! вuit!Ыe extenвiou, 
!!rst о! а11 the existence ot an a1gebra1c closure. However, we aha11 
g1ve an out11ne only, providing proots at ma1n eteps, ав we do not 
pretend to have an or1gina1 contribut!on !n th1в вect!on. !here!ore, 
the va1ue ot th1в part is о! methodo1ogica1 character on1y. As а guide 
we had.in mind the !!rst part о! [4]. 

!heorem 3,1. Every tie1d !в а suьtield ot а с1овеd !ield. 
' 

:ror the proot ot th!в theorem the to11owing lemпaa is needed, 
l!!!!!!!l! J'or e,very !ield ! and every nonconвtant polynom1a1 р(х) 
over ! ther:~ is а !1e1d !' , ! s!' and р ћав а root in !'. 
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Proot ot Lemma: Let q(x) \ р(х) Ье а nonreduciЫe Ј)О1рщm1а1 over 
!• Let !'~ l'(x1/(q), (q) is the !dea~ ot F[x] gener•ted Ь7 q. 

Proot ot Theoreиa 3.1. Let С:;= {ср: р~ F(x]} Ье а веt o.t\,new con
stant в~bols so that tor ~q ср and cq •re distinct con~1tant в7Ј11-
Ьо1в. В,у above 1emma the set т~ Theory ot tie1ds + ~(1') + 
{р(ор)=О: pco,Z[x1} is :r~nitelly consistent, ао Ьу Co:ш.p:ctn'ess !heo
rem there !s а mode1 И= (!,cp>pc,Zr~ot т. Then! .~s e:ш.bedded i~to !• 

and етеrу po1ynomia1 р over !. ot degree ~ 1 has a·root in !· 
Иеnсе, there is а sequenoe l.=lo s=, z1 ~ z2 ~ ••• , z1=!, во that 

every po1yno:ш.ia1 ~ over z1 has а root in z1+1• Thus, !F V z1 is 
a1gebra1oa11y c1osed. and ! с,;; Ь• 

!heorem 3.2. Every :tie1d! hав an a1gebraic c1osure. 

ptoot: Let! Ье an a1geЬra1oa11y o1osed fie1d,! S! (such .tie1d 
existв Ьу !heore:ш. 3 д.) • Then the suЬ.tie1d ! o.t Ь wi th do:ш.ain Е= 
{a.~I: а 1в a1gebraic отеr !} !s an a1gebra1c c1osure o.t !• 

Theorem 3.3. It! !s an a1gebraic c1oвure ot .z, then ! is а min1:ш.a1 
a1geЬra1oa11y c1osed .t1e1d extending !· 

~~ Let Ј' ~А ~Е, А 1s an a1gebraica11y c1osed sub.tie1d o.t !• 
Let асА and р с l'(x] Ье 1rreduc1Ыe ро1уnо:ш.1а1 such that р(а)=О. As 
! iв c1osed, р вp11ts into 11near taotorв, р(х)= :ш.(ж-а0 ) •• ,(х-аn), 

m ~ Ј', а1 ~ А. ВUt а1 are roots "f р(х) 1n ! a1so, во Ьу the uniqueness 
o.t .tactor1sat1on o.t po1yn1m1a1в (l'(x]is а unique tactor1вat1on do:ш.
a!n) !t .to11owв that а 1s one o.t a0 ,.,.,an_1 , 1,е. аЕА, 

!heorem 3.4. Let ! Ье an a1geЬra1oa1ly o1osed .t1e14 and ! !• Then 
! !в an а1аеЬrа1о cloaure ot l 1t.t ! !в а ш1n1ma1 a1gebra1oally 
о1овеd exteneion o.t !• 

~· Ву theoreшa 2.3, 3.3. 

;ьeortm ,,5, Let! Ьt an a1gebra1o c1oвure o.t l• Тhen .tor every a1-
ltЬra1ca1ly с1овеd f1e14! вuch that ! ~~ there !в an J-eшbedd-
lna ta ! --. !· 
~: Ь7 Theoreш 2.3. 

о fhtOrf! 3,6, 1 Let !'• i'• Ье a1geЬra1c o1oвuree o.t t1e1dв 
l• ј reвpeot1ve1y, Then every embedd1ng f&! ~ ~ can Ъе extended 
to an abe441DI 11 ! ' ~ .!! ', 
2° Вvery two algeЬraio oloвureв !• ! ot а t1e1d ! are !eomorph!c. 

~~ JOllowв Ьу Theorem 2.3, Propos1t1on 1.3, and Theorem 1.4, 
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Theorem }.7. Let! Ье а t1e1d. Then! !в not.a t!n!te un!on ot 
!t's proper subt1e1dв. 

!L22!= 0 Аввumе :в .. 1з_ U ~ V ••• U ~· 11 are вubt1e1dв ot !• 
Саве 1 Suppoвe Е !в t1n1te. Then the mu1t1p11cat1ve group ot! !в 
сус11с, вау generated Ьу а. Then tor воmе 1 a•l1 , 80 а s 11, а 
contradiction. 

о 
Саве 2 Suppoвe Е is 1nt1n1te. l!rвt we prove the to11ow1ng 
.Q!Ш: Let .!! Ье а group and Gl' ••• , Gn 1 t '8 вubgroup8. It G !в t!n-
ite un!on ot воmе оовеtв ot G1 , ••• ,Gn then tor воmе k•n JGa~Jжl< оо. 

Proot ot C1a1m: Suppoвe tor а11 k~n /G&СЈжЈ=ео, and 1et 

G= ci и ••• u с;1 u С~ u • • • u c~n where с~ !в а совеt og а1 • .18 

1 G: G11 = оо , there !в а совеt С ot ~ во that а" С~, ~Е rp Jurther, 
1 п 2 n С 1'1 Ој= ,., С SG, hence С s=. с1 U ••• u ar , thu tor воmе у.; G 

2 -1 n -1 n 1 
С= G1y, and G1 6:. а1у u ••• u Or у • Jor воmе хј с ј .. ~хј, 

2 n n 1 
theretore G= s1 u ••• u Srn where S ј !в а coset G1 • Thuв G !в а 

un!on ot cosets ot вubgroupв G2 , ••• , Gn• Repeat!ng th!s procesв we 
obtain совеtв ~ •••• ,т: ot Gn во that G= Т~ u •.• u ~· Thu 
1 G: Gn \<.оо, contradicting our aaвumpt!on. 

Now we return to the proot ot the theorem. Ву C1a1m, tor воmе 
ii!O.n JE':K.if<oo, where Е' denoteв the additive part of the t1e1d 
!• Therefore, К1,1в а1во ·1nt1n1te. Let ас.Е-11 • It kpk2 cк.I1' t 1,it2 , 
then . K+k1a" K+k2a, во \K':K.i\= оо , а contradiction. Thuв, Е-:к:1 .. {il, 
i.e. Е=К1 • 1 

The to11ow1џg theorem !в the ma!n вtер in th!в approach, and 

it is due to M.Iвaacs. It's proot is strong1y Ьавеd on the Theorem 2.1. 

Theorem '3 .в. Let l. с.= ;ш_1 ,1,2 Ье f1e1ds, !1' ! 2 are a1gebra1c over !', 

Let Р1= {Р€ l,tx'): р hав а root in 1,1}. Then ;ш_1 ~ ! 2 !tt Р1=Р2 • 

~: First we prove 
.Q.!Ш: Let ! Ье an algebraic ei:tension ot ! 'во that for all а Е Е 
the m1n1ma1 po1yn1mia1 m of а over F h&s а root !n а fie1d к. Then 

а - -
there 18 an -~1aomorph1вm t:J ~ !· 
Proof ot C1a1m: Ву Theorem 2.1. it suffices to prove the c1a1m in 
саве [ !=!1<·~. So аввumе 1!=!1 ~оо , and 1et !' Ье an a1gebra1c c1o
вure of к. Let Ј Ъе the веt of а11 F-1somorph1вms of Е into К' .Then 

- 1 - 1 -1 Ј[<оо eince }.!=!/<.оо • For t 6 Ј we have F S:. t- (К) .s. Е. Further, 

·u -1 > (1} E=t~J t (К • 
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Rea11y, 1!. а Е Е 1et m8 Ье а m1n1ma1 po1ynom1a1 ot а over !• 

Ву aввumpt!on m8 hав а root Ь in !· !here !в an ~isomorph!sm 
h:!(aJ ~ ! (Ь], and ihere!ore there !в an ,l-embedd!ng g 2 ~· g:! __., !: 
So gE.J, and а е. g- (Х), !.е. (1) ho1dв. \ 

lfow, Ъу !heorem 3.7. tor some tEJ Е= :r-1 (1:) i.e.' t(E) с х:. 
!hiв !в the end ot the proot ot C,fq.im. 

lfow we cont!nue the proo! ot the theorem. 

'le hате that !or each аЕ.Е1 m8 hав а root !n !1' thus !t has 
а root !n ! 2 • Ву Ola!m there !в an ,!-1somorph1вm !:!1 ~ ~· 

S1m11ar1y, there iв an ~1somorph1вm g:!2 ~ !,1 • Let 
L= gt(E1). !hen FS:LC:.E1 and L !в ~isomorph!c (v1a gt) to !,1 • We 
вhow L=E1 • Let а Е Е1 • •а has exact1y (say) r roots in !1' во, ав 
L iв .f-iвomorph!c to !.1' ma has exact1y r roots in L. Thuв, а €: L, i. е. 
E1=L. Hence, g is onto во g iв an ~isomorph!sm !rom !,2 to !,1 • 

Coro11arz: It ! is an a1geЬraic extension ot ! and every nonconstant 
РЕ !(х] has а root in !• then ! is an a1gebraic cloвure о! !· 
~: Let ! 1=! and 1et !,2 Ье an a1gebraic closure о! !• Using the 
same notation ав in the previous theorem we have Р1=Р2 , во Ъу the 
same theorem ! 1 and ! 2 are ,!-iвomorphic. 

Corollary: Le:t !' !1'!2 Ъе tields, !1' Је are a1gebra1c over !• I! 
! 1 , ! 2 are elementary equivalent over !• i.e. (!,1a)aEF а (E2 ,a)a~F' 
then_ !,1 , ~ are ~isomorphic. 

Proots Observe that (!,1 ,a>acF i!. (!2 ,a)aEl !mplies Р1=Р2 • 
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ТНЕ МАХIМАL SEMILATTICE DECOMPOSITION OF AN n-SEМIGROUP 

Pano Krzovski 

The purpose of this paper is to generalize the notion of the 

maximal semilattice decomposition of а semigroup to n-ary саве. 

1. Some definitions. Let S Ье an n-semigroup i.e. an algeЬra 

S whit an associative n-operation 

(x1,x2, ... ,xn) _,. x1x2 ... xn 

S is called an n-semilattice if S is commutative, idempotent and 

satisfies the following identity 
i1 i2 ik ј1 ј2 jk 

х1 х2 ... xk = х1 х2 .• ·~ 

where i 1+i2+ ... +ik = j 1+j 2+ ... +jk =n, iv,jv >О. 

А congruence ~ on an n-semigroup S is called ·а semilattice 

congruence if s;~ is an n-semilattice. 

An ideal I of S is said to Ье completely simple iff 

x1x 2 ... x11 EI#x1 EI or x 2 EI or ... or xnE.I. 

А subset F of S is а filter in S iff I = S\F is а completely 

simple ideal. 

2. Characterisation of semilattice congruences whit comple

tely simple ideals. 

2.1. Let Е Ье the set of all completely simple ideals in s. 
Then the relation ~ defined Ьу 

х~у *=} ("lfi Е Е) (х,у Е I or х,у Е I) 

is а semilattice congruence. 

Proof; Since the elements of Е are completely simple ideals, 

one easily 9Ьtains that ~ is а congruence on S; so it rewains to 
', sho· . .; tha t ~· is а semila ttice congruence. Let I Е Е and х1 , х2 , •.• , х11 Е S. 

Since I is а completely simple ideal we have that 



2о 

n 
х Е I # х. Е I; х1х2 .•• xn Е I ~ х ... х . • ... х. Е I 

~1-~2 ~n 

where v + i , is а permutation of {1,2, •.• ,n}; v. . . . . . 
~i ~2 ~k ]1 ]2 Jk 

х1 х2_ ••• xk EI # х1 х2 •• ·~ EI, 

i1 + i2 + ••. + ik 

which implies 

i.e. а is а semilattice congruence.O 

'• 

\ 
\ 

Let us denote the congrue~ce а of 1.Lby ar. We shall show 

now that the converse of 1.1. is also true: 

2.2. If а is а semilattice congruence on S, then there is а 

family r of completely simple ideals in S such that а = ar. 

Proof. Let а Ье а semilattice congruence on S and let us 

associate to each element xES the suЬset Fx of S defined Ьу 

Fx = {у Е S lxaxn-1y}. 

The set Fx а нonempty and а filtre in s. Namelly it is 

clear that xEFx. If u1 ,u2 , ••. ,unEFx' then we have that 

во we get 
xaxn-1unaxn-2 (xn-1u 1)u 

n- n 

xax<n- 1)(n-1>u1u2 ••• un' so u1u2 .•• unEFx. Conversely let 

u 1 u2 ••• un Е F х. Then 

n-1 n-1 n-1 n-1 n-1 
хах u1u2 ••• unax u1u2 ••• unun axun ах un' 

n-1 n-1 i.e. unEFx. Since х u1u2 ••• unax u11u12 ••• u1n where v + iv' 

is а permutation of {1,2, ••• ,n} we get ul'u2 , ••• ,unEFx' i.e. 
Fx is а filtre. 

Put Ix = S\Fx and let !:с:&"' {IxlxES}. So !:а is а set of 
completely simple ideals in s. We shall show that с:& а!:.а.. 

Let ye~z, I Е !: and y'f.I • Therefore уе F i.e. 
n-1 n-1 с:& х х 

xaxn-1y. Since 
х уах z we have that z Е F , i .е. z ""- I We have thus shown 

х 'F х that 
с:& !;; Cl!: • Conversely, let Ха!: у; then х Е F 

а а .. х 
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n-1 implies у Е, F , i. е. ха х у. For the same reason у Е F implies 
х у 

yayn- 1x. But since а is а semilattice congruence, we have 

xn- 1y а yn- 1x and х а у.[] 

Let us note that: 

2.3. If r 1 and r 2 are sets of completely simple ideals and 

5 tF. r 1 , 5 ft r 2 , then а r = а if and only if r 1 = r 2 • [] 
1 r2 

З. The least semilattice congruence. 

It is clear that the intersection n of all semilattice congru

ences is а semilattice congruence. 5о: 

-~· xny iff for every completely simple ideal I in 5 

х,у EI or x,yf- I. О 

Now we shall give another description of n. Let us denote 

Ьу N{x) the minimal filtre in 5 containing х, i.e. N(x) is the 

filtre generated Ьу х. 

А direct conseguence of 3.1. and the definition of N(x) is 

3.2. xny ~ N{x) = N{y).D 

The classes of the congruence n are called n-classes. If 

х Е 5, then the n-class which contains х is denoteed Ьу Nx. Wi th 

this notations we have that: 

Nx. х ...• х. , where i 1 ,i2 , ... ,in is а 
~1 ~2 ~n 

permutation of {1,2, ... ,n}. 

where i 1 + 12 + ... + 

IV) Nx is а subsemigroup of 5.0 

As in 'the Ьinary case 5 is said to Ье n-simple iff 5 has no 

proper completely simple ideals. 
\ 
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For the n-ary case, and in а sirnilar way as in the binary case, 

we· can prove sorne analogous properties for the sernilattice d,ecornpo

sition, а part of wich is forrnulated below. 

А constructive way for abtaining N(x), which has an inductive 

nature, is given with the following staternent: 

n 2 (n-1) +1 3.4. Let х Ье an elernent in S. Let N1 (x) = {х,х ,х , ... , 
k(n-1)+1 

, х ••• } and let Nn+l (х) Ье the n-sernigroup generated Ьу all 

elernents у in s such that Nn{x)n Ј(у) ~ %, 
n-2 n-1 n-1 n-1 vs ysV .•. vys us ys .ThenN(x) 

n-1 where Ј(у) = yus YU 
= }21Nn(x) .О 

3.5. If I is an ideal of sorne n-class of an n-sernigroup S, 

then I has no proper cornpletely sirnple id~als. 

Proof. Let S Ье an n-sernigroup, z е S and I an ideal of Nz. It 

will suffice to prove that I is the only filtre of I. Let F Ье а 

filtre of I, а Е F and let 

Т= {xESia2n- 2xEF}. 

We shall show that Т is а filtre of S. Let x 1 ,x2 , ..• ,xnET; 
2n-2 . then а x1 EF for ~ = 1,2, ••• ,n. Ву the inclusion F~I!:Nz we 

have that N 2n-2 = N n-1 = N n-1 = Nz which irnplies 
а х1 а х1 х1а 

2n-2 2n-~ 2n-2 
а х1 , х1а er. Since а х1 , aEF it follows that 

(a2n-2x1 )a2n-2 

n-suЬsernigroup 

2n-2 2n-2 2n-2 = а (х1 а ) Е F and х1 а Е F. Nz is an 

n-1 n-1 n-2 of S, so (а х 1 х2а ) а Е. Nz which irnplies 

N n-1 n-1 n-2 = N n-1 
а х 1 х2а а а х 1х2 

2n-3 and finally· а х1х2 Е I. Since F is а filtre, then 

a(a2n-Зx1x2)a3n-n = (a2n-2x1) (x2a2n-2)an-2EF 

2n-3 
irnplies а x1x2 E.F. Ву induction, if follows that т is an 
n-suЬsernigroup. 

Let x1x 2 ... xnET. Ву the inclusion F~I~Nz we have that 
2n-2 n-1 n-2 

а,а x 1x2 ••. xnENz and N(a)~N(a x1 )~N(a x 1x 2)t;, ••• c;N(ax1x2 ... 

n-2 
· · .xn_ 1Jo:; tHa х1 х2 ... xn) = N(a) = N(z). 
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So we have вhown that 

a n-1x n-1 
i' xia 

Since Ј iв an ideal it follows that 

2n-2 2n-2 2n-3 n 
а х1 , х1а а х1х2 , ••• ,а x 1x 2 .•• xn_ 1EI. 

2n-2 We have that а х1х2 ..• xn, aE:F, во 

2n-2 2n-2 n-2 n 2n-2 
(а х 1х2 •.• xn)a =а (а х1х2 ••• xn_ 1 ) (xna ) EF 

which implies anx1x 2 ..• х 1 , х а 2n- 2 Е F. But then 
8 n- n 

a2n-2(xna2n-2) = (a2n-2xn)a2n-2EF and во a2n-2xnEF, 

n i.e. хnет. Ву reapeting this procedure with а,а x 1x 2 ••• xn_ 2xn_ 1 E.F 

we get хn_ 1 ет. Thus Т is а filtre. 

Ie is clear that F s;; Т s;; I. Let х Е Т n I. Then а 2n- 2x Е F. Since 

F is а filtre, it follows that xeF. But from aENz()T it followв 

that Nzs;;т. So T()I = I and finally F = r.O 

As а consequence of 3.5 we conclude that 

3.6. Every n-semigroup is an n-semilattice of n-simple 

n-semigroups.O 

3.7. If I is а completely simple ideal of an n-semigroup S 

and if I () Nx 13, then I () Nx is completely simple .О 

The following is а consequence of 3.7. 

3.8. Every completely simple ideal of an n-semigroup S is а 

union of n-classes.D 

If У5 denotes the set of'all n-classes of an n-semigroup S, 

then the following holds: 

3.9. If I is а completely simple ideal of an n-semigroup S, 

then Ј = {Nx Е У5 1 х Е. I} is а completely simple ideal in У5 • Conversely, 

if Ј is а completely simple ideal in У , then I = {х Е S 1 NxE Ј} is 
s ' 

а completely simple ideal in s.O 
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The dual space of reductive groups over local fields 

м. Tad16 

Let G Ье the group of rational points of а connected 

reductive group defined over nonarchimedean local field k .Then 
G is а totally disconnected locally compact group. 

If Н is а Hilbert space and 11 а homomorphism from G 

into the group of all unitary operators on Н such that the map

ping g + 11(g)v 1s continuous for all v Е Н , then (11 ,8) is 

called the unitary representation of G If Н has no non

trivial closed G-invariant subspaces then we say that (11,8) is 

irreduciЬle unitary representation of G • 

The Hecke algebra of G is denoted Ьу H(G) • It 1s the 

algebra of all compactely supported locally constant functions on 

G under the convolution. Let 

11(f) /f(g)11(g)dg 
G 

for f Е H(G) • Then Н is H(G)~odul and Нш = 11(H(G))H is 

H(G)-submodul. If (11,Н) is irreduciЬle then V is а simple 

H(G)-modul. In this way the proЬlem of classification of irredu

ciЬle unitary representations of G can Ье reduced to .the purely 

algebraic proЬlem of classifying certain classes of simple 

H(G)-modules . ... 
Let G denote the dual space of G It is the set of all 

unitary equivalence classes о~ irreduciЬle unitary representations 
of G , Let L1 (G) Ье the Banach algebra of all integraЬle 
functions on G . For f Е L1 (G) set 

llfll= sup{ll11(f)ll 11 

Then 11 11 is а new norm on L1 (G) and completion of L~ (G) 

* * with respect to this norm is denoted Ьу с (G) . Then с (G) is 
* * ~ called а С -algebra of G . Denote Ьу с (G) the set of·all 

equivalence. classes of irreduciЬle * -representations of c*(G) • 
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Then there is а natural bijection froщ с*(G)л 
,.. 

onto G Let 

' * C.I/,(T) ={о ЕС (G) 1\ ker n ~ ker о} 
пЕТ 

* ,.. for Т ~ С (G) . Operator C.l/, defines so-called Jacobson to

"' * л pology on С (G) . Ву using the natural bijection G becomes 

а topological space. 

Note that we can describe the topology of а Ьу algebraic 

tools, naщely in terщs of characters. 

Now we shall describe the topology of dual space of 

SL(2,k). In [o,I]x[o,i) we identify (t,O) and (t,l) for 

О < t < 1 and let Ј denote the space obtained Ьу this identi-
л 

fication. Then SL(2,k) is hoщeomorphic to the disjoint of two 

copies of Ј , countaЬly щаnу tori {z Е-С ; lzl=1} and c6unt

aЫy many points. Tori and two copies of Ј correspond to ir

reduciЫe subrepresentations of the unitary principal series 

and the coщplementary series, points correspond to absolutely 

cuspidal irreduciЫe representations. Note that SL(2,kJ is 

not а Hansdorff space. 

131 
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EQUATIONAL THEORIES ARE NОТ FINITELY ВASED 
y,,.lentina ;iariz':'..nov 

l··or an al(';ebra .ft, L(;ft) denotes its lanr.::uщ~e. Ву the 

eq_uational theor~r of an al[~ebra ~ ~те ;11ег.n the set of all iden-

ti ties of the forш t 1 =·1; 2 , where t 1 and t 2 are terms of the lan-

! ·uac;e ."L(;:ft), \·:hich are s~tisfied in cft . }~quational theory of 

;:f\:. will Ьс denoted Ьу ld(;ft-). А basis of the equational theory 

Id(~ ) is every subset of i t fro:в \·Tilich in equationfll logic every 

identity fl'om Id(ift) cnn Ье cierived. R. С. Lyndon proved that 

tће equatioпэ.l t;leor~. of evcr;y t•:ю-ele<•ent alг;ebra hэ.s а fini te 

basis С [21) , anc.i tl1at ti1ere exists е. fini te alc е bra of fini te type 

нhose equational theor;y is ::юt i'i,.litel;;· based. i:ie cave tђе example 

of seYen-eler1ent all;ebrэ. of t;ype (о,2} •лri·l;h such propert;)' ([3Ј). 

J,ater '•!. 1'. Ii in ( [5]) found four-eleг.ent c;rupoid and. У. L. 

" ,.,urskii С [4-]) found t~1ree-elerлent t~rupoid, both havin~ the mentioned 

property. 

·,Је shall c;iYe an e:~a~ple of n-ele:;;ent 6ГUpoid, where n is an 

arbi trв.ry 1;~~tural number [~reater than 3, 1-1i th equational tћeory 

\vhicћ is not fini tely based. 

'Гћеоrеrп 1. Let а binary opelЋtion on the set ~ = {а0 , а1 , ..• , 

an-,\ lJe defineй Ьу 

if i},j~l; 

ot!1er>vise. 
\ 

If n ~L~, theri. tће equational theory of tће r:;rupoid ;ftn=(~, • ) is 

not finitely :Ьased. 
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~· We shal1 not give а comp1ete proof, because some 

parts of it can Ье proved as in [5). 

Ву а 1eft-associated term we mean а term whose al1 l~.ft 

parentheses are at the very beginning; in this case it is of the 

form ( ••• ((х .• х. )•х. )· ••• )•х .• Тhе value of such term in th~ 
~1 ~2 ~3 ~s 

algebra ;:Ј\: n can Ье easily determined, i. ·е. 

~s+ ta.. 1' if i1)i2~ ••• ~i8_1~i8~1; 

( ••• ( ~ • ~ ) •••• )· ~ = 
1 2 s 

ао' otherwise; 

where ~ , ••• , ai ~ An_. Тherefore the fo11owing identi ties belong 
'1 s 

to Id(;itn): 

(I) (х•у).у=х·у, 

(Ik) (( ••• ((х·у1)·у2)· ••• )•yk)· У1= 

(( ••• ((Х•Ур(1 ))·Ур( 2 ))· ••• )·yp(n))•yp(l)' where k>2 and 

р Е~ (~ is the set of all nonidentical permutations of the set 

{1,2, ••• ,k} ). 

If the identity t 1 -t2 be1ongs to Id(dtn)' then at least one 

of the fo11owing conditions iв fulfi11ed: 

(а) t1 and t2 have in 'ftn а constant value ао' 

(Ь) t1 IIМt t2 are 1eft-associated terms, 

(с) Bone of. the terms t 1 and t 2 is left-associated. 

Denote Ьу Id'(,An) the set of all identities t 1=t2 from Id(ftn) 

which satisfy (Ь) and do not satisfy (а). Similar1y as in [5] we 

can prove that every веt of identities t~m Id'(~n) whoвe terms 

on both left and right sides have at most m occurences of variaЬles 

can Ье derived from the set Im• (I)u ~m{Ii: pEsJ ( }iфs1Шф). 
Assume that the equational theory Id(~n) has а finite baвis 

с!. • Тhen from the set ~'·Љ n Id'(~n) all identities from 

Id'-(:ftn) can Ье derived~ Since ~' · is а finite set, the nштоЬеr 
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of occurences of variaЬles on each side of the terms from ~' 

is 1ess than some fixed natural n~ber m. Thus, from Im we can 

derive all identities from Id'(~n). Ho\<~ever for p6Sm the iden

tity (I~) be1ongs to Id'(~n) but it is not derivaЫe from Im. 

From the obtained contradiction it fo11ows that Id(Jtn) is not 

finite1y based. 
D 

Remark. Grupoid :Jt 4 from the previous theorem is isomorphic 

to the grupoid • О 1 2 3 from [51· The function f·(~o ~1 ~2 33) 

о о о о о 

1 о о 1 о 

2 о о о о 

3 о 3 1 о 

is corresponding isomorphism. 

The fo11owing theorem is immediate consequence of Theorem 1. 

and [41. 

Theorem 2. For each natural number n~ 3 there exists n-e1ement 

grupoid such that its equationa1 theory is not finite1y based. 

[:!3 G. Gratzer 
(1979) Universal A1gebra, Springer-Ver1ag, New York 

[2] R. С. Lyndon 
(1951) Identities in two-valued ca1cu1i, Trans. Amer. 

Иath. Soc. 71, 4-57-4-65. 

[31 R. С. Lyndon 
(1954) · Identities in finite a15ebras, ?roc. Amer. Ыath. 

Sod. 5, 8-9. 

1.1 
[4-1 V. L. I\:Iurskii 

The existence in the three-valued 1ogic of а 
closed class with а finite basis having no finite 
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(5] v. v. ViSin 

(1963) 

comp1ete system of identities (Russian), Доk1: 

Akad. Hauk SSSR 163 

Identi ty transforшations in R four-va1 ued 1op:ic 

(Russian), Dok1. li.kг.d.. llfauk ШШR 150 
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The purpose of this note is to prove several statements 

what will show thw relationship between the notion of the 

Cauchy sequences and the notion of the distinguished pseudo

-Cauchy family in а valued field. 

The idea for this occured in clearing out some difficul

ties a~pearing in the proof of Ribenboim's characterization 

of the valued fields which are complete Ьу stages. 

2. Basic notions 

We first list the necessary definitions and background 

results from [5] . 
Definition 1. An additive abelian group Г is called totally 

ordered if there is а total ordering ,1 , " on Г such that 

(Vd.., ./'Ј .~~Е:Г ) ~'!Ь 9 cl..+'tt..(6+t 

А subgroup Ь,. of а totally ordered abelian group Г is 

called isolated if: <VrE:r )(Vа~ь) O~'t~~=Фt~6. 

The rank of а totally ordered additive abelian group 

is the ordinal type of its set of nonzero isolated subgroups 

ordered under ~ 

This paper is , with complete proofs , in print in the 

Radovi ANUBIH LXIX/20 • 
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Definition 2. А valued field is а pair (K,v) where К is а 

field and v is mapping from К onto а set ГU{.оо} ,where Г 

is а totally ordered additive abelian group and ootT is а 1\ 
symbol such that 't + оо = <>О + t .. .о<:>+ оо • оо and ,(<оо for 

e.ach '{Е; r ,for which the following conditions are satisfied: 

i) v(K\{0}) •Г , v(O) •0о; 

ii) v(xy) = v(x) + v(y) for all х,у in К ; 

iii) v(x+y);?:. miniv(x),v(y)} for all х,у in К • 

Gr1.11.1p f,. f v = v(K\{0}) is called the value group of the 

valuation v , and the rank of the group _Г v is called the 

rank of v • The set Av • {х~ К : v(x)) О} is а subring of К 

and К is the field of fractions of Av • It is well known 

that there is а bijective correspondence between the set of 

prime ideals Р of the ring Ау and the set of isolated sub

groups ~ of totally ordered group Г v given Ьу 

Р~"-+ v(Ap'\P) or Ьу .6. 1-+ v-1( { '( Е.- Г v: 6(;,6 _,. ~ <. ~,.. )U{ О} 

such that Р~ Р' iшplies 6. ;;2 ~' where .д. correspond to Р 

and Д ' to Р' • Also, if Р~ Р' are priшe ideals of ~ and 

6. ~ А' are the corresponding isolated subgroups of Г v , 

then (Ap/P,v~) is а valued field if Vp•/P is defined Ьу: 

('f/xf:..A.p".P) Vp•/P (х+Р) • 6(v(x)) , 

where &: Д ~ 6.! 6' is the canonical шapping • 

.A.valued topology ~v on а valued field (K,v) is the 

topology with the open neighbourhoods Ьаве for О consisting 

of all the sets Vr(O) •{хЕ:К: v(x)>t}, (Е:Г0 ,where Го is 

ootinal 1nГv. А. valued tield (K,v) is oalled coшplete if 

the field К is oo•plete in the topology ~ • 
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Definition~ А family (ar)r~T о! eleшents froш а valued 

field (K,v) is called pseudo-Oauchy (or P.C.F.) if tbe set 

Т is well ordered,without tbe last eleшent,and : 

( 3?'0 Е: T)('<tl', z-', 'Z"'"E Т) t"o ~ 7:'<. t''c: ?'"-+ v(&.r-- а~) 

If the faшily ( ar )r ~ Т satisfies also the following 

v(a - а ) r' r .. 
two 

conditions: 

i) ( У.?' Е:- Т) ar Е: ~ 

ii) { х Е- К : 2"0 ' t" ~ (r '- v(x)} is а priшe ideal о! ~ , 

distinct from М •{х f: К : v(x) >О! ,where t_ • v(a - а ) 
v r r- ~ 

for ~ ~ ?' < ?"' ', then ( ar lrE-T is called the distinguished 

pseudo-Caucby faшily (or D.P.F.) о! а valued field (K,v) • 

It is not difficult to show that а P.C.F. (al"'~E-T with 

eleшents in Av is distinguished if and only 1! the set (~), 
l"~ ?'о 

is cofinal in а nonzero isolated subgroup о! Г v 

If Т is а well ordered set witbout the last eleшent and 

<ar>r~т а family о! eleme~ts from а valued field (K,v),then 

an element а Е- К is called pseudo-limit of the faшily (al'lrE:T 

if there is an е lement ~ ~ Т: ?"0 ~ 'l < 't" '""> v( а-а .. ,)< v( а-а ) • 
' r'' 

In that case the family <ar)~E-T is called pseudo-convergent 

to а , and we write а Е:- Ps.lim ar 
r-e- T,(K,v) 

Definition 4. А valued field (K,v) is complete Ьу stages if 

the following two conditions are satisfied : 

i) ( VP ~Р' : succesive prime ideals in ~ ) 

(Ap/P,vp,/P) is complete valued field ; 

ii) If Т is а well ordered set, (Р2"')2"'Е:Т а family · of 

prime ideals of Av and (а?' )z-е-т а faшily of elements 

in Av such that : ( Vё, ?' 'Е:-Т) ?-~ ·z-- ~Р ... ,~ Р л а -а Е: Р , 
· • r r 2"'1 'r' 

tJ;len there is an е lement а Е Av ( \1 t' Е= Т) а-а Е-- Р 
r' ?"' 
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3. Some remarks concerning the proo! о! Ribenboim's theo~~m 

In (4 Ј and [5] Ribenboim stated and proved the 

!o1lowing theorem 

Theorem А А va1ued !ie1d (K,v) is comp1ete Ьу stages if and 

on1y i! every D.P.Q.F. in (K,v) has а pseudo-1imit in К • 

The end о! the proo! of that theorem in [5) is incorect, 

as it was shown in [11 , and an ear1ier proof о! the author 

in [41 is incomplete • Proposition 3.1.-and its proo! c1ears 

out this situation. We !irst give а part of the statement 

contained in the Remark 2.р.48.[6]. 

Lema 3.1. Let Т • W(Л) denote the set о! ordina1 numbers 

1ess than а limit ordina1 А. , (мt')?"Е:Т а !amily of idea1s о! 

а ring А , and <at')rE:T а !ami1y о! e1ements !rom А such that 

( "d ?' , l" ~Т) ?" < ?" 1 .Ј.> М с. М л а -а Е- М ..., • 
r-; - (" r- r"' ' 

Then there is an e1ement ?'о Е:- Т such that: ( "i?" Е- Т) а_-а_ ~М .... 
' 'о " 

or ((3T'co!inal in T)('o''?',2" 1f:T') 7"<Z" 1~ а -а Е- М' М • 
. ?' t'' r" " ?'' 

Proposition 3.1. Let (K,v) Ье а valued !ield such that ever,r 

distinguished pвeudo-Cauchy !amily in (K,v) hав а pвeudo-limit 

in (K,v). I! Т is а well ordered set,without the laвt element, 

<Pr~~T а !amily ot prime ideals ot Av and<•r>r~T а !amily 

ot elements in ~ sueh that 

(VZ",l"' 1E:T)Z"-'Z"' 1 ~ Pt',~PZ"'Л at"'-a?",E:Pz-, 

then there exists an element а Е- А.у such that 

a-az--f=P.?" tor all t"'E. Т 
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4. Cauchy-sequenceв and D.P.C. fam11ies in а va1ued fie1d 

Theoreш 4.1. Let (K,v) Ье а va1ued fie1d , rank(v) • 1 , and 

(.~) n~ш Cauchy-sequence in (K,v) with an ~ ~ for а11 n E:W 

Then the fo11owing ho1ds : 

• 11ш an 
nE:w,(K,v) 

)V((ЗN- cof'ina11ncu) <~'> nE:-N 

.iis D.P.C.F. in (K,v) ) 

~ Since Ьу assuшption rank(v) • 1 , we can choose an 

increasing Sequence (.fn'> n(:-u.> Of positive e1ements in r V 

such that <(n) n(:-uJ is cofina1 in f V • Thus , if' we denote 

Mn • { х(:-К : v(x) > '( nJ for а11 n~c.u , <мn)nE-W is the 

basis of o.pen neighbourhoods for the e1ement О in the valued 

topology on (K,v) • The sequence <an'> nE::t.u is Cauchy in (K 1 v), 

henc~ :· (Yn~w)(3inE::C..V: n<.in)('Vm~C..V) in<ш ~а1 - ~E":Mn. 
n 

Thus we han choose an increasing sequence. <in'> n4;:ow and а 

sequence <ьn) n~::-w , with bn • a1n f'or а11 nE-w ,such that: 

(Vn,n'€:-t.V) n<n' ~ ьn- а1 E:-Mn' 
n' 

!n particu1ar /Ј- ) Г 
<.. d in nE-W is cofinal in v • Lema 2 .1. 

imp1ies that either there exists some n1~w with bn -bn~ Mn· 
1 

.f'or а11 n E:-W , or there exists а set N cofina1 in LU such 

that bn-Ъn' Е:- M~Mri, f'or all n< n' in N • In the f'irst саве 

we take n = i , hence 
о n1 

for а11 n~Ч> and 

In the second саве /ъ ' is obviouslv P.C.F. in (K,v) . ' \. n 1 n rc-_N " 
Furthermore, the f'amily <(ьn> n te-N is distinguished since : 

·('in е !А)) n< h' =5:> n < in < in, .::;:. h < Yf. , ::ф а. _ а. Е- м. ~ 
n ~n ~n· ~n' 

9v(a.- а~ ) > r· >tт ,. i.e. v(b - ь ,)>{; · ~n :!;,n • ~n • n .n n n 
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is co.tinal in Г v , , and the theorem is, Thus , < bn) nE:N 

estaЫished • 
\ 

Theorem 4.2. Let (K,v) Ье а valued .tield with the valued 

topology satis.tying the .tirst axiom o.t separaЫlity • 

I.t (а) L is а Cauchy sequence o.t (K,v) with elements in n n...-w . 

\ 
\ 

Av , then there exists а set N co.tina1 in ш such that (an)n~N 

is D.P.C.F. in (K,v) i.t and only i.t the set {~ : ne~) is 

in.tinite • 

~ I.t <•n)nfN is D.P.C.F. in (K,v) -, then the set 

{ ~ : n~w} .is in.tinite , since : 

(:Зn0~(A))(vn,n:n'ew) n0 ~ n<n'<n .... ._,. v(an-•n,)< v(~,-an") ~ 

~ ~-~, + о . 
Conversely , 1et { ~ : nE:'-'>) Ье an in.tini te set and ( an) nE:w 

Cauchy sequence in (К, v) , wi th ~ €: ~ .tor all n Е: w • 

In the proo.t o.t the previous theorem the assumption that 

rank(v) • 1 is used to show the existence o.t а sequence 

<'tn'> nf:w co.tinal in rv and о<~<. tn' '.tor all n< n' 

in ~ • Such а sequence exists in this саве becouse the va-

1ued topo1ogy on (K,v) satis.tais the .tirst axiom o.t separa

Ыlity • Hence we can арр1у the conc1usions o.t Тheorem 4.1. 

tor the sequence <•n) nE:w. So , it can happen that there 

exists some n0€:Ц) such that ~ • 1im •n 
0 nf:w 1 (Jr,v) 

• In that 

саве we can take N • t n~w: ~ r::f- ~ } and it is obvious 
о 

that •n + 1i• ~ 
1 nE:N,(K,v) 

Тhus,Тheore• 4.1. allows 

.tor all n1 in N , and (~>nE-N is 
Cauchy sequence in (K,v). 

us to conc1ude that there exists а 

set N' cotinal in N such that (~) n(:R' is D.P.C.F. in 

(Х ,v) and o.t course , N' is co.tina1 in c.u • 
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Example According to [2) ( Exercise 2 , р.р.452-45~ ) 

the field К·k((Х))Г о! formal power series with coefficients 

in а given field k and exponents in а given totally ordered 

abelian group r ' with respect to the natural valuation r> 

on к ' is а valued field • Furthermore ' rcJ'. r 
Let г= нг. 

~ 
- the Hahn product о! the groups f 1 • R 

iH 

( R - the additive group of real numbers ) for all i Е: I • 

Then f~ is its own principal isolated subgroup in the саее 

that I=N (N - the set о! natural numbers ) , and is equal 
Т1 

to the union of the sequence о! isolated subgroups of ~~ 

distinct from f~ in the саве that I=Z (Z-the set о! integers). 

Obviously, in both cases , rank(f&) is in!inite • 

Furthermore, the valued topology on (К,~) satisfais the 

first axiom о! separaЬility as it was shown in [~} 

Remark Theorems 4.1. and 4.2. clear out the situation when 

а Cauchy sequence in а valued has а subsequence which is а 

distinguished pse11do-Cauchy family in (K,v) • 

In the case о! discrete , rank one , valuation v on 

а field К it is not hard to s.how (see [5) ) that if <aZ")t-~T 

is P.C.F. in (K,v) , then there exists an increasing sequence(f~~~~ 

whicb makes <а 2" ') а Cauchy sequence in (К, v) • 
n D(:-W 

In particular , if (K,v) is topologicaly complete , then 

there exists an element а Е- К such that a·lim а 1ъ , hence 
ne-w 

one can show that aE-Ps.lim a-z-
't"'t-T, (K,v) 
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In this article we discuss mainly systems of Boolean 

equations i.e. equations of the form АХ = В and ХА = в, where 

А, в, Х are matrixes whose elements are im Boolean algebra В 
(theorem З). The theorems 1. and 2. that follow1 we shall. use 

in the proof of the theorem З. 

Theorem 1 (Vanght). If S is а Horn sentence of the lan

guage of Boolean algebras and в2 F s, then S holds on all Bo
olean algebras. 

Proof.: See, for example, 111 or 121. 
Theorem 2. Let f : Bn х Bm + В and g : Bn х Bm + В Ье 

Boolean functions and let for each У Е Bm the equation, a.n Х, 
f(X,Y) = О Ье consistent:. The following conditions 

(а) (\/Х) (f(X,Y) O~g(X,Y) о ) 

(Ь) ("ЈХ) (g(X,Y) < f(X,Y)) 

are equivalent. 

We can write this 'theorem in the form 

(\ЈУ) ( 3X)f(X,Y) = Ь ::::> ('\[у) [(\;/Х) (f(X,Y) 

~ (\Ј х) (g (Х, У) .::_ f (Х, У)~ • 

O~g(X,Y) 

Proof. : Since for any У Е В there is Х G В such that 

f(X,Y) = О, let Ху Ье the element that is related to У such 

that f(Xy 1 Y) = О. Assume that (а) holds. Then for each У 

f (Х , У) = О ==:;. g (Х , У) = О 
·. у у 

О) 

i.e. Ху i~ the solution of the equation g(X,Y) = О. According to 
Lowenheim ''? theorem ( 1 З 1 , theorem 2 .11) , f ( (Х , У) f (Х, У) V 

' у 
(X,Y)f'(X,Y)) =о. Since (ёt) holds, we have 
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g((X ,Y)f(X,Y)V (X,Y)f'(X,Y)) О. 

у 

Using the well known equality 

h(tVVt'W) = hf(V)V t'f(W) 

g(Xy 1 Y)f(X,Y)Vg(X,Y)f'(X,Y) =О i.e. g(X,Y)f'(X,Y) О. 

We can write the last equality as g(X,Y) < f(X,Y). 

The proof for (Ь) ~(а) is obvious. 

Definition 1. Let Q 11 qij 11 i = 1, ••• , т; ј=1, ••• ,n 

and R = 1 lrjkl 1 ј= 1, ••• ,n; k = 1, •.• ,р Ье two rnatrixes with 

elernents belonging to Boolean algebra в. Then the product QR 

is the rnxp rnatrix such that 

n 
(QR) ik U q .. r.k 

ј=1 ~Ј Ј 
(i=1, ••• ,m; k=1, ••• ,p) 

Matrixes QT and Q' are introduced as: 

(i=1, ••• ,n; j=1, ••• ,n) 
(Q') ij = qi_j 

and rnatrix I is defined Ьу 

I 11 б ij 11 ' 

where о 11 1' б ij = о ( i ., ј) • 

n Definition 2. А vector (x1 , ••• ,xn)EB is said to Ье nor-

rnal if 

n 
Vx1 = 1 

1=1 

and orthogonal if 

(i,j 1, ... ,n and i 'f ј). 
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А vector that is normal and orthogonal is said to Ье orthonormal. 

Theorem З. Let А= 1 la1 jl 1 and I • 1 l6 1 jl 1 Ье вquare 
matrixes of order n. The following properties are equivalent: 

(а) А has а right inverse, i.e. the system АХ = I is consistent, 
(Ь) А has а left inverse, i.e. the system ХА = I is consistent, 

(с) for any square matrix С of order n, the system АХ = С is 
consistent, 

(d) < Vx> <\Ју) (АХ= АУ ~х= У), 
т 

(е) А А = I, 

n 
(g) Ua~ = 1 (i 1, ••• , n) 

ј=1 Ј 

i n 
where а ј aij п ahj 

h=1 
h~i 

(h) each row and each colurnn of the matrix А is orthonormal. 

The proof of this theorem is given in "Boolean functions 
and equations" Ьу s. Rudeanu using а few lemmas. ~. Mijajlovi6 
proved (с)~ (е) Ьу means of Vanght's theorem, his proof being 

much shorter i.e. it is reduced on the proof in Boolean algebra 

в2 • In this way we mainly prove the ofher equivalences. 

Proof: 
-1 -1 

(а) ==::::;>(с): Right multiplying А.А = I Ьу С we have А.А .С = С, 
i.e. the matrix А-1 .с satisfies the equation АХ В for any с. 

(с) ~ (а) : If ( 'V С) ( 3 Х) (АХ ~ С) holds, then for С = I we have 
(ј Х) (АХ = I) • 

(а) ~ (h) : Let us now write the sentence "Each row and each 

column of the matrix А is orthogonal" in the more favouraЬle way. 

The orthogonality of the i-th row is defined as 

a1 jaik=O (j,k=1, ••• ,n and j~k), 

namely, we·. have the conju~tion of n2-n equalities. 
n 

The normality of i-th row is defined Ьу U х .. = 1. It means 
. ј=1 1] 

that orthondrmality of а row of the matrix is defined Ьу the 
conjuction ~·f n2-n+1 equalities and orthonormality pf all rows 



50 
is defined Ьу the conjuction of n(n2-n+l) equalities. Let ~ 
р = n (n2-n+l) 2. Similarly, the orthonc:~rmality of all columns can 

Ье written as ! equalities. Namely, the sentence (h) can Ье~., exp

ressed as the conjuction of р equalities. If we write all t~ese 

equalities in the form m = О (i.e. О on the right side) and if 

we denote all the left sides of these equalities Ьу m1 ,m2 , •••. ,mp, 

then we can write the sentence (h) in the form 

р 

Um. = О. 
i=l ~ 

Then (а) ==> (h) can Ье written as 
р 

( 3 Х) (АХ = I) ==::} U mi О 
i=l 

р 

(\Јх) (АХ= I ~ Vm. = О). 
i=l ~ 

i.e. 

This means that (а) ==> (h) is Horn sentence and it is sufficient 

to prove this sentence in в2 • Let, in в2 , ( Зх)АХ = I holds. Then 

for some Х 

allxllv al2x21 v V alnxnl 1 

a2lxl1 V ~22х21 v V a2nxn1 о 

(1) 

an1 xll V an2x21 V ... Va nnxn1 = о . 
At least one element of the left side of the first equa1ity is 

Let, for example, а11х11 Ье such an element, i.e. а11 = 1 and 

х11 = 1. Since х11 = 1, according to (1), the elements 

а21 , а31 , ••• ,а01 must Ье О, i.e. the matrix А has in the i-th 

co1umn exact1y one 1. Simi1ar1y, from 

a11x12v a 12x22 v U a1nxn2 о 

а21х12 U а22х22 U Va2nxn2 1 

. . 
an1x12 V an2x22 V ... Ua2nxn2 о 

we have that some a 2kxk2 = 1,i.e. a 2k 1 and xk2 = 1. Here is 

1. 

k ~ 1, because in the i-th co1umn of the matrix А all elements 

are, except а11 , equa1 to О. Тhе other memЬers of the k-th column 

of the matrix А are О. 

Тhе proof for other co1umns is simi1ar. Thus each column 

of the matrix А has exactly one 1 and all these 1's are in the 

different rows, i.e. each row and each co1umn is orthonorma1. 
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(h)~ (а): This seutence can Ье written !n the form 

р 

U m1 = О ~ ( З х> АХ I 

!.е. 

1=1 
р 

(ј Х) ( U m1 = О~ АХ = I) 
1=1 

This means that the sentence (h) ==> (а) is Horn's and we prove it 

!n в2 • Let (h) ho1d !n ь2 , i.e. each co1umn and each row contains 

exact1y one 1. Then for Х = АТ the equa11ty АХ = I is satisfied. 

(h) => (Ь) : The some as (h) ~(а) • 

(h) ==> (е): The sentence (h) ~ (е), i.e. 

р 

\Ј 
1=1 

is Horn's 

We suppose 

one 1. This 
(е) --~ (Ь): 

(h) ===> (g) : 

that, in в2 , each row and each co1umn contains exact1y 
gives АТА = I. 

АТА = I means that (3 Х) ХА I. 
n i 

The condition V а. = 1 (i 1, ••• ,n) 
ј=1 Ј 

can Ье written in the form 
n n 
Гl <Ua~> = 1 
i=1 ј=1 Ј 

so we write (h) ~ (g) as 
р n n i 

'() m1 = О ~ П ( V а.) 1. 
i=1 i=1 ј=1 Ј 

The 1ast sentence is Horn's and we are going to prove it in в2 • 

Let (h) ho1ds in в2 • For examp1e, the. i-.th row contains in the j-th 

р1асе (in the j-th co1umn) 1. ·тьеn а:= 1.0'~0' ••• 0' = 1, thus 
n i Ј v а. = 1. 
ј=1 Ј 

(g) ~ (h): We can write the sentence (g) ::::::::=> (h) in the form 
n n . р 

П ( U а:) = 1 ~ \Ј т. = О 
i=1 ј=1 Ј i=1 ~ 

n . 
which is Horn' s and it is sufficient to test it in в2 • If V а: 

Ј'=1 Ј 
i then in в2 one element of this union is 1. Let ak = 1, i.e. 

а ' '',. ' а' а' 1 Th · s th t ik a1k a2k ••• ai-1,k i+1,k ••· nk · ~ means а 
aik = 1 • a11k =о, a2k =о, ai-1 k =О, ai+1,k = о, ..• , ank =О, 

' , 
namely at l$ast one element of the i-th row of the matrix А is 1 

and all other elements of the column to wich this element belongs, 

1, 
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are O's. Assuтe now that sоте row contains two or тоrе 1's. Then 

(bearing in тind that each·row contains at least one 1) there are 

тоrе than n 1's in the тatrix А and this тeans that sоте column 

contains тоrе than one 1. •Thus we. get the contradiction. Hei\ce, 

each row and each column has exactly Qne 1 and in в2 this тeans 

that all rows and all columns are orthonorтal. 

(h) ~ (f): (ATI') 1 

(ATI') 1 

(I'Ат), =Ат can Ье written as 
АТ Л (I'AT)' = АТ 

Each of the last two equalities contains n2 equalities. If we 

write all these equalities (there are 2n2 equalities) in the forт 
s 1 =О Л s 2 =О Л ••• лs =О, where q = 2n2 , then the last conjuc-

q q 
tion Ьесотеs \Ј. s = О, Therefore the sentence (h) ~ (f) is Horn' s 

т=l т 
and it is sufficient to prove it in в2 • Let (2) hold in в2 , i.e. 

each rcw and each column of the тatrix А contains exactly one 1. 

This also holds for the тatrix Ат. If (АТ),, = 1, then (ATI'), .=О, 
Т ~Ј ~Ј 

because we тultiply (А )ij Ьу (I')ii' i.e. Ьу О and other тemЬers 
of the i-th row of the тatrix АТ are О. Using operation ' we have 

(ATI') 1 . = 1. If (Ат) .. =О, then sоте other eleтent of the i-th 
Ј Т ~Ј Т 

row of the тatrix А is 1. Multiplying the i-th row of А and the 

j-th column of I' we get 1, i.e. 
(ATI') 1 . = 1, hence (ATI') 1'. =о. This тeans (ATI')' =Ат. Siтi-

J Т Ј Т 
larly we obtain (I'A ) ' А • 

(f)==> (h): The forтula (f)~ (h) is Horn's, because it can Ье 
written as 

q 
Us 
т=1 т 

р 

о~ Uтi 
i=1 

о 

so те prove it in в2 • 

(ATI')' =АТ 
~ ( СА.т·I' ) ' ) Т А 
~ ( (А Т I 1 ) Т) 1 А 

~ ( (I')TA) 1 А 

<==:!> I'A = А, 

Since 

(because (Ат)т =А) 
(because for evary matrix s with elements in 
в (S')т = (sT)') holds) 

(because for matrices Rxxn and Qnxe with 
elements in в (RQ)T = QTRT holds) 

the conditions (ATI')' =Ат and I'A =А' are equivalent. Let 

(ATI')' =АТ in в2 , i.e. I'A =А~ If а1ј О, then at least one 

element of the j-th column of the matrix А is 1, because 
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вut if а1 ј = 1, then all the elements of the j-th co1umn are О, 

Ьecause 

(I'A)ij = a 1 jv ••• vaj-l,jvovaj+l,ju ••• vanj =о. 

Тhis means that each co1umn of the matrix А contains exact1y one 1. 
Simi1ar1y, starting with (I'AT)' =А', i.e. AI' =А', we 

can prove that each row of the matrix А contains exact1y one 1. 

(d) =:"> (h) : The equalities 

АХ = АУ and Х=У 

can Ье written as 
n n n n 

(2) Л 1\ (АХ) i. 
i=l j=l Ј 

(АУ) ij) ' itJ. ј~ ( (Х) ij 

i.e. in the form 
n n 
1\ (\ ((АХ) i .+(АУ) i. = О) 1 

i=l j=l Ј Ј 
n 

n n 
(\ ./\. ((Х) iJ' + (У) ij 

i=l J=l 

where we denote with А the conjuction of n memЬers. 
i=l 

о 

2 If we denote а11 members of the first conjuction in (2) Ьу p1 , ••• ,pn 
2 r 1 , ••• ,rn we get instead of (2) and of the second one Ьу 

n2 n2 
\) Pk = О , U rm = О. 

k=l m=l 

Then the implication (\:Ј Х) (\ј У) (АХ=АУ ~ Х=У) Ьecomes 
\.1 n2 n2 

( УХ) (\ЈУ) ( V pk = О ) U rm = О). 
k=l m=l 

(З) 

Since the e1ements pk (k=l, ••• ,n2)· dep.end upon the 

matrixes Х,У and А and the elements rm(m=l, ••• ,n2 ) 
matrixes Х and У, we can write (З) in the form 

(4) (\ј Z) (f (Z,M) = О=-:.} q (Z,M) = О) 

e1ements of the 

depend upon the 

where Z = (x11 , ••• ,xnn' y11 , •• _.,ynn) and М= (a11 , ••• ,ann). Note 
that function q does not actua1y depend upon М. According to the

orem 2, formu1a (4), bearing in mind the condition 

(\ј М) ( 3 Z) f (Z ,М) = О, is equiva1ent to 

(\/Z) (g(Z,M) ~ f(Z,M)). 

The condition (\/М) (3))f(Z,M) =О is satisfied, because it is 

equiva1ent to (\;ј А) (З Х, У) (АХ = АУ) • I~ :i.s sufficient to take X=Y=I. 

Now we use the fol1owing: if С - > (А <;:::-) в) then 

C--")((A~D)~(Bcc:.)D)). Therefore the formular (d)=}(h), i.e. 

(\;:Jz) (f(Z,M) =О ==:;>g(Z,M) =О)~ Ь(М) =О, 
р 

where Ь (М) ;;= \.) m. , and 
\ i=l ~ 

(5) (\JZ) (g(Z,M) ~ f(Z,M)) ==:7 Ь(М) О 

are equivalent. The formula (5) and 
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( 3z) (g(Z,M) ~ f(Z,M) ~ Ц(М) = О) 
are a1so equiva1ent. This means that t,he formu1a (d) ~(h) is 

Horn's and it is sufficient to prove it in в2 • Assume that ~11 rows 

. and co1umns of the matrix А are not orthonorma1 i~e. there ~xists 
а row or а co1umn, that does not contain exact1y one 1. If, for 
examp1e, the i-th row contains а11 O's, then the equa1ities 

(АХ) . 1 = (АУ) . 1 1 ••• 1 (АХ) . = (АУ) . 
~ -~ ~n ~n 

a1so ho1d in the cases when the corresponding e1ements of the mat

rixes Х and У are not equa1. The other n2-n equa1itias do not imp1y 

the equa1ity of the corresponding e1ements of the i-th rows of the 

matrixes Х and У, because thay are not in these matrixes. When а 
row contains two 1's, for examp1e the j-th row has 1 in the k-th 

and h-th_p1aces, then 

(б) xhi V xki = yhi V yki (i=1 1 ••• ,n) 
The 1ast equa1ities do not imp1y 

-- ЉёYьiandxki=yki (i=1, ••• ,n) 
Ьecause it is sufficient to Ье xhi = yhi = 1 and then (б) ho1ds, 

whi1e the e1ements xki and yki can Ье arЫtrary. Тће other n2-n 
equa1ities (that resu1t from equa1iting the other e1ements of the 

matrixes АХ and АУ) do not contain the e1ements of the i-th row of 

the matrix А. When the k-th co1umn of the matrix А contains on1y 

O's, then the e1ements of the k-th row of the matrixes Х and У are 
not in 

(7) (АХ) kj = (АУ) kj (ј=1 1 ••• 1 n) 
i.e. the equa1ities (7) ho1d , o1though the corresponding e1ements 

xki and yki (i=1, ••• ,n)can Ье different. 
If а co1umn of the matrix А contains at 1east two 1's, for 

examp1e the k-th column has 1 in the i-th and j-th p1ases, then the 

e1ements x~h acn ykh (h=1, ••• ,n) are in the equa1ities 

(8) (AX)ij = (AY)ih and (AX)jh = (AY)jh (h = 1, ••• ,n) 
Since there are not two 1's in а row, the equa1ities (8) are of 
the form ~h ~ Ykh and ~h = Ykh (h = 1, ••• ,n) 

i.e. we have the ваше equalitieв. Thiв means that there are elements 

хrв and Уrв that to not take part in the equalitieв AX=AY,i.e. the 
elements xrs and Уrв can Ье different. 
(е) (h): Left multiplyinq АХ=АУ Ьу Ат we qet Х•У. 
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In this paper we introduce and begin а pre1iminary study 

of а associative systemв of а topo1ogica1 n-quasigroupso We 

can consider that arЬitrary topo1ogical n-quasigroup which 

be1ongs to an associative topo1ogoca1 system is comp1etely 

regular topological врасео 

First, 1et us quote some of the resultв from L4), ~~and[бl 

Theorem 1о [41 If n-quasigroups Q(A1) :iч 1,2, о о о ,2nJ =N2n 

are conected Ьу а genera1 associative 1aw 

( ( ј-1 n) j+n-1 2n-1) ( ј-1 А ( j+n-1) 2n-l) ( ) 
А1 А2 а1 ,ај ,an+1 ,aj+n =А2ј-1 а1 ' 2ј ај ,aj+n 1 

for each ј&{ 2,3,o •• ,n} then 

1. Each Q(A1 ) itN2n isotope to one and on1y one n-group 

Q(A) with а unit. 

2. There is а Ьinary group Q(B) so that it is 

А(а~) = B(B( ••. (B(a1 ,a2),a3) ••• ),~_1),an)o 
For n=2 this theorem is proved Ьу Be1ousov [2] and it is 

lcnown,as n-ana1ogous of Be1ousov's theorem about four quasi-

groupso 

Quasigroup isotopy cbaracterization Q(A1 ) in re1ation to 

n-groйp Q(A) from the previous theorem that is the fo11owing 

one is proved 

Theor~m 2. 15] If n-quasigroups Q(A1 ) itN2n satisfy (l) 

then the fq11owing equa1ities are va1id: 



56 
. А ( n)-A(T1 1 ј-1 1 ј ј+1 n ' 

2ј-1 а1- lт2а1, •• ,т2ј-3Т2ј-2ај-l'т2ј-1ај,т2ј+1т~ј+2ај+1' 
...n n i 

••• ,·.t·2n-1T2nan) ••··········\,·(2) 

n ј-1 ј 1 n 1 2 n 
A2ia1)=T2j-1A(T2j-1T2ja1, •• ,т2n-1T2nan-j+1'T3T4an-j+2'"""' 

· n n · · · 
. т2ј-1т2ј~) ••••••••••••• (3) 
t t-1 n-t 

for each ј ~n· (Tix=Ai( k ,х, k )) 

Definition 1. [61 Let i t Ье I:-=n , where n is а. set of а11 

n-quasigroup operations defined on Q. The system I: is ca11ed 

iA-system, if for each ~'Am+1 e:I: where m is а fixed number 

(m=2i-1, :kN0 ), there are ~,At+fn for each U:{ 2s-1lsli,se:N0 } 

it sa'tisfed (1). 

Definition 2. [бl Let it Ье I: ~n , where n is а set of all 

n-quasigroups defined on Q. The system I: is ca11ed iA-system 

if for each ~'Am+1 e:I: where m is а fixed number (m=2i-l, ie:N0 ) 

there are such At,At+1e:I:, that for each U:{ 2s-1lsli, EEN0 } 

we have equa1ity (1). 

Definition 3. [бl Let it Ье I:~ n , where n is а set of al1 

n-quasigroups defined on Q. I: is ca1led A-system if it iA

system for each ie:N0 • 

Theorem 3. [б] Let iA-system I: of n-quasigroups Ье given 

on Q. Тhen we can define group В оп Q so that each operation 

А e:I: has а shape n-1 
А(~)= В (~х1 , ••• ,а 0х0 ) 

where а1 is automorphism of the group В and а t, ~ N0 \ { i } 

some permutations of the set Q. 

We remark that arbitrary permutation а n from above theorem 

we can get as а composit~on of some translations of quasigroupз 

from the system I:, according to the theorem 2. 

Тheorem 4.[6] Let to Q Ье given iA-syRtem I: of n-quasi

groups, then we can iefine group В оп Q so that each operation 
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Ctt has the shape 

n-1 
С(х~)=В( В (Ф 1х1 , ••• ,•n~),k) 

where \ are automorphisms of the group в, and k is а some 

e1ement from Q. 

We remark thnt the above theorem can Ье read as Hosszd-G1u

skin' s theorcr.-. :: . ;е~ [fJ ) ··~h'Эn t ={А } naime1y t is а one-e1eшent 

set from one n-t;roup. 

Before topological associative systems definitions we 

shal1 proove the next theorem 

Theorem 5. If semitopo1ogical n-quasigroups Q(A1 ), ~N2n' 

out of which at 1east one is topo1ogical, satisfy genera1 asso

ciative law (1) then: 

1. n-Group Q(A) isotope to n-quasigroups Q(Ai) is 

topo1ogica1. 
n-1 

2. Group Q(B) where А(~)= В (х~) is topo1ogical. 

3. All quasi'groups are topo1ogica1.' 

~: 1. Let Ai Ье topo1ogica1 quasigroup and 1et it Ье 

i=2j-1 then from (2) we find that 
n 1-1 1-1 n -1 ј -1 

А(х1)=А2ј-1(Т2 Tl х1, ••• ,т2n T2n-1xn) 

so that А is topo1ogica1 n-quasigroup since the trans1ations 

тf are homeomorphisms of space according to 1emma 5. [91 and 

it is n-group at the same time so that, according to 1emma 4~ 

it is topo1ogica1 n-group. 

In the same way we proove i=2j using the re1ation (3). 

2. Let е Ье unit of group Q(A), then group Q(B) can 

Ье shown as а retract of n-group Q(A), that is 

А(х,у,е,е, ••• ,е)=В(х,у) 

so that grщ~:P Q(B) is topo1ogical according to 1emma 1. [9] • 

3\ Having in mind re1ations (2) and (3) and the .fact 

that Q(A) is topo1ogica1 n-group we can conc1ude that, since 
1 

the trans1ations Т~ are homeomorphisms of space according to 
1 
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lemma 5. Г9lthat all n-quasigroups Q(A1 ) iE: N2n are topologi~al. 

De.finition 4. Let Q Ье topological space and n set o.f all 

semitopological n-quasigroups de.fined on the Q. iA-system Е\ in 
\ 

the set n we call it topological i.f r consists of at least bne 

topological n-quasigroup. 

De.finition 5. Let Q Ье topological space and n set of all 

semitopological n-quasigroups defined on Q. iA-system r in the 

set G is called topological iA-system i.f r consists of at least 

one topological n-quasigroup. 

De.finition б. Let Q Ье topological space and n set of all 

semitopological n-quasigroups defined on the Q. A-system r in 

the set Q is called topological A-system if Е consists of at 
1 

least one topological n-quasigroup. 

Using the theorem 5. we shall proove the next: 

Theorem б. Let Q Ье topological space and r topological 
' iA-system of n-quasigroups defined on Q, then we have: 

1. Each of n-quasigroups from r is topological. 

2. All quasigroups from Е are isotopy to topologica], n

group and isotopyes are homeomorphisms. Even n-quasigroups from 

n which take part in building iA-system are topological. 

~· It is enough to take for example that n-quasigroup ВЕЕ 

is topological then we proove that each one is topological ta

king them in pairs and joining them 2n-2 semitopological n-qua

sigroups from n во that all satisfy general associative law (1) 

then according to theorem 5. it follows that all are topological 

and that n-group is one where isotopyes are topological. 

In the ваше way we can proove the theorem about iA-systems 

ot topological n-quasigroups. 

Theorem 7. Let Q Ье topological space, Е topological 

iA-system of n-quasigroups defined on the set Q, then we have: 
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2о А11 n-quasigroups are isotope to topo1ogica1 

n-group and those isotopes are automorphisms ot topo1ogica1 

group Q(B) (theorem4o)o 

The above theorem can Ье read as а generalisation ot 

topo1ogical analogy of Hosszu-G1uskin's theorem ([8]): 

Theorem ?о If t = {Л} is topo1ogical iA-system of one 

topo1ogica1 n-group then there is topo1ogica1 group Q(B) such 

that it is 
n-1 2 

А(~)=В( В (х1 , а х2 , а х3 , n-1 ) ооо ,а xn),c 

where а is automorphism of topo1ogica1 group В, and с is some 

e1ement of the set Q, when the conditions are fu1fi11ed 

n-1 ( ( -1)) а х=В с,В х,с , ас=с о 

Remark Arbitrary topo1ogica1 quasigroup which be1ongs to 

an associative topo1ogica1 system is comp1ete1y regu1ar topo-
/ 

1ogica1 space о 

In connection with associative systems it is natural to 

ask the question: Is arЬitrary quasigroup an e1ement of an 

associative system? 

The answer is negative what can Ье easi1y conc1uded on the 

basis of the next consideration: If each quasigroup is an 

e1ement of an associative system then the arЬitrary 1оор is 

а member of an associative system so that it is isotope to 

some group, and from this on the based of A1bert's theorem it 

would follow that the arЬitrary loop is isomorph to some group 

which is not trueo 

·, 

\ 
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In this note it is showed how an arbitrary media1 topo1o

gica1 n-quasigroup can Ье presented as а topo1ogica1 group, 

with conc1usion that а11 media1 topo1ogical n-quasigroups are 

comp1etely regu1ar topo1ogica1 S1>aces. 
n 

\Је denote with а~ (a1 , ••• ,an) and with а (а, •• ,а) 
...._n.......-' 

n-groнpoid Q is ca11ed n-quasigroup if the equation 

( i-1 n ) 
а1 ,х, ai+1 =Ь 

so1ves for each iE{1,2, ••• ,n} and for arbitrary a1 , ••• ,ai_1 , 

ai+1 , ••. ,an,ь EQ. 

n-quasigroup ~() is ca11ed media1 if it satisfies the 

media1 law 

for arbitrary x11 ,.: •• ,xnnEQ• 

Иedial n-quasigroups are satisfied Ьу the fo11owing theorem 

Theorern l. 1 If Q is а rnedia1 n-quasigroup then there is 

Abe1's grouy (l(+) frorn Q such_that it is 
n n 

(х1 ) = ra.x.+b ••••••.•• (2) 
i=1l 1 

vlhere Ь is definite fixed e1ernent frorn l~ and а i (i=1, ••• ,n) 

are rnutua11y comrnutative autornorphisrns of that group. 

Definition 1. Topo1ogica1 space Q, \>lhich is n-quasigroup 

as vтe1l, is ca11ed sernitopo1ogica1 n-quasigroup if а quasigroup 

operation is continious '"ith а11 variaЫes and if all trans1a-

tions are h?rneornorphisrns of а topo1ogica1 space. 
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1ogica1 n-quasigroup if а11 inverse .operei.~ions are continious 
' 

with all variaЬles' togetЩэr. \ 
\ 

According to the definition it immediately fo1lows: 

Lemma 1. Topo1ogica1 (semitopo1ogica1) n-quasigroup retract 

is а topo1ogica1 (semitopo1ogica1) quasigroup. 

Lemma 2. Superposition of semitopological n-quasigroup and 

semitopo1ogica1 m-quasigroup is semitopo1ogica1 (m+n-1)-quasigroup• 

~: Continuity of new quasigroup operation can Ье seen 

Ъ~ ~efinition, and th~t arЪitrary trans1ation is homeomorphi~m 

of space· can Ье seen from the .fo11owing re1ation: 

i ( ј-1 m+n-2)· 
А + В а1 ,х,ај = 

( i-1 ( ј-1 m+i-2) m+n-2)- ј ј-1 
А а1 ,В ai ,х,ај ,am+i-1 -Т i-1 m+n-2тk х i~j~m+i-1 

Аа1 am+i-1 

= ( ј-1 i-1 ( m+i-1) m+n-2)- ј 
А а1 ,х,ај ,В ai 'a.;n+i -Т i-1 m+n-2x 

Аа1 ka;n+i 

where i ( i-1 n-1) Т n-1 х= А а1 ,x,ai 
Аа1 

Lemma 3. ~uperposition of topo1ogica1 n-quasigroup and topo-

1ogical m-quasigroup is topo1ogica1 (m+n-1)-quasigroup. 
11" 

~: Continuity of arbitrary inverse operation Је comes 

from the fo11owing re1ations 
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naime1y 

A(xi-1 В(хј-1 х xm.+i-1) ~+~-1) 
1 ' 1 ' m+n' Ј+1 '"'m+:J. i ј m+i-1 

хЈ.= А(хј-1 х х~-1 В(ХШ.+i-1) ~+~-1) 
1 ' m+n' Ј+1' :1. ' m+:J. 1 ј i-1 

A(xi-1 B(~+i-1) ј-1 ~+n-1) 
1 ' i 'XШ+i'xm+n' ј+1 m+i ј m+n-1 

Lemma 4. Topo1ogica1 n-quasigroup which is n-group, it is 

topo1ogica1 n-group. 

~roof: It is necessary to proove the continuity of operation 

х-х. As it is А(х,х, ••• ,х,х)=х we have "'hA(x, ••• ,х)=х and 
1Т 

it fo11ows U(x)=U(ђlA(x, ••• ,x)) ~ nA(V(x), ••• ,V(x))=V(x). 

Lemma 5. If topological n-quasigroup Q(A) is isotopy n-qua

sigroup Q(B) but isotopyes are homeomorphisms of space then Q(B) 

is topological n,quasigroup. 
n+l 

Гroof: Let them {a~i=l Ье isotopy of topologica1 n-quasi-

group Q(A) in n-quasigroup Q(B) homeomorphisms of space. Let U 

Ье neighbourhood of В(х~) than 
-1 -1 

U(B(x~))=U( an+lA({ai xi}~)s=an+lU'(A{'5_ Xif ~)~ 
~an+lA(UiCai1xi)~)~«n+l A({:ll(Vi(xi))}~B(W~) 

1Т • 

so that the operation В is continuous. Operation continuity :Ј.В 

is is proved Ьу fact tћ-at 
1Т • 1Т • 
1В are isotopyes with 1А which are 

continuous, and isotopyes are homeomorphisms of space. 

Definition 3. Topo1ogical n-quasigroup which satisfied the 

medial law, is called topological medial n-quasigroup. 

Theorem 2. If Q() is medial topological n-quasigroup, then 

оп Q there i~\ topological Abel' s group Q С+) such that i t is 
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(х~)= I=1 cxixi + Ь 

where ~Xi (i=1, ••• ,n) are mutua11y commutative automorphiS:plS of 
\ 

the topologica1 Abe1's group Q(+) and Ь determined e1ement from Q. 

~: А theorem is proved Ьу aryty induction: 

For n=2~ 1et Q Ье binary media1 topo1ogica1 quasigroup then 

there is such Abe1's topo1ogica1 group that 

А(х,у)= u(X)+ Х(у) +С 

where u and х commutative automorphisms of the topo1ogica1 group 

Q(+) and с de~ermined e1ement from Q. The main isotope (+ ) 

of topo1ogica1 quasigroup Q(A) defined in the fo11owing way 
-1 -1 

x+y=A(Ra х,Iъ ) 
is evident1y а topo1ogica1 quasigroup (taking into consideration 

that the trans1ations Ra and Lь are homeomorphisms of the topo1o~ 

gica1 quasigroup), and at the same time it is Abe1's group as 

we11. То say that and are automorphisms of the topo1ogica1 

group can Ье secn immediate1y from the fact that 

х (х)= Lь(х)+ (-h). 

'vle assume that the theorem re1ates to each natura1 member 

1ess than n. 

From the assumption, that the quasigroup Q() is topo1ogica1 

and from 1emma 1. it fo11ows 
n-3 

A(u,v)=(b,u,v, Ь ) and 

В(~)= (а,х2) 

that they are Ьinary name1y (n-1)-media1 topo1ogica1 quasigroup 

which we get Ьу putting i~ in the media1 1aw 

n n-1 
.Yi=(a)=b for i,t2,3 , and у2=(х1 , а )=а xl' 

у3=(а. ,~) and 
n-1 

z1=(a,x1 , а )= sx1 and 
2 n-3 

zi =(a,xi' а ) = У xi for i!l. 
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(From the quated definitions it is clear that а, 8 andY are 

space homeomorphisms.) 

Haviнg in mind the inductive assumption we have 

A(u, v)= у u.f 1'! v+d 

B(~)=A~2+ •••• +Anxn+c 

where + and + are topological Abel's group and Ai'Y and11 

automorphisms of the correspondent topo1ogical groups, с and d 

determined elements from Q and А ј_ А ј= Ai i 

On the basis of medial 1aw it fo11ows that 

A(ax1 ,B(~))=(Bxl'{yxi}i~2 ) naime1y 

уа х1+ б(л 2х2+ ••• +лnxn+c)+d = (sxl' {yxi }~). 

Group + is replaced Ьу group + which is isomorph with it 

since ( +} =( +) and б is space homeomorphism. From pre1iminary 

re1ation we get 
-1 

(x~)~lxl+(џ2x2+ •••• +џnxn+l'! c).fd 
-1 -1 . -1 where lli =б \у for 1#1 and '111 = yoS 

are spaces hom~omorphisms. 

(3) 

Media1 topo1ogical quasigroup retract (х~-1 ,а) is medial 

topo1ogica1 (n-1)-quasigroup and according to inductive suppo-

sition there is Abe1's topo1ogica1 group Q(f) so that 

с n-1 ) •• •. •. ·ь 
х1 ,а =v1x1+v2x2~ ••• +Vn-1xn-1~ 

where vi are automorphisms of the topo1ogica1 group Q(+) and 

h is а fixed e1ement from Q. 

Putting that xn=a in (3) we come to the equa1ity 

џi х1 +Сџ 2Х2+. • • +џ ~-1 xn-1)= "! х1+ v2x2+. • .+ vn-1~-1 +h 

where and so '~~l and '11 ~-1 

are space homeomorphisms and having in mind the fact that 

group (Q,+), (Q,+) and (Q,+) are main isotope we get from (3) 
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using the re1atoin 

u+v=u+v+g 

and u+V=U+V+f 

(f and g are fixed e1ement from Q), that it is 

Cxi)=~1x1+~2x2+ ••• +~nxn+b. 

Proof that ~ i i=1,2, ••• ,n are mutua11y commutative automo

rphisms of topo1ogica1 group Q(+) is simi1ar to the a1gebraic 

case [1] • 

The. question of comp1ete regu1arity of topo1ogica1 quasi

groups is not quite so1ved [3] • On the basis of this resu1t we 

have that the media1 topo1ogica1 quasigroup is comp1ete1y 

regu1ar topo1ogica1 space. 
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Let А* denote the set of all finite strings on the nonvoid set 

А and let ~ Ье the empty string. If V is а nonempty set dis

joint from А and а is а mapping of V into А·(А*) , ther, the sys

tem А = а <A,V> is а pвeudoaZgebra [з} where А is the base set, 

v the set of operational symЬols and а (v) for any v 1:0 V is an 

operation. The set А(А*) is the base set of а groupoid GA whose 

multiplication is defined Ьу (u1·u2J (р) = u 1 (u2 (~)р) for arЬit

rary u1 , u 2 E А (А*) and pli: А* [2]. The right ideal G(A) of GA ge

nerated Ьу а (V) = {а (v) 1 ve. V} is the groupoid of the pвeudoaZ

gebra A.The operations of the pseudoalgebra В= S<G(A) ,V> are 

defined Ьу S(v) (Ь 1 ь2 ••. bn) = ( ••• (a(v)·b1 )·Ь2 J •• ,.)·bn for 

аrЫ trary v t:: V and Ь 1 , ь2 , ••. , bn Е. G (А) (the multiplications 

on the right side of this equality are performed in G(A) and 

ind the special case n ~= О we have S (v) (~) = а (v)). For these 

pseudoalgebras the following assertion is valid: there exiвts. 

а mapping of G(A) into А which is а homomorphism of В into А 

(see [1]). 

There is an analogy between the previous considerations and the 

following fact from automata theory. If А' = a'<A,V> is а una-

ry universal algebra · (the operations а' (v) are tra:nsformations 

of the set А, i.e. mappings of А into itself) then let М(А') 

denote that submonoid of the full transformation monoid on А 

which is g~nerated Ьу а' (V) = {a'(v) lv~V}. The operations of 

the unary uri,iversal algebra В' 
\ 
' 

S'<M(A') ,V> are defined Ьу 
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~' (v) (Ь) = а' (v) • Ь (the mul tiplication is in М (А') ) • For 

these universal algebras the following assertion holds: the

re exists а ~apping of М(А') into А which is а homomorphism 

of В' into А' (in the prirnitive class generated Ьу А' , В' 

is а free algebra whose free generating set is the unit of 

М(А'))~ 
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Vladimir Volenec: Kvadratne kvazigrupe 

(sa~etak) 

~vadratna kvazir,rupa је svaka kva~igrupa (Q,•), u kojoj Yrijedi 

identitet 

са•Ьс =аЬ•а. (1) 

Npr. ako је u po1ju (С,+,•) komp1eksnih brojeva definirana operacija 

о formu1om 

1-1 1+i 
ааЬ =т·а~·Ь, (2) 

tada је (С,•) kvadratna kvazigrupa. Skup С moze ве shvatiti kao euk1idska 

ravniпa. Za bilo koje dvije toёke а,Ь te ravnine, identitet (2) moze se 

pisati i u oЬliku 

(аоЬ)-а 1+i 
Ъ-а -т· 

То znaci da su tocke а, Ь, аоЬ vrhovi trokuta direktno s1iёnog trokutu в 

1+i vrhovima О, 1 1 2 , tj. аоЬ је srediste pozitivno orijentiranog kvadrata 

sa dva susjedna vrha а, Ь, Бtо opravdava naziv promatranih kvazigrupa. 

Svaki identitet u kvadratnoj kvazigrupi (С,о) interpretira neki 

geometrijski teorem. s druge strane, ovaj geometrijski mode1 (с,о) 

kvadratnih kvazigrupa daje motivaciju za ispitivanje kvadratnih kvazigrupa. 

U kvadratnoj kvazigrupi (Q,•) vrijede i identiteti 

аа=а (idempotentnost), 

а•Ьа = аЬ•а (e1astiёnost) 1 

аЬ•а=Ьа•Ь, 

Ьа•аЬ =а, 

а•Ьс =аЬ•ас (1ijeva distributivnost), 

Ьс•а = Ьа• са (desna distributivnost), 

aь.·cd=ac•bd (medija1nost). 

(3) 

( 4) 

( 5) 

(б) 

(7) 

(8) 

(9) 

Pomocu kvadra tne kvazigrupe mogu se dobi ti · i neke .. druge kvazigrupe. 

Za svako а, Ь Е Q element 

(10) 

zove se poloviste para elemenata а, Ь, а (Q,*) је komutativna idempotentna 

_medijalna kvazigrupa. 
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Neka је na skupu Q definirana operacija а ekvivalencijom 

а а Ь =с ..... Ьс,;, а. (11) 

Tada је (Q, а) tzv. rot-kvazigrupa Ј. Duplaka, tj. kvazigrupa, u ~\>јој 

vrijedi identitet 

хо(хау) =za[(xaz)IClyJ. (12) 

Operacija а moze se definira ti i eksplici tno formulom 

а а Ь = (а•аЬ) • (а•аЬ) (аЬ•Ь). (13) 

Neka је operacija А de!inirana ekviva1encijom 

(14) 

gdje је * operacija de!inirana !ormu1om (10). Tada је (Q, .6.) idempotentna 

kvazigrupa, u kojoj vrijedi jos i ·identitet 

f<at.b)ь.c}t.d=l(aь.d)•c]Aь. 

Operacija 6 moze se definirati eksp1icitno !ormulom 

а А Ь = [{а•аЬ) (аЬ•Ь) • (аЬ•Ь)] [(Ь•Ьа) • (Ь•Ьа) (Ьа•а)]. 

V1adimir Vo1enec, Quadratic quasigroups 

(Summary) 

(15) 

(16) 

А quadratic quasigroup is а quasigroup (Q,•) with the identity (1). 

It satisfies the identities (3)-(9). I! the operations *• а, 6 are 

de!ined on the set Q Ьу (10), (11) resp. (14), then (Q,*) is а commutative 

idempotent media1 quaeigroup, (Q, а) is а rot-quasigroup of Ј. Dup1&k, 

i.e. it ho1ds the identity (12), and (Q, 6) is an idempotent quasigroup 

with the identity (15). The operations D, А can Ье defined directly Ьу 

(13) and (16). 
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On enumeraЬility of intergolants 

Р. Ecsedi-Tbth* and L. Turi** 

О. Introduction 

Our motivation for determining all interpolants of the 

arЫtrarily given first order sentences, and~ Ьу an effective 

procedure comes from computer science, namely from the theory of 

program verification. There, according to the well-known method of 

Floyd-Hoare, а program (or more precisely а program schema) must 

Ье associated Ьу so called assertions [1,4]. This association can 

partially Ье mechanized~ the difficulty arises in associating 

assertions to loops. If ~ is the assertion immediately before the 

loop and~ is the one immediately after it, then the assertion 

associated to the loop can Ье looked for among the interpolants 

of ~ and ~ as was pointed out in [2]. Thus, Ьу providing an effective 

method to generate the interpolants of 1 and~, we can completely 

automatize the Floyd-Hoare verification process. This, of course, 

represents but а little interest from а practical point of view, 

since the Floyd-Hoare method is object to several impediments 

(nevertheless, it seems ±о Ье the only general approach which has 

practical applications). In the same time, however, automated 

Floyd-Hoare process can serve as а basis for further research. In 

this paper we define an algorithm which enumerates the set of 

interpolants for arЫtrarily givenf and~. (The existence of such 

an enumerat~ng algorithm easily follows frorn the Completeness 

\ 
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Theorern; in this paper, however, we avoid any use of that 

theorern and exhibit exp1icite1y an enurnerating a1gorithrn.) 

1. Zero order interpo1ants 

Let ~ Ье an arbi trary zero order sentence and 1et 1:'17 

Ье the set of sentence syrnЬo1s (i.e. prirne sentences) occuring 

in (1'. It is we11-known that every function h:ТсТ_,.2 (where 2 ={0,1}) 
л 

can Ье extended unique1y to а function h over the set of sentences 

of the 1anguage, rcr according to the fo11owing recursion: 
... " " h($11Л)II) rnin (h (9) , h (ЈЏ) ) 

" " " h(J'VJV) rnax (h (s<') , h (ЈЏ)) 

" " h ,,!Р) 1 - h(!f) 

" " h ( !1 ~'У') rnax (h ('JI') , 1-h (!f')) • 

Since 7:11 is finite and hence 7:'0"2 is finite as we11 (where 
л 

t"V2 = {h\h:тcr~2J), we can cornpute h(O") for every hE~ . Let 

Са1 (О') 

It is c1ear, that Са1 (~ is cornputaЬ1e for every zero order 

sentence ~and that the fo11owing 1ernrna ho1ds: 

Lernrna 1 Let ~Ье а zero order sentence. Then, 

Са1 (О') 1 if and on1y if О" is а tauto1ogy. 

Let Con (f1'1 ,cr2) = Са1 (СТ1 _, &2 Ј • The fo11owing assertion 

is easi1y obtained frorn Lernrna 2 Ьу Deduction Theorern: 

~L~e~rnrn~a~2~~L~e~t_U~1 ,~2 Ье zero order sentences. Then, 

Con <~1 .~2 ) = 1 if and on1y if u1~ ~2~ 

Let ~ and~ Ье zero order sentences and set 

r,,J' ={Х 1 Х is а zero order sentence such that т;r sc 'ђРn'L'Џ' 
and 9' • Х and Х t- ." } 
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Theorem З Let V and~ Ье zero order sentences. Тhen 

!'l,'f is decidaЬ1e; i.e. there exists an a1gorithm Int~.~ such that 

Int~,y (Х) = 1 if and on1y if Х Е Iy,y' otherwise Intf',~(X) =о 

for arЬitrary zero order sentence 

Proof Let Intji','JI' ()') = min f Con (9'1.f) , Con <Х,у> , 
Tau (lf•"f•X> where Tau (sP/;Y',X> = 1 if and on1y if ТХ' rlj)n 'r'"')J 

and otherwise it is О. It is immediate from Lemma З and from the 

finiteness of т91 , ry and тХ that Intf,'JI' (Х) is computaЬ1e for every 

zero order sentence Х' and that Int,,y<t> = 1 if and on1y if 

Х Е I S', У-' and otherwise it is О. 

2. First order interpo1arits 

Turning to the more invo1ved question of the first 

order case we reca11 and refine some we11-known facts. 

А first order formu1a у is in prenex norma1 form if 

and on1y if it has the formsP= Q1x1 ... Qnxn~ where Qi (i=1, ... ,n) 

is either the existentia1 (З) or the universa1 (V) quantification 

syrnЬo1 and no quantifier occurs in~. 

Lemma 4 (Prenex Norma1 Form Theorem) 

There exists an a1gorithm Pren such that for every ,, 

Pren (~) is in prenex norma1 forщ and ~ is 1ogica11y equiva1ent 

to Pren (W) . 

Proof Trivia1 and can Ье found in any textbook on 

1ogic. We note, however, that the rigorouos definition of Pren 

is rather tedious (and hence is omitted here). 
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А first order formula in prenex.normal form is said 

to Ье in standard form if and only if f/ = ~ xll/y 1 .. . Ј xn'r/y n "f :\, 
The following assertion is immediate. 

Lemma 5 (Standard Form Theorem) There exists an 

a:lgorithm Stand such that for every 9' in prenex normal form, 

SP is logically equivalent :to Stand (9') and Stand (!е> is in standard 

form. 

From now on, we shall always assume, that for every 

arity ·we have an infinite set of function symЬols. 

Lemma б (Existential Skolem Normal Form Theorem) 

' There exis~s an algorithm Skol1 such that for every 

fP = 1 х1~1 •.• 'dxn~n'Y' in standard form we have 1= !f if and only if 

t= Skol~ (f) and Skol; (!Р) = ;7х1 ... ;xn~1Q1lд1 , ... , fnQl' ... ,xnlдn) 

where none of the function symЬols f 1L!2 , ... ,fn occurs in ~ and 

!i(x1 , ••. ,x1lLY1 denotes the suЬstitution of the term f 1Q 1 , ... ,x1 ) 

into the variaЬle у1 for all i=l, ••. ,n. 

Proof of this lemma is quite elementary and can Ье 

found e.g. in [sJ. 

Let Cterm Ье an algorithm which enumerates the set of 
. k 

closed terms and for every kе(.Џ, let EnWI1эt enumerate the set (А) • 

Тhе algorithm which computes the i-th component of an ordered 

n-tuple а is denoted Ьу (а) 1 • For '1 = 3 х1 .•• ~у and L f(A) we 

define 
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Leпuna 7 (Spec1a1 Semant1ca1 Form of Herbrand's 

Theorem) For every ex1stent1a1 sentence Џ1, t=!l' 1f and on1y 1f 

there ex1sts an L Е tЏ such that Ј= V Cf (Ј~, 1) • 
1'L 

Proof. Th1s assert1on fo11ows 1mmed1ate1y from the 

we11-known Herbrand's Theorem (see [5]) and from the def1n1t1on 

of Cf. 

We can summer1ze the facts c1a1med 1n Lemmata 4,5,6,7 

as fo1lows 

Lemma 8 For every first order sentence !t' , l=f 1f 

and on1y if there exists an L EW such that 1= V Cf (Sko1 3 
ii!OL 

(Stand (Pren (f) ) ) , i) • 

Let us define the a1gorithm Ca1f for every first order 

sentence as fo11ows. 

Step О. Let t =О. 

Step 1. Compute Са1 ( \( Cf (Sko1~(Stand (Pren (~))) ,1). 
ii>t а 

If the va1ue is 1 then Ca1f (~) = 1 e1se go to Step 2. 

Step 2. Increase L Ьу 1 and go to Step 1. 

Ву Lemma 8 Ca1f (tp} _stops and gives va1ue 1 if and on1y 

1f ~~, otherwise Calf (~) does not ha1t. 

Let Conf (lp/'JI) = Calf ('f...,"/1). 

Lemma 9 For every two first order sentences (f and 1f, 

Conf (tp,"f} = 1 if and only .if lf/::1}1 and undefined (i.e. does not 

halt) otherwise. 

Proof. Immediate Ьу definitions. 
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Now we can provide an a1gorithm such that it enumerates 

al1 consequences of а given ~· Let Form Ье an a1gorithm which 

enumerates. the set of sentences. Let Conseq (,,n) = Form (n) if 

and on1y if Conf ( 'f, Form (n) ) . = 1. 

Let Tauf Uf /'f ,Х) = 1 if and on1y if -r Х 5:i 'Т, n "l"''YI 
(reca11 that, for а first order formu1a (Ј", Tr!' denotes the set of 

non-1ogica1 symЬo1s occuring in ~) , and 1et Tauf (r,y,XJ = О 

otherwise. 

We define the a1gorithm Interp Up,'lji,YI) for arbitrary 

first order sentences 'f , 1f and for nEc.J as fo11ows. 

Interp (~,1,n) = Conseq (~, (Enum2 (n)) 2) if and on1y if 

Conseq (Conseq (~, (Enum2 (n)) 2), (Enum2 (n)) 1) =1Р and 

Tauf ('f,''f, Conseq (fP, (Enum2 (n)) 2) = 1. 

We put 

Let !f and 'IJI Ье first order sentences such that lf 1= 1f . 

r 11 l'f ={Х/ Х is а first order sentence, ТХ-' Tlf n T}t' and 

1ft:='X Ј Xt::'ЏI} 
Thus we have Ьу Lemma 9 and Ьу definition the fo11owing 

Theorem 10 For any fixed first order sentences ~,1,Х, 

there exists an n Е С" such that Interp (sP,З,V,n) =Х if and on1y if 

~9'•У; i.e. the set r",., is enumerah1e. 

З. Out1ook 

The a1gorithm presented in section 2 is of high comp1exity. 

The reduction of this comp1exity is of great importance but the 

present work does not intend to dea1 with such questions. We 
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provide, however, sorne remarks concerning this reduction. 

In case of zero order logic there are faster algorithms 

to generate the set of interpolants. These are based on the 

isomorphism between the Lindenbaum-Tarski algebra of zero order 

sentences and the Boolean algebra of finite functions associated 

to the equivalence classes of zero order sentences. 

In the Boolean algebra of functions we are аЬlе to 

find those functions which correspond to interpolants, and then to 

generate the appropriate representative sentences (for example in 

full disjunctive normal form), relatively quickly. 

Analyzing the аЬоvе isomorphism we have showed that, in 

case of zero order logic, the interpolants for any given sentences 

,and 1 may Ье classified in а finite set of classes, and we have 

estimated the cardinality of this finite set. These results will 

appear in [з]. 

In the first order case further research is required. 

The considerations of this paper can Ье generali.zed in 

several ways. For example, any application to the program verification 

proЬlem needs similar algorithms for formulae with free variaЬles 

instead of sentences. This will Ье investigated elsewhere. 
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ON AFFINE PLANES OVER A~-QUASIGRUPS (SUММARY) 

Juraj Siftar,Zagreb 

An ~-a1gebra is defined as an idempotent groupoid of or

der n in which every pair of distinet e1emente generates а 

subgroupoid of the same order k. Sueh a1gebras were introdu

ced and investigated Ьу Szamko1owiez (1962) and Puhareт (1965). 

Each ~-a1gebra Q can Ье used for the eonstruetion of an inei

dence structure Р~ in а natura1 way: the e1ements of Q are 

points,the subgroupoids of order k are 1ines and the ineidenee 

re1ation is "с."· Here .f = (~-1)/(k-1). For .f~k~2 

а regu1ar p1ane,which meanв that eaeh pair of distinet points 

1ies on а unique line, that each point 1iee on exact1y .f 11-

nев .and that each 1ine contains exact1y k points. We sha11 eon

sider the саве when n=k2 во that we have an affine p1ane. A1so, 

we confine our attention to A~-a1gebras which are quaeigroupe, 

in which саве it easi1y fo11ows that the subgroupoide of order 

k are вubquasigroupв. 

Puharev proved that an affine p1ane over an ~-quasigroup 

(Q,·) iв deaarguesian if Q iв media1,i.e. if the identity 

(а·Ь)· (c·d) = (а· с)• (b.q.) 

ho1ds for а11 a,Ъ,c,deQ. It iв our aim to find воmе вuffici

ent conditions on (Q,·) such that the corresponding affine 
\ 

p1ane ~ b~1ongs to the other outstanding c1assee of p1anes: 

trans1ation p1anes, dua1 tranв1ation p1anes, sernifie1d р1аnев 
' 

and nearfie14 p1anes. 
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We are аЪlе to prove the following resultв: 

Тheorem 1. 

If Q has the right, (or left) distributive-·property,then а is 

а translation plane. 

Theorem 2. 

If.there is in Q а subquasigroup К of order k which has the 

right distributive property and satisfies the condition that 

(k1·a)·(k2·b)=(k1·k2)·(a·b) for all k1,k2 eк and all a,beQ,K, 

then С[ is а dual translation plane.If there is another sub

qцE.aigroup L of order k which inters.ects К and satisfies the 

right 'diвtributivity law,then Ol is а se_mifield plane. 

Theorem З. 

If Q containв two intersecting subquasigroupв К and L of order 

k such that К iв medial,L has the right distributive property 

and (k1• '.с 2 )· (.(1 • .(2 )=(k1-.t1 )·(k2 • ( 2 ) for all kl'k2 E К and 

.fp-!2 eL ,then Otis а nearfield plane. 

Sazetak 

О AFINIM RAVNINAМA NAD ~-КVAZIGRUPAМA 

Idempotentnu kva~igrupu Q reda n nazivamo ~-kvazigrupom 

ako svaka dva njezina razli~ita elementa generiraju potkva

zigrupu jednog te istog reda k. Ovakve se kvazigrupe na pri

rodan na~in povezuju ва strukturama incidencije koje su,u 

posebnom slu~aju n=k2 , afine ravnine. Puharev је pokazao da 

је medijalnost ~-kvazigrupe Q dovoljan uvjet da pripadna 

afina ravnina ~ bude Desargue8ove. Ovdje nalasimo neke do

voljne uvjete na kvazigrupu da Ьi ~ Ьila ravnina tran8laci

je,dualna ravnina translacije,ravnina polupolja 1 ravnina 

8koropolja,reвpektivno. 
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AN Al.GORI'ПiМ FOR '!НЕ CONS'I'RIJCI'ION OF NON•SIМPLE МАТRОШ 

Dгagan Acketa ,Novi Sa.d 

AЬstract. We descгiЬe а s:imple algaгi tlJn fаг the construction 

of all non-isanaгphic non-simple ma:troids on n+1 elements ,provided 

all non-isaoorphic matroids on n elements аге 'l<rц.m. 

Introduction 

Мatroid М on а finite set (саггiег) S is an агd~ pair (S,F), 

wheгe F is а family of suЬsets of S,satisfying the following thгee 

axians: I. S€ F П. if А,В~ F,then А/"'\ В€ F 

III. if А€. F and а,Ь€ S\A,then Е is а mеmЬег of all sets of 

F containing AV{a} if and only if ~ is а manЬer of all sets of F con

taining АU~Ь) 

Тhе elements of F аге flats of М. All flats of а matroid М, 

агdегеd Ьу inclusion,constitute а semimodulaг lattice L,each element 

of which (except the minimal) is а join of atans (imnediate followeгs 

of the minimal element-zero). Тhе elements of the zero of L аге loops 

of М, while atans of L аге also atoms of М. 

Matroid is simple if all its atans аге singletons,otheгwise it 

is non-simple . 

Тhе addi tion of а пеw element е to а flat Х of а matroid М 

оп S (е~ S) is _]he replacement of all flat~ Z of M,which contain Х, 

Ьу ZU{e}. 

Тhе algaгithn 

Step 1: Addi tion of one пеw loop to ( i. е. оре new element to 

the zero flat of) each matroid оп n elements. 

Step 2: Construction of k (possiЫy not all distinct) loop-
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less non-s:i.mple rnatroids on n+1 elements ,which coгrespond to an arbit-

гагу loop-less rnatroi~ М on n elements with' k atan_s, Ьу addition of ~ne 

new element to an atan of М. 

Step З: An iscmoгphian check of the rnatroids constгucted in 

. Step 2.. and the el:i.mination of the isaooгphic copies • 

Sane expJanations and comnents 

\ 

\ 

Step 1. uses (and estaЬlishes) an 1-1 corгesp:xience Ьetween all 

ron-iscmoгphic rnatroids on n elements and all oon-isanarphic rnatroids 

with loOps on n+1 elements. 

Any loopless oon-simple matroid on n+1 elements can Ье constгu

cted Ьу the procedure of Step 2. ,for there is not an element of the 

carтier of а matroid,which is not included in an atan of it. 

Step З. (Ьу far the most tedious one) may Ье shortened if we pгi

marily el:i.minate the isaoorphic matroids constгucted .f:rom. the same rna

troid on n elements and obseгve that the loop-less·rnatгoids on n+1 ele

ments,obtained Ьу addition of the same p-tuple of num.Ьeгs of new ele

ments to the ordered atans of а rank р simple rnatroid are iscm:>гphic. 

А пюdification of this algoritЬn is used in [.1] for the constгuc

tion of non-simple rnatroids on В elements. All non-iscm:>гphic s:i.mple 

rnatroids on В elements are also krDwn ([2]),and we suggest this algoritЬn 

for the constгuction of oon-simple matroids on 9 elements. Тhere is а ve

ry li ttle 1юре for its use on larger sets ,for even the constгuction of 

all oon-iscm:xгphic simple rnatroids on 9 elements seems to Ье unreachaЫe. 
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НЕНОТОРЫЕ ХАРАКТЕРИСТИКИ ТАБЛИU БУЛЕВЫХ ФУНКUИЙ 

И ПОСТРОЕНИЯ ВЬlРА:П:НИЙ В ОГIЕРАТОРАХ ШЕФФЕРА 

П. Хотомски 

Функцил ј: L; _., L~ :~ l.z -{ q 1}. представленна таблицей. 

Понимаем f; как ј -ую координату вектора f и с помощью конка-
б f -- .к2"fJ-f 4f ...... ~ ... тенации удем nисать - Ј 

х .. 
о 

о 

1 

х ... .х. :f 
о о р 
о .., f~ 

;•-t 

Не трудио усмотреть следуюущие харак-

теристики связанные с столбцами таб-

лицы. 

I. Каждый вектор х,, is-t1 n. порождается выражением 
.. -i t.<~1 . 2... . i z'!.".: 2 i . jz.'+r 

. = 2К"(К Oj:~.':..rџ.__11z+~) или короче X'i= Ј<., К ['/(z.<-.:15) 
-Xi . - 2.<·4 . ,., 

Ј~О ,... • .., ·= +1 ,;•о •.f 

где [ Ј- целая часть. 
h. 2"-i 2. с· L"-"1 Ј2'+ r 

2. Вь1ражение У< К /Л [~""/(2 .,.-t)] репрезентирует аргументную· 
i=1 ј~о ,.._.., 

часть таблицы. 

3. П,усть ~- десятичный 
~ .. 

Обозшз.чим ](n.)=2 -1 

зквивалент бинарной записи веi<тора .Xi • 

, тог да М- I(n) = I(n.J·I(i--t) i= -/Јп. 
1 i- I{t"-1}+2 Ifi) ' 

Таким обра:зом значения /\{· отыскиваются непосрсдственно и 

· неэависю:.о дрЈт от друга, т.е. nроще чем предложено в [э].. 

4-. Чис.по 1 (t~) соответствует функцие константе f= 1 и удовле-
" n-4 

TIJCpReT равенству n Ni == (J(rL)) • 
~f . • 

5. Посред::твом вектора Х.·, 1~,·.,; n, вектор Ј можно представить 
·.. 2"-=~ .zi·t "2!i.r z• iz'+.,.) 

Е ":;:ор;,: е f = У{ (К 1; /IS_}." , где fo, f1 координаты век-
' j•D Г=-f r~2.• +-f 

тора f \на местах которых в Х.· стоят О, 1',соответственно. 
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Используем приведенную нотацию для описания метода построе!г 

ния особых выражений в операторах Шеффера. Вопросы представ.,. 
ления и минимизации В обобщенных операторах. f Х;= ~Л ···X-

L•I 

рассмотрены в [-1] и [2]. Там эти операторы в выражениях имеют 

переменную длин:у. Мы будем рассматривать выражения которыеt 

исходя от таблицы строятся исключительно на бинарнам опера

тере ~fj=~· Покажем что каждую булеву функцию n перемен

ных можно представить выражением особого вида: Р-выражением. 

Определение -f. Р-дерево /подрезанное дерево/t это бинарное 

деревоt каждая не концевая вершина которого связана хотя бы 

одной из двух исходящихиз нее граньt с вершиной которой со-

ответствует переменнаяt либо непосредственно либо через од

ну вершину. Р-дерево закончено если каждой концевой вершине 

соответствует nеременная данной функции. 

Определение 2. Выражение булевой функции соответствующее 

эаконченому Р-дереву называется Р-выражение. 

Теорема. Каждую булеву функцию n nеременных можно nред-

1) 
ставить Р-выражен11ем в бинарных оnераторах Шеф~ера, 

Доказательство обосновано на следующих лемах. 

Лема '1. Если f и '} з_аданные булевы функции 11. переменных t 

то можно отЫскатЬ булевы функции ~ и ~ такие что 

(~tlf)f'f=f, nри чем jftf:S.E(it'fiJ,i,Vi€Lz.. 

Докаэательство. Обозначим через s координаты которые мог ут 

иметь любое значение из L2 /свободные f; ~ ~~ 'f' 
• о о 5 .., 

координаты/ и nусть ~rs ... 1. Значения 
о 1 о 1 

'r; и 'fi 1 о s о 
оnределенны в таблице. 1 1 5 ј! 

1} Анналогичный результат действителен для оnератера Пирса. 
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Лема 2. По булевой функцие Ј 11 леременных и любой ее nере

менной х.- , можно отыскать булевы ·I·ункции F~ 'f' и с{! которые 

не зависят существенным образом от Х.· , такие что 

(Ft{x; t 'f/J) t (~· r У')= f 
Доказательство. Утверждение лемы выnолняется для следующих 

векторов, заnисанных nосредством леременной Х.·. 

2".:"~ 2; .. ." . i i-1 . 

F =Х (К !,Рн· k F;:z•+2l·:.r) ci2'+-2'-.:.:_ fojz.<+,. 
i•o ""•-# о r • ., 1 ) ГАе t., -

Ч'= k~ (Ј<: ~.f:z~,.r<-~iz'~~·"-! ") v.;
0 

:i:z~,.. = l...l/j2'+2•~~,. 
)=о 1-=of о r---t 1 ' ГА~ r,. Т_, 

'е== К~(к.' ~~~r/<..1 'e'2..·+zi;t Ј где tf_jz~r= 'ej2.:~2i-~,. 
i=o Г=оf D r~o~ 1 ' о ., 

nри чем координаты векторов ~ и ~ определяются из условия 
( F,jzt..:zi·~,. f ~j.z'~2'._"'+ ~-; 1 ~ ,j:zi.,.zi-~r = 

с использованием таблицы лемы 1 • 

Теперь, доказательство теоремы становится очевидным. 

Алrоритм отыскания Р-выражения можно обосновать на повтор

ном применению лемы 2, пока F, 'f и 'ј/ не окажутся (~.ункция

ми одной nеременной. Однако, Р-выражение меньшей длины полу-

чается если лему 2 использовать только тоrда коrда к данной 

функцие не приыенимы части а/ или б/ следующей лемы 3. 

Точнее, часть б/· использ;уется только если не приме нима а/. 

Лема 3. Пусть f и х< данные веi,торы. 

а/ Если не с,уществуют координаты векторов f и х; , такие 
ri · что Ј <=:х:'= о ' то фуНI{ЦИЯ 

. ' l 
z":~ 2i--1 · 2;_., . l. ,_., 

<[! = ?< (Ј< 'f.,i2~1-k 'e.IZ+Z +') где 
Ј=О . ' ~;,~ ,..~,.. 1 1 

не зависит от ;х;. и удовлетворяет условию 
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_с0Ј2 +r= ~ 
б/ Если для f выnолнено: е ели Ј, ,, 

то фунюiии F и '!/ ,оnределенны следующим образом 
n.-i i-4J l-4 

F = f({ К ~;zt~,. К F,;z<~:z.•--t_..j rл~ 
Ј =О ГЕ4. ,..,.., ' 

. не зависят о т ~- и удовлетворяют F f ( ~ 1 ~)=' f , 
Доказателъство устанавливается непосредственной проверкой. 

Может казатся что такой порядок применения лем 2 и 3 

nриведет к минималъному Р-выражению, но зто не так. Поэтому 

становится вопрос отыскания минималъных Р-выражений. 

Пример. Для ве кт ора f = •1-1 4 1 1 оо 1 булевой функции трех 

nеременных, указаный порядок nрименения лем приводит к сле-

Однако, это не минималъное Р-выражение, так как следующее 

выражение также является Р-выражением данной функции 
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Homomorphisms between nets of the вате dimension and degree 

are considered in this paper. 

~· Let ~ Ье а nonempty set, n а positive integer (n~1) and 

Б1 , .•• ,Бk (k ~ n+1) а collection of disjoint suЬsets of the boolean 
of Р . The elements of ~ are called points, the sets в 1 , ••• ,Бk 
classes and the elements of the classes are Ьlocks. 

The structure N = ( ~; Б 1 , .•• ,Бk) is called an n-dimensional 
net with а degree k (or simply an tn,k] - net) if the following 

statements are satisfied. 

(I) If Р is а point and i 6 { 1, ... ,k}, then there exits 

exactly one Ьlock ь1е в1 suoh that РЕ ь1 • 

(II) Each sequence of Ьlocks Ь. , •.• ,Ь. from different classes 
~1 ~n 

contains exactly one common point. 

It is shown in [1] that в 1 , ... ,вk have the same cardinal 
which is called the ordre of the given net. 

Let N = (ср; в 1 , ••. ,Вk) and N' = ( ~ '; B{r•••rBk) Ье two 
n-dimensional nets with the s~me degree k. А mapping f:~ + ~, is 

said to Ье а homomorphism from N into N' if it satisfies the 

following condition: 

(Н) For each Ьlock bv Е 13v there exists а Ь~ €Б~ such that 

f(Ь) = {f(P) IPE ьv} s ь~. 
An isomorphism is а Ыjective homomorphism such that f- 1 is 

also а homomorphism. 

If Cf S ~' and the emьedding mapping from Р into ср' 
is а homomorphism, then N is said to Ье а suЬnet of N'. 

Furth~r on Ьу а net we will always mean an (n,kJ - net. 
\ 
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..!.· If f is а homomorphism from a.net N into а net N' such 

that lf(b) 1 = 1 for а Ьlock Ь of N, then f is а constant hamomo

rphism, i. е. 1 f ( 'Р ) 1 = 1. 

Proof. Let f Ье constant on а Ьlock Ь' ~i' and let f(b) = 
{Р'}. If ј 'f: i and Ь. е в., then Ы\ Ь. 'f: fJ, and this implies that 
. . Ј Ј Ј • 

Р' Е f (Ьј) • Therefore there exists:·a Ьј е Вј such that f (Ьј) S Ьј and 

Р' Е Ьј, for each Ьј е Вј. If Р .Е ~ , then Р belongs to а Ыосk of 

Вј and thus f (р) Е Ьј. 

Assume now that ј 1 < ј 2 < ••• < jn and jv 'f: i· Then for each 

v there is а Ыосk ь: е в: such that Р'Е ь: and f(P) Е ь: for 
]\) ]\) ]\) ]\) 

each Р Е <f:>. This implies that Р' and f (Р) are in ьЈ: 1\ ••• f\ Ь: , 
1 Jn 

and therefore f(P) = Р' for each РЕ 4?. 
2. Let f Ье а homomorphism from а 

let ь;,ь~ Е 135 Ье such that f(b;) SЬ~, 
Ь~ЕВ~. Then f(b;) ",; f(b~). 

net N into а net N', and 

f (Ь 2 ) S Ь' for some s s 

Proof. Assume that f(Ь 1 ) 'f: f(Ь 2 ), and Q'E f(Ь51 )\f(Ь52 ). ----- s s 
exists а paint Р е ь; such that Q' = f (Р). Let 1 1 < 1 2 < 

There 

< 1n-1 
and iv 'f: s for each v E{1, .•• ,n-1}. Ву (I) there exist bi , ... , 

1 
••• ,ь1 such that Р Е ь1 , Ь. Е В. 

n-1 l.v l.v 
for each v е { 1, ... , n-1} . And, 

Ьу ( II) there exists а unique R е 'Р such that R Е Ь. f\ .. • 1\ Ь .1\ 
· l.1 l.n-1 

1\ ь;. Then: f (R) Е f (Ь11 ) 1\ ••• 1\ f (bin_1 ) f\ f (Ь;) S, Ь,i 11\ • • • f\ Ь,in_ 1f\ Ь~, 
and also Q' f (Р) Е Ь,i 1\ ••• f\ Ь~, where ь'. are such that 

1 l.v 

f(Ь1 ) S Ь' Thus we have Q' = f(R) Е f(b~), and this is impo-
. \) i\) 
ssiЫe for we have assumed that Q'~ f(b~). 

З. If f is а surjective hornomorphism from а net 

N ( 4Р, в 1 , ..• ,Вk) into а net N' = ( ~'; B{•···•Bk), then: 

ьv е вv ~ f(Ь) Е в~ 

and for each v Е {1, ••• ,k} and Ь~ Е В~ there exists а bv Е Bv 

вuch that f(bv) = Ь~. 

Proof. If Ь8 Е 8 8 then there t.:!XiBt а ь; «О в; such that f (Ь8 ) S Ь~. 
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Ass\Шie that Q'~ Ь~(Ь8). Тhen there exists а Ре 1» such 

that f(P) = Q', for f:"J' + 'Р' is а surjectJ.ve. Тhere exists а 
1 1 1 unique Ьlock Ь6 Е 8 8 such that Р Е Ь8 • 'l'hen О = f (Р) Е f (Ь8) aDd 

therefore f(b~) 'ь~. Тhus f(bs) ~ ь~ and f(b~) ~ь~ and Ьу.! th:Ls 

imГlies that f(b8 ) = f(b1), but this is ~ssiЬle for 

Q'~f(b~) and o';.f(bs). Тherefore b.;'-f(b.) ='!.е. ь~ :0: f(b.). 

ASS\Шie now that Ь~ Е в;. 1lfe have to shov that there is а 

Ь 4!8 such that f(b) = Ь'. Let Р'ЕЬ8', then Р'= f(P) for 80I8e s s s в 

Р fi ~ ; there i.s а uni.que Ь8 Е 8 5 such that Р Е Ь5 , and thus 

Р'Е f(b 8 ) 1\ Ь~, vhich implies f(b8 ) = Ь~. 

4. If f :N + N' i.s а bijecti.ve h08>DI0rphi.SD, then i.t is ао 

i.somorphism. 

Proof. We have to shov that f- 1 :N' + N i.s also а h08>:a>rpЬiSIII. 

If ь~ ЕВ~, then there i.s bv EBV such that f(bv) = ь;. and 

thi.s i.mpli.es that f- 1 is а homoвюrphi.SJil. 

~- Let f Ье а homomorphi.sm from а net N = ("'Р ;В1 , ••• ,~) 
into а net N' = (1P';Bi•···•Вk> such that for any i,j: 1Si<jSk 

and Ь_. EBi, Ь. ЕВ. ve have f(b~) 'i f(bJ.). Тhen н• =(f("'P); 
~ .... Ј Ј ~- , 

f(B1 ), ••• ,f(~)) i.s а suЬnet of N'. 

i>roof. First, Ьу the assumed property of f, ve have that 

f(B.)nf(B.) = ~ if i "1 ј. Also Ьу 1, ve have that lf(b.)l > 1 
~ Ј - ~ 

for each i еО, ... ,k) and ь1 е-в1 • Namely if ve had 1 f(b1 ) 1 = 1 

for some i Е {1, ••• ,k) and ь1 Е B.i, then ve would get that f is 

constant and then f-(Ь1 ) = f(bj) for any i.,j and, ь1 EBi' Ьј Е Вј. 

Let Р' Е f ( ~ ) and 1Si.:50k. Тhen there is а Р Е "Р such that 

Р' = f (Р) and therefore Ьу (I) there is а unique ь1 Е в1 such 

that Р ЕЬ1 ; thi.s implies that Р' Е f(b1 ). 

Ass\Шie nov that Р'= f(P1 ), Р1 ЕЬ~; then P'Ef(b.)l\f(b~) 
. ~ --:1. ~ 

vhence follovs that there 

f(Ь1 ) .S Ь:" and Ьу 2 ve set s ~ . -
N" satisfie~ (I). 

',. 

\ 

is а Ьi: Е Bi: such that i"(b1 ) 'Ьi:, 
f (Ь. ) = f (Ь~) • So ve have proved that 

~ ~ 
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Finally assurne that 1~i 1< ... <in~k and Ь1 vе в1 v. Then t~er~ 

is а unique point Р Е 'Р such that Р Е Ь. for each v, and thtts 
1. 

Р~= f(P) Cff(Ь1v). This irnplies that thevcondition (II) is 

satisfied. 

• "тherefore N" is an n-dirnensional k-net. Clearly the ernhedding 

rnapping frorn N" into N~ is а hornornorphisrn. 

If f:N + N~ is а surjective hornornorphisrn, then f(Ь1 ) 1 f(bj) 

for ifj is satisfied and rnoreover then we have N ~ = N". 

б. Let f Ье а surjective hornornorphisrn frorn а net N = ( 'Р ;В 1 , . 

. . . ,Bk) into а net N~ = ( 'Р~;В{, ... ,Bk) a;td let а = ker f. If 

Р~~ , then Ьу Р is denoted the a-equivalence class containing Р; 

if Ь is а Ьlock in N, then the set {Q\f(Q) е f(b)} is denoted Ьу Ь 

and в1 = {bi 1 ь1 f в1 }. Then N/a = ( 'Р ја; i31 , ... ,Bk) is а net iso

rnorphic with N~. 

Proof. If Р Q and РЕ: Б, then we have f(Q) = f(P) ~ f(b) and 

thus QEb, i.e. Б is well defined. Assurne that Ь. =Б., 
1 Ј 

where 

b.i,,вi and Ьј~вј. Then f(P) Еf(Ь1 ) iff f(P)~f(bj) and 

f(Ь1 ) = f(bj) which is possiЬle only if i=j. This shows 

therefore 

that if ifj, 

then ё1/\Вј = ~. 

Let Р 6 "Р; а and i ~ { 1, ... ,k}. Then there is а unique Ь Е В. 
1. 

such that Р € Ь and thus f(P) Е f{Ь), i.e. Р С Ь ЕВ1 . 

;'\.ssurne that Р' bl\ ё, where Б,ё 6 81 ; then Ь,с ,в1 and 

f(P) Е f(b) "f(c) and this irnplies that f(Ь) = f(c), i.e. Б с. 

Finally, let Б1 С в1 and 1Sik< ... <in~k. Then there exists а 
v v 

unique point Р such that Р Е ь1 " .•• 1\ ь1 and thus f (Р) е f (Ь. ) " 
1 n 1 1 

••• 1\f(bi ), i.e. P4iD1/\ ••• 1\Бi. Conversely, if о.rБ." 
n 1 n 1 1 

"Б"1 , then f (Q) Е f (Ь1 ) 1\ ••• "f (bi ) and this irnplies that 
n 1 n 

f(P) ;.. f(Q), i.e. Р = Q. Thus ,"е have proved that N/a is а net. 

Clearly the canonical rnapping f:P + f(P) is an isoporphisrn frorn 

N/a onto N'. 
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In this paper we conaider one special type ot the near-ring8 

with detect. We вtudy aome substructure or the near-ringa or thia type. 

Alao, we giтe certain characterizationв ot the detect ot auch kind the 

near-ringa. 

А (le!t) zero-aymmetric near-ring R ia а aet with two bina

ry operationa + and • , such that (R,+) is а group ( not neceaaarily 

abelian), (R,.) ia а aemigroup, the lett diatributiтe law holda, i.e. 

x(y+z)=xy+xz ror all x,y,zER 

and ОХ=О tor all х е R, where о is the neutral element ot (R~ +). А right 

ideal о! R is а normal subgrc:>up о! (R·, +) auch that 

(x+a)y-xyfA for all ас: А, x,yE:R. 

А aubgroup В о! (R,+)iв а right R-aubgroup i! ВR ~в. А aubgroup М о! 

(R,+) is an invariant subgroup i! RM ~М and МR <;.М (see [ 3]). 

Let (s,.) Ье а multiplicatiтe subsemigroup of the semigroup 

(R,.) whose elements generate (R,+). The normal subgroup D о! the group 

(R,+) generated Ьу the set 

Ds=tdf:R:(.:Т~,y.GR)(:fs .::s) (x+y)в=xs+ys+d} 
is called the defect о! distributivity о! the near-ring R (see [1]) 

Let R Ье а near-ring with the de!ect D and let S Ье а multi

plicatiтe subsemigroup о! (R,.) whose elementв are distributiтe, i.e. 

(х+у)в=хs+уе forall x,yt:R and вс:::·s. 

De!inition. The near-r~ng R with the de!ect D is вaid а near

ring о! D-affine type, i! R=L+D, where (L,+) is s suЬgroup ot 

(R,+) gener.ted Ьу s. I! (R,+) is an abelian group, then we вау that 
'· 

R is an abelian near-ring of D-a.t;fine type. 
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Ете:17 :r€,R hате the fo:rи r~t" (:~~i)+d (е 1 ~S, d'~D). Clearl;r, 

\ 
L ia а d1atributiтel;r gene~ated near-ring. If R iв an abeli•n near-ring 

of D-affine t;rpe, then all r€.R hате the fo:rи r=a+d (• E.S, d'ED). In 
' 

thia саве L ia а aubring of the nea:r-ring R. If Lf' D~ <о t, then Ь;т firat 

ieomo:rphiam theorea we hате R/D :8 L. 

Examp1••• 1) Етеr;т di8tributiтe1;r generated near-ring 1• а 

near-ring of 0-affine t;rpe. 

2) Let R Ье а diatributiтe1;r generated near-ring and let А 

Ье 8!~ additiтe group. On the · eet RX1 we define the operations + and • 

•• fol1owa: 

t
(r1r 2 ,a2), if а1 ~о 

(rl'a1)(r2 ,a2). 
(r1r 2,o), if а1 • о 

for al1 rl'r2 ~R, а1 ,а2 ЕА. From straightf'orward ca1c"R1ation it follows 

that (RX1, +,.) 18 а near-ring of D-affine t;rpe, whe:re D• { (о, а) : а Е. А f. 
Theorem 1. Let R Ъе а near-ring of D-af!ine t;rpe. The normal 

subgroup А of the group (R,+) 1• а right ideal of R if and onl;r if 

ASCf".A. and rozo al1 xc::R, dE:D, а~А hold (x+a)d-xdEA. 

~. Let А Ье а normal subgroup of (R,+) and (x+a)d-xdc А 

f~ all х ~-R, а 6 А, d ~ D. It auf!iceв to ahow that 8tatement 1а true 

to:r all r€.R or the rorm r•e+d (86 s, d~ D). Thus, tor all x,;rE;R, а~А, 

where ;r•s+d (в ~·s, dt.=. D) we hате 

(x+a)7-XJ•(x+a)(s+d)-x(в+d) 

•(x+a)a+(x+a)d-(xa+xd) 

•xs+aa+(x+a)d-xd-xв. 
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Since а е f.. А and (х+а) d-xd -с· А i t follow8 (x+a):r-%7 Е. Ј. for all х ,;r cS R, 

а Е А, i.e. А ie а right ideal of R. 

Conversell;r is immediate. 

Definition. Let R Ье а near-rins and let D Ье а 8Ub8et of а. 

The normal subgroup А of (R,+) 18 а ri!jht D-ideal 1f for all xE.R, а€ Ј., 

d С: D hold (x+a)d-xd Е. Ј.. 

Eтer;r right ideal of R is а ri!jht D-ideal. Тhе conтer8e i8n't 

true. For example, if R ia а diatributiтel;r !jenerated near-rins and А 

is а normal eubgroup о! (R,+) which ien't R-8Ub@iro•P• Then А 18 а ri!jht 

0-ideal, but isn't а right ideal of R. 

De!inition. Let R Ье а near-rin! and lefa Ье а 8ubaet ot н. 
The subgroup В ot (R,+) iв а ri!jht D-subgroup it !or all Ь с В , d€ D 

hold Ьd~ в. 

C1earl;r, ever;r right D-1dea1 ie а ri!jht D-sub!jroup. Froи the 

de!inition о! the right D-idea1 and b;r uвin! Theoreи 1 , we ћате 

Theoreи 1: Let R Ье а near-ring о! D-a.t!ine t;rpe. The sub

set А о! R. ie а right ideal о! R, it and onl;r it AS~A and А is а ri!jht 

D-ideal. 

Theorem 2. Let R Ье а near-ring о! D-a.t!ine t;rpe. 

а) All right ideals А о! R are о! the !orm A•I1 +D', where 

I'ss;.r', D'S~D' and А ili а r~ght D-ideal. 

Ь) All R-subgroups В о! R are о! the !on :В..I' '..y·D'', whef'e 

I"S~I", D"S~D" and В is D-subgroup. 

Proo!. а) Since AS~A, the result !ollows as an immediate 

consequence of the Theorem 1' • 

Ь) For all b=i"+·d'1 €B and r(R, where r=s+d1 (s ~s, dE:D) 

we have 

br=(i'' +d"' )(s+d) 
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p:roof. 

b:r•(i" + d'')s+(i"''+, d'' )d 

b~·i''8+d'1 8 + (i/" + d'" )d 

Ь:r .. ь1 +Ь2+ь3 Е В , (i'" е=Ь1 б В, 

\ 
\ 

d '" 8=Ь2 Е В~ ~i'' +ei)=b.3 (;В) 

Co:rolla:r: 3. let R Ье an abelian nea:r-ring of D-a.tfine type 

such that етеrу normal D-subgroup is а ri~ht D-ideal of R. Then ете~ 

:right R-sub~oup ia а right ideal of R. 

Denote b;r A(R) the annihilator о! R, i.e. A(R)={aE'R:ra=o 

fo:r all rб. R} • The !'ollowing theorems ~iте certain cha:ractertzations 

of the defect D. 
) 

Theo:rem 4. Let R Ье а near-ring о!' D-a!fine type• Then 

DfA(R) if and onl;r if R ie а dietributiтel;r gene:rated near-ring. 

~· If DS.A(R), then fo:r all x,;r,:r~R, whe:re r ... L(+e1 )'14 
i-

(е1 Е s, d !::D), we hате (x+J)d•o .. xd+;rd. Hence, d· is а distributin ele-

aent and етеZ'Ј r Е:. R we can w:ri te in the fo:rm r= ~ (z•i ) , where 81_ are 

а distributiтe eleaent8. 

Conтer•ell7, i.t R i8 а diet:ribu.tiтel;r ~ene:rated near-riJ1! 1 

then D•{ оЈ , that i• D ~A(R). 

Тheorea 5. Let R Ье а near-ri~ of D~a!fine type. If D is 

а subri~ o:r R, then D2 • {о} • 

!1:2.2!• :87 de!inition о! the de!ect D, :ro:r all ~Е D we hате 

~- [ (:rk + dk -rk ) 
kj ј- ј ј 

(zok Е:. R •cik ·-(xk rk +7k :rk )+(xk +;rk )rk ' х._ , ;r,_ , r,_ Е; R). 
ј ј ј ј ј ј ј ј ј Ај Ај Ај 

It 8U!ficiea to show that etatement is true for all rk о! the !ora 
ј 



Hence, 

dk •-yk rk -xk rk +(xk +7k )(ej+d) 
ј ј ј ј ј ј ј 

~ Q-yk rk -~ rk +(~ +yk )вј+(~ +7k )d 
ј ј ј ј ј ј ј ј ј 

dk ~-yk rk -Xk rk +xk 8 j+7k 8ј+(~ +7k )d 
ј ј ј ј ј ј ј ј ј 
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dk •-yk rk -Xk rk +Xk (rk -d)+7k (~k -d)+(~ +7k )d 
ј ј ј ј ј ј ј ј ј ј ј 

~ •-7k rk -xk ~k +~ ~k -~ d+yk ~k -7k d+(~ +7k )d 
ј ј ј ј ј ј ј ј ј ј ј ј ј 

~ •-yk rk -xk d+yk ~k -7k d+(~ +7k )d 
ј ј ј ј ј ј ј ј ј 

dLdkj~d1 (-ykjrkj-xkjd+ykjrkj-7kjd+(~j+7kj)d) 

di~jc-diykjrkj-dixkjd+di7kj~kj-di7kjd+(di~j+di7kj)d. 

Thue, d.dk' =о, becauee the defect D ie an ideal, i.e. а ~i~ht R-sub~o•P. 
1. ј 

and Ьу aesumtation D is а eubring о! R. Since D2 .. L d1~ ,(di'~ E"D), 
i,k 

we hате 
, d.d,_ = L (d.r,_ + d1..d,: -d1r,_ )=1!> 

1. А k 1. Ај - Ај ~ј 
ј 

_Thue, D2 = { о} and thie .finichee the proof • 

For example, а near-ring о! ~-endomorphiem о! the ~owp 

(z6 ,+), where А ={о,3} (еее taЬle 2 о! [2]) ie an abelian near-rin! 

о! ~ -a.f.fine type with S={.r0 ,r1 ,r2,.r3 ,r4 ,r5j and the de.fect 

'ј) =1!0 ,.r9 ,r12,r14r . Since 'ЈЈ ае а eubnear-ring is distributiтe, we 

Ьате ']Ј 2 ={ој • Howeтer, а near-ring (19) (see [3}, р. 341) is an abe

lian near~~ing о! D-a!!ine type with Sa{o,3} and D=to,2,4} • Вut D ав 
а eubnear-r,ing ien' t distributi те and hence D2 ~ l о Ј • 
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For all х,у€. R and 1116 ~1 the e1e111ent -(b+;тm)+(x+y)lll 
the diatributor о! х arid у with reepect to 111 and denote ~t Ьу [х,у,111] • 

·, 

Denote Ъу Dti(R) the nor111al subgroup о! (R,+) generated Ьу \ 

{1_Х,у,11.] :х,у с;:R,и t:M}. 

Theore111 б. Let R=L+M Ье а near-ring with the de!ect D, where 

(L,+) is а suЬgroui' о! .~R,+) generated Ьу мultiplicative ~ub-

ee111igroup (S,.) о! distributive'elemente о! R. I! М is а subset о! addi

tive center о! (R,+) and RM~M, then D<;;.Dм(R). 

Proo.t. Let dED and d=-(xr+yr)+(x+y)r,(x,y,r€R). It su!!i-

ciee to ta.ke rE.R о! the !оrм r=s+m 1 (s~<:_S,mE:M). Thus, 

d=-(x(s+m)+y(s+m))+(X+y)(s+m) 

d•-(xs+xm+ye+yz)+(x+y)a+(x+y)m 

d•-ym-ye-xm-xa+xs+ys+(x+y)m 

d=-71J1-XII!.+(x+y)m ( Dм(R). 

Theorem ?. Let R=L+M Ье а near-ring with de.tect D, where (L,+) 

is а suЬgroup ot (R,+) generated Ьу multiplicatiтe subsemigroup 

(S,.)o.t distribatiтe elementa o.t R and let М Ье an invariant subgroup 

ot R. I.t М ia а subaet о! additive center о! (R,+) and Dм(R) is а right 

M-subgroup, then Dм(R) ia an ideal о! R. 

Тhen 

~· Let r• '[ (+s1 )+JD (s1 co: s,a ЕМ) and 
i - ' 

a•-(xb+yb)+(x+y)bEDм(R), (x,ycR, ье:м) 

ar•(-(xb+yb)+(x+y)b)(~(+s1 )+m) i -

и• ~(-(x(zЪa1)+y(;tЪs1) )+(х+у) (;tbs1) )+(-(хЬ+уЬ)+(х+у)Ь)а.: Dм(R). 

~аа, Dм(R) ie а R-subgroup. The reault followe Ьу using Theorea б and 

Le ... ,.2 ot [11 • 
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То prove nonaxiomatizability results for some classes 
of models, we regularly use three well known theorems of model 
theory: compactness theore~. LBwenheim-Skolem theorem and 
ultraproduct theorem. 
COMPACTNESS THEOREM. (GBdel-Halcev) А theory Т has а model iff 
every finite subset of Т has а model. 
LBWENHEIM-SKOLEИ THEOREM. If theory Т has infinite models, then 
it has models of any power • 1 L 1 

11 L tl ; s а po~1er of the 1 anguage L and i s defi ned Ьу 

11 Lll =fo) + cardL 
ULTRAPRODUCT THEOREi': (t.os). Let (A;);•I Ье а family of models 

for L and let F Ье an ultrafilter over I. Then for any formula 
ip(x 1 , ••. ,xn) of L and any а 1 , .•• ,аnеПА; 

ПFAi~ ~[а;, ... ,а~] iff {; EI \ А;Р 'f'(a 1(i), ... ,an(i)]} ~ F 

(We assume that in ПА 1 ancl ПFА; ; runs through index set I). 

Proofs of these theorems and details of ultraproduct 
construction can Ье found in any standard textbook on model theory 
such as [1] . 

In the sequel we use these theorems to give typical 
nonaxiomatizability proofs in_the case of semigroups. We beli~ve 

that careful reader can easily produce his own nonaxiomatizaЬle 

classes of seQigroups. 

* 

DEFINITION: А semigroup S, with z~ro О, is nil if: 
(N) \Jx3n (х"= О) 

(N) is а sentence of so called w -logic. ~Је assume. that 
m,n,p,q,r are variaЬle~ for natural numbers and that х,у,х 1 , ••• ,xn 
are variab1es for seruigroup element~ 

~е should state explicitely that for purely practical 
reasons we do not include О among natural numbers. Otherwise we should 
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write in а11 formu1~s that а11 variaЬles are different fro~ О. 
\ 

It is natura1 to ask if there exists а set of fi~st order 

axioms for а c1ass of а11 ni1 semigroups. Using compactness ~heorem 

we sha11 prove that there is no such а set. In order to do that, we 

sha11 constrцct а semigroup satisfying а11 first order sentences true 

in а11 ni1 semigroups but·which is not ni1. 

THEOREM 1. The c1ass of а11 ni1 semigroups is nona.xiomatizaЫe. 

Proof: Let an Ье а generator of а. free semigroup Fn and 

In = ~w e.F n \ lwl ~n Ј . Ву 1v11 we denote the 1 ength of the \~ord 
w from Fn. It is easy to prove that In is an idea1 of Fn and that 

Fn/rn is ni1. 

Let us denote Fni'Iп Ьу Sn and In Ьу on. The semigroup 

s .. I.. s n is a1so ni1 with а zero О = (0 1 ,о 2 , ... ) • Ву I.sn we 

denote а subsemigroup of пsn with e1ements а such that on1y 

finite1y many a(m) (mEN) are different from Om. 

Let L .. {.,о,а} and T~S Ье the set of е11 sentences in 

а 1 anguage {• ,О} true i n S and: 

(Nn) а" f- О (n f:N) 

Let Т = ThS U t (Nn) \n EN} and т 0 some finite subset 

of Т. т 0 is contained in sonte theory Tr ThS U t<Nn) 1 n<r} 

(S,ar) t-= Tr so Tr and т 0 are consistent theories, and Ьу compactness 

theorem so is Т. l:.et (S',a) Ье а Гolocle1 for Т. S'sS (S and S'satisfy 

the same set of first order sentences) since S'is а mode1 of ThS 

but s· is not ni1 because it is а mode1 for а11 (Nn) (nf:N). 

If the c1ass of а11 ni1 se~igroups was axiomatizaЫe, from 

S • s· it wou1d fo1low that s· is ni1, а contractiction. 

Examp1e 1. А semigroup S is power-joined (see [2) ) if: 

{РЈ) Vxy3шn (xm =у") 

Adapting the proof of Th1 we can prove that the c1ass of 

а11 power-joincd semigroups is nonaxiomatizaЬle. 

Examp1e 2. S is а :JPJ-sentigroup (see [з]) if it is а seмigroup in 

which: 
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(l!PJ) 

For BPJ-semigroups а theorem similar to Th1 holds. 
In [4) а more general result is proved, of which the 

above results are siыple consequences. 
DlFINITIOii: Let S Ье а semigroup. А semigroup defined on power set 
of S, with а product defined Ьу: 

А· В ={а·Ь \ аеА, ьев} 
when А #'/Ј, В #Ф and А· В =Ф otherwise, we denote Ьу 25 • А 
semigroup isomorphic to 25 is called а global of S. If S is а 
group, then any semigroup isomorphic to 25 is called а global of 
а group. 

An interesting result about globals of finite groups can 
Ье found in [5] . 

Using L6wenheim-Skolem theorem, we prove: 

THEOREM 2. The class of all globals of groups is nonaxiomatizaЫe. 
Proof: Let L Ье an expansion of the language t•} . If the class of 
all globals of groups is axiomatizaЫe Ьу а theory Т in L, then 
(Ьу Lowenheim-Skolem theorem) there are models for Т of all cardinals 
> \\L11. But if k is а limit cardinal, there is no global of а 

group, with exactly К elements, which is а contradiction. 
Consequently, tre class of all globals of groups is 

nonaxiomatizaЬle. 

The following, more general theorem, has the same proof 
as Th2. 
DEFINITION: Let К Ье а class of semigroups. We say that S is K-global 
if s ; 2G and G ен. 

THEOREM з. Let К Ье а class of semig~oups with an infinite mode1. 
Then а c1ass of а11 K-g1oba1s is nonaxiomatizaЫe. 

Examp1e З. ТhЗ holds for the fo11owing c1asses К (of course the 
list is not exhaustive): 
the c1вss of а11 regu1ar semigroups 
the c1ass 

the class 
the c1ass 
the c1ass 
the c1ass 

of а11 

of а 11 
o.f а 11 
of а11 

\ 

of\. а11 

inverse semigroups 

cyc1ic groups 
bands 
free semigroups 
ni1 semigroups 
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Example 4. ТhЗ h~lds for an axiomatizaЫe class К of semi~roups 
with arbitrary large finite models, since .it is well known' that 
а the?ry with arbitrary large finite models, has an infini~e model. 

Example 5. ТhЗ holds for every nontrivial variety К of semi~roups. 
А variety is trivial if it satisfies the axiom Vxy (х = у). 

Since К is variety there are free K-semigroups. Among 
them there is а free K-semigroup with infinitely many free generators. 
Clearly this semigroup is infinite if К is not trivial. 

Example б. ТhЗ also holds in all logics where Lowenheim-Skolem 
theorem holds. Examples Qf such logics are fo)-logic, weak second 
order logic and Lw...., 

DEFINITION: S is palindromic semigroup (see [б] ) if it satisfies: 

(Р) ]n,..1 Vx 1 ••• xn (x 1 ... xn = xn ... x1) 

THEOREM 4. А class of all palindromic semigroups is nonaxiomatizaЫe. 
Proof: Let an,bn Ье generators of а fr~e semigroup Fn and 
In =\weFnl lwi:Jon}. As in Th1 In is an ideal and Fn/I 

n 
is palindromic. 

Let F Ье the Frechet filter over N (а set of all subsets 
of N with finite complements) and G some ultrafilter containing F. 
Let also S = ПGs. We prove that S is not palindromic. 

n G G 
Let х 1 = ••• = xn_ 1 = (а 1 ,а 2 , ... ) and xn = (Ь 1 ,ь 2 , ... ) . 

Then: 
n-1 n-1 G 

x1 ... xn = (O, ... ,O,an+1bn+1'an+2bn+2'""") 
n-1 n-1 G 

xn ... x1 = (O, ... ,O,bn+1an+1 ,bn+2an+2'"""} 

and {ше.N 1 x1(m) ..• xn(m} Ф xn(m) ... x1(m}} = tn+1,n+2, •.. }EFCG 

s_o х 1 •.. xn # xn .•. х 1 . 
Since this is valid for all mEN, S is not palindromic and 

Ьу altraproduct theorem, the class of all palindromic semigroups is 
nonaxiomatizaЫe. 

Example 7. The class of all finite bands is nonaxiomatizable. 
Let Sn Ье the left zero semigroup with n elements and F 

а nonprincipal ultrafilter. Г1Fsn is а left zero semigroup not 
1somorphic to any of Sn (neN), since F is nonprincipal. There are 
no other finite left zero semigroui-c; except Sn (n Е N}, so ПFSn 

is infinite. 
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Nonaxiomatizability follows. 

Example 8 (D. Blagojevic). The class of all semigroups with finitely 
many idempotents is nonaxiomatizaЫe. 

The proof of example 7 is also applicaЫe to example 8. 

Example 9 (D. Blagoievic). The class of all regular semigroups in 
which every element has only finitely many inverses 

Since хух = х in all left zero semigroups, the proof of 
example 7 is again applicaЫe. 
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The notion of compatiЬle n-subsemigroup of an n-semigroup, 

introduced in [1], and almost all the results on compatiЬility 

obtained there, can Ье generalized for J-suЬassociatives of а 

J-associative in а straightforward way. In this paper we shall 

consider these questions for J-associatives in some details. 

§1. Preliminaries 

Let ~ = (A;F) Ье an algebra with the carrier А and а nonempty 

set of finitary operations, F = F 2 U F3 u 
Fn consists of the n-ary operations of F. 

f: (x0 ,x1 , ... ,xn)~ у, then it is written у 

The semigroup А~ with а presentation 

••• U Fn U ••• , 

If f Е Fn+l and 

fx0 x 1 .•. xn. 

<А;{а = a 0 a 1 ... anla = fa0 a 1 ..• an in А}> 

where 

is called the ~ц!у~~§~Ь §~Ш!g~Q~E for ~- Denoting Ьу а~ the ele

ment of А~ determined Ьу а Е А and putting ~:а+ а~, we obtain а 

mapping from А into А'. The algebra ~ is called а §~Ш~g~Q~E ~bg~Q~~ 

if the mapping • is injective. -

If ф:~+~, is а homomorphism, then there exists а unique 

homoшorphism ф':~~ + ~'· such that ф' (а') = ф (а) for any а Е А. 

Clearly, if ф is an epimorphism (isomorphism), then ф' is also·an 

epimorphism (isomorphism), but it may happen ф to Ье а .monomorphism 

and ф' not to Ье such one (Ех. 1), §3). А monomorphism ф:~+~, is 

said to Ье 2QШE~E!Qb~ if ф':~·+ А'' is also а monomorphism. And, 

а subalgebra В of А is said to Ье 2QШE~E~Qb~ in ~ if the emЬedding 

monomorphism Е:В +А is,compatiЬle. 
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The subject of this paper are compa~iЬle subassociatives of 

an associative. Namely, an F-algebra ~ = (A;F) is called an 

F-associative if it satisfies all the identities that hold 'in the 

class of semigroup F-algebras, i.e. if the general associative 

law holds in ~· An F-associative is called an F-grQ~E if (A,f) is 

an n-group for each f Е Fn. It is well known that any F-group is 

а semigroup F-algebra ([2]). 
In studying associatives, it is convenient to consider the 

suЬmonoid Ј = JF of the additive monoid of nonnegative integers 

generated Ьу the set {n-1 1 Fn ~ ~}. If dF is the greatest common 

divisor of the elements of JF' then the following result holds: 

Every F-associative is а semigroup associative if and only if 

dF Е JF' and then an F-associative is in fact а (dF+1)-semigroup. 

We note also that the associative law implies that for each n Е JF 

we have an "associative product" 

[ Ј: (хо,х1' •.. ,xn) + [хох1 ..• xn]. 

in an F-associative А, where [х Ј х . This is the reason why an - о о 

F-associative is called а J-~§§Q2!~~!Y~ and the operational symЬols 

are not used. The notions: J-§yQ~§§Q2!~~!y~, J-§~QS!Q~E' !Ц~~! of 

а J-associative have usual meaning. 

А J-associative is said to Ье 2У9!!9 if it is generated Ьу 

one of its elements. The structure of cyclic J-associatives is 
described in [s]. 

§2 Properties of. compatiЬle suЬassociatives 

Denote Ьу ~(А) the set of all J-suЬassociatives of а 

J-associative А and Ьу ~(А) the set of all compatiЬle J-suЬasso

ciatives of А. The following statements hold: 

2 .1. в Е '(:'(А) # в· is а suЬsemigroup of А·. О 

2.2. в € ~(А) => U<в> n <е<А> ~ 'е<в> .О 

2.3. В Е 'е(А) ~ 'С'<в) ~ <е(А) .0 

2.4. <е(А) is inductive, i.e. if {В1 ј iE I} is а chain in 

'с(А) , then В = у Bi е 'е(А) . 0 



2.5. If Ч' Е AutA, В Е Јс"(А) and С= 'f(B), then 

В € 'С (А) ~ С Е 'е (А) • 0 

2.6. В € ~(А), А\В is an ideal in А ~В Е 't_~(A). 
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Note that the sufficient condition in 2.6 is not necessary 

(Ех. 4), §3) .О 

2.7. If G is а J-suЬgroup of а sernigroup J-associative А, 

then G е '-е (А) . О 

If А= <а>= {an+1 Jn Е Ј} is an infinite cyclic J-associative, 

then А~ is the free semigroup generated Ьу а (3.1 in [5]). The 

theorem 4.1 od [1] is true for J-associatives too: 

2.8. А J-suЬassociative В of an infinite cyclic J-associative 

А is compatiЬle in А if and only if В is cyclic.D 

Using the fact that every J-suЬas~ociative С of а finite 

J-group G is а J-suЬgroup of G,as well as 2.7 and 2.8 it can Ье 

proved the following proposition: 

2.9. Let А= {an+1 Jn Е Ј} Ье а finite cyclic J-associative, 

let Р Ье its periodic part and С Ье а J-suЬassociative of А. 

i) If С !:: Р, then С Е: '"е(А) . 

ii) Let С ~ Р and let k Ье the least integer such that 
Ь = ak+1 Е С. If there exists g: Е Ј such that С = aq+1 Е С, 
k+l{q+l and q < s,, then с~- ~(А). 

(Here, s=min{n Е Jl (~m Е Ј) m~n, an+1 = am+1 }, and the peri-
1 n+1 odic part of А is Р= {х х Е А, х а for infinitely many n Е Ј}.) 

§3. Examples 

Below we give four examples which can Ье also found in [1], 
р.р. 26, 28. Ternary associatives, i.e. J-associatives with 

Ј= {2kJk ~ 0} in all of them are considered. 

1) Let А {а,Ь,с}, .В = {а,Ь} and а ternary operation 

Ье defined on А Ьу: 

: [ссс] = Ь and [xyz] а if {а,Ь} Г\ {x,y,z} ~ јЭ. 
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Then А is а J-associative and В is а J-subassociative of А. The 
free coverings Ал and вл are given Ьу the following rnultiplication 

taЬles: 

Ал: а ьl с (1 f3 у В': а ь u v 

а а (1 а а а а а u u а а 

ь а (1 f3 а а а ь u v а а 

с а s У а а ь u а а u u 
(1 а а а С1 а (1 v а а u u 

s а а а С1 (1 (1 

у а а ь (1 (1 s IАЛI=б, 1Влl=4. 

The extension Ел of the ernЬedding rnonornorphisrn Е:В +А is not а 

rnonornorphisrn, for Е' (u) = Ел (v) а but u f: v. Thus В~ 'е(А). 

2) Let А = {a,b,c,d,e} and а ternary operation [ Ј Ье defined 
on А Ьу: 

{x,y,z} (\ {c,d,e} f: f}, (x,y,z) f: (е,е,е) =9 [xyz] с, 

x,y,z Е {а,Ь} =9 [xyz] = а 

and [еее] = d. Then А is а J-associative, В 

are two isornorphic J-suЬassociatives and 
{а,Ь} and С 

Ал= {a,b,c,d,e,aa,bb,cc,ee,be,eb,de}, IAЛI = 12, 

{c,d} 

(аа=аЬ=Ьа, cc=ac=ca=ad=da=ae=ea=bc=cb=cd=dc=dd=ec=ce, de=ed); 

{а,Ь,аа=аЬ=Ьа,ЬЬ}, 4; 

сл {c,d,cc=cd=bc,dd}, 4 о 

Therefore в· Е 'е(А) and С ф_ <t;'(A) , for cc=dd in А' but ccfdd in сл. 

Thus isornorphisrn, in general, do not preserve the cornpati
Ьility. 

З) The set А= {1~,1",3,5,7, ... } with the ternary operation 
[xyz] = ф(х) + ф(у) + ф(z), where the rnapping ф:А + N is defined 
Ьу ф(1~) = 1 = ф(1"), ф(а) =а for all а 'f 1',1", is а ternary 

sernigroup, i.e. J-associative and В= {1~,3,5, ..• }, с= {1",3,5, ... } 
are J-suЬassociatives. The free coverings Ал, В', сл of А,В,С, 
respectively, are given Ьу: 
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А' {1',1", (1',1'), (1',1"), (1",1'), (1",1")) V {З,4,5,6, .•. }, 

в· {1', (1',1'), З,4,5,6, •.. Ј, 

с· {1", (1",1"), з,4,5,6, ..• Ј, 

where 
1 1 *1ј = (1 1 ,1ј), 11*(1j,1k) =з= (lj,jk)*11 , 

(11 ,1j)*(2+k) = 4+k = (2+k)*(l 1 ,1j), 

11 *(2+k) = З+k = (2+k)*11 . 

Thus В,С Е ~(А) . 

The intersection D = В ~ С is also а suЬassociative of А, 

but it is not compatiЬle in А; namely, Е'(З*5) = Е'(5*З) = 8, 

but З*5 ~ 5*З in D. 

4) Consider the additive semigroup of positive integers, 

~(+), as а ternary semigroup А, [xyz] = x+y+z. The set 

в= {2k+1Jk=0,1,2, ..• } is а ternary suЬsemigroup of А and 

в·~ А'~ N(+). Thus the extension Е':В' +А. of the emЬed

ding Е :В + А is а monomorphism, i. е. В Е. <е( А) , but А \JN = 2N is 

not an ideal in А. 
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G.LALLEМENT and М.РЕТRIСН have conвidered!!!!!!!!!! вemigroup ~ 

r 1 ... " t .. monoid in 6 . Using the method of G.CUPONA, ~1 we give the вtructura1 

theorem of вemigroups in ~ ~ ideal is .! Rеев matrix вemigroup over 

monoid, (Theorem l.l.).The вimilar method have used S.МILIC and V.PAVLOVI~ 

in [7]. In section 2. we conвider semigroups in which воmе quaвi-ideal iв 

а group (minimal).These semigroups are considered in ~1 (Theorem 5.1 4). 

In section З. we consider а clasв of (m,n)-ideal semigroupв.This claвs iв 

1arger than а class of Ьi-id~al semigroups which are considered Ьу B.ТRPE

NOVSKI in {101, so that it contains а class of semigroups in which all 

subsemigroups are left idea1s which were considered Ьу E.G.SНUTOV, t1n 
and N. KIМURA, Т. TAМURA and R. МЕRКЕL, t41 . 

We denote Ьу 'а~ а monogenic semigroup generated Ьу element а , 

\(а}\ is the cardina1 of (а> , К8 is the cyclic subgroup of ~а> 

For nondefinied notions we refer to 11,8,9]. 

1. EXTENSION OF REES МАТRIХ SEМIGROUP 

Let D = D1 Ье а semigroup with а group U(D) = G (а group of 

·units of D) and Р is а .Лwi-matrix over G. Let .A((D;I,J\;P) Ье а 

set of elements (a;i,.o\), where а6!>, i6I ,.,..л and operation is 

definied Ьу : 

(a;i,.'\ )(Ь;ј,~) (ap.,.jb;i,('t) 

Then .;J{(D;I,I\;P) is а semigroup which we call the Rees matrix semigroup 

over monoid D , (G.LALLEМENT and M.PEТRICH, [6}). 

CONSТRUCTION. Let ~(D;I,J\;P) Ье а Rees matrix semigroup and Q 

а partia1 semigroup во that: (DкiосЛ) f\Q = 0. Let !=P~fp Ье а 

mapping from Q into semigroup 97r) of all mappings from I into I and 

?=P-+"'lp а mapping from Q into semigroup Ј<./\) of all mappings from .Л 
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into Л. Let for all p,qEsQ Ье: 

(1.) pq t:Q~ 'pq 

(ii) ~q ~р= const., fl'l. ~ = const. 
р q 

Let h:Q м I ~ D Ье mapping and 

(iii) h(pq,i) = h(p,i! )h(q,i) 
q 

(iv) the term 
-1 

р ofli ~ h(p,i)p.,j\."7 i does not depend on i ~I for p,qE Q 
р ,Р 

this term we denote Ьу k(p,"') . 
Let us define а mu1tip1ication on Z = (D 1t. I к .Л )VQ with: 

(1) (а;i,Ј\)(Ь;ј,,.«) =(ар ~jb;i,~) 

(2) p(a;i,.j\) (h(p,i)a;i~p'~) 

(З) (a;i,,.-..)p (ak(p,.t-);i,~"lp) 

(4) pq = r(:Q ~pq = r f:%. 

(5) pqфQ .... pq= (h(p,i,q)h(q,i)p~"lp"lq•i; iJqJp .~'7p"?q). 

NOTATION. (2:, ·) = .л((D;I,Л;P;Q;h,k, §.'2) . 1 ) 

ТНЕОRЕМ 1.1. !_ semigroup ~ contains some idea1 which is !. Rees 

matrix semigroup if and on1y if :r_ ';: .A{(D;I,.Л ;P;Q;h,k, §,') . 

PROOF. Let а semigroup I:. have an idea1 К which is а Rees matrix 

semigroup.Then Q z 1>, К is а partia1 semigroup во that: 

~ • KIJQ"' vtf(D;I,.(\;P)VQ , (К~ .Af(D;I,<\;P)). 

For pEQ and (1;i,t )ЕК is p(l;i,.l) • (d;k,s)EK , where 

d • h( р, i, ~ ) , k • 1' , а • .t "/ 1 , во tha t P•t р, 

(h(p,i,~ );iJ P·L Ј .t 'р,1> - p(1;i, ~ )p(~;k, t) 

- (h(p,1,~ );1! ' • t~ i)(p-t1k;k,.t) 
р,.. р, 

• (h(p,1,f )р t 1t kp-,\;i § 11 
(.р Ј i ,;.. р Ј"\: 

. ~ ) . 

Fr08 thia ve have Rм • ~ ао that {p,i Ј 

p(l;i,t)- (b(p,i,t );i~ 11 • {) 
р,'\. 

Furtber 

1) 
ТЬе funct1on k ia introduced in order to s1mp11fy the proof of Theorem 1.1. 



f: . D -1 
(h(p,i,.c');i5 р,.ј\.. оС\) = p(l;1., '\.)(р tj;j, ~) 

= (h(p,i,t);iJp,f ,t )(p- 1.Qj;j.~) 

cьcp,i,t >:i Ј 8 .~> . 
Po<l: 

From this h(p,i,~) = h(p,i,~) , i.e. h does not depend on oAand 

i~ = i~ , i.e . .Ј does not depend on f.,. Hence, 
р,~ р,О 

p(1;i,c\) = (h(p,i);i~p·"') 

where h: Q 1( I ~ D and ' : I ~ I . Similar1y 
р 

{l;i,(\ )р = (k(p,1\) ;i, .Л'? ) 
р 

where k: Q О((\ ~ D and "/.р: .1\ ~ ./\ . 
Since 

(р .t.i~ h(p,i);i,c\) 
р 

(1;1,..:\)(h(p,i);i! ,(\) 
р 

{l;i,ol\ )p(1;i,-c\) 

(k(p,o(\);i, ~~ )(l;i,<\) 
р 

(k(p ,<"-)р с\,. i; i. с\) 
р 
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it follows that po(-.iS h(p,i) =k(p,~)P.лnz i 
~р р 

, i.e. k(p,/\) = р~." h( i) -1 
). 7р р, pc\llt i 

р 

so, the .term -1 
р <t-i! h(p,i)p ~-rz i 

р р 

does not depend on 

For р E-Q , d E:D we have 

p(d;i,<'-) = p(l;i, ~ )(p-t id;i,ol\) 

(h(p,:i.);i! ,t )(p-~.d;i,o(\) 
р <.1. 

(h(p,i)pt.p-;.d;i'\0. ,<') 
1. '1.1. Sp . 

(h(p,i)d;itp'<\) 

(d;i,~)p = (dk(p, <'\);i, .t.htp) 

For p,q~Q ; pqE_Q we have 

i~I . 

(h(pq,i);i~ ,Л) (pq)(1;i,.(\) = p(q(l;i,.-.,)) = p(h(q,i);iJ ,.f\) 
Spq q 

(h(p,i& )h(q,i);i~ ~ ,-<\) 
;:5 q q ~р 

hence 

h(pq,i) = h(p,i f )h(q,i) and 
' q 

Similarly 
' 

k(pq, (-.) =~(р, o(\)k(q, ~11] ) and 
р 

if =i~ r; pq q !'р 
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For р, q E-Q ; pq +Q we have/ 

-1 -1 ) pq = (d;i,<\) = (d;i, <\)(p~k;k,<-.) = p(q(p<\k;~<' 
-1 ) 

::.(h(p ,k Jq)h(q,k)p ~ k;k f q 'Ј р' ...... 

-1 
= p(h(q,k)p k;k Ј , "'> 

~ q 1 

\ 

from this 
~ -1 

d = h(p,k :Тq)h(q,k)p~k 

Тhus f ~ = const. q р 

Similar1y 

pq = (d;i,<\) = (p-t\;i, t )(d;i,oc\) ((p-ii;i, t )p)q (p-.1 .k(p, ~- );i, t'7 )q 
"1. р 

(p-;,k(p, t )k(q, ~'tz );i, ~ ~ 1 ) 
(..). р р q 

from this 

d = p-}.k(p, l)k(q, t~ ) 
1:.1. р 

Thus fYl ~ = const. 
р q 

Since 

d = P-f1k(p, i)k(q, t '7. ) = p-{1k(pq,.l\) = h(p,k ~ )h(q,k)p-1i "1 ", k 
р q lp-lq' 

we have that d does not depend on k and ~. therefore pq is given Ьу (5) 
) 

Ву this we estaЬlished that Z.. ~ -1l(D;I, ;P;Q;h,k, ~,'г) 
Тhе converse of the theorem is obvious. 

Тhе proof of the next theorem we omited. 

ТНЕОRЕМ 1.2. ТWо semigroups .J{(D;I,I\;P;Q;h,k,! ,~) and 

.A{If(D".;Iff, .(\11 ;P"';Q";h"', k .. , !,"', "/*) ~ isomorphic if and ~ __!! there 

exiвt ~ isomorphism -ц) :D ~ D,.. , 1!... mapping i ---. u1 from I into 

U(D*) • с• , 1!._ mapping ./о, -4> V.._ , from ,Л into U(rf) = G .... , 1!_ Ьijektive 

шapping ft: I ~ I"', I!_Ьijective mapping 'f': ./\~./\"_, l!_partia1 

isomorphism ..Д:Q--. Q * and the fo11owing conditionв are satisfied: 

(1) р щ .. v р• u 
... i '*' l.'f',i~ i 

kp ~ • ~~~ 
p..Q.. 

(2) 

(З) nz.p't • 'f'"lir' 
р А 

( ) w -1 "_( ) h р, 1 '" u 1 i h p-D.., 1 ~ u 1 
оо р 

(4) 



( 5) 
". -1 

k(p, -t.) W' • v(\ k (p...Jl., ~'t' )v .tl, 
р 

2. SEМIGROUPS IN WНIСН SОМЕ QUASI-IDEAL IS А GROUP 

The nonempty subaet А of 8 semigroup S is 8 qu8si-ide81 of S if 

AS(\ SA ~А , 19]. 
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ТНЕОRЕМ 2.1. Some guasi-ide81 of.! semigroup S.!.!..! .8!.2!:!.Р. if 8nd on1y Ц 

s =' АЦс;I,<\ ;P;Q;h,k,'f,ttz.) , where G.!.!.!. .8!.2!:!.Р.· 
PROOF. If some quasi-idea1 G1 of 8 semigroup S is а group,then G1 

is the minima1 quasi-idea1,(Theorem 5.3. [9] ).Let К Ье the union of 811 

minima1 quasi-idea1s of S .Then К is comp1ete1y вimp1e kerne1 of S , 

(Theorem 5.14. [9]).Since К~ ..IH(G;I,/\;P) , [1] , it follows from this 

that s =- .Мcc;I,<\;P;Q;h,k, ј, !t]). 
The converse is trivia1. 

COROLLARY 2 .1. ! semigroup S has .!!! idea1 ~.!.!. !. rect8ngu18r 

band if and only if S ~ .,J({G;I, <\;P;Q;h,k, i, "2) where \G 1 • 1 . 

COROLLARY 2.2. ! semigroup S is comp1ete1y simple if and on1y if 

it is the union of its minimal guasi-idea1s. 

З. (m,n)-IDEAL SEМIGROUPS 

А subsemigroup А of а semigroup S is an (m,n)-idea1 of S if AmSAns; А , 

where m,nENLI~O~, (A 0 S"' SA 0 = S), 151. S is an (m,n)-idea1 semigroup if 

а11 of its subsemigroups are (m,n)-idea1s. (1,1)-idea1 semigroup is ca11ed 

Ьi-~ semigroup.There exists (2,1)-idea1 semigroup which is not Ьi-idea1. 

For examp1e,semigroup given Ьу the taЬle: 
1 2 з 4 5 б 7 8 9 

1 1 2 1 2 2 2 2 2 2 
2 1 2 1 2 2 2 2 2 2 
з з 4 з 4 4 4 4 4 4 
4 з 4 з 4 4 4 4 4 4 
5 з 4 з 4 б 7 8 9 4 
б з 4 з 4 7 8 9 4 4 
7 з 4 з 4 8 9 4 4 4 
8 з 4 з ,4 9 4 4 4 4 
9 з 4 з 4 4 4 4 4 4 

LЕММА З.l. IfS is ·!!!. (m,n)-~ semigroup then homomorphic image 

of S is the (m,n)-ideal semigroup and ~ of subsemigroup from S is the 

(m,n)-ideal semigroup. 

LЕММА З.2. If S is iш (m,n)-ideal semigroup,then (\laE;S)(amSan<;.<"a;>). 

PROOF. ·Let S Ье an (m,n)-ideal semigroup and а an element of S , then 

amSans; .:.,a)mS\(a')n<;,. .(а). 
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The subset R of а partial semigroup Q is а partial subsemigroup, of Q 

if x,y-=-R; xy€;-Q implies xyE,R . The partial subsemigroup·R Qf the partial 

-semigroup Q is an (m,n)~ideal ~f Q if RmQRns'Q implies R~Rn~ R . I~ all 

partial subsemigroups of а partial semigroup Q are (m,n)-ideals of Q , \ьеn 
we call Q а partial (m,n)-ideal semigroup. 

А c1ass of (m,n)-idea1 semigroup is а subc1ass of а c1ass of semigroups 

which are described Ьу Corollary 2.1., i.e. "the follo'wing theorem ho1ds: 

ТНЕОRЕМ З .1. If S is ~ (m, n) -!.!!ill semigroup, then S = Е V Q , where 

Е is ~ rectangu1ar band and idea1 of'S ; Q is ~ partia1 (m,n)~idea1 semigroup. 

~ Let S Ье an (m,n)-ide~1 semigroup and а ~S .Let <:а> Ье an 

infinite semigroup and В ={ a 2k:k E-N \. It is c1ear that В'- is а subsemigroup 

of ~а'> .Ву LeПII\8 3.1. we have that В is an (m,n)-idea1 of <а'>. So 

a 2man 2neвm ,С:а> Bn $:,.В ,which is impossiЬle.Hence, (а') is finit for every 

a~S a11d ,Е ј.~. Let е Е-Е and xE:S , then Ьу Lemma 3.2. we have eSe ~Че~,i.е. 

(1) ехе = е . 

It fo11ows Ьу (1) and Ьу Proposition 3.2. tз1 that Е is а rectangu1ar band and 

obvious1y it is an idea1 of S . Let Q ~ S Е Ье а partia1 semigroup and А Ье а 

partia1 subsemigroup of Q , A~An tё. Q . Then В =(А~ is an (m,n)-idea1 of S 

and AmQAn'"- BmSBn С:: В and AmQAn10:, в-.. Е • А . Hence, Q is а partia1 

(m,n)-idea1 semigroup. 

RЕМАRК. If S is an (m,n)-idea1 semigroup it is periodic. 

ТНЕОRЕМ 3.2. !:,!! Q Ье!, periodic partia1 (m,n)-idea1 semigroup, Е 

!, rectangu1ar band, Qf\E"' ~ and f:Q-+E!, hoш~rphism (partia1).Let!!.!, 

~ f(e) '"е for every еЕЕ ~ f:S "'QVE -. Е .!2 that f\Q ,!.! !, homo

morphism.!! define ~ operation Е!!, S ~ 

{ 
ху !.! in Q , !! х,у fQ and ху ,!.! definied !!!_Q 

ху • f(x)f(y) otherwise . 

~ S ,!.! !!!_(m,n)-ideal semigroup. 

PROOF .. Let the conditions of the theorem Ье satisfied, В а subsemigroup 

of S , в• • В'Е , Ь • х1х2 •.. xm,(x1 ,x2 , ... ,xmeB), с • }\y2 ... yn 

(у1 ,у2 , ... ,y11 f:.B). Suppose that b6Q , sEQ , cEQ . Then bscEQ and thus 

bacEB"'mQif'nt;. в•с;в. It is c1ear that bscfE. If b~BnE, sEQ, cE-Q, 

then Ьас • f(bs)f(c) • f(b)f(s)f(c) • f(b),f(c) •Ьсе В . If bEQ , ве-Е , 

c(:oQ , then bsc • f(bs)f(c) • f(b)f(s)f(c) •f(b)f(c) • f(bc) . Now,if 

Ьс~Е , then bsc • f(bc) • ЬсЕВ . If ЬсЕ Е , then there exists kEN во 

that (bc)k • е' в n Е and f(bc) •(f(bc))k • f(bc)k • f(e) • е Е В . Hence, 

Ьас • f(bc) • е Е:. В . Тhе other саве в can Ье considered in а similar way. 
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We wi11 mention some more characteriatics of the (m,n)-ideal semi-

groups. 

LЕМНА 3.3. !!. S!!. !Е. (m,n)-ideal semigroup,then for every aE:S!.!. 

l<a)\ 6 2m+2n+l 

PROOF . .(;а') ia а finit semigroup for every aES. Let е Ье the 

idempotent of 

хЕ.К8 , then 

р )' 2m+2n+l 

semigroup of 

<а') and р Ье the leaat natural number ао that аР • е . If 

х • ехе • е , (Тheorem 3.l.).Hence, К • {е,. Suppoae that 

and В -~а2 ,а4 ,а6 , ... ,аР • е~ s;& <:>. The aet В ia а aub

o(a') , and a2maa2"E:·Bm.:::a') в"~ В which is а contradiction. 

LЕМНА 3.4. Let е Ье !Е. idempotent _Е! !Е. (m,n)-ideal aemigroup S . 

Then е is.! ~ in S(e) = ~x{tS : (::JpE-N) хр • е~· 
PROOF. Directly follows. 

1ЋЕОRЕМ 3.3. If S is !Е. (m,n)-ideal semigroup,then S • e"tE S(e), 

where S(e) ~ disjoint maxima1 unipotent subsemigroups of S . 

PROOF. Let x,y~S(e) . Тhen there exiat p,qEN such that хр • yq • е . 

Ву LeDIIIa 3. 2. it follows (xy)me(xy)"s; .С:.ху>. From thia we have е Е- .С.ху) , 

i.e. there exist rE.N such that (xy)r = е . It ia eaaily to verify that 

S(e) are maximal disjoint semigroups. 
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А seшigroup S iв ca11ed power 1oined if for each pair of e1eaenta 

a,bt:S there exist mJn~N with а• • Ь0 • We аау that а aemigroup S ia а 

band of power joined вemigroupa if there exists а congruence f auch that 

S/f is а band and each c1ass mod f is а power joined aemigroup. Banda of 

power joined semigroups are studied Ьу T.NORDAИLJ fSJ in media1 саае and 

Ьу au thor Ј 111 in genera1 саве. In the presen t paper we give 101ае new 

characterizations of bands of power joined semigroups. 

For nondefinied notions we refer to ~ЈЗЈбЈ 7 ЈВ1. 

Let S ·Ье а semigroup.We define а re1ation ----L. cin S as follows: 

а----L.ь 

ТНЕОRЕМ 1. Let S Ье а semigroup.Then the fo11owing conditions !Е! 

equiva1ent: 

(А) S is!!. band of power joined semigroups. 

(В) <VaJb"S)( аЬ ____L. а2ь ----L. аь2 ). 

СС) (\/aJbE.S)("/ mJn~N)( аЬ ----L. а-ьn) . 

PROOF. (А)~(В). Let S Ье а band У of power joined semigroups S~ Ј 
' 2 2 

о('" У. For а ~So( ,.be-S~ we have аЬЈа ЬЈаЬ Е~ and thus (В) . 

(В)~(С). Let S satisfy condition (B).Then we have 

аЬ ----L. а2ь = (аЬ)Ь ----L. (аЬ)Ь2 = аь3 ----L. ··· ----L. аЬ0 ----L. а2Ь0 = 

= a(abn) ----L. a2(abn) = а3ьn ----L. · · · ----L. а-ьn . 

HenceJthe condition (С) holds. 

(С)~(А). This follows Ьу Th~orem 1. t11. 
The s!mboli~m u ~ v , where u and v are words ~ver some alphabet 

means that for all substitutions of variaЬles Ьу elements of S Ј the 
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resu1ting e1ements are t' -equiva1ent.We denote Ьу dЪ the c1ass of all 

bands in which the identity u = v ho1ds.If, Sб ~ , then S is а ~-band. 
The fo11owing condition 

(D) (\"x1 ,x2 , ... ,xkE:S)( u 't:v) 

where {х1 ,х2 , ... ,~ \ . is the set of all variaЬles in u and v is necessary 

in the·fo11owing: 

PROPOSITION 1. S is ~ ~ -band ~ semigroups in ~ c1ass 9 if and 

on1y if S is !. band of semigroups iri 9" and if '[:" is the band congruence 

induced ~ the decomposition of S then the condition (D) ho1ds. 

~ Trivia1. 

ТНЕОRЕМ 2. Let S Ье ~ semigroup.Then the fo11owing conditions are 

equiva1ent: 

(Е) S is ~ ~ -band of power joined se~igroups. 

(F) (В) and (D) , ~ f. __~!___,. 
(G) (С) and (D) , where 'Са__~!___,. 

~ Fo11ows immediate1y Ьу Theorem 1. and Proposition 1. 

ТНЕОRЕМ З. Let S Ье ~ semigroup.Then the fo11owing conditions are 

equiva1ent: 

(El) S !.!. !. вemilattice ~ power joined semigroups. 

(F1) ( 't' а, ь~ s)( аЬ __~!___,. а2ь __~!___,. аь2 __~!___,. Ьа ) . 

(G1) <'Va,Ы;.S)('/m,ntNH Ьа __~!___,..~n). 

~ (Е1) .с=+ (F1). Ву Тheorem 2. we have аЬ __~!___,. а2ь __~!___,. аЬ 2 

and аЬ __~!___,. Ьа and thus (F1).By hypothesia and Ьу Тhеоrев 1. ve have 

that (F1) iшp1iea (G1). (Gl)~(El). Fol1owa Ьу Тheorem 1. (see alao 

Тhеоrеш 2. in L11 ) . 

А aubseudgroup В of а semigroup S is а bi-ideal of S if BSB С: В , 

[81 • А s8igroup S ia а band of !!!,-ideala в1 , i Е У if S • ~ в1 , 

В/\ вј • <1 , i ~ ј and в1вј c;s вk . 

PROPOSIТION 2. S .!.!. !. rectangular ~ ~ aeшigroupa in !. claaa f:l 
.!! and only if S .!.!. .! band of Ы-idea1s from (/'. 

~ Let S Ье а rec tangular band У of semigroupa s." , /'Ј Е У 



and S('Jf; t;/ . Тhen for each оС~ У we have 

sl(. ss.._ • s < V sr- >s.t • V stC. s .. sJ.. 
о( ,. *'t 1'6-у .~ 

Hence, S iв а band of bi-idea1в from У . 
Converвe1y, 1et S Ье а band of bi-ideals в1 ~ 9 

s.t . 

(iEI). Let 

~ Ье the congruence re1ation on S induced Ьу the decomposition of S 

For аЕВ1 , ЬЕВј we have abaEB1BjBio;;;,. Biji and aba6B1BjBi._ в1 
So в1 • Biji and therefore t" is а rectangu1ar band congruence. 
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ЕХАМРLЕ 1. А вemigroup S is а bi-idea1 semigroup if а11 itв вub

semigroupв are bi-idea1в.If S iв а bi-idea1 semigroup,then S • \.1 s(e) 
е~Е 

where е Е E(S) are unipotent bi-idea1 semigroups, 

5 (e) 5 (f) ~ 5 (ef) 

and 
(е) ( f) 

S AS ~;,е~ f, t9J . Hence,any bi-idea1 вemigroup iв а recta-

ngu1ar band of unipotent bi-idea1 semigroups. 

ЕХАМРLЕ 2. Let S Ье а вemigroup.Тhen S iв а comp1ete1y aimp1e if 

and on1y if S is а rectangu1ar band of groups, [2\. Hence comp1ete1y 

simp1e semigroup is band of its minima1 bi-idea1s,(the converвe iв а1во 

true). 

ТНЕОRЕМ 4. Let S Ье ~ semigroup.Then the fo1lowing conditions!!! 

equiva1ent: 

(1) S is ~ rectangu1ar band of power joined semigroups. 

(2) <V а,Ь,сЕ S)( аЬс _Ј!_ ас ) . 

(З) S .!!_ ~ band of power ј oined bi-idea1s. 

PROOF. (1)~?(2). This is the Theorem З. in L11. (1)~(3). This 

fo11ows Ьу Proposition 2. 

А semigroup S is а band of 1ef·t ( right) idea1s 11 , i Е: У if 

S \...) L. , L. (\ L. = ~ , i ~ ј 
i'"Y 1 1 Ј 

PROPOSITION З. S is ~ left (right) ~ band of semigroups in 5-
if and on1y if S is ~ band of right ( left) ideals from 9. 

PROOF. Similarly to the proof of Proposition 2. 

ТНЕОRЕМ 5. Let S Ье а semigroup.Then the following conditions!!! 

equivalent: 

(1) 

(2) 

(З) 

' 

S is .! left· ~ band of power joined semigroups. 

(\fa,Ь(;S)( аЬ _Ј!_ а) • 
' . 

~ is а band of power joined right idea1s. :----------------
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~ (1)~(2). This is the Coro11ary from [1]. (1)~(З). 

Fo11ows Ьу Proposition З. 

It is c1ear that dua1y theorem to the Theorem 5. ho1ds. 

А band S is а 1eft (right) regu1ar if in S the identity ах аха 

(ха аха) holds, ~1 . 
ТНЕОRЕМ б. Let S Ье ~ semigroup.Then the fo11owing conditions are 

equiva1ent: 

(1) S is ~ 1eft regu1ar band of power joined semigroups. 

(2) ( Va,bE: s)( аЬ __д_ а2ь __д_ аЬ2 __д_ аЬа ) . 

(З) ('/а,Ь~ S) N m,n E:N) ( аЬ __д_ a~n __д_ аЬа ) . 

(4) <Va,bf_S)(Vm,n~N)( аЬ __д_ a~nam) 

~ (1) ~(2) ~(З). Follows Ьу Theorem -2. (З)-4- (4). It follows 

from аЬ __д_ аЬа that a~n __р__; a~nam and since аЬ __д_ a~n we 

have (4) . (4)~(1). Assume that а__р_ Ь . Then Ьу (4) we have аЬ ~а 

Hence,each c1ass mod __д_ is а power joined semigroup.Suppose а__р__ Ь 
and с Е S . Тhen ас __д_ amckam and Ьс __д_ bnckbn . It follows from 

this that 
ас __р__ amckam __д_ bnckbn __д_ Ьс . 

са __р__ сЬ . Consequent1y __д_ is а congruence and Simi1ar1y we obtain 

since а--Р-- а2 for every а ' S we have tha t 

joined semigroups.From (4) we have that S/ __р__ 

s is а band of power 

is а 1eft regu1ar band. 

SОМЕ NOTES. Let С , Cr , С~ , Ct , Ср denote the c1ass of semi

groupв which are вemi1atticeв of archimedean,right archimedean,1eft archi

medean,t-archimedean4nd power joined semigroupв respective1y.A1so 1et D , 

Dr , Df , Dt , Dp denote the с1авв of вemigroups which are bands of arci

шedean,right archimedean,1eft archimedean,t-archimedean and power joined 

aeмigroupв reapective1y:Uвing the imp1ication scheme of M.S.PUTCНA, r1] 

and Тheoremв 1. and З. we have the fo11owing implication scheme: 

Dp-Dt-D~ -D -Dr-Dt- D 

1 t r t t 1 rp 
cp-ct-c~-c-cr-ct-cp 

On the other hand let Р , LZ , RZ , LR , RR , RB denote the с1авв 

of вeшigroupв vhich are power joined,left zero bands of power joined вemi

groupa,right zero bands of power joined semigroups,left regular bandв of 
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of power joined semigroups,right regular bands of power joined вemigroups 

and rectangular bandв of power joined seшigroups respectively.We then have 

the following вtrict implication scheme: 
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А Ьinагу (m, n)- D -grid is defined as an агrау of m 

rows and n colum~s formed from тп square cells each of 

which is divided into two congruent rectangulars. Thus, Fig. 

1 is а (З, 4)- D -grid. 

Fig. 1 

In fact, each D - grid gives а tilling of some recta

ngulaг with dominos in а special way; the rectangular is divi-

ded into тп unit squaгes and еасв unit square is covered 

with two dominos. 

Two (т, п) -D -grids аге said to Ье equivalent iff 

they can Ье transformed one into the other Ьу rigid motion in 

the space. 

!n this paper we determine the number N d (т, n ) of 

nоп- equivalent (т, п)- D- grids, for агЫtгагу natural num

bers т and n • 

О псе 

Ву Хст,п) 
т and n 

of Хс >. 
т,п 

we denote the set of all (т,п)- D- grids. 

аге specified, we write simply ~ instead 

is а set, then the cardinali ty of "А. is 

/.:fJ . Ву fxl we denote the smallest integer > х . It is 

clear that 

(1) 
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Any гigid motion in the space Ьу wђich two (m,n) - D

gгids (т i n) can Ье tгansformed one into the otheг, гeduc~s 
', 

to one of the transfoгmations fгom the gгoup of simmetгies 'of 

the гectangulaг (Fig. 2): 

А 
а 

в 

о 

ь 

-·· с D 

Fig. 2 

i - identical. tгansfoгmation, 

а - symmetry with ·гespect to the veгtical axis, 

ь - symmetry with гespect to the hoгizontal axis, 

с: - symmetгy with гespect to the centeг 0 of гectan-

gulaг (centгal symmetгy). 

Let t(x) denote the gгid into which the grid х is 

tгansformed Ьу applying the tгansfoгmation Х . We shall con -

sideг the following subsets of Х 

/: = { Х/ а (Х) Х} 

.8 = { Х/ Ь (Х) Х} 
~= {х јс:(Х) х} 

If т = n , we have squaгe D- grids. Now, in additi

on to i, а, ь and с: , the group of гigid moti~ns which tгans

form а square into itse~ contains fouг additional tгansfoгma

tions (Fig. 3): 
f А в 

е 

Fig. З 

d - гotation about the centeг о of the squaгe thгough 

angle 'f = 90°, 
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е - symmetгy with гespect to the diagonal BD 

f - symmetгy with гespect to the diagonal АС , 

g - гotation about the centeг о thгough angle ~=-90°. 
Let Ј., .8, ~ Ье subsets of Х= :r._ ) , defined as fог 

~n,n 
гectangulaг gгids. We consideг also the following subsets of;r: 

tlJ = {х 1 d r х Ј х } 
~ = {Х 1 е (Х) Х} 

~= {X/f(X) Х} 

g. = {Х / g (Х) Х} 

In [2] we have geneгalised some гesults of Hoffman 

given in [1] ' 
fог an otheг type of binaгy gгids. In the sa-

те way as in [2] ' 
it can Ье pгoved that fог D - gгids the 

following statement is tгue: 

Lemma 1. 

С i) I f т '/. n , then 

Nd(т,n) =%С IXI+I.ЯI + IЂI+ 1~1 ) ( 2) 

1 

Now, we аге going to determine the numbers !ll, 1~1, 

1~1, 1~1, 11:-1, and lf!. 

Lemшa 2. 

sponding subsets 

(i) ! .tl 

(ii) 1.13! 

(iii) 1~1 

2т f~1 

2 Г.~l·п 

2 ГШf--1 

and for corre-

' 
(4) 

(5) 

(б) 

proof. (i) For n= 2k (k 8 N), an arbitraryD-gгid х 

from Хс , ) can Ье гepresented in tће form m,n 

р Q 
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wheгe р and Q аге 

а(Р). It means that 

(т,k) - D-gгids. Now, Х е vf, iff Q = 

х e.l(, is deteгmined Ьу its (т,k) -D

тk =т 1 = т r%1 cells' hence follows subgгid Р containing 

the statement. 

Fог n = 2k + 1 (k ~ О) , an агЬitгагу D - gгid 

from ~ can Ье гepгesented in the foгm 
(т, n) ' 

Q 

wheгe р and Q аге 

gгid. Now, xe.!l 
(т,k) - D-gгids and I 

iff Q = а(Р) . Since 

Ьitгагу Cm,1)- n- gгid I , it follows that 

is а Ст,1)- D -

a(I) I fог аг

К е А is deteг-

mined Ьу its D - subgгids 

=т п; 1 =т r%1 cells' and 

Р and r containing 

(4) is pгoved. 

(ii) (5) can Ье pгoved in the same way . 

(iii) х е~ iff any two cells situated symmetгicaly 

wi th ·гespect to the centeг о of х аге of the same soгt (eit-
1 

hег В ог Ш ) . If eitheг т ог n , is even, х е 'е is de-

teгmined Ьу т; =[-т~ 1 paiгs of cells. If both т and n аге 
odd, the centгal cell is symmetгical to itself and it can Ье 

of агЬitгагу soгt. In that case, х е~ is deteгmined Ьу 
тn-1 rтnl --2-- + 1 = :z paiгs of cells (centгal cell included), and 

the statement follows. 

ponding 

Remaгk. If т = n , (4), (5) and Сб) become: 

1.!1 = 1 ~ 1 = 2n. Гtl 
1 'е! ;. )41 

Lernma З. Fo::__arbi tгагу 

subsets 'Ј), е. ,1- of 

(i) 1~1 = 1~1 = о 

( ii) lcDI = ( 1 + ( -1 )n.) 

с 7) 

с 8) 

natuгal n ' 
and fог соггеs-

х= хс ) n,n 

( 9) 
1}-2-1 

(10) 2 

Proof. (i) х е~ iff each cell situated on the di-

agonal BD (Fig 3) is transfoгmed into itself Ьу applying 
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the tгansfoгmation е ' but it is impossiЬle because е( 8 ): m 
and е( m) =В Hence, Ј:..= 111. Similaгly, ~= 111. 

(ii) If n is even (n=2k, k ~ 1) , then }( € .:X:Cn,n) 

can Ье гepгesented in the foгm 

[ р Q 

s R 

wheгe P,Q ,R and s аге (k,k) - D-gгids. Now, 

Q = d(P), R = d(Q) =а 2 СР) and s = d(R) = dз(р) 
that хе~ is deteгmined Ьу its D - subgгid 

2 
~ cells. 

х е OD iff 

It means 

Р , containg 

If n is e.dd (n = 2k + 1, k ~ О) , then х е;[) iff 

the centгal cell (with the centeг о - Fig. З) is tгansfoгmed 

into itself Ьу applying the tгansfoгmation d but it is im -

possiЬle because d( Q]) = В and d( 8 ) = tD ) . In that 

case, ;D= 0, hence follows the statement. 

Theoгern. (i) If т ~ n , then 

2 mn-2 + ~~l- 2 + 
Nd(m,n) = L 

rml· n-2 
2 7 + 

jmhl-2 
2 2 

n 2 - з n . r!!..l-2 r-o/1- з 
( ii) N d (n, n) = 2 + 2 2 + 2 

Ргооf. ( i) Follows fгom ( 1), ( 2) , ( 4) , ( 5) and ( 6) . 

( ii) Fo llows fгorn ( 1), (З) , ( 7) , ( 8) , ( 9) and ( 1 О) . 
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Let о and о~ denote the sets of all permutations 

of the elements of the sets Nq = {о, 1, 2, ... ,q-1} and 

N~ = N '{О} , respectively. Two peгmutations from о , р= 
q q 

and аоа1 ... aq-1 

ivalente (we wгite 

that for arbitrary 

lence relation ~ 

р~= а а 1~ ••• а~ 1 , аге said to Ье equ-
o q -

p-vp ~) iff there exists t е N such 
q 

i е Nq' a_i- ai ~S tCmod q). The equiva-
defines а partition of the set Q into 

the classes of caгdinality q • For each class we take as its 

гepresentative the permutation in which а0 = О. Let о0 
denote the set of all such representatives. 

We associate with each permutation р= а а 1 ... а 1 е Q 
о q-

а word over the alphabet N~ 
q' 

in such а way that for i = 1,2, .. . ,q-1, 

It is clear that two permutations р and 

ivalent iff w(p) = w(p~) . 

Ь. S. а.- а . 1 (mod q). 
~ ~ ~-

р~ from Q are equ-

А permutation р е Q is called perfect iff w(p) е о: 

Let N(q) denote the number of perfect permutations in 

the set Q0 • 

Lemma. 

mutati"<!>n, 'tHen 

Proof. 

q-1 

If р 

= ( ~ ) (mod q). 

q-1 
а -q-1 ао - i~1 (ai - ai-1) 

I i (mod q) _ q 
2 

(mod q) • 
i=1 

is ~ perf~~~ ре~-

(mod q) _ 
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Corollary 1. I .f q i s odd.; ,th?n N( q) = О· 
Corollary 2 . I-:F q i s е ven, t];J ел 

In order to determine the numbers N(q) 

\ 
\ 

for some 

even integers, we developed а computer algorithm. The results 

can Ье formulated in the form of the following stateme~t : 

Theorem. (а) N(2) = 1 

(Ь) N(4) = 1 

(с) N(6) = 4 

(d) N( 8) = 24 
' 

(е) N(10) = 288 ' 
(f) N(12) =·З856 

Now, we formulate two proЫems (the second being the 

generalisation of the first) and а conjecture. 

ProЫem 1. Determine N(14). 

ProЫem 2. Find а formula for N( 2т) , т 8 N. 

Conjecture. For arbitrary natural т, т ~ З , N(2т) 

is an even number. 

Perfect permutations are of some :iJn.portance in the the

ory .of horizontally complete latin squares .3:nd in the ccЮing theory 

(see [1] and [2]). Namely, а latin square of order q such 

that its entry belonging to i- th row a~d to ј -th column is 

ај_ 1 + i- 1 (mod q) , where а0 а 1 ••• aq _ 1 is а perfect per

mutation from о , is horizontally complete. 

Using computer, we found four latin squares of order 10, 

Т А В L Е 

о 1 8 2 4 9 7 з 6 5 о 9 2 8 6 1 з 7 4 5 
1 2 9 з 5 о 8 4 7 6 1 о з 9 7 2 4 8 5 6 
2 з о 4 6 1 9 5 8 7 2 1 4 о 8 з 5 9 6 7 
з 4 1 5 7 2 о 6 9 8 з 2 5 1 9 4 6 о 7 8 
4 5 2 6 8 з 1 7 о 9 4 з 6 2 о 5 7 1 8 9 
5 6 з 7 9 4 2 8 1 о 5 4 7 з 1 6 8 2 9 о 
6 7 4 8 о 5 з 9 2 1 6 5 8 4 2 7 9 з о 1 
7 8 5 9 1 6 4 о з 2 7 6 9 5 з 8 о 4 1 2 
8 9 6 о 2 7 5 1 4 з 8 7 о 6 4 9 1 5 2 з 
9 о 7 1 з 8 6 2 5 4 9 8 1 7 5 о 2 6 з 4 
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о 7 Б 4 8 з 9 1 2 5 о з 4 Б 2 7 1 9 8 5 
1 8 7 5 9 4 о 2 з Б 1 4 5 7 з 8 2 о 9 Б 
2 9 8 Б о 5 1 з 4 7 2 5 Б 8 4 9 з 1 о 7 
з о 9 7 1 Б 2 4 5 8 з Б 7 9 5 о 4 2 1 8 
4 1 о 8 2 7 з 5 Б 9 4 7 8 о Б 1 5 з 2 9 
5 2 1 9 з 8 4 Б 7 о 5 8 9 1 7 2 Б 4 з о 
Б з 2 о 4 9 5 7 8 1 Б 9 о 2 8 з 7 5 4 1 
7 4 з 1 5 о Б 8 9 2 7 о 1 з 9 4 8 Б 5 2 
8 5 4 2 Б 1 7 9 о з 8 1 2 4 о 5 9 7 Б з 
9 Б 5 з 7 2 8 о 1 4 9 2 з 5 1 Б о 8 7 4 

given in TABLE, which have the following pгopeгties: 

(i) each of theт is hoгizontally coтplete; 

(ii) all З20 огdегеd tгiples of thгee adjacent (in а 

гоw) eleтents аге diffeгent. 

РгоЬlет З. Does theгe exist тоге then fouг latin squ

aгes of огdег 10 satisfying these pгopeгties? 

The answeг is affiгтative if theгe exists 

тоге then fouг peгfect peгтutations оvег the set {0,1, ... ,9} 

such that all theiг subwoгds of length З аге diffeгent. 

R Е F Е R Е N С Е S 
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.AЬstrsct. In this paper, we :investigate affine steiner temar,y 

algebras (ASТA•s) mxl give their repreвentation Ьу the tmipoteпt 

aЬelian groups, for 'Which а deri.ved 1оор is U8ed.. For а !i.ni.te .шrА , 

the elements and quadruples of tье aвsociated Steiner quadruple system 
1 

(SQ3) are respective]y the poi.nts mxl planes or an affine space over 

GF(2). It iiiiplies an elementary proof of Cameron's result which states 

that affine geometry is characterized SПIODg SQ3' s Ьу а s,yпmetri.c di!ference 

property. 
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The ргоЫеm of asceгtaining the minimum numbeг of wei

ghings which suffice to deteгmine the defective coin in а set 

of n coins of the same арреагаnсе, given an equal агm bala

nce and the infoгmation that theгe is pгecisely one defective 

coin pгesent, is well known. А laгge numbeг of solutions exist, 

some based upon sequential pгoceduгes and some not. Refeгences 

to many рарегs оп this question can Ье found in [2] and [7]. 
It is inteгesting that the coггesponding ргоЫеm fог 

тоге than one defective coin has attгacted little attention. 

The ргрЫеm is of singnificance because it гepгesents one of 

the simplest examples of а sequential testing ргоЫеm гeplete 

with the difficulties of combinatoгial natuгe. Fог some discu

ssion of these matteгs in gгеаtег detail, see [1], [з), [5] 
and [6] . In [з] а systematic и.ау is indicated in which the 

theoгy of dynamic pгogгamming can Ье used to pгovide а compu

tational solution to the determination of optimal and subopti

mal testing policies. The ргоЫеm fог two coins was also in

vestigated Ьу Caiгns in (4] . Арагt fгom these рарегs, little 

арреаг to Ье wгitten on the subject. 

We denote with ~ 2 Cn) the maximum numbeг of steps 

in an optimal ргоgгаm fог two defective coins ргоЫеm. 

We pгoved the following statement: 

Theoгem. 

An infinite set of n~s is deteгmined fог which the 

loweг bound is гeached and the coггesponding pгoceduгes аге 

cpnstгucted inductively. Some гesul ts of С aiгns аге impгoved 

and his co~jectuгe that ~ 2 Cn) 
2k, 2k+1 , ~epending on n , fог 

has one of the values 2k- 1, 

зk- 1 < n < зk ' is• shown to 
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Ье slightly incoггect. It follows that for Зk- 1 < n < 3k :, 

џ 2 Сn) has one of the values 2k-2, 2k-1, 2k, depending on \n 

Ргооf of Theoгem and fuгtheг details аге given in [~]. 
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An П-algeЬra ~=(А;П) is said to Ье an n-subalge

bra of а sernigroup S if А С S and there is а map

ping w~w of n into s such that w(a 1 , ... ,an)=wa1 ..• an 

for each n-ary operator u;ЕП and any a 1 , ••• ,anf:A.If 

С is а class of semigroups,then Ьу f(n) is denoted 

the class of n-algebras which are n-suЬalgeЬras of semi-

groups belonging to C.Here we give corresponding de-

scriptions of the classes АВТG(П) and Аm(П) ,where ABTG 

is the class of aЬelian torsion groups and А the 
m 

class of abelian groups in which each element has an 

order which is а divisor of m(m~2 is а given inte-

ger). 

~First,we will give а description of АВТG(П). 

Theorem 1.Let П;6П(l) (П(n) is the set of n-ary 

operators ЪeZonging to П).Ап П-aZgebra ~=(A;rt) ЪeZongs 

to ABTG(rt) iff it satisfies the foZZoыing aonditions: 

(*) For every m,n~l,w~EП(m),w~~E: П(n),iE:Nm={i,2, ... m} 

and permutation v~iv of Nm the foZZoыing identity equa-

tions are вatisfied: 

w~(x 1,, ... ,x )=w~(x. , ... ,х.), 
: m ~1 ~m 
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w'w''(x1 , •.• ,xm+n 1J=w"w'(x1 , .•. ,x )= 

- m+n-1 

"" w, (xl' • • • ,xi-:1 ,w,, (xi' • • · ,xi+n-'1) ,xi+n' • · • ,xm+n-1); 

(**) Therв is а mapping m:zнm(z) of А u\1 into th~ 

sвt of positivв intвgвrs suah that: 

11 ip а 1 aq _ ј 1 јр в 1 Bq 
w1 ••• wp (а 1 , ••• ,aq )-w1 .•• wp (а 1 , ... ,aq ). 

Вл suah that: 

and: 

iv=jv(modm(wv>>. ал=Вл (modm(aл>> 

l+i1n 1+ ••• +ipnp=a 1+ ••. +aq 

1+j 1n 1+ ••• +jpnp=в 1+ ••• +Bq· 

\ 

Proof.In the first place,it is clear that if А is , а 

suЬalgeЬra of an abelian semigroup S then (*) is sat~ 

sfied. (In [4] it is shC711n that the converse is also sa-

tisfied).If SeABTG and 1f for each aeA(wen),m(a)(m(w)) 

is the order of а (w) in s,we oЬtain that the condit~ 

on (**) is satisfied. 

Assume nC711 that ~=(A;nJ is an n-algeЬra which 

satisfies the conditions (*) and (**) .If z е А u G then 

Cz denotes the cyclic group with а generator z and 

order m(z) .Further on,let Н Ье the free product 

Н= U С in the class of aЬelian groups. (We use а 
z eAUG Z 

multiplicative notation.) 

If u=au'e Н and a=w(a 1 , ••• ,an) in ~,then we wri

te ut-wa1 ••• anu',and also ~a~a 1 ... anu'-eu.Let uнv<*ut-v 

or u-ev.Further on,denote Ьу :::: the reflexsive and tran-

sitive extension of ~ ,i.e.: 

uR:Sv<* <3u0 ,u1 , ... ,upe H>u=u0 ,v=up,p;;;a.O and u1_ 1 нu1 
for • each i е { 1 , ••• , р} • 
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Тhen, clearly, ~ is а congruence on Н, and ~(a 1 , ••• ,an)= 

=а in А => wa 1 ••• an ~ а . 

We will show that: 

(fo) а,Ь€А=>(а~Ь=>а=Ь), 

and this will cornplete the proof of Тheorern 1 •. 

First we introduce the notion of Q-word.Narnely, 

an elernent w r;;; Н is said to Ье 

and 

Then, 

and 

1 1 12 i а 1 aq 
w=w 1 w2 ••. wpPa 1 ••• aq , 

l+i 1n 1+ ..• +ipnp=a 1+ ..• +aq 1where 

i 1 ip а 1 а 
w1 ••. wp (а 1 , ... ,aqq)=aeA, 

we say that а= [w] is the 

an n-word iff 

"value" of w. 

We note that Ьу (**) the value of an Q-word w 

is uniquelly deterrnined. 

Clearly , (fo) is а consequence of the follawing pro-

position 

(М) Let U,V Е Н Ье such that uHv.If и is an n-word 

then v is also an rt-word and [u] = [v] . 
i 1 i а 1 а 

Proof.Let u=w 1 ... wpPa 1 .•. aq q'wv е f2 (nv+l) and l+i1n 1+ .•. + 

Let srn(w) trn(a 1 ) f we rt(n+l) ,n;;.l.Then v=w а 1 v, or each s, 

t;;.O and it can Ье easily seen that there exist s,t;;-0 

such that l+srn(w)n+(i 1+l)n1+i2n 2+ ... +ipnp=trn(a 1 )+S 1+y1-l+a2+ 

+у 2+ •. . +а +у ,and this will irnply that v is also an П
. q\ q 
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Consider now the case u~v.Namely,we can assume 
ј i i ~ . 13 

th t - 1 2 р 1 q . '1 . -· ( d ( )) 13- ( d а u-w 1 w2 ••• wp а1 ••• aq , Ј 1 ,... ,Ј 1 =~ 1 mo m w1 , л=а.л mo 

ј1-1 i2 i 131-у1+1 132-у2 13 -у 
m(aл)),and v=w 1 w2 ••• wpPa1 а2 ••• aqq q,where 

у1 Yq 
a 1=w 1 (ai , .•• ,aq ).We .can also assume that nk;;;.-1 for some 

k е: {1, ••• ,р} .Nсм it can Ье easily seen that there exist 

Тhen: 

Тhis 

1+ (ј 1-l+s 1m (w 1 ) )n1 + (i2+s 2m(w 2 )) n 2+ ••• + (ip +spm (wp)) np= 

=(13 1-y1+l+t1m(a1 ) )+(13 2-y2+t2m(a2 ) )+ ••. +(13q-yq+tqm(aq)). 

j 1-1+s 1m(w1 ) i +s m(w ) 13 1-y1+1+t 1m(a 1 ) 13 2-y2+t2m(a2 ) 
·v=w1 ••• wpp Р Р а а 1 2 

••• a:q-yq+tqm(aq) 

completes the proof of (l!t!)' and thus of Theorem1. 

as well. 

Corollary .If n ..... no>ФIZJ. then the сZ.авв А (fl) iв а vari-
m 

в ty. 

P[§!§!f 1 In this саве we have that m: z t-+m ( z) =m 11'1 а con-
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stant ,and thus in (**) we have а system of identiti-

es. 

ьconsider no.i the саве when 11=11(1) consists of 

only unary operators.Тhe following example shows that 

the conditions (*),(**) are not suficient. 

Example.Let 11=11(1) and let w0 Ье а fixed element of 

11.Let А={1,2,3,4,5} and the algeЬra ~=(д;11) Ье defined 

Ьу: 

The algeЬra А satisfies the conditions (*), (**).Namely, 

the condition (~) reduces to the cornmutativity of the 

semigroup generated Ьу the transformations which are 

interpretations of the operators frorn 11.And,if we put 

rn(w0 )=6,rn(w)=rn(a)=l for each w€11 ,w'fw0 and each aEA,we 

obtain that (**) is also satisfied.But А does not Ье-

long to ABTG(I1),for if А were an 11-subalgeЬra of а 

group G Е ABTG then we would have 

is irnpossiЬle. (Narnely, w~4=4 irnplies 

-2 w0 1=3 ,which 

is the iden-

tity of the group G.) 

Theorern 2.Let !1.=11(1). fin 11-a.Zge_bra_ ~=(д;щ beZongs to 

АВТG(П) iff it satisfies the foZZoыing conditions: 

(*') ш'w"(x)=w"w'(x), for any w',w"E П,хЕА; 

(** ') There 

of positive 

is а mapping rn:w.-.rn(w) of n into 

integers such, that wrn (w) (х) =x,for 

the 

апу 

set 

W Е 11, 

(*** ')Ь sat:.isfies апу quasiid'entity of the foZ"loыing 

form: 
( 

w ~ .. w (x)=w' ... w'(x)::>w 1 ... w (y)=w 1' .•. w'(y), 
1\' р 1 q ' р q 

1 
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Proof.Clearly, the conditions (*'), (**') and (***') are 

necessary. The suficiency is а cori::>llary, of the follow ing 

Lenпna.Let Г Ье а conпnutative group of perrnutations pn 

а set А such that: 

w' (х) =w" (x):::>w' (у) =w" (у) . 

Define а relation ~ on А Ьу: 

а~Ь <=> <3Ф Е Г)Ь=ф (а) .Тhen, (i) ~ is an equivalence in А. 

(ii)If В is а subset of А such that ("i/aE А) <3!ЬЕВ)а~Ь 

then the mapping ~: (w,b ).._w (Ь) is а bijection frorn 

r~x в into А, such that ~ (w 'w " ,Ь ) =w ' ( ~ (w " ,Ь ) ) . 

(iii) If к is an abelian group generated Ьу в and if 

G=ГХ K,then Ьу putting ~ (w,b)=(w,b) ,we obtain that the 

algeЬra (А; Г) is а Г-subalgeЬ.ra of G. 

The proof of the Lenпna is obvious. 

~Here we will rnake sorne rernarks and state 

sorne proЬlerns. 

First,we note that if we try to generalize 

Тheorern 1. for aЬelian periodical sernigroups,then we get 

the result that this generalization is not true.And,we 

do not know if the corresponding analogy of Тheorern 1. 

holds for the class of comrnutative sernigroups with the 

propertiy ('t/x) <3rn >О) xrn+1=x. 

Тhе sirnilвr situation arises if we try to ge-

neralize Тheorern 2 •• 

We also note that we do not know any conveni-

ent deвcription of the class f (П) if с is one of 

the following classes of sernigroups: 

(а) idernpotent вern1groups; 

(Ь) period1c groups; 
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(d) inverse semigroups; 

(е) regular semigroups; 

(f) completely simple semigroups. 
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In other words we think that the well known Kurosh's 

prob~em of characterisations of f(П) is until now solv-

ed only for а few classes of semigroups,namely only 

if f is one of the following classes of semigroups: 

1) the class of scmigroups [1] ; 

2) the class of commutative semigroups [4] 

З) the class of cancelative semigroups [5] 

4) the class of nilpotent semigroups [б]; 

5) the class of semila ttices [2] ; 

б) с 1 ,i.e. the class of commutative semigroups that - ,m 

satisfies the identity m+1 
щ х =х 

7) ABTG; 

8) А . 
т 

We would like also to mention the problem of 

finding the set of varieties С of semigroups such that 

f(~) is also а variety' for all ~ or for some g . 
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PROPER SUBSEMIGROUPS OF А SEМIGROUP 

s.Milic and s.crvenkovic 

Let L Ье the elernentary language of the semi-

group theory and ф(х,у) а formula in the language L. 

Denote with sф С\ class of semigroups satisfying 

the condition 

(*) ('t:/x ) (3у ) Ф (х , У ) • 
А semigroup S belongs to а 

groups if each proper suЬsemigroup 

sф. 

class 

of S 
QSФ of 

belongs 

semi-

to 

In [4] E.S.Ljapin introduced the concept of а 

basis class for some class of semigroups. 

In the present article we consider some classes 

QSФ anc'l their basis class. 

First,we have the following theor.eш·. 

Theorem 1. [5] Let s Ье а semigroup.Then,the following 

two propositions are equivalent. 

(i) QSФ has а basis clas~ relative to the class 

of all semigroups. 

(ii) QSФC Sф. 

If ф(х,у) is one of the following formulas 

( 1) х=хух; 

(2) х=хух л ху=ух; 

(З) 
2. 

х=ух , 
( 4) 

2 
х=х у, 

we have: 

Pro:eosition ;L. [5] Let s Ье а semigroup.The following con-

ditions are( equivalent. 
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s Е QSФ. 
s is тonogenic of, an index of ·-2 or 

for sоте integer n ;;;. 2. 

It follows il!lmediately that does 

а bas is clas. 

not have 

If т and r are the index and. period,respecti

vely,of the тonogenic semigroup <а> we denote Ьу 
т т+1 т+r-1} 

К ={а ,а , ••• ,а the suЬgroup of <а>. 
а --

Denote with П the glass of seтigroups SФ where 

ф (х ,у)~у=у. Тhе class П has а basis _class (see [4] ) • Ac

cording to [5] ,QП does not have а basis class rela

tive to the c!ass of all seтigroups. 

Let ф(х,у) Ье the following f6rтula 

(1 ') т т т+1 n 
х =у л ух=х у л х =х, 

where т, n are 

S* (see[2]) .If 
т,n 

positive 

SE S* 
т,n 

integers, n > 1. Sф is 

we denote Ьу [{х,у}] 

the 

the 

class 

semi-

group generated with х,у е S such that the 

holds. [{х,у}Ј is а finite group.We have 

Tћeorem 2. 2 Let S Ье а seтigroup. Тhen 

S Е S * n ~ (\;Јх Е S) <3у Е S) ( [{х, у} Ј Е S * ) . 
т, т,n 

According to [ЗЈ ,the set M,of all groups 

which can not Ье represented as а union 

forтula ( 1 ') 

the following: 

[{х,у}] Е S* 
т,n 

of proper 

suЬgroups of the same type,is а basis class for S* . 
т,n 

Theorem З.Let S Ье а semigroup.S е QS* iff one and 
т,n 

only 
( 1) 

(2) 

(З) 

one of the conditions hold. 

<'VaeS)a=a(т,n- 1 )+~,wћere(m,n-l) is the GCD of т,n. 
S is а cyclic group ISI=pa,pa- 1 !<т,n-1) and 

pa,r(m,n-l),wћere р is а prime numЬer and а 
nonnegative integer. 

s is а monogenic seтigroup with an index of 2 

and rl (т,n-1) ,where r is а period of the seтi-

group s. 
Proof.Let seos:;,,n and let xeS.If s is not rnonogenic 

then <x>eS~,n·It follows that xm=e<)(>=xn-I i.e. x<m,n- 1)+l 

=x.If 

(а) s 
or 

S is тonoqenic i.e. S=<x>,then it holds that 

is а cyclic qroup 

(Ь) S is а тonoqenic seтiqroup. 
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Consider (а) . Let 

р 

of S(pi. are primes,j=1, ..• k).<a 1 j>eS* and 
, m,n 

р1 (m,n-1) р1 (m,n-1) 

а 1 - -а k -е -... - - ~ 

group 

(m n-1) 1 ·• that а ' =es i.e. /S/ (m,n-1)(so that (1) holds). 

/S/=pa (ae:N,p-p~ime) then <aP>ES* .We have 

80 

If 
а-1 m,n 

(аР) (m, n- 1) = (аР) р =е • 
s 

For а=1 and p,j-(m,n-1) (2) follows imnediately.For а >1 

we have а- 1 
(aPf<m,n-1),p )=е 

s 
а-1 

р ·/(m,n-1). i.e. 

If S=<a> is а monogenic semigroup 

is finite (otherwise S fi S* ) and 

i. е. (Ь) ho!ds, then 

m,n 
{ 2 m+r-1 S= а,а , ••. ,а }. s 

К '=К U{ afrr.- 1 ~ is а suЬsemigroup of S 
а а 

lar (Кдlк') so that K'fi S* n'iii ;;..З.It 
а а а m, 

i.e. a 2=a2+r.K 
а 

is а of 

and is 

follows 

order 

ted with the element 

cyclic group 

ar+1 .Further on, <а> е S* m,n 

(ar+1) (m,n-1)=~ar+1)r=e . 
s 

It follows that ( (m,n-1) ,r)=r i.e. r/ (m,n-1). 

not 

that 

regu

iii=2 

genera

and 

If (1) holds,it follows that a(m,n- 1 ) is а uni
rn n-1 

ty for a.Then we have а =еа=а so 13 that 

Let condi tion ( 2) hold. Then < аР >eS * rn,n 
(aPS) (rn,n-1)=(ap)rn=e (1..; S.:;; а 

s е: S* m,n 
as 

so every suЬgroup of S belongs to 

(3) .Subsernigroups pf S are Ка 

Ka.As r/(rn,n-1) it follov.rs that 

S* rn,n i • е . S е: QS * . 
rn,n 

and suЬgroups of 

so we see that every elernent itself can Ье taken to 

Ье у in forrnula (l').It follov.rs that S Е QS* • rn,n 
Frorn the definition of the class S* it fal-

n-1 rn,n 
lows that х =ex.Let р Ье а prirne nurnЬer such that 

р> n-1.Then ~. С е: QS* and С fi S* .Therefore,QS* does · р rn,n р rn,n rn,n 

not have а basis class relative to the class of all 

sernigroups. 
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In this paper semigroups containing а Rees matrix suЬse

migroups as an ideal are considered. For such semigroups а struc

tural description is given Ьу the Тheorem 1. Тhis class.of semi

groups coincides with the class of semigroups having at least one 

minimal left ideal and at least one minimal right ideal [Clifford 

А. Н. , Тheorem З. 1. in [ 1] ] . 
Let m[r,G,J,P] Ье а Rees matrix semigroups, where I and 

Ј are non empty sets, G is а group, Р is а Ј х I matrix with ent

ries pji in G; Т а partia1 semigroup and let 

s тum[r,G,J,P] 

~ • Let where ( I х G х Ј) n т 

t;, Т + 1( I ) and 1'1 : Т + ~(Ј) 

Ь е mappings, where о/'( I) and ~(Ј) are semigroups of all mappings 

I in I and Ј in Ј, respectively, i.e. 

~= p+t;,P and n: p+np, 
such that for all p,qe:T is fulfilled: 

(а) If pqe т and 

(Ь) If pq~ Т then t;,ql;p is а constant mapping and l'lpl'lq 

is constant mapping; 

Let 
ф: Txi+G 

Ье а mapping\which satisfies 
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(с) 

(d) 

If pqe Т then ф (pq,i) =ф (р,Цq) ф (q,i) 
. --1 

РЈ· н: ф(р,l)рЈ.Тi i = 'JI(p,j), i.e. does not depend upon 
, 'р р' 

iE I. 

(i) 

(ii) 

(iii) 

Let us define the rnultiplication in S Ьу: 

(i,x,j) • (k,y,R,J = (i,xpjky,t) , 

р• (i,x,j) = (Ц; ,ф (p,i)x,j) , 
р 

(i,x,j)•p = (i,x'l'(p,j), jnp), 

where рЕ:Т, (i,x,j), (k,y,t)EixGxJ; 

(iv) If pq=r in Т then pq=r in S; 

if pq ф т then 

pq= (Цq~р'ф(р,Цq)ф(q,i)рј~ 11 .,jr'r/1 ). 
р qr 1 L' q 

Let us denote the groupoid (S,.) Ьу ~[I,G,J,P;T,ф,~,ll]. 

It is directly verified that n[I,G,J,P;T,ф,~,Тl) is а sernig~oup 
with а Rees rnatrix suЬsernigroup >?l,[I,G,J,P] which is an ideal in 

n. 
Nс:м we can s ta te 

Theorern 1. In а sernigroup S there is an ideal which is 

а cornpletely s irnple suЬsernigroup (w i thout zero) if and only if а 

sernigroup S is isornorphic to а sernigroup Yl[I,G,J,P;T,ф,~,Тl] 

Proof. See [2]. 

Frorn Тheorern 3.1. and the Тheorern 3.2. ~rorn [1) and Тhe

orern 1. of this paper, we have. 

Тheorern 2. А sernigroup S contains at least one rni.nirnal 

left ideal and at least one rninirnal right ideal if and only ifS 

is isornorphic to а sernigroup 'Yt[r,G,J,P;T,ф,~,J1] • 

~~~1~~· Give а structural description of а serniqroup 
which contains а Rees rnatrix suЬsernigroup as а left ideal. 

R Е F Е R Е N С Е 

[!Ј Clifford А.Н., Serniqroups constainina minirnal ideals, Amer 
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(2] Miliб S., Pavloviб V., Semiqroups in which some ideal is а 

completely sirnple serniqroup, PuЬl.Inst.Math., 
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ON ONE REPRESENTATION OF GENERALIZED EQUIVALENCES 

в. seselja Ј. usan 

In this article we describe tne representation of (n+1)-ary equivalence re

lations on S [1], Ьу means of the system of k-ary (2~k~n) relations (specially 

Ьу Ьinary relations). 

* * * 
1. [1] (n+1)-ary relation р on S is an equivalence relation 1) on S, ISI ~n, n € N, 

iff it satisfies: 

(1) (Va 1, ... ,an € S) ((а 1 , ... ,an,a1) € р) 2 ) ; 

n+1 З) 
(2) (Va 1, ... ,an+1 € S)((a 1 ) €р =;о (a'11( 1), ... ,a'IТ(n+ 1 )) € р), 

for each '11€{ 1 , ... , n+1}! ; and 

n-1 
(а; "f ај, for i"f ј, i,j € {1, ... ,n}) ===> (а 0 , а 1 , an+1) € р). 

2. In [1] it is proved that (n+1}-ary equivalence relation р on S, induces on S 

partition of type n [2], and vice versa. 

З. Starting witl1 (1) and using (2), we get the followin.g: 

- 1u f-1 ј-1 n+1 
{1) \-.a 1, ... ,aj_ 1,aj+1, ... ,an+1 € S){(a1 , а;, ai+1' а;, ај+ 1 ) € р), for each 

i, ј € {1, ... ,n+1}, i f ј, i.e. if р satisfies (1), then р is reflexive [З]. 

4. It is obvious that each (n+1)-ary relation р on S can Ье represented Ьу the 

system of (n+1-i )-ary 

(4) (x~+ 1 -i) € р i iff 
а1 

relations р i , i 
а1 

i n+1-i 
(а 1 , х 1 ) € р, 

1) J"or n > 1: generalized equi valence. 

2) ( 1 ,n+1) - reflexi ve [з]. 

€ {1, ... ,n}, a1, ... ,ai € S, sucn that 

n+1 [ Ј З) а 1 stands fqr а 1 , .•. ,а 1; see also З . 
. \ n+ 
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\ 

and that each such system of pai , a1, ... ,ai 6 S, defines1 by (4)Jan (n:1)-ary 
1 relation р on S. 

а) If [sj = m 6 N, then the above mentioned system consists of at most fi rela
tions р i . Note that some of them may Ье described Ьу the same set. \. 

а1 . 

Ь) It follows also that each collection of at most mi (n+1-i )-ary relatici"'s Ра i , 
6 {1, ... ,n}, a1, ... ,ai 6 S, ISI = m 6 N, determines one (n+1)-ary relatio~ 

р on S, defined Ьу (4). 

* * * 
LЕММА 1. 

If р is (n+1)-ary relation оп s, defined Ьу 

(а) (а~+ 1 ) в р iff there are i, ј в {1, ... ,п+1}, i f ј, such that а1 ај' 

then р· is (n+1 )-ary equi valence relation оп s: 
Proof: 
р is reflexive and symmetric (satisfies (1) and (2)) Ьу its definition (а). 

n n+1 Let (а0 ) 6 р and (а 1 ) 6 р, а;# ај' i,j 6 {1, ... ,n}, i #ј. Then 

а0 = ak' for some k 6 {1, ... ,n}, and 

an+1 =ар' for some р 6 {1 , ... ,n}, Ьу (а) and Ьу the assumption. 
Then а0 = ak' for som~ k 6 {1, ... ,n-1}, or an+1 =ар, for some р 6 {1, ... ,n-1}, 
and if neither is satisfied, then а0 = an+1 = an. In every case it follows that 

n-1 
(а0 , an+1) 6 р, proving that р is transitive. 

THEOREM 2. 

> 1 ) 1 1 Let Р Ье (n+1)-ary equivalence relation оп S, n 1 , s >n, and let Р i Ье 

(n+1-i)-ary relations оп S, defined Ьу (4), i е {1; ..• ,п-1} 2 ). Then the а 1 fol

lowing is sat.i,sfied: 

I The restrictions Р i of relations Р i to the corresponding sets 
З) al а1 4) 

S\{a1, ••• ,a1 } , are (n+1-i)-ary equ~valence relations ; 

II If (а~+~) е Р i , then 
Н· а 1 

(а . , ... ,а Ј е Р for each пе U, ... ,n+l}J 
п(~+1) п(n+l) llп( 1 J'"''a'll(i)' 

III Р~\ Р i ., ?+1-i\ (s\<a а } )n+1-i 
------Ј---~1 1''''' i 
1) р is at least ternary 
2) р i .sre at least Ыnarw. 

lll 

З) The c.sses when there are equal elements among а 1 , •. ,а1 , are also included. 

4) Because of (2): pai р , for each пе {l, ... ,i}J. 
ап(lЈ ... ,ап(;) 



Proof: 

11. iJ i are reflexive (they satisfy (1) : 
а1 
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ј-1 k-1 n+1) - . 
(а) (ai+l' ај' a.i+l' ај' ak+l € Pal, for j,k € {i+1, ..• ,n+1}, ј~ k, since 

(а) is Ьу (4)5), equivalent to 1 

i ј-1 k-1 n+1 
(Ь) (а 1 , ai+l' ај, aj+l' ај' ak+l) е р, for ј, k е {i+1, ... , n+1}, and (Ь) is 

satisfied since р is reflexive. 

12. р i are symmetric (they satisfy (2)): 
а1 . 

Since 'Ра1 <;p"i , from (а~:~) е 'Ра~ it follows 

i n+1 1 
(а 1 , а 1 + 1 ) е р. р is symmetric and thus 

tht( n+1)e · db (4) а а;+ 1 р а 1 , an у , 
1 

i 
(а,. ап(i+1)'"""'ап(n+1)) е р 

for each permutation п€ {i+1, ... ,n+1}!. From this апd the fact that 

{а,, ... ,а;Н1{ап(i+1)' ... ,ап(n+1)} = ~' 

it follows that 

(ап(i+1) •· · · ,ап(n+1)) е Р' а~ ' 

for each п€ {i+1, ... ,n+1}! . 

1 з· Ра~ are transitive (in the sense of (З)): 

Let (x~-i) € pai and (x~+ 1 -i) € 'i\i , xk "f хр, k "f р, 
. . 1 ; n- i ) € ~ ( i n+ 1- i 
15 equlvalent to (а,. хо р an а,. х, ) е р, 

k, р € {1, ... ,n-1 }. р is symmetric and thus· 

k , р € { 1 , •.. , n- i } . Th i s 

i n-i i n+1-i 
(с) (х0 ,а 1 ,х1 )€pand (а 1 ,х 1 )€ p,xk"fxp,k"fp,k,p{1, ... ,n-i}. 

Suppose now that а) а 1 , ... ,а 1 are not all mutualy different, and Ь) а 1 , ... ,а 1 are 

all different. 

а) In this case, using Lemma 1., we get 

i n- i -1 
(d) (х0 , а 1 , х 1 , xn-i+l) € Р 

Ь) Here we use the fact that Pai is the relation on S\{a1 , ... ,а 1 }, i,e. 
·.. 1 

{а 1 , ... ,а 1 ,> n {x0 , ••• ,xn-i+l} = ~. and from (с)1 Ьу (3)1 it follows again that 

-------------~------
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Ву syrnmetry (d) impl ies 

Hence, i n both cases we get 

n-i-1 
(хо ' xn-i+1) € Р а~ ' 

proving transitivity (З) for Ра i . 
1 

II follows directly from the symmetry of р. 

III 1. It is obvious that 

n+1-i )n+1-i p;,-p;cs '(S\{a1, ... ,a 1.} • 
а 1 а 1 -

III 2. The converse is also true, i.e. 

n+1-i n+1-i . _ . S \ ( S \ {а 1 , •.. , а .}) с р 1 \ р 1 
1 - а 1 а 1 

( n+1-i n+1-i n+1-i . If х 1 ) € S \ (S \ {а 1 , ... ,а;}) , then there lS at 1 east one 

ak € {а 1 , ... ,а;} such that хј = ak' ј € {1, ... ,n+1-i}, k € {1, ... ,i} 

Now Ьу II, the statement 

ј-1 n+1-i 
(х1 ' ak' хј+1 ) € Р а~ 

is equivalent to 

and hence 
(xn+1-i) 6 i 

1 Р а 
1 

Since Ьу the definition of р i 
а, 

, (хЈ1·- 1 • ak' x~+l-i) ~ р i , then it follows that 
Ј+1 а 1 

( n+1- i ) € . \ -
х1 Р а 1 Р i • proving 

1 а1 

111 1 and 111 2 show that 111 is satisfied, completing the proof of Theorem 2. 

When we put i = n-1 in the formulation of Theorem 2., we get the following pro

position. 
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COROLLARY З. 

If р i• (n+J)-ary equivalence relation оп s, n > Ј, lsl ~ n, theh 

the relations р n-J are binary equivalence relations оп S {aJ'"""'•n-J}. 
а Ј 

The following proposition is а direct consequence of Theorem 2., remark а) in 
4) concerning the finite sets and the fact that а 1 , ... ,а 1 represent all varia
tions with repetitions of the class 1 one the finite set S. 

COROLLARY 4. 

оп s can Ье 

If lsl • т ~ n (т,п е N), then each (n+J)-ary equivalence relation 

repreвented Ьу тi Ј) (n+J-i) - ary relations р i, satisfying I, II 

and III from Тhеоrет 2. 
а Ј 

COROLLARY 5. 

Under the aввumptionв of Theoreт 2., if а ~а , for some 
р q 

p,q е {1, ••• ,i}, р~ q, then р i are univerвal (n+1-i)-ary relations оп s. 
а Ј 

Proof: 

(x~+t-i) € Ра1 for arbitrary x1 •... ,xn+t-i€ S 

and this is true since р is reflexive. 

. ff ( ; n+1-; ) € 1 а 1 , х 1 р 

REMARK: From Corollary 5. it follows that pai are universal (n+1-i)-ary rela
tions on S {а 1 , ... ,а 1 }, since the restrictlon of an universal relation is uni
versa 1. 

COROLLARY 6. 2 ) 

Let Р Ье (n+J)-ary relation оп S, defined Ьу {а), Lетта Ј. Then р i 
а Ј 

(оп S\{a1,;j"'ai}) вatiвfieв the вате property (а), Lетта Ј., if a1, ••• ,ai are 

different. 

Proof.: 
( nt1 ) - . ai+t € Pal is equivalent to 

1 

(а~:1) Е Р а i, а 1 ... ,а 1 € S, ai+t' ... ,an+t € S \ {а 1 , ... ,а 1 Ј, that is 
1 

( Ьу ( 4)) to 
n+1 \ 

!~~--~~1~-l-~-~~-~!~:::~ai € S, ai+1' ... ,an+1 € S {а1'"" .,а;>· 
1) In fact there are (т+~- 1 ) сlаввев o,f relationв, each clasв conвisting of 

\ - .1 -
relations1 deвcribed ,Ьу the вате set; вее аlво notice 4) concerning Theoreт 2. 

2) Of Theore~ 2. and Lemma 1. 

З) The case. when а_1 , ••• , ai are not ali different hав been conвidered in Corol

lary 5. 
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Ву the definition of р, some of а1' ... ,an+1 in (g) must Ье equal. Siпce all 
а 1 , ... ,ai are different and 

it follows that equal elements are among ai+1' ... ,an+1' proving that Р' а i. sa-
1 tisfies (а), Lemma 1. 

The following proposition is а converse of Theorem 2. 

THEOREM 7. 

Let isl ;::п, n е N, and let 

{р i ; i е {1, ••• , n-1}, a1, ..• ,ai е s} 
а1 

Ье а collection of (n+1-i)-ary relations оп s, sa~isfying I, II and III from 

Theorem 2. Then р, defined Ьу (4) оп s, is (n+1)-ary equivalence relation. 

Proof: 

А. Р is reflexive: 

Suppose that a1, ... ,an+j are not all different. We shall consider following two 
cases: 

а) {а 1 , ... ,а;} n {ai+1' ... ,an+1} = ~ and 

If а) holds1 and ар а а for some р, q 6 {i+1, ... ,n+1} , р F q, then the reflexi-
q -

vity of р follows Ьу the same propery of Ра~· But if, assuming а), ар= aq for 

some p,q 6 {1, ... ,i}7 and ai+1, ... ,an+1 are different, then we have the following: 

(а~+1) 6 р is Ьу (4) equivalent to n+1 6 pai i,e. to (ai+1) 
1 

n+1 6 Р ар-1 а q-1 i 
(а i +1) 1 • р. ар+1' ар' aq+1" 

This is1 Ьу II1 equivalent to 
n+1 

р р-1 q-1 i (ар' ар, а 1 +3 ) е 
а 1 • ai+1' ар+1' ai+2' aq+1' 

which holds 1f and only 1f 

and th1 s proves the refl exi v1 ty of р , s i псе р Ь i 
1 

are reflexive relations. 
Suppose now that Ь) holds. Then 
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and this is Ьу 111 equivalent to 

n+1 n+1- i n+1-i (a;+1)€S \(S\{a1, ... ,a;}) 

Thus, р is reflexive Ьу (4) and Ьу the fact that sn+1-i, (S \{a1, ...• a1})n+1-i 

allways contains at least one element from {а 1 , .•. ,а 1 }. 

В. р is symmetric: 

This is the direct consequence of (4) and 11. 

С. р is transitive: 

n n+1 Let (а0 ) € р 1 (а 1 ) € р, ар~ aq' р~ q. p,q 6 {1, ...• n}. 

Here again we consider two cases: а) a0 •... ,an+1 are not all different, and 
Ь) a0 , •.. ,an+1 are different elements of S. 

lf а) is satisfied and а0 = an' or an+1 = an, then Ьу the assumptions we have 

(h) n-1 
(ао' а1 • an+1) € р. 

ln all other &ases included in а), {h) follows from (already proved) reflexivity 
of р. 

Assume now that Ь) holds. Then 

{а~) € Р iff (а~) € р i-1 iff (ао• 
n 

6 pai and 
ао ai+1) 

1 

{а~+1) € Р n+1 -iff (ai+1) 6 Pai 
1 

Hence, Ьу the transitivity of pai , it follows that 
1 

n-1 - . 
(а0 , ai+1 • an+1)EPal, and this is equivalent to (h). 

1 
А., В. and С. completely prove the theorem. 

For i = n-1, Theorem 7 reducesto the following proposition. 

COROLLARY 8. 

Let\, isl> п,п в N, апd let {р п-1; а1 , ... ,а 1 е S} Ье а collectioп 
, - а -

of Ьiпаху xela~ioпs оп S, such that I, I± апd III are satisfied. Тhеп the xela-

tioп р, defiпed Ьу (4) оп S, is (п+1)-аrу equivaleпce relatioп. 
у 



162 

Directly from Theorem 7 .• provided that S is finite, we get the following: 

COROLLARY 9. 

Let JsJ =т > n, т, n е N, and let 

{р i ; i е {J, ... ,n-J}, а1 , ••• ,а1 е S} 
а Ј i 

Ье а collection of т1 {n+l-i)-arg relations оп s, such that I, II and III froт 
Theoreт 2. are sa~isfied. Then р, defined bg {4), is {n+l)-arg equivalence re

lation оп s. 
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