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PREFACE 
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and the FaauZty. of Saienaeв, BeZgrade. 

Thiв book aontainв а И the рареrв 

reported during the Conferenae. Мовt of the 

рареrв deaZ ыith probZemв оп вpeaiaZ kindв 

of aZgebras. 

The next Conferenae ыiZZ Ье organiгed 

Ьу the FaauZty of Saienaeв, Zagreb, in 1984. 
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Editors 
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l'I!I-Ш AIGEBRAIC CO:.r'ERENCE 

~eograd, З-~ Jec~~ber 1982 

ON ТНЕ POSITIONAL P~ITIONS ОЈ АТОЈIЗ ОЈ SDIPLВ .IW!ROIDS 

Dragan 11. Aoke ta 

Abstraot. We 1ntroduoe several equivalence relationв,which 
oan ье used tor producing all non-ieomorphic non-simple ma­
troids with the latt1ce ot flats isomorphic to th8 given o­
ne. 

PRELIШN.ARIES 

We asswne fam111ar1ty with the notions "(f1n1te) lat­
tice", "atom", "covering", "meet", "join" in а lattice, "1somor­
ph1c lattioes". The minimal,respectively the DJ8.Ximal 1elem.ent 
of а finite lattice are oalled the ~,reepectively the ~-

а!!· 
А lattioe L ie semimodular if it satisfiee: 
If Х,УЕ L and Ъoth Х and У oover .meet(X 1Y), then 

join(X,Y) covere both Х and У. 
А lattioe L ie atomic if each element of L is the 

join of воmе atome of L. 
А ~-lattioe ie the lattice ot eome eets (eom.e sub­

вetв of the unit),ordered_by inolueion. 
Two eet-latticee L{ and L2 are isomorphic if there is 

а Ыjection between their units,Which шаре the вets of L1 
onto the sets of L2• 

Remark. We should distinguish Ьetween 11 1attioe iso­
morphism" and "set-lattice isomorphism". The second induces 
the first,Ъut not oonversely. 

А matroid М on а finite set S is а semimodilar atoaic 
set-lattice with the unit S,in which the meet ot any two a­
tome i~ the zero. 

The sets of а matroid М are also oalled the ~ 
of м. 

А hrperplane of а matroid 11 on S ie а flat oovered Ьу 
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the uni t s. А matroid is complete1y determined Ъу the family 
of its hyperp~es. 

!!he addition .2! ~ new e1ement z !2, .! f1at Х of а mat­
roid М is the substitution of а~1 f1ats У of K,which contain 
Х~Ьу YU{z}. If Х is the zero or an atom, then this operation 
produceв ( the flatв of) а new matroid. The e1elll8nt z is said 
to Ье added to х. _.,...........,... 7 

An s-set is а eet of cardina11ty n. 
А matroid К is simp1e if а11 atoms of М are 1-sets. 
А matroid is sem1simp1e if it ie not s1mp1e,Ьut has 

·the empty zero. 
А 1оор of а matroid is an e1ement of ite zero. 
The ste1ner syetsa S(d,k,n) is the fam11y ~ of some 

k-eubsets of an n-set А, such that each d-subset of А ie 
contained 1n е:п.сt1у one set of r. It is we11-know.n that the 
sets of а Steiner system S(d,k,n) are hyperp1anes of а mat­
roid M,such that all j-subsets of the unit,which satisfy 
ј < d,are f1ats of )(. 

llhe abbreтiation ~ w111 Ье uвed for "combinations 
with repetit1onв". The CWВi's are denoted Ьу Ъrackets "< }11 • 

!!he oarrier of а CWR 1в the eet of different e1ements 1no1u­
ded 1n the oomЫnat1on. The degree of an e1ement 1n а CWR is 
the numЬer of repet1t1onв of the e1ement. А CWR is оЬт1оuе1у 
determined Ьу the carrier and all the degrees. Two CWR's are 
iiOJ!!.Orph1o 1f there 1в а Ыjeot1on Ьetween the1r carrierв 
Wћioh preserтes the degrees. 

INTRODUCTION 

А11 non-1somorph1c non-s1mp1e matro1de on at moвt 8 
elements were conвtruoted 1n [1]. Jor that purpose ,new ele­
ments were added to the zero or to some atoms of simple ma­
troids on sшaller веtв • 

.&.11 non-1вomorph1c шatro1ds with lоорв on n+l elemente 
can Ье naturally Ыjeoted (Ьу deleting one loop) to all non-
1вomorph1o шatro1d8 on n e1ements. This reduces the constru-
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ction of non-1вoaorpЬ1c no~1Dp1e 8&tro148 to tь8 oonatrao­
tion of non-1eoaorph1c на1.81Јарlе •tro148. 

:Ваоh нЈD1.в1Јарlе •tro14 with :t atou on n eleмnte оаа 
Ье obta1n84 Ь7 add1 tion of D-k new e1eмnt• te the atou of 
the eiaple •tro1d w1 th the 1•oaorph1o latt1oe of flat•. 

Converвely,s1"Yen а e1Japle •tro1d • on :t ele•nt•,tu 
fo11ow1Dg queetion oan Ье ra1вed: 8 1h1oh non-1•oaorph1o и­
m1e1Daple •tro1de on n eleмnt• оав Ье obta1D84 '117 ad41t1on 
of D-k new e1eмnte to tЬ. atou of • t• 

:lqu1п1ent1y,the probleJD 1• to 4eteriD1D8 tЬ. оlавн• 
of th8 to11owЩ part1 t1on ..!.. of the оlаве of OD '• of 
length D-k,oompoвed ot atomв of •• 

(~·····~) ~ (7l'••••7n-:t'> < ) 
<=> К rv :И <x1•••·•~-:t) <Y1•••••Yn-k) 

Here к<... х , denoteв the веm1в1mр1е matro1d,wh1oh 1е 
.1, ••• ·~-:t' 

obta1ned trom • Ьу add1t1on ot one new e1eмnt to eaoh atom 
х1 (1f an atom х арреаrв q t1J:u• 1n tЬ. cn,tь.n q new e1e­
mentв are added to х). 

Жh1s proЫem 1в вo1ved tqr n~ 8 ( [ 1]) • Our soa1 1в to 
deve1op methodв for reducing 1t to воmе в1mp1er p:roЫeu 1n 
the genera1 саве. A.1though there 1s 11tt1e hope that th1в 
might Ье used tor produo1ng а11 non-1soDJ.Orph1c non-s1mp1e 
matroids on 10 e1ementв о~ more, we be11eve that 1t cou1d Ье 
usetu1 when appl1ed to воmе врес1аl с1аввев ot .в1mр1е matro­
ids on 1arger setв. 

ЖНВ POSI!IONA.L PA.RЖI!IONS 

Our main 1dea 1в to describe ~ Ьу the uве ot воше 
simpler equ1va1ence re1at1ons. We detine two part1t1onв ot 
atoms of М: 

(а) the "weak pos1t1onal partition" (WPP) 

х+ у <de~ М(х) ~ ll(y) 
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(Ь) the "etrong poвitiona1 partition" (SPP) 

х~ у <de~ I = К(:х:у) , where Ж(ху) denoteв the 
matroid obtained froш )( Ьу tranepoeition of atomв х and у in 
а11 the .t1atв which contain either of х and У• 

!he relation {а) ie the epeoia1 саве o.t ~ .tor n-1D=1. 
!he word "poeitiona1" denotee that theee .partitione are de­
tormined by.position of atoms with reepect to the other 
.thtв. 

W• рrоте eevera1 propert1eв o.t the poв1t1ona1 part1ti­
onв. We priaar11y вhow that the WEP 1в t1ght1y oonnected to 
'the autourphiвaв of а zaatroid: 

!DOU. 1. D!, о3.аввев .!! ~ide with ~ orЫte 9! 
.!!11 a•to110rphin e;roup !! ~ ~ ..., I. 
~· Giтen two аtошв х aud у in the вам с1авв o.t + 

1et ;~:1 and 71 4enote the new e1eшente added to the аtоше 
х аа4 7 жевреоt1те1у,Wћ1оh 71e1d the matroidв •<х> and М<Ј>" 

Arq 1воаоrрh1ва сЈ... Ьetnon •<х> and •<r> II&PB {:х:,:х:1} onto 
l.7t71) (theвo aro the only atomв o.t cardina11t7 2). We III&Y 
авn.м that cl.(x1)•r1 ~. !hen сЈ.. induoee an automorph1eш o.t .•, 
Wh1oh .. ,. х to 7• 

OoDYerвely,s1тen an &Rtoшorph1вш ~ o.t I with ~(х)•у, 
1 "t ou 'Ье •••117 extende4 to an 1вomorph1вa o.t •<х> onto 
I<7> Ь7 4e.tininl ~(~)•Jl • Q.И.D • 

. .А. вl1ghtly 110re e.t.teot1тe deвor1pt1on o.t оlаввев o.t 

~ 1в 11Т8D 'ЬЈI 

!DODI 2. 1! х .!1! 7 Ја two .ШМ !! .! •tro14 • g s, 
!МА а au• х~ 1 .а. .u sш и 
<1:t• • • • ,~,:х:} Ј.! .1 !1!1 91. •~"><•1• • • • •8 n•1} !! .! .tla;S 91. • 

.tor !!:!Ј! l.•l····••n)~ s,{:x:,y} 

!&.2.2!• !!18 traupoв1t1on (%7) .t1.Dв all .tlatв o.t К whioh 
e1ther oontain both o.t the atou :х:,у or none o.t tь.ш • .A.ввu-

111.Ds th8 abon ooh41t1on .tor .tlatв,we hате that the .tlatв 
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oonta1n1q х, Ьut not y,are ll&pped (under (:1:7)) to th8 tlate 
oontain1q у, Ьut not x,and oonтerнly. !h1в s1тев that all 
the tlatв 1n the JD&tro1dв Jf and К(ху) oo1nc1d8. 

Oonтerнly,let К!! К{ху) and let {s1 , ••• ,~,x) 'Ь8 а 

tlat ot lt,where {s1 , ••• ,sn)f: S'-{x1y). Then w have that 
~z 1 , ••• ,zn,y} 1е а1во а tlat ot к. Q.I.D. 

!he !o11ow1ng theorem explaine our uн ot the worde 
"wak" and •вtrong•a 

TНEOREII 3. .Ц х ~ У. are two а tog !г! А м tro 1d К (& 8), 
~ х~ у 1J!1Pl1•• х+у. 
~· Let •(х) and Jf(y> denote the matro1dв obtai.Ded 

from М Ьу add1t1on of х1 to x,reвpect1ve1y у1 to у. 
We have for each {zl'•••••nH;S'\,{x,y} 1 

{z1 , ••• ,zn,x,x1) 1в а f1at ot •(х)<='> {s1 , ••• ,zn,::it} 1в а 
f1at of :М <=> {zl' ••• ••n•Y} 1в а tlat ot Ј: <=> 
<='> .(zl'•••••n,y,y1) 1s а !1at ot К<У>" 

.А.в • = М{ху) , 1 t 1в еаву to oheck that the mapp1:ag 
defined Ъу с:Ј.{х)•у , oL(y)•x , d.(x1)•y1 , cl.(в)•s tor each 
ze S'{х,у} 7 1в an 1somorph1sm of М<х> onto М<у>• Q.I~D. 

Our next theorem emphasizes the ro1e of SPPa 

ТНЕОRЕ:М 4. !!.!U, М ,12! .! simp1e matro1d .231 S,where 
S={al'. •• ,an)• ~ !!,! ol ,12!,! permutat1on g! S,wh1ch .ш,­
serves the c1aeses of ~ ,that ie ..._.... .... , -- --- r 

ol(a1 ) = ај- =) а1 ~ а3 

Let м(8Р1••• 8рn) denote the semisimp1e matroid obtained 
- 1••• n - -

~М .:gz f3-dd1ng р1 .!}!!! elements .!2, ~ ~ а1 (р1Е: NV{O}, 
i=1, ••• ,n) • ~ ~ matroids 

1 

:м = м(а1. о .an) 
1 P1•••Pn 

~ isomorphic. 

Шg!. , Let м1 Ье o1Ъtained from М Ьу addi tion of the e1e­
ments xf.l'x12 , ••• ,х1р. to the atoms ai' 1=1,. •• ,n and 1et 

l. 
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8 2 Ье obta1ned !roa К Ьу add1t1on о! the eleaents 
711,у12 , ••• ,у1Р to the аtошв d(a1) , 1•1, ••• ,n • 

We cla1m ~t the upping ~: S + Ux1~~s + UY1~ 
detinea: Ьу ~(а1) • ol.(a1) !or 1 • l, ••• ,n 

~(х1~) = 71~ !or ~ ... 1, ••• ,р1 1 1=1, ••• ,n 
1в an 1somorph1вa о! • 1 onto ~· 

It 1в еаву to check that ~(К) • c::L{K) • •· Jlamely, сЈ.. 
can Ье repre8ente4 ав а product о! transpoв1t1onв,вo that 
the two ele.мn118 о! eaoh tran8pos1 t1on are 1n the ваше class 
о! ~. щ о! the88 transpo81t10Ц8 !iхев the !amily of 
!lat8 о! • Ьу !l!heorea 2. 

:r.t Х Ье an ar1»1trary !lat о! к1• It oon818t& о! some 
atom8 а1 , ••• ,а1 о! •• вuoh that {а1 , ••• ,а1 'r 1в а flat of 

1. 8 1 8 
• ,anl о! the added new elementв 

х1 1•••••х1 р •• • .,х1 l, ••• ,x1 Р • 
1 1 .~ 8 • 18 

!hen ~{Х) ооn81вtв о! the а tom8 cl{ а1 ) , ••• ,Ј..( а1 ) , вuoh 
that {d.(~ ) , •••• ~(а1 )} 1в а flat 1о! •,and 8 о! the "-d-

1 • 

484) elea.ntв 11 1 , ••• ,у1 Р ,. • ••71 1•••••У1 р • 
1 1 11 • 8 18 

It 18 о~еав tьat ~(X),wћ1oh ваt18!1е8 theн con41t1onв, 
18 а !l&t о! • 2• Q.И.D. 

:lnchl7 8ре&k:Щ, !heorea 4 8а78 that "1! w tU:e 1n­
u aoo81UI.t8 'UI8 ola8888 о! ~ , theu w o&DD.ot ро881Ьlу 
111.88 а ola88 о! .!. • Иowew:r,1t 18 o!ten the оан that 
tw 18oм:rph1o HJI181apl8 •t:ro148 oan Ьо obta1ud 'Ь7 ad41-
t1n о! uw eleмutв to di!!erent ooшb1D&t1on8 о! с1ав8е8 

·~ ~ . 
It 18 !o:r th18 :rea8on that w a:re al8o t:ryi.Dg to des-

o:r1'Ь8. th8 ·оlавН8 о! ,!, •tro11 the oppo81te в14е•. 
Wo 48!1Dв а pa:rt1t1on on OWR'8 о! atomв ot arЫtrary 

l8иcth811h1oh 18 induoe.d 'Ь7 {the сlавнв ot) 'IРР,ав to1lona 
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• <x1, ••• ,xq> i"( (71t••••7q) 1t and оЩ 1t ture ехiвtв 

an 1soJDOrph1n Иtwen th8 ОD.'в <.х1 , ••• ,х,) &114 

Q'1, ••• ,7q) ,wh1oh preнrveв th8 сluнв ot + . 
Let f 48note 'th8 reвtr1ot1~n ot tu relatio:a. ~ to 

th8 OIR.'в ot а t1D4 le:agth q (it со1:а.о14ев with т tor 
Q.•1). 

ПIО:ВП 5о ј! Xt7 1 B,t !р As 41tte:p:a.t ~· Jl. .1 JJ.a­
ple мtro1d 8,~ (%17>'1-'-<••t> WЏ•• (X,;Vft(s,t) • 

~· Let •а t> Ь8 obta1D84 troa • Ь7 a4d1t1o:a. ot х1 to х 
а:а.4 71 'lio 7 ~ let •<ll,j) И obta1:a.84 'ЬЈ' a4d1t1o:a. et •1 to 
• &Dd t 1 to t. It <'x,7)'l"'<s,t),th8n 'th8re ех1вtв an 1вoJDOr­

ph1в• c::L ot •<x,;r'> onto •<в,t)• It аарв{{х,хl)о •<"7•7]'t) ~о 
{{s,s1), .{t,ti't'1t Ьео.-,uве theвe are the only atou ot oardiD&-
11117 2. We ша7 a&8UJD8 that oL(x1)•s1 , d.(71)•t1 • !hen 

~(К(х)> • •(в) , оl(к<у)) • •<t)• whioh g1тев 

х"'• aud y+t and ('x,y)~<s,t) • Q.:В.D. 
!В:ВОRП 6. у х а:а.4 у S!. ~!!.! вiapl! мtro14 M,!S,a 

<х,х) + OrtY) .Ц. ,!ВА onlx .Ц X"i'Y • 

~· ~о11оwв Ьу extenв1on (reвpect1тely,by reвtr1ot1on) 

ot 1воmоrрh1вав Ьetween the correвponding matro14в. Q.И.D. 

!he relat1onв ot type i!q are 8Uttic1ent tor geD8ra­
tion ot а11 non-1вomorph1c вemiвimp1e matroide on at шовt 
7 elementв,w1th one e1ng1e exoeption. 

!rhiв exception can Ье obtaine4 1n the .to1low1ng way: 
Start with the вimp1e matro14 on 5 е1ешеntв with th8 

tami1y of hyperplaneв: 
{{а, ь,с}, {a,d,e} , {b,'d}, <ь~е} '{o,d}, .(о,е}} 
!he с1аввев of ~ are <а) and ~ь,с,d,е}. . 
!he сlавве в o.t the parti tionв ~ and + с3:о not ooin-

cide: !l!he веt {<'Ь,с), <'Ь,d), <ь,е), <с,е), (d,e;>) is· а olass of 
~ , Ьut it conta1nв two с1аввев ot .1-- : 
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~<ь,с) ,<d,e)} and {(Ъ,d), <ь,е), <c,d), <с,е)} 

One could hope tha't the re~'tionв + and + ,toget­
her with their induced partitions (one could try to define 
~ ав а generaliza'tion of ~) are sufficient for genera­

tion of all semiвimple matroidв (i.e., of all ~lasses of 
,..!,) • !hiв seemв to Ъе true for the ma~ority of "small" ma­
t:roids. 

Howeтer, this is not true 1n general. The further coun­
terexampleв are of the following type: 

!rake а вimple matroid :м:, such 'that the hyperplanes of 
К are веtв of а Bteiner system S(d,k,n). Then all tье parti­
'tionв +. , + , ... , + hате ~uвt one equiтalenoe claвs 
and they cannot help 1n detecttng all non-isomorphic semi­
simple matroidв,which can Ье obtained from I. Howeтer,the 
partition d!i can fUlf11 this demand. 

As no Steiner вystem S(d,k,n) is known with d) 5, 
we do not know an example of semisimple matroid,for the con­
struc'tion of which а relation + with воmе ;1) 7 should Ье 
used. 

We con~eoture that а finite collection of partitionв 
of 't7pe + 1в вuffioient for the oonstruotion of all non-
1soDLOr:ph1c вellis1.Japle matroidв,whioh oan Ье obtained froa 
а giтen вimple ~~~atroid к. 

ВЕЈЕRПСЈ: 

1. D.M.J.oDta, А oonв~tioB ,S!! ~e1Jp,ple atroidв .2В 
1110!. 8 8:LIIDID.:Ii8 • о appear 1.ii J.Oombin. Info:na. 
srвtea 8о1. 

Dragan •· .Aoke 'ta 
Inвtitut ва ~~~&teut1ku 
21000 :&ort 8а4 
dr 111~• D~ur1a16a 4 
У\1&081& .. 1& 
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CERTAIN IDEМFOTENT SEPARATING CONGRUENCES 
ON ORTHODOX SEКIGROUFВ 

Branka Р. A1impic 

In thiв note ve deвcribe an idempotent вeparating con­
gruence, denoted Ъу ~k , on an orthodox вemigroup. (Тheorem 1). 
Thiв congruence iв defined Ьу an expreввion vhich iв а genera-
1ization of the formu1a for the greatest idempotent separating 
congruence t\.1. on an orthodox вe~igroup (Ј. Meakin, [21Ј. Further, 
w~conвtruct в вemigroup Э~(В) and а homomorphiвm о1 В onto 
~(S) vhich induceв the idempotent separating congruence ~k on 

s. In the саве о! an inverвe вem~group В, вuch а homomorphiвm 
coincideв vith the embedding of the вemig;-oup 6 in the norma1 
hull ф (К) of а norma1 subsemigroup К о! 6, obtained Ъу M.Pet­
rich [ 31. Ву the way, we get а nev characterizat·ion о! the gfe­
atest iaempotent-separating congruence on an orthodox semigroup 
Ъу e1ements о! the set e6 ~S). 

Fo11owing Ј. Meakin, the greatest idempotent separating 
congruence ~ on an orthodox semigroup S is given Ьу 

Bt~A-b 4+(~а'еV(а))(3ь'Е;V(Ъ))(~е еЕ)(а'еа .. ь'еь Даеа'· ЬеЪ') 

where Е is the band of idempotentв of В, and V(x) denotes the 
set of а11 inverses of an e1ement х of s. 

lf S is an inverse semigroup, .an expression for ~ iв 
given (J.M.Howie, (1]) Ъу 

а сЧ Ъ f:h ( !V _е е Е)аеа - 1 = ЪеЬ - 1 • 

Let К Ъе an inverse subsemigroup of an inverse semigro­
up s. К i's norm,a1 if i t is full (Е~ К) and self-conjugate 
((.avxeS)x-1Kx sK). Following м:Petrich, а norma1 lшll. of an 
inverse semigroup S. is the semi~roup '<Р(К) consisting of а11 
isomorphisms among subsemigroups of К 6f the form еКе, ес Е, 

with composition of these isomorphisms as partia1 one-one map­
pings of.K. 
LЕММА 1. , (M.Petrich, (3], Proposi tion 1) Let К ];ш! normai .mШ,­
semiкroцp ,g1, .а!!. inyerse semigroup S ,Ш Ш, S.;. 6(S:K) ]Ш. А 
function d~.fined .sm S }2z fl :а_, е:, Sn tf)'<a: аКа - 1- в -1кв, 

а• -·1 в ( ) · · and x.l\ •а . ха. Then . S:X !§.· m idEШJ.potent separating ;tш-

momorphism .2f S J.n:t..Q. фСК) .!!Ш, 
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• < 

Let S Ъе an orthodox semigroup,· and let Е Ъе the Ъand 
· of idempotents of s. De~ine the set 

'ЈС =[кfs/к2 ~к, Е~К and ('o'xES)(oJx'~V(x))x'КxsKJ. 

Since ·s is orthodox, we have E2 s Е, (.lfx~S)(.!~x'EV(x))x1 Ex 
SrE, so· Е G :( • 

LЕММА 2. ~ а,Ъ ~ arЪitraц elements of s. If к~Х, ~ !.21-
lowinб formulae are eguivalent. 

(i) (3а'& V(а))(ЗЪ'&V(Ъ))(Vх&К)(а"ха='\)"хЪ л аха'=ЪхЪ') 

Cii) (Vа'ЕV(а))(З,.ъ'еV(Ъ))(~х~К)(аiха=Ъ'хЪ л аха'=ЪхЪ'). 

~· First we prove the implication 

(v:х:d)(а'ха=Ъ'хЪ л аха'=ЪхЪ') ~ (а'а=Ъ'Ъ л аа"=ЪЪ'), 

where а'вV(а) and Ъ'еV(Ъ). Suppose that а'ха=Ъ"хЪ, for all х, 
:х:6К. Then we get 

а'а•а'(аа')а•Ъ'(~а')Ъ 

·Ъ'(аа'ЪЪ 1 )Ъ=а'(аа1 ЪЪ')а 
•а'(ЪЪ')а=Ъ'(ЪЪ')ъ.ъ'ъ 

(Since аа'Е К) 

(Since · аа' ЪЪ'€К) 
(Since ЪЪ 'Е К). 

Similarly, from ( V:х:~К)а:х:а'=ЪхЪ' it follows that аа'=ЪЪ'. 
1 Тherefore, if (i) holds, there are inverses а' of а 

and Ъ' of Ъ such th4t а'ха=Ъ'хЪ, аха'=ЪхЪ', for all х, :х:еК, and 
а'а•Ъ'Ъ, аа'•ЪЪ'. Hence аlЪ, and for every inverse а* of а 
there exists an inverse Ъ* of ъ, such that а• а=Ъ"'Ъ and а~ .ъъ•. 
So ve have а•ха=аАаа'аа•ха•Ъ~Ъа 1 (Ъъ•:х:)а=Ъ*ЪЪ'(ЪЪ*х)ъ.ъ•хъ, and 
si1Dilarly аха• -ъхъ~t, for all х, :х:.-к. 

If there is an inverse Ь of Ъ such that 

(vхсК)(а*ха=ЬхЪ л аха• .ъхь), 

lt- .. - ·- .. -ve have а а•ЪЪ, аа аЪЪ, and во Ъ ЪаЪЪ, Ъ~ аЪЪ, which yields 
ь.ьъь.ъ• ьь.ь•ъt.ъ*. Hence (i) ... (ii). 

Since the reverse implication is trivial, the lemma is 
proved. 

The following theorem generalizes the theorem 4.4[2] of 
Ј • :Ме ak:i.D.. 
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ТНЕОБ»l 1. Let s Ш!, ,е orthodox semigroup. !! к~х, ~ rela­

tion с4tк ,g! the Ш 8 def'ined & 
8 f"кЪ * (:l8'~V(8))(:Љ'E. V(Ъ)) ('1хSК)(8'ха•Ъ'хЪ л 8D'•ЪХЬ') 

~ ,е idempotent separatin6 congruence ~ s. 
Ш2!_. Тhе rel8tion ~К iв obviouвly ref'le:rtve 8nd в;rmmetric,. 
we prove that it iв tranвitive. Suppoвe that а tf-<кb 8nd Ъ("кс• 
Then Ъу the lemma 2 there e:rtвt inverseв а' of' а, Ъ' of' Ъ and 
с' of' с вuch that 8 1Ха•Ъ'хЬ•с'хс, 8nd 8Ха'•ЪхЪ'.схс', f'or 811 
х, хвк, во we get 8("tкс• 

Now вuppose th8t 8 fC кЪ 8nd с с s. Then there are inver­
seв а' of 8 and ь' of Ъ вuch th8t 81 Х8•Ъ'хЪ 8nd аха'•ЬхЪ', f'or 
all х, х Е к. Let с' Ъе an inverвe of' с. Then 

с 1 8 1 Х8С=с'Ъ'хЬс and 8СХС'8'•Ьсхс'Ъ' (since схс'~ К), 

for all х, хек. Theref'ore асftксЪ, since c 1 81EV(8c) 8nd 
с1 ь'€V(Ъс). Simil8rly С8~ксЪ, во !'Ск iв 8 congruence. 

From the proof of the lemma 2 it followв. (Ј. К~~' hence 
~К is idempotent separating. Thiв completeв the proof of the 
theorem. 

Obviously, if К::Е, then f-в iв the greatest idempotent 
separating congruence ~- on s. 

Lml'1A. 3. ~ a'EV(a), then 

( trJx е К) (аха' а==а' аха А аа' ха=ахаа') -+а' а=аа'. 

~. Let аха'а•а'аха and аа'ха=ахаа'. Then we have for х=аа' 
and Х=а'а, respectively 

а==аа'(аа 1 )а=а(аа1 )аа'=а·аа', 

а=а(а'а)а'а=а'а(а'а)а=а'а·а, 

hence а'а=а'а•аа'=аа', and the lemm.a is proved. 

Lml'1A. 4. Ш S 12.2, т orthodox semiв;roup, аЕ S'm!! К&Х. ~ 
following conditions are eguivalent: 

(i) a~ker ~к 

(ii) (qa' Е: V(a)) (1/х Е К) (аха' а,;,а 1 аха л аа 'ха=ахаа ') 

(iii) . (qa'~ V(a)) С V х Е К)(аха' а:::'а' аха л аа' =а' а), 

~ q' t :1 , а 1Ј • 
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Е!:29!· Suppose. that а е ker '"'х' then а ttкe, for some idempotent 
е of s. Since е eV(e), it follows from the 1emma 2 t;J::tat there 
exists exact1y.one inverse а' of а such that аха'=ех~=а'ха, for 

\ 

. 'а11 хеК, and а'а=аа'=е .• Hence, 

(i).., ( .3~a'eV(a))(vxeK)~xa'=a'~aa 1 =a'xa) ОФ (ii). · 

Ву 1e'JD1118 3, we get (ii)* (iii). Fina1y, 
1 

(iii) .,. (iii) л (ii) -Ф (а. а' Е V(a))(VxcK)(axa' =а' ахаа '=а 'аха' а 

л а'ха=а'ахаа'=а'аха'а) =+ (:Ja'EiV(a))a ~ка'а ~ (i). 
~ 

Тhе 1e'IIIDia is· proved. 

COROLLARY 1. Let S R.!, .Е, orthodox semieэroup and а е s. ~ ~­
!i!S. eonditions are eguiva1ent: 

(i) ac~r~ 

(ii) · (qa'Ei V(a))(.YxcE)(axa' а•а' а:х:а л аа1 ха=ахаа') 

(iii) _(qa'sV(a))(.YX€E)(a:x:a'a=a'axa Ј\ аа' =а' а), 

~ q, {3, 31} • 

For К~ s, the centra1izer Kf of К is the set 

КЈ = {aESI(YxeK)ax .. ха}. 

LППU._д. У. S Ј& ,е orthodo:x: semie;roup, Ј!!& К е 'Х ~ 

~ ~·r. /Аож ~~ ~ • х ~.Е f · 
ll!J!• Let К S Е f then ve have 

а6 kerfA-к Фto(;a'~V(a))(Vx.К)(axa' а•а'аха А аа'•а'а) 
=t(ia',V(a))(vx.K)aa'ax.xaa'a 
.. с." xtK) ах-ха 
... ,кr 

Con ... •r••l,., let ker~к'-Kf. Since Esker~K' we have Е~Кf, 
wich is eCJuiValent to К s Ef. Тhе le'IIIID&.'is proved. 

Icnr suppose that S is an inverse semigroup, then the 
coDgrUence t«к can Ъе expressed in the fol1oving vay: 

I..DIU. б. !!1.1 s а .Е Щverse se'IDigroup and к'" • ~ 

а ~:к:Ъ ~ (.Ух~К)аха-1-ьхь-1 , 

!!!!!., ker f к•{а,S/ (Vx6K)aa-1xa•axa-1aj • 
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~· Тhе imp1icat1on а i''$.b ~ ("i ::aK)ua -1-Ъхъ-1 fo11ovв 1111118-
diate1y from the defini tion of f' к• Converвe1y, def1De а - Ъ 

~ t;иК)аха-1-ъхъ-1 • It is straightforvard to verify that .-..~ 
is а congru.ence, ео а ",ъ d> а-1 ..... ъ-1 , vhich yie1ds ~ ::иК)а-~• 
.. ь-1хь. Hence, ('i х•К)аха-1 :аЬхЪ-1 # аfкЪ· 

Suppose that а' ker ~К' then ("i:аК)а:п-1-ехе, for some 
idempotent е, and аа-1 .. е. Hence, 

&Е ker-fA к Ф=О (.11 хЕК)аха-1=аа-1хаа-1 

Ф+(~ХЕК)аха-1а•аа-1ха, 

and the 1emma is proved. 

COROLLARY 2. У, S ~,е inverse seЩe;roup, ,.:ЕШ 

(i) kerttк = КЈ ~ K.s.'E1 

(ii) kerfC- • Ч. 

Let а Ье an arЫtrary e1ement of an orthodox semigroup 
S and а 1 Е V(a). If КЕХ , we have 

аКа'=аа1 аКа 1 аа'~ аа'Каа'' аКа', 

so аКа1 =аа1Каа', and.therefore 

х' аКа' <.:t х=аа' хаа' • х=аа' х=хаа'. 

From these eguiva1ences we have 

х,у6аКа'.,. х=аа 1 хл.У=Уаа'..,. ху=аа'хуаа' ... хуЕаКа", 

so аКа' is а subsemigroup of К. Since а Е. V(a'), it fo11ows that 
а'Ка ].s а subsemigroup of к, too. 

Let е:,(К) Ье а mapping of аКа' into а 1 Ка defined Ьу 
defa"xa. Since 

(ху) Н :1(К)=а' хуа=а' хаа 1 уа=х е ~(К)у е ~(К) for х,у, аКа1 , 

х е ~(К) о В :ск) = аа' хаа' = х, 
х Э 81(К)• fJ аrк) = а' аха' а х а at- = 1' 

for 

for 

:X:4f аКа1 , and -

хЕ- а'Ка, 

the mappings е :~к) and ,е:'ск) are mutually inverse iso:nюr­
phisms among аКа' and а'Ка. 
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Ln'IМA ?. Ш S ~ Ј!Е:. orthodo; setnigroup, and а,ЬЕ S~ ~ 

в а е ь' (у хеК) (а' ха=Ь' хЬ л аха{:.ьхь' ) <=Ф а,( К) = Ь'СР, 

~ а1 ј& ,ш:!: inverse .2f. а, Ь' is .!!Е; inverse .2f. Ь, and КЕ~ • 

~· First, we observe that 
1 

аКа' .. ькь',... аа'Е ькь' л. ьь' Е. аКа' .... аа' =аа' ьь' =ЬЬ ', 

and dually,~ а 1 Ка=Ь'КЬ-. а' а=Ь 1Ь. Now we have 

(.Vх6К)(а1 ха=Ь'хь" аха' =ЬхЬ 1 ) 

~ аКа' =ЬКЬ1 11 (У.х6 аКа' )а' ха=Ь'хЬ 
=Ф 8 ~(К) = Е) ~(К) • 

Conversely, Џ 6 :,(К)= 8 ~(К), then аКа1 =ЬКЬ1 , а1 Ка = 
=Ь1 КЬ and (~хЕ аКа')а'ха=Ь1 ~ь, so we have аа'=ЬЬ 1 and а'а=ь'ь. 
Let х в к, then 

а'ха=а'(аа 1 хаа1 )а = Ь 1 (аа'хаа 1 )Ь 
.. ь'Сьь'хьь' )ь = ь/хь 

(Since аа'хаа'е аКа1 ) 

(Since аа1 =ЬЬ1 ). 

Ву dual argu.ments, we may prove that (~хЕ К)аха 1 =ЬхЬ'. The 
lemma is proved. 

Remark. From the proof of the preceding lemma, we get а charac­
terization of the ~-equivalence of an orthodox semigroup. If 
КЕХ , we have 

а1!Ь # (qa1 )( ~Ь')(аКа' =ЬКЬ' л а1 Ка=Ь'КЬ) 

44 (qa')( -:1Ь')(аЕа'=ЬЕЬ1 л а1 Еас::Ь 1 ЕЬ), 

where q 4i { '1 , ~Ј • 
Now, for an arbi trary element а of S, and К Е~ , we 

~efine the set Вк<а)= t е:.<К)I а"Е V(a)j. As а consequence of 
lemmata 2 and ?, we get 

ТНЕОRШ 2. !!!! 8 ~,е orthodo:x: semigroup, а,Ь& s, and КЕ Х. • 
~!а! followinб conditions are eauivalent 

(i) е к< а) 1\ в к<ь) 1- 9Ј 

(ii) · ·~кь 

(iii) Вк<а) ... ек<ь). 
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~· еК(а) f\ 19 к(Ь) /. ~ +"> (:Ј а'Е V(~))( :3 ~'Е V(Ъ)) В ~(К).В ~(К) 
~ (~а"Е V(a) )(-:3Ъ'6 V(Ъ) )('fxE К)(а"ха•Ъ' хЪ А аха' ·ЪхЪI) 

(Ву the lemma ?) 

~ а i.f кЪ (Ву def'ini tion of' ftк) 

~ (Уа'6 V(a)) (.аЪ' Е:. V(b)) (.У.хЕК) (а1 ха•Ъ' хЪ"' аха" аЪхЪ' ) Л 

(lt/ъ'E V(Ъ) )(3а'Е. V(a) )(.\' хс'К)(а'ха•Ъ' хЪ Л·аха" • ЪхЪ') 

{Ву the lemma 2) 

~(.Ya'6V(a))(3b'~V(b)) е:,(к) .. Э~,(К)Л 

Nь"eV(b))(-3a'~V(a)) е~, (К) = е:, (К) 

~ВкСа)~ Gк(Ь)А вк(Ь)' 8к(а) 

W8к(а) =екСЪ). 

The theorem is proved. 

(Ву the lemma ?) 

If К=Е, denote Ьу 8(а) the set (9Е(а). Then we have 

COROLLARY 3. ~ S ]Ш~ orthodox semip;roup. Ц а,Ь& s, ~ 

а ("\ Ь ф:.'> Е} (а) = е (Ь) # 19(а) 1\ fJ (Ь) sf. ~,-

~ ~ ~~ greatest idempotent separatinб congruence 

.9Е:. s. 
Let S Ье an orthodox semigroup, К&~ and let е K(S) Ье 

the set defined Ьу 

f>к(s) ={. ЭкСа)\ а Е sJ • 

Since .t-J.. К is а congruence on the semigroup S, and а fA. К Ь <!-Ф 
ЭкСа) =е к(Ь), we may"define an operation • on the set 

$K(S) Ьу . 

6 к( а)- Э кСЪ) c;:_r е к<аь). 
Therefore, ( 8к(S),*) is а homomorphic image of the orthodox 
semigroup s. 

If S is an inverse semigroup, the set еК(а) consists 

of the s:i,ngle element Эi = Э :.4 (К), and 

,fJK(a)* еК(Ь) =[e~J*{e~~=lf<ibl• 

If we identify {е i! with lii, we get е а .ј( В Ь f) аЬ 
к к= к 
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"а еь· l\ ar ~ь Неnсе, .Ьу the 1emma 1, ОК~ К = Q К о Ок , where о is the 
composition of mappings~ In this case, the theorem 2 ~educes to 

ТНЕОRШ 3 • .!!!1 S :1ш. Ја inverse semie;roup, а, Ь е s, and К€ Х' • 
Then -

Hence, if К is а norma1 subsemigroup of an inverse se­
migroup s, the congruence .Ц.К coincides with the congruence 
e(s:K), obtained Ьу M~Petrich (the 1emma.1). 
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FREE REGULAR ORTHOCRYPТOGROUP 

DraEan B1agojevi6, A1eksandar кrapez 

i~ semigroнp нћiсh is а union of groups is said. to Ье com­
plGtely I.'ec;нlar. Such а semigroup is provided in а natural 
~:та~т \·Ti th а unar-<J operation ( usually ca11ed inversion) а ,.... а-; 
where а-1 is the group inverse of а in the maxima1 sub­
group containing а. This unary operation satisfies the iden­
tities 

(1~ -1 -1 -1 -1 1 1 ХХ Х=Х, Х· ХХ =Х t ХХ- =Х- х. 

In fact completely regu1ar semigroups can Ье defined as а 
unary semigroup (а semigroup with an added unary operation) 
sa'tisfying these identities. If the idemp6tents of а comp1et­
ely regular semigroup form а subsemigroup·, the semigroup is 
said to Ье orthodox and is called an orthogroup. If in addi­
tion 'Је, is а congruence, the orthogroup is called an ortho­
cryptogroup and it can Ье characterized within comp1ete1y re­
gular seшigroups Ьу the identity 

( 2 ) (ху)о=хоуо 

where х0 denotes хх-1 , ~r equally х-1х. 
The free regular orthocryptogroup is described in [1, Sect­

ion 5]. Of course, the description is inductive. In this pa­
per \оТе 'l'lil1, following [1] , restrict ourse1ves to regular 
orthocryptogroups (the idempotents form а regu1ar band) since 
we 'lf.тant ·t;o avoid inductivity and ~о refine the description. 
'vle \'lil1 also consider the case \<Then ~-c1asses are Abelian 
groups. 

The free unary semigroup is background for our work. So, 1et 
Х Ье а given set анd let F Ье the free semigroup on 
Х U { (, )-~}, \Љеrе ( and )-l are new symbo1s ноt in Х. The 
free unary semigroup on Х, i.~. U(X), is the sma1lest subset 
of F sa'!:;isfying the conditions: (i) Х~ U(X), (ii) if 
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ue:U(X), then. (u)-1 EU(X), (iii) if u,vEU(X), the~ 
uv Е П(Х). \Љеn \'lriting words from U(X). usua1 conveпtions 

\ 

for dropping par•entheses 111ill Ье. addopted. The free шщrу mo-

. noid on Х, i. е. U'(X) , is obtained from U(X) Ьу adding the 

empty \·тord Q behaving as an ideпtity: uQ = Qu =н, for every 

и Е U(X). 

j~et us reca11 some пotions regarding words. Тће iпitial 
i( •:Ј) of а •.юrd .,., Е П(Х) is" obtaiпed from \"Т Ьу ·iJakiнg опlу 
tho first occurreпce of every variaЫe from ~{ ашl droppiпp; 

everything else. ':Ље final f(w) of \1 is defiпed dнally 

( "last" inst~ad of 11 first"). Т.hе cont.ent с('\'т) of' vт is the 

set of variaЫes froш Х occurring in w. 'rhe r·educed \~ord 

r(\•1) of w is obtained froш "~' Ьу' removing from it а11 .oc­

currences of u 0 for anJr word u. In fact r(\>1) is obtained 

Ьу solving Nord proЬleщ.for groups. 

:Oefini tio!l. 1. Let v, w Е U(X). Then v р w if and only if 
i(v) = i(w), f(v) = f(w), r(v) = r('lr). 

ТНЕОRЕМ 1. U(X)/p ~ ~ ~ regular orthocryptogroup ~·х. 

Proof. It is evident that р is an equivalence. I is easy 

to see that it is also а congruence. The fol1щтing facts can 

Ье used: <p(V\'i) = cp('f'(v)l'f'(w)), for 'f Е { i,f ,r~, i(w-1 ) = i(\1°) 
= i(w), f(~:r-1 ) = f(w 0 ) = f(w), r(w-1 ) = (r(w))-:; r(w0 ) =.Q. 

S/p satisfies the identities (1) ,(2), i.e. the follo\.,ring hold: 
хх-:-1хрх, х-1хх-1 рх-1 , хх-1 рх-1х, (:х;у) 0 рх0у0 , 
(xyxz:c) 0 р (Ј;:у7.х) 0 • That can he .checked Ьу а stra.i~:ћtforvlarcl 
vei·ifica·!;ion. Ho-l;ice that i(xyxzx) = Цхуz) = i(:c,yzx), 

f(:xyx~=~) = f(3rr.x) = f(xyzx). ТЈ·,е mapping ј: х....,. :~р 5.s an injec­

tion from Х into U(X)/p, a11d П(Х)/р is generated Ьу 

{ар 1 а Е Х}. Let S Ье any regu1ar orthocryptov'oltp and 

р: Х -+ 8 any mapping. Define '/': U(X)/p -+ S Ьу (а~)У' =ар 
if а Е Х, and ( (uv)p)'fl,. (up)'f'(vo)'f', (u-1 )'f'"' (up)- • Then 

'fl is а homomorphism and jlf =р. So, П(Х)/р is the free 
regular orthocryptogroup on х. 

А model of the free regu1ar orthocryptogroup on Х can Ье 

constructed as to11ows. Let U(X) Ье the set of triples 

(a1 ... an, g, a1'Jt ... aПit) satisfying: а1 ЕХ, а1 -"'ај, if i-"'j~ 
g е G(X) , where G(X) is the free group on Х, Ni th 

c(g)' { а1 , ... ,~} (We can eC'I_uivalently say ~Е G( { а1 , ••• ,~}), 



where G( { а1 , ••• ,а11)) 
П is а11у permutation 

Ье given Ьу 
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is the free group on { а1 , ••• , ~\ ) 1 and 

of the set {1, ••• ,n}. Let а product 

ra1 ••. a 11 , g, a1~···~'3t) (ь1 ... ьm, h, ь11t1 •• ·.ь~. 
(i(а1 ••• ~ь1 ••• ьm), gh, f(~~···&u~ь1~···hmre)) 

~hen in U(~) ·ho1ds (а1 ••• an, р;, a1'Jt •• ·&u~)-1 = 

= (а1 •.• ~, r-;-1 , а1 ••• an ), so (U(X),·, .-l) is а mode1 

of the free refl;u1ar or·thocryptogroup on Х. 

l!'rotn this Jaode1 one can get mode1s f'or f'ree objects in sub­

varieties of the variety_ of regu1ar orthocryptogroups. For 

examp1e, if \~е drop the second coшponent from e1eu1ents of 

U(X), vте ~:sill get а mode1 for the free regu1ar band. А (pretty 

1ong) description of the free regu1ar band in set theoretic 

terms can Ье found in [2] . 

ТНЕ CASE WНEN 'X.-CLASSES ARE AВELIAN GROПPS 

Regu1э.r orthocr'"ptogroups having Abe1ian groups for X-c1as­

ses can Ье described Ьу the identities (1),(2) and the identi­

ty (see [4-]) 
(3) (ху)ох(ху)оу(ху)о = (ху)оу(ху)ох(ху)о 

But 
(3) ~ 

~ 

4=9 

Ф=9 

So, instead of 

(4-) 

(ху) оххоуоу(ху) о = хоуоу(ху) оххоу 
(ху)оху(ху)о ~ х-1ху(ху)охуу-1 

ху' = х-1хухуу-1 
2 2 2 

.Х .у = (ху) 

(3) we can take the identity 

(ху)2 = х2у2 

· vтhic.h is siшp1er than (3). Notice that the identities (1) ,(2) 

and (LI·) do no·t; form а minima1 set of identi ties ( see [3, The­

orem 2.1]). 

Define е а (и), the exponent of the 1etter а in the vтord "', 

as follovтs: еа(а) = 1, еа(Ь) =О, if Ь is а 1etter different 

from а; ea(vvr) = ea(v) + ea(w), ea(w-1 ) = -ea(w), \'lhere v and 
w are fro,m П(Х) . ' 

JJef'ini t~on 2. Let v, w Е U(X). Then 

i ( v) = i ( \•Т) , f ( v) = f( w) , е а ( v) = е а (w) 

v р w if and on1y if 

for every а Е c(v) = c(w) •. 
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TtlliOREИ 2. U(:;{:)/ р · is thP. . .free regu1ar orthocryptogrou:e 
\'li th Abe1ian groups .for z-c1asses. 

1 

Tl1e proo.f is _simi1ar to tl1э.t o.f Theorem 1 and \<Тil1 ·,~е omitted. 
Ji;ven in the case when Х is .finite the .free semigro!JpS in 

Theorems l_and 2 are in.finite. Bu·t; it is not the case i.f we 
restrict ~-c1asses to Ье groups from some subvariety of the 
va~iety of Abelian groups. ~hese varieties are defined Ьу the 

· identities xn+l= х. Let ~ denote the variety oi' Abe1ian 
groups satisfying :х?-+ 1= х • The l~st identity together \'тith 

. . . . . 
the. identities (1), (2), ( 4) defines r·egular orthocryptogroups 

wi th 1(-classes i'rom An. 
1Jefini tio~ 3. Let v, w Е U(X) • Then v Pn w if and only if 

:l:(v) = i(1tl), f(v) = f(w), ea(v) = ea(w)(mod m), .for every 
а Е c(v) = c(1t1). 

N0\'7 \'Те can state the follo\'ling theorem. 

ТНЕОRЕМ 3. U(X)/f>n is the free regular orthocryptoejroup 
\'lith ';Jt-classes from An. 

COROLLARY. л х is finite' then IU(X)/Pnl = ~ c~'(il ) 2ni. 

Proof. The regular band Е of idempotents of U(X)/pn is 

free and IEI= ~ ~~(il)2 · (see [2, р. 155]). ~very ide~potent 
е from Е is in an if-class ,.,.hich is the free group on the 
subset of х determining the Ю -class or е (Words with the 
same content are fD-related) • This free group has J.ll ele­
ments, where У is the subset under consideration. Now the as­
sertion immediately follows. 

Smilarly, usin~ the . .formula .for the number o.f element.s of 
.the free band on а finite set Х, we can get the nuшber of 
elementsof the freeorthocryptogroup on Х with ~-classes from 

~· 
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Beograd, 3-4 DecemЬer 1982 

ТНЕ ТRANSLATIONAL ВULL OF А REES МАТRIХ S~GROUP OVD. 'А I«>ROID 

Stojan Bogdanovi~ 

Abstr8ct. We describe the seшigroupa of 811 left trana18tiona, all 
right tr8n818tiona 8nd the tr8nl18tion81 huЏ of Reea 1D8tri:к aeшigroup 
over 8 monoid. 

Let D • D1 Ье 8 шonoid with group G of unita of D and 

Р Ье 8 regu18r М х I -шatrix over 

of eleшents (1,8,/') , where 

t-6M (the eleшents (i,O,f') 

is definied Ьу 

Let M0 (I,D,M,P) Ье а aet 

(D with 1ero 8djoined), i•I, 

8re identified with О ) 8nd operation 

Then M0 (I,D,M,P) 

(i,8,f')(j,b,LJ) • (i,8~jb,V). 

is а seшigroup which we c8ll the !!!! ~ seшisroup 
over D0 • (G.Lalleшent-M.Petrich:A gener8lization of the Reea theoreш 

in seшigroups,Acta Sci.М8th.ЗO(l969),113-132). 

Тhе seшigroup Л (S) for а Rees шatrix seшigroup over а monoid 

'D , can Ье constructed Ьу а device analogous to. the wreth produi::t of gro­

ups.(J\(S) is the set of all left trans18tion of S ). 

.Let Х ; Ф ana D Ье а monoid.Let te .and te' Ье functions 

froш subsets of Х into D , written on the left,and define the pro­

duct of these two functions Ьу 

( ~ • ~1)х"" (~х)(~~) 
for all х Е. Х for which (~х)( <е' х) is definied,i. е. for all 

х Е. dош ~ Г\ dош te.' 
If ~(Х) is the semigrou~ of all partial transforшations on Х 

written on the left,then for . t(f:F{X) and 'е as before,define 'e.-t as 

the function 

<е.< х • ~(о( х) 
for all х(:Х for which te_(c(x) ·is defined, i.e. , for all xEodoшd 

such that \-р{ х ~dош 'е 

. \,·, 
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Definition 1. Let Р Ье а subsemigroup of and D 

Ье а monoid.The 1eft wreath product of Р and D , denoted Ь~ Pw1D 

is the set 

{ ( со( , ~ ) : d f Р , 'е : dom о( - D ~ 
togetЦer with the mu1tiplication 1 • <1( 

(с/..~)( с{', 'е') = (с{ с(', lf. • <е') 

I t is easy to see tha t Pw1D "is а groupoid. Tha t this mu1 tiplica-

tion is associative wi11 fo11ow from the next theorem. 

THEOREM 1. Let S = M0 (I,D,M,P) . Then the function f defined 

Е.! f .Л = ( о<. , ~ ) ( .:' Е: .1\. ( S) ) , where dom <{ = dom ~= { iE:I: <'.( i, 1 ,_f<} 
.f О f , <'.(i,1,)"') = (tX. i, ~ i,j') if i E:domc( is ~ isomorphism 

of .Л<s) onto .1(r)w1D . 

Proof. Assume tha.t .Л (i,a,/') .f О .- Then there exists jE:I 

such that Р~-~ О , so 
/"Ј ' -1 

(\ (i,a,;fl-) = ~ [(i,a,;f')(j ,р{"ј .;tt )] [ <'> ( i, а1 , ('<- ) ] (ј , р~~, 1") f О 
Hence, ~(i,а,(К) = (k,b,!"'-) for some k Е: I , Ь E:D and а 1eft 

trans1ation does not change the index in М . 

Assume that ~(i,1,,;k) = (j,b,f) ~О , o<\(i,1,U) = (k,c,u )f О , 
-1 

thenforвome mE:I, р fo ,so (j,b,v)=(j,b,.-.)(m,p ,...,) 
~ -1 ( ~ 

t<\(1,1,('4-)J (m,p~,u) = .Ь((i,1,,...)(m,p ,и )Ј= ~(i,1,») 
<~• !"Ш 

(k,c, IJ) 1- О • Hence, ј = k , Ь = с i.e. the first two indices of 

~ ( i, 1 •~"<) dependв on1y on i . 

For f.Л .. ( ~.<() i Е: dom о( and for any (i,a,,....)E:S 

there ехiв tв ј Е: I вuch tha t р .;'<ј ~ О , and thus 

.t-(i,a,!") • ~ \:(i,1,t«<)(j,p~~a,~)] = R-<i,1,;<)J(j,p-~a,f) 
-1 (" 

(o{i,'(i,;tt)(j,p(foja,('<) = (o(i,(C(i)a,/"") 

Therefore, 

(1) Ni,a,r> • \ 6< i,(<( i)a,t> 

.t. ,-t-.1 f=.Л<s> , f("' > • (о<.~> , 

if i Е dom о( 
if i 'dom о<. 

f(<'!) .. <-<',<е') 

, le t i Е. dom( <'«') . Then i Е dom. с( 1 , о( i t: dom е>( 

For 

and 

uвing the exiвtence of ј Е I вuch that pl"j ~ О , we have Ьу (1) 

~1(i,l,l'). ~( oi.1 i, ~1 i,fc). (e(l( 1i,(~"(li)(!( 1 i),,.-ц) 

(Ц1 i,(!f!~te 1 )iJ;Ч). If ti.J 1• 0 Ј then ~<\1 • О Ј вince otherwise 

there would exiвt iE:I вuch that o(\<\1(i,1Jt<) f О and the above 

calculation would imply that о(к'~ 0 . Therefore f iв а homomor-

phiвm.It followв from (1) that f ./оо. - f -io- 1 implieв .ј.. • "'' , во 

that f iв one-to-one. 



Let (о(,'~) Е- r(I)wlD 
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and define .t-. Ьу ( 1) . If 1 Е- dom.t 

and р~ј f О , then 

("" ( 1. а,,.... ) ) (ј • ь. Ј) ) • (о( 1. ( l! 1). •r )(ј • ь. и ) • ( о( 1. ( ~ 1) ·~ј ь • .v ) • 
.(\(1,ap~'"'-jb,.LJ) • .(\ [(1,a,t'-)(j ,Ь,џ )] 

or both [.t-(1,a,t"')1(j,b,u) and oc\[(1,a,rccHj,b,.I..I'J are zero. 

Hence, ~ ~J\(S) and Ьу (1) f(oo(\) • (о( ,t.c) , во f 1в onto. 

Therefore f 1в an 1вomorphiвm of .1\.(s) onto 7<r)w1D 

Let Х Ье а nonempty веt and D а mono1d.For the funct1onв '+' 
and ~/ , wr1tten on the r1ght,from вuЬвеtв of Х 1nto D , def1ne 

the1r product Ьу 

x('r• '1" 1) • (х 'f )(x'f'1) . 
for all х Е- dom'f" 11 dom ч--' . 

"''<х> If v 1в the вem1group of all part1al tranвformat1onв on 

wr1 tten on the r1ght, then for (Ь~Т{Х) and 'f" а в before, define 

ав funct1on 

х ()l..f/ • (х "з )'f' 

for all хЕ dom(Ъ such that х(& fo dom 'f' 
Def1nit1on 2. Let D Ье а mono1d and Q а subвem1group of 

~1 (Х) . Then the r1ght wreath produot of D and Q , denoted Ьу 
DwrQ , 1s the set 

{ ( ~ ,(!> ) : 'f' : dОШ(.3 - D , (':Ј Е- Q f 
together w1th mult1pl1cat1on 

( 't' .(3 )( ~ ~ ~·) = ( lt". l"'f'', f!V!' ') . 
The proofs of the naxt theorems are om1tted,and will Ье g1ven 1n 

deta11 elsewhere. 

ТНЕОRЕМ 2. Let S = M0 (I,D,M,P) . Then the funct1on g defined 

!?z ~ g = (ј' ,(3) , ( '5-Е: P(S) , where P(S) 1s the set of all r1ght 

translat1ons of s ) ,where aom,tЗ = dom'f' =~,..,.~м: (1,1,;4<) f о} 

(i,l,,..c<).f = (i,.!'-'f',/"(1) if ;ttfodOШ(!> 

onto Dwr ~ 1 (М) . 

!! ~ isomorphism ~ P(S) 

The translational hull of S is denoted Ьу _Q(s). 

ТНЕОRЕМ З. Let . S = M0 (I,D,M,P) and let f~= ("(',Cof) and 

~ g = C'r,p) . Then (.Л,~) Е- .Jl(s) if and only if the following ~ 

condition~ hold:For ~ · iE:I ,,.с..-м , 

(i) iE domol... , р;Ч(«i) f О ..!(!!.._ ;fc6odomj1, p(f"C,..S)i f О 

<н> . Pt<<o< i)<<e i) = <)l'f')pwн if 1 Edomt:!(, Р r<-< i) f о 

Further ,~ ( t-., ~ ) Е: .Л.(s) , ~ have t- = О iff 1 = О . 
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For and ( 'f,~) asin Definition 1. and 2. , for,the sake 

of convenience,we 1et 

rank(e( , 'е) = rank .,( , rank( ~ •/!> ) = rank~ . 

The semigroup of all bitrans1ations of S is denoted Ьу П (S) . 

ТНЕОR~ 4; Let S = M0 \I,D,M,P) . For О# (-<\,g) Е: ..Jl(S), 

(<-.,ј )Е= П(S) if,and on1y .!L rank f(\ = rankj'g = 1. 
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BI - AND QUASI-IDEAL SEMIGROUPS WITH n-PROPERTY 

S.Bogdanovi~. P.Krzovski, P.Proti~. B.Trpenovski 

We give а structure description for each semigroup be1onging to 
the c1asses in the tit1e which we define in а simi1ar way as itwasdone in 
/3/ for 1eft-idea1 semigroups with n-property. 

1. SOME PRELIMINARY RESULTS 

Let S Ье а semigroup. We sha11 denote Ьу Е5 the set of idempotents 
of S. 

THEOREM 1. !!_ semigroup S ~ periodic and the mapping q>:S-+ Е5 , de­
fined Ьу IJ'(x)=ex where ех~ the idempotent in <х>.~! homomorphism iff 
for every a,bES, nEN there exists rEJII such that (ab{=(anbn)r and Е~=Е5 • 

Proof.Let S Ье а periodic semigroup and IJ' а homomorphism,whereiJ'is 
defined as above. Then keriJ' is а congruence with the congruence c1asses 

Ke=!xES!(nEN) х"=еј, еЕЕ 

which are power joined semigroups. Hence, accordine·to Theorem 1 /7/, it 
fo11ows that for every a,bES, nEN there exists rEN such that (ab)r=(anbn)r, 
Furtherm~нe since ср is an epimorphism, we have that S/ker'P= Е5 which imp1i-

2 es that Е5 =Е5 • 

Converse1y, for every a,bES, nc: N 1et there Ье on rE N such that 
(ab)r=(a"ь")r; then a2r=a 2nr and S is periodic. lf we put 

def 
арЬ 4---"> (з nE N) а"=ь" 

then р wi 11 turn out to Ье а band congruence and the congruence с 1 asses 
mod Р wi11 Ье periodic unipotent power joined semigroups (/7/ Theorem 1), 
and then the mapping IJ' defined Ьу о/(х)=ех wi11 Ье an epimorphism from S 
onto Е5 • 

CORO_LLAR.Y. 1. }2 semigroup S ~ periodic, Е5 ~ rectangu1ar band 
and r,~:S-+ Е5 (tp(x)=ex) ~ homomorphism iff,J--!?! ,every a,b,cES, nEN there 
exis:ts an rEN\\~h that (abc)r=(ac)nr, Е5 =Е5 • 

Proof. Fo11ows from- (/7/ Theorem)) and (/7/,Тheorem 1). 
Let ~ Ье а semigroup with zero О; we са11 S а nil-semigroup iff 
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for every aES there is an nEN such that а"=о. 
LЕММА 1 • д semi group S ~ ~ n'i 1-semi group i ff for every а ,Ь <:: S the-

re is iш nEN such that а"=ь"+1 \ 
Proof. If S is а ni1-semigroup then the statement in th~ Lemma 1 is 

obvious. 
Converse1y, for every a,bES let there Ье an n~ N such that а"=ь"+1 • 

Тhen for а=Ь we have that a"=an+l which imp1~s that а" is an idempotent; fur­

themюre, from а"=а"+1 it fo11ows that а" is the zero in <а> • Let us show 
that а" is zero in S; 1et bES is an arbitrary element. From the above discus­
siop it fo11ows that for same kE N, ьk is zero in <Ь > . Now, there exists 
an mEN such that (a")m=(bk)m+1 and, since а" ,bk are idempotents we have that 

а"=ьk which means that a"is zero for Ь. So, S has а zero and is а ni1-semigroup. 

THEOREM 2. ~ semigroup S ~ ~ band of ni1-semigroups iff the fo11owing 

properties are satisfied: 
1. (V;ES)( 3rEN) xr=xr+1, 

2. (Ух,у Е S) (Yne N)( :1 r EN) (ху) r =(х"у") r. 

Proof. Let S Ье а band У of ni1-semigroups Sa, СХ.ЕУ. Then according to 
Lemma 1 we have that 1 is satisfied. Sinre every ni1-semigroup is а power joi­
ned semigroup, if fol1ows that 2 is satisfied too /7, Th.1/. 

Converse1y, 1et the conditions 1 and 2 Ье satisfied. Then S wi11 Ье 

а Ьand У of periodic power joined semigroups Sa, а.ЕУ /7, Th.1/. So, for 
а,~ ESa, а ЕУ, we have that а"=ь", bk=ьk+1 for some n,k Е~~ and, 

a"k=ь"k=ьnk-kьk = ьnk+1 

Vhich. according to Lemma 1, imp1ies that Sa is а ni1-semigroup. 
Let Е Ье а band, Р а partia1 semigroup, EnP=0, and <!I:P ... Е а parti­

al l'lo8Dorphism. Let us extend Ч' to а mapping 1/t:S=E u Р ... Е Ьу 'Yr(x)=~~(x) if 

хеР andt/f(e)=e for а11 еЕЕ. Let us define an operation on S Ьу 

[ 
ху as in Р ,if х,уе Р and ху is defined in Р 

ху = 
tfr (х )/г(у) , otherwi se 

Тhen S will become а semigroup with Е an idea1 and tfr an epimorphism. In what 

follows we shall denote the semigroup S constructed above Ьу S=(E,P,~). 

А partial sem1group Р is said to Ье а power breaking partia1 semi­
group iff for every х Е Р there exists а kE N such that xk is not defined 
in Р. 

ТНЕОRЕМ з. The fo11owing conditions on ~ semigroup S are equivalent: 

(i) S ~ periodic, !p:S -• ~s (Ч'(х)=ех) .i! ~ homomorphism Ш (Ух ES) 
(VeE Е5 ) хе ,ех Е Е5 ; 
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(ii) (Ya,bES)(YnEN)(!Ir~N) (ab)r=(a"ь")r and (YxES)(YeEE) хе,ехЕЕ5 ; 
(iii) S-; (E,P,IP) ~Р ti_Q.power breaking partia1 semigrgyp. 

Proof. From Theorem 1 it fo11ows that (i) .. (ii). lf (ii) is true, ' 

from the proof of Theorem 1 it fo11ows that S is periodic and, since хе,ехЕЕ5 
for every xES, еЕ Е5 , we have that Е5 is an idea1 in S. So, if we put P=S'E• 

we wi11 have that Р is а partia1 power breaking semigroup. According to Тheo­

rem 1, the mapping ~~'!Р(~х)=ех) wi11 Ье а partia1 homomorphism from Р to Е5 
sџchthat <r(e) = for а11 еЕЕ5 • So, we have that S';;'(E,P,IP) and we have proved 

that (ii) =• (iii). 1t is obvious that (iii) ... (i). 

2. BI-IDEAL SEMIGROUPS WITH n-PROPERTIES 

А subsemigroup В of а semigroup S is said to Ье а Ьi-idea1 iff В SB сВ. 

The principal Ьi-idea1 В[ а] of а semigroup S generated Ьу а ES is В[а>а ua{;Sa. 

А semigroup S is said to Ье а c-bi-idea1 semigroup iff every cyc1ic 

subsemigroup <а> of S is а Ьi-idea1 of S. 

THEOREM 4. The fo11owing conditions ...QD љ semiqroup S are eguiva1ent: 

(i) S~~ c-Ьi-idea1 semigro~ 

( i i) (Уа Е S) aSa s: < а >; 

(iii) (YaES) В[аЈ =<а>· 

Proof" From aSa _s<a>S<a> _s<a> it fo11ows that (i) ... (ii). It is 

obvious that (ii) => (iii). Let (iii) Ье satisfied and 1et <Ь> Ье а cyclic 

subsemigroup of S. Then for bi ,ЬјЕ (Ь> we have that 

ьisьј=ьi- 1 ьsььј- 1 с ь 1 - 1 в ь ьј- 1 

= ьi-l<ь>ьј- 1 с <ь>, 

and so, <b>S<b> s_ <ь> which means that S is а c-bi-idea1 semigroup. 

Let us reca11 that S is а bi:idea1 semigroup iff every subsemigroup 

of S is а bi-idea1 in S ([2]) and that the Ьi~dea1 В[С] generated Ьу the non­

empty subset С of the semigroup S is В[ С]= С uc2u CSC. In а simmi1ar way as 

in the case of Theorem 4, the fo1lowing can Ье proved: 

THEOREM 5. Тhе fo11owing conditions on ~ ~emigroup S are equivalent: 

(i) S ~ ~ Ьi-idea1 semigroup; 

( i i) CSC :::<с>. for every non-empty subset С of S; 

(iii) BLCJs:<c>. 

А partia1 subsemigroup R of а partia1 semigroup Р is а bi-idea1 in 

Р iff r 1pr2 is defined in P,r1 ,r2 ·::=R, рЕ Р imp1ies r 1pr2 ER. If every partial 

subsemigroup of\,a partia1 semigroup Р is а Ьi-idea1 in Р, we са11 Р а parti­

a1 Ьi-idea1 semi'group" 
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THEOREM б [2], .ћ_ semigroup S i~ ~ EJ.-ideal semigroup iff S~(E,P, <f>) 

where Е is ~ rectangular band and Р ~ partial power breaking bi\ideal semi-
/ ' group. . 

We call partial semigroup Р а partial c-bi-ideal semigroup iff whe-
never ара is defined in Р, ара Е<а > where <а> consists of all powers а" 
which are defined in Р. In а similar way as Theorem б, the following can Ье 

proved: 

THEOREM 7. fl semigroup S is ~ c-Ьi-ideal semigroup iff S~(E,P, <р) whe­
re Е~~ rectangular band and Р .!!.. partial power breaking c-Ьi-ideal s·emiqroup. 

It is obvious that the class of c-bi-ideal semigr6ups is more gene­
ral than the class of bi-ideal semigroup. 

Let S Ье а semigroup and Q а subset of S. We call S а 
(i) ,8~- semigroup_ iff Q _:: S, Qn+l·_s Q ... QSQ _:: Q; 

(ii),В~- semigroup·iff Q ::_·s, Qn+l _s Q=> QSn-lQ~ Q; 

(iii),В~- semigroup iff Qs_S, Q2_::Q=> QSn-lQ_::Q. 

Observe that for n=l ,8~ -, ,8~ - semigroups are simply bi-'ideal semigroups. It 
is easily se~n that: 

LEMMA 2. Every subsemi group and every homomorphi c.J.шggg_ of а._ ,в~-, 

,8~ - semigroup_is also ~,в~-. ,в~-. ,8~-semigroup, respectivelv. 
LEMMA З. (i) Every S~-semigroup ~ ~ ,8- semigroup; 
( i i) every ,8 - semi group ~ ~ ,в ~-seilli group; 

(iii) every,в~-semigroupis_a ,в~- semigroup, 
where,в- semigroup stands for bi-ideal semigroup. 

-- LEMMA 4. Let s Ье_а s;;iм. !.!_ Sj_s ~,в- ,в ~-semigroup then aSa s_ 

~<а> for every aeS; if S is а ,8~-. ,8~-semigroup then_a s"-1as_<a > ~ 
every aES. 

-- LЕММА 5. Let S~_a fo-, ,8~-semigroup. Then: 

. (i) S is periodic; and for every aES the periodic~t На...9! <а> 
is ~ trivial subgroup_.9! S; 

(ii) Ej_s_a rectangular band which is an idealj_n S;~ every еЕЕ, 
xES, ехе=е; 

(iii) if хух=х~ some у :s, then хЕЕ. 

LЕММА б. (i) If S is ~ ,8-semigroup, then l<a>l ~5 for every aES; 
(ii) if S is а ,в"-semigroup, then 1 <а> 1 ~З for every aES; 

(iH) if S is -a,в~-,,8~-semigr~~ 1 <a>l ~n+З for every а S. 
Proof. Let, for еха~Прlе, S Ье а ,81-semigroup, aES and lP.t < a>n= 

n+l 2n+l Ј . (а,а ,а , ••• he the n-suosem1group of S generated Ьу а. Since 
n+2 2 n-2 n-1 

а =а.а .а .ае< a>nS <а >п s_ <а >n' 
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h n+2 kn+1 . 

we ave that а =а for some kEN, wh1ch means that the index r of а is 
а 

~n+2 and, since the periodic part of <а> consists of one e1ement (Leпrna 5 
(i)), we have that 1 <a>l ~n+З. 

Let р·ь~ а partia1 semigroup. Then Р is said to Ье а: (i) ~-semig­

roup iff for every Q ~ Р which posseses the property q0q1 ••• qnq EQ, qjE Q 

whenewer q0q1 ••• qn is defined in Р we have that, if qipqz is defined in Р, 

then qipq2EQ, qi,q2EQ, рЕР; (ii) ~~-semigroup iff for every Q!: Р which 
possesses the property mentioned in (i), q;p1p2 ••• pn_1q2 defined in Р imp1ies 

qiP1P2···Pn-1q2EQ; (iii) .8~-semigroup iff for every Q!: Р such that whenever 
q1q2 is defined in Р, if q1q2 EQ then the fo11owing is true: if q;p1Pz··· 
Pn_1q2 is defined in Р then q;p1p2 •••• pn_1qze0, qi,q2 EQ, рјЕР. 

THEOREM 8. ~ semigroup S is ~ ~~-semigroup iff S ~ (Р,Е, IP)where Е 
is! rectangu1ar band and Р~ partia1 power breaking ~~-semigroup. 

Proof. Let S Ье а ~~-semigroup. From'Lemma 5 it fo11ows that S=Eu Р 
(P=S,E) where Е is а rectangu1ar band and idea1 in S, and Р is а power brea­

king partia1 semigroup. Let Q ~Р possess the property q0q1 ••• qnEQ whenever 

q0 q1 ••• q is defined in Р, q.EQ and 1et Q*=QuE. Then Q*n+1 cQ*; since S n 1 -
is а ,8~-semigroup, it fo11ows that Q*SQ* С::. Q*. If qi,q2EQ, qtpq2 Е Е, we 

conc1ude that qipq2EQ which proves that Р is а partia1 .В~-semigroup. Fina11y, 

if we put IP(x)=e , ех is the idempotent in <х>, we can easi1y show that 
х . 

'Р: Р-+ Е is а homomorphism (as in (2) and Ьу Theorem З we have that S~(E,P, ср). 

Conversely, 1et S~(E,P, <р)=Т with Е,Р as stated in the Theorem and 

1 et в !: т, в"+ 1 ~ В. Then В*=В 'ё: posseses the property Ь 0Ь 1 ... bn Е В* whene­

ver Ь ь 1 ... ь is defined in Р, so, if·b,cEB*, рЕР, then Ьрс€;В* с В. Let 
о n -

for Ь,с ЕВ, tET, btcEE. If Ьс ~В*, then Ь.с is not defined in Р and, 

btc='P(b) IP( t) q>( с) =СЈ1(Ь) 'Р( с)=[ 9( Ь) Ј" 'Р( с) ='Р(Ьn) ср( с) =Ь"с Е В. 

If ЬсЕР then (bc)kE Е since Р is а power breaking partia1 semigroup. Let 

(bc)k=e, then 

btc= 'Р(Ь) q>(t)Cf1(c)=Cf(b)'P(c);"q>(bc)='P[(bc)k]':'e· 

Оп the other hand we have that 

e=q>(b)Cf )c)=!f(bkn с) = ьk"сЕ Bkn+1 с В 
1 -

if ьknEE. Now, from ЬсЕР it fo11ows that ЬЕР and there exists an mEN such 

that bm i,s not defined in Р; then for kE N, kn~m we have that ьknE Е since Е 
is an idea1 in Т. So, we have proved that btcEB for every Ь,сЕВ, t ЕТ, which 

completes the proof. 

In ~ simi1ar way the fo11owing can Ье proved: 
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THEOREM 9. ~semigroup S~~ ,8~-semigroup iff S: (Е,Р,,сј) where ~ 
~ ~ rectangular band, Р _а partia1 power breaking .8~-semigroup. о. 

THEOREM 10. А semigroup S ~ i!._ .В~-semigroup iff S :;; (E,P,q) where Е 
~ ~ rectangu1ar band and Р _а partia1 power breaking .8~-semigroup. 

З. QUASIIDEAL SEMIGROUPS WITH n-PROPERTY 

In а simi1ar way as in part 2 we can introduce the following c1asses 
of semigroups: We call а semigroup S: 

(i) q"-semigroup iff Q с S, Qn+l с Q => QSnSQ с Q; 
о - '- -

( i i ) q-semi group i ff Q _::: S, Q2 с{ Q => QS n ·->3 S. ,; ; 

(iii) q~-semigroup _iff Q _5S, Qn+1 _:: Q =Qs"ns"Q ::_ Q; 

(iv) q~-semigroup iff Q ~ S, Q2 .:: Q ~ QS"n s"Q ~ Q 

We are not going to reformu1ate а11 the resu1ts for the semigroups de­
fined above; these resu1ts are simi1ar to those in 2. We sha11 do this on1y 
for some of ~hese semigr)ups, inc1uding the theorems which give а structure 
description for each of these semigroups. 

LEMMA 7. ~ S ~ ~ semigroup. 
(,i) !.!.._ S ~ ~ q-seшi group, then 1 <a>l ~З for every а .::s; 

(ii) if S is а q"-semigroup, then l<a>~2 for every aES; - --о --' ---
( i i i) _!_:~s ~! q~- ,q~-semi group, then 1 <а> 1 {,n+2 for every а Е S. 

THEOREM 11. _!. semi group S ~! q~ -semi group Ј.!! S ~ (Е ,Р,'!') where Е 
~i!.._rectangu1ar band, Р~ nonempty ~ and 'Р:Р-+ Е љ mapping. 

Proof. Since every quasiidea1 of а semigroup is а bi-idea1 too1, it 
fo11ows that а q~-semigroup is а .8~-semigroup too. So, we can use а11 the pro­
perti es wh i ch а ,в ~-semi group possesses. Let S Ье а q~ -semi group, х ,уЕ S and 
1et Q={x,y,ex,ey,ex еу,еу ~х!· We sha11 show that Qn+ .:: Q. For n=2 we have 
the fo11owing possiЬi1ities: (i) if in q=abc а11 of а,Ь and с are idempotents, 
then (Е is а rectangu1ar band and ех,хеЕЕ Ьу Lem111a 5) q=exey, еуех,ех,еу; 
q=ac=exey if а=ех, с=еу. (ii) if one of а,Ь and с is idempotent, for examp1e 
if Ь is idempotent, then аЬ and Ьс wi11 Ье idempotents a1so and q=abc=a.bcb= 
аЬ.сЬс=аЬе=аЬаЬ.ес=еаЬес=еаес and again qEQ; (iii) since х 2=ех, у2=еу (Lemma 
7 (ii)), the product q=abc doesn't contain any idempotent in the fo11owing two 
cases: q=xyx=ex and q=yxy=ey since from хухЕ <х> if fo11ows that хух=х {and 
then х is idempotent) if хух=е and simi1ar for уху. So, if n=2 we have proved 
that Qn+1 с Q. Now, 1et n>2; ~hen according to previous considerations, in any 

- 1 
product of n+1 e1ements from Q, the product of any three e1ements, as we have 
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shown above, will Ье equal to an idempotent and, accordingly, in а similar 

way we can prove that al1 the product is equa1 to an idempotent which be1ongs 

to Q. So, Q wi11 Ье an n-subsemigroup of S, i.e .. Q"+1 ~ Q. From this it fo1lows 

that Q is а quasiidea1 in S which imp1ies that Q is а subsemigroup of S; we 

have proved that ху ~Q. lf ху=у then у=ху=х2у=еху=еху=ехеу which is impossiЫe 
if we take х and у not to Ье idempotents. Simi1ar1y for ху=х. So, ху must Ье 

an idempotent: 

ху=хух у = е у=е .уе у = е е • х х х х у 

Now, if we put P=S'\E, we have that for every х,у,::р, хуЕЕ. Further 

more, with q>(x)=ex, х::: Р and ех tht! idempotent in <х> we can define а mapping 

from Р to Е which can Ье considered as а partia1 homomorphism from Р to Е and 

Theorem З conc1udes the proof. 

Converse1y, 1et Q с Т= EuP where Е is а rectangu1ar band, Р а set 

such that En Р=0 and 1et ~~Р .-.Е Ье а mapping, and 1et Qn+l _:: Q. If х EQT nTQ, 

i.e. x=q1x1=x2q2, q1 ,q2 ::Q, х 1 ,х 2ЕТ, we have that х~Е and, according to the 

definition of operation in (Е,Р,~). we have that 

x=x2=q2x2x1q1= <f(q2)ЧJ(x2)q>(xl )q:(c.:l )=!f(q2) ~{q1 )=tp(q~)ЧJ(ql) 

=<f( q~ql) = q~q1 Е Q 

which shows that Q is а quasi-ideal in Т. 

Let Р Ье а partial semigroup. Then Р is said to Ье а: (i) q-semigroup 

iff for every Q ::_Р which posseses the property q 1 q 2 ~ Q whenever q1q2 is defi­

ned in Р, q1,q2cQ, we have that, if pq is defined in Р, рЕР, qEQ and, for 

some р 1 ЕР, Q 1EQ pq=q 1 p 1 =X, then xEQ; (ii) q~-semigroup iff for every Q _::Р 
which posseses the property q0q1 ••• qnEQ whenever q q1 ••• q is defined in Р, . о n 
q; EQ we have that, if р 1 р2 ••• pnq is defined in Р for Р; ЕР, q EQ and for so-

1 Р 1 Q 1 1 1 1 th Q ( · · · ) n · · ff me Р;Е , q Е , p1p2 ••• pnq=q p1p2 ••• pn =х en х,::; ; 111 q2-sem1group 1 

for every Q ~Р which posseses the property q1q2EQ, q1 ,q2e Q, whenever q1q2 
is defined in Р we have that if p1p2 ••• pnq is ·defined in Р, Р; еР, qEQ and 

for some PiEP, q 1 EQ, p1p2 ••• pnq=q 1 P1P2···P~ =х then xEQ. 
Using а simi1ar procedure as for Theorem 8, and using a1so Theorem 9 

and 10, the fo11owing can Ье proved: 

THEOREM 12. А semiQroup S is а q-semigroup iff S ~ (E,P,f) where Е is 

а rectangu1ar band and Р а partia1 power breaking q-semigroup. 

THEOREM 13. Ј se;ig;;;-щ;-s is а q~-semigroup _2!! S ; (Е,Р,ЧЈ) where Е 
~с:_ recta~gu1ar band ~Р~ partial power breaking q~-semigroup. 
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THEOREM 14. ~ semigroup S is а q~-semigroup iff S-;; (Е,Р/1') where Е 
~~rectanqu1ar band...м.d Р...а partia1 -powe'r breaking q~-semigroup:, 
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(m,n)-IDEAL SEHIGROUPS 

S.BOGDANOVIC and S. HILIC 

ln thjs рарег the stгuctuгal theoгem fог (m,n)-Jdeal semlgгoups ls 
gjven and jn thjs way the гesults of [2,5,6,7,9,10] аге geneгallzed. 

А subsemjgгoup А of а semjgгoup S ls an (m,n)-ldeal of 

S jf AmsA"sA, wheгe m,ne N U{O}, (A 0 S =SA 0 .. s), [3]. s ls an 

(m,n)-jdeal semjgгoup jf еvегу subsemjgгoup of S is an (m,n) -

jdeal of S, [5]. 

А s u Ь s е t R о f а р а г t ј а 1 s em ј g г о u р Q ј s а р а г ~ а Ј s u Ь s е­

mjgгoup of Q jf x,yeR, xyeQ jmpfjes хуе R. А рагtјаЈ subsemj­

gгoup R of а рагtјаЈ semjgгoup Q js an (m,n)-jdeal of Q jf RmQR"sR. lf 

all рагtјаЈ subsemjgгoups of а paгtjaf semjgгoup Q аге (m,n)-jdeals jn Q, 

then we call Q а рагtјаЈ (m,n)-jdeal semjgгoup. А рагtјаЈ semigгoup Q js 

power bгeakjng jf fог every aEQ-theгe exjsts kEN such that aktQ. 

Fог nondefj njed notjons we геfег to [ 1,8 Ј. 

CONSTRUCTION. Let Е= 1 хЈ Ье а rectangulaг band and let Q Ье а 

рагtјаЈ (m,n)-jdeal (m,n>1) роwег breakjng semjgгoup such that ЕПQ = g, 

Let 1;: Р-+1; Ье а mappjng from Q jnto the semjgгoup T(l) of all 
р 

mappjngs from 1 jnto jtself and n: p-+n Ье а mappjng from Q jnto Т(.Ј). 
р 

Fог all p,q eQ let: 

( ј) Q pq е = > i;pq = i;qi;p • Тlpq = ТlpТlq 

(ј ј) pq tQ => !;q!;p = const., npnq = const. 

Let hs defjne а muJtjpJjcatjon on S=EUQ wjth: 

(1) (j,j)(k,.QJ = (j,.Q,) 
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(2) 

(3) 

(4) 

(5) 

p(i ,ј) =( l~p,j) 

. (i ,ј)р.; (i ,ЈrЏ 

PCI = reQ ... > pq ~ r6S 

pq-iQ -> pq = (1~ ~ ,Jn n ) . q р р q 

Then S wlth thlos multlpllc:ё!tion is а semigroup, [4,5]. 
А subsemlgгoup В of S 1 s of the forlll В= ЕВ U QB, where ЕВ ;= 1 В х ЈВ 

(IBSI; JBSJ) is а rec:tangulaг band and QB is а partlal subsemigroupof 

Q. 

lf for p,q е~· р е~· q е~ the ~ollowl ng c:ondi tlons hold: 

( 111) ~р : 1 + 1 В , 11q : Ј+ ЈВ -

· then а s.emlgr,oup whlc:h· is c:onstruc:ted 1 n thls way wlll Ье denoted Ьу 

M(l ,Ј,Q,~'ТЈ) • 
Let us quote some of the results from f5]. 

~· Let S Ье.!!!. (m,n)•ldeal semlgroup. Then 

1° S ls perlodlc:; 

2° Тhе.!.!! Е of.!!..!. ldempotents of S ..!!.! rec:tangulaг band and lt 

.!.!. .!!!. ~ de., of S ; _, 
' 3 S<E Ј.!.! partlal power breaklng semlgroup; 

4° ~ subsemlgrcaup of S..!!.!!!. (m,n)-ldeal subsemlgroup of S. 

ТНЕОRЕМ. S.!!..!!!. (m,n)-ldeal (m,n~ 1) semlgroup.!! and ~.!! S 
ls lsanorphlc: ~ ~ M(l ,J,Q,~,n). 

~ Let S Ье an (m,n)-ldeal semlgroup. Тhen Ьу Lemma and Ьу 

Тheorem 1.1. [4] (see also Тheorem 1.1. [5]) we have that S ls lsomorphlc: 

to а semlgroup fran the аЬоvе c:onstruc:tlon wlth (f), (11) and (1)-(5). We 

sha11 show that the condltlon (111) holds. Assume that В ls а subsemlgroup 

of s. Тhen в-r 8 xJ8 u~ (lвsl; J8sJ). For p,qe<ls, рв~. qe~ and 

arЬI tr'ry (1 ,Ј) 1 1 х Ј we have ttiat 

p(l ,Ј )q c!Psв"s в 
p{I,J)qeE•IxJ 

(slnce Е ls an ldea1 of S), so 

p(I,J)qвBnE•E8 •1 8 xJ8 • 
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Hence, 

l.e. 

Е; р : 1 + 1 В ' 11q : Ј + ЈВ 

so the condltlon (111) holds. 

Conversely, let S •H(I ,J,Q.,E;,n) and let В Ье а subs811group of s. 

Тhen В•ЕвU~, where Ев•'в"Јв (IBSI; ЈвS:Ј) Js а rectangular band 

and ~ ls а partlal 5ubsemlgroup of Q.. 

lt 15 clear that 

(6) BmSBn • EBSEB U <SEB U E8S~ U (s~ 

Ев 1 s а Ы -1 dea 1 of Е • 1 х Ј, 50 

(7) 

Cons 1 der f 1 rs t the term (sE8 • A5sume that Ь 8 (, 5 е S, с е ЕВ. :rhen 

bsc е Е. Let с • (1 ,Ј) е 18 х, ЈВ. We have the fol lowlng cases: 

(8.1) bs-E, Ье~, s-E. 

Then sc=(I~,J) and Ьу (i'il) we have bsc • b(I~,J) • (l~f;b,J) еЕ8 • 

(8.2) bs е Е, Ь-Е, s еЕ. 

Then s = (k,R.) and 

bsc = (kf;ь,R.)c = (kf;ь,R.) (i ,Ј) - (kf;ь,J) е Е8 

(8.3) bseE, Ь-Е, s-E. 

Then sc = ( if; ,Ј) and s 
1 ьsc=b(if;5 ,j) = (if;5 f;ь,J> еЕВ 

(8.4) bseE, ЬеЕ. Similarlytothecase(?). 

Since there аге ho other possiЬilities we conclude: 

(8) ~SEB~EBSB • 

Similarly we have that 

(9) 

m n m n 
tonsid~r the term QjjSQ.S and let beQ8, s&S, ceQ.8 • lf bsceQ., 

. m n 
bsc е QjiQQ.j3 ~~с.:;;_ В 
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since Q is а paгtial (m,n)-ideal semigгoup. lf bsc е Е, then we have the 

followi ng cases: 

Similaгly to the case (9). 

{10.2) ЬеЕВ, seE, сеЕВ 

Then s=(k,t), c=(i,j) and 

bsc = (k~ь,R-)c = (kt;ь,J) е Ев 

(10.3) btE, seE, ceQB. 

Тhen s = (k,R-) and 

bsc = (kt;ь,t)c = (kt;ь,tnc) е 'в х Јв = Ев 

(10.4) btE, stE, сн8 See (В.з). 

(10.5) Ь~Е, s~E, с,;Е, bseE. 

bsc = (it; 5 t;ь,jnьn5 nc) е Ев · 

( 1 О • 6) Ь Н, s Н, с 1! Е, bs Н. 

then 

Ь5с .. (it; t;ь ,Јnь n ) .. (it; t; t;ь,Јnь n ) е Ев 
с 5 s с с 5 5 с 

Slnce there аге no other pos51ЬI1itle5, we conclude 

(10) ~s~ s в. 

Ву (6), (7), (8), (9) and (10) we have вmsвnc::: В, l.e. S 15 an (m,n)­

ldeal 5emlgroup. 

ln the 5pecial са5е, lf m,n~1, then we have the followlng: 

THEOREH. S .!.!..!. (O,n)-~ ((m,O)-Ideal) semlgroup 1!. and ~ 

l!.Sl!.l5omorphlc~~M(I,J,Q,t;,n), where 11!•1 (and Ql!..!partlal 

(O,n)-ldeal semlgroup CIJI•1 and Q.!.!..!. partlal (m,O)-Ideal semlgroup). 

lf S ls а (0,0)-ldeal semlgroup, then S 15 trlvlal. 
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THIRD ALGEBRAIC CONFERENCE 

Beograd, 3-4 DecemЬer 1982 

EQUATIONAL REJORМULATION ОЈ ТНЕ НЕУТПG 
liRST-ORDER PREDICAТE CALCULUS 

Вranielav R. Вor1/Si6 

According to the paper [4] of А. G. Dragal!n, the unifora 
algebraв (abbreviated UA) - algebraic analogue of the He7ting 
firet-order predicate calculuв I - are а epecial саве of 
pseudo-Boolean algebraв (abЬreviated РВА) (v. [s]), where we · 
have two additional unary operations oorreвponding to the 
univereal and existential quantifiere and the explic!t trea­
tment of subst!tution. In other words, UA are algebraic str­
ucturee sim!lar to cyl!ndric (v. (бј) and poliadic (v .• (5]) 
algebras. At the same time UA are а general!zation of the 
notion of functional Brouwer!an algebrae defined in [3]. 

On the other hand, а poesiЫlity of ass!gnment of an 
equational formal theory, denoted Ьу Т(~)·, to any formal 
theory Т, !е g!ven in the paper [7] of s. в. Pre~16. The the­
ory т(~) is defined axiomatically in euch а w~ that the sy­
mbol .~ is а formalization of the equiconsequence (or !nter­
deduciЫlity) relation of Т (v. Theorem.l .• [7]). If the con­
ditions (i) АЛ В~А; AJ\Bl-rB !!Ш, А,Вiт-АЛВ, and (11) Aly-B 

iff hf-A~B, are satisfied for some connectives Л and -+ 

wh!ch are definaЫe in Т, then the formal theory Т(-), whioh 
we call an eguational reformulation of Т, is of particular 
importance for the algebrai·c model theory. 

In this paper we will point at the oonnections between 
) 

uniform algebras and equational reformulation I(-) of the 
. 1 

Heyting first-order predicate calculus I (formulated ав in 
(l}:i'P• 434). . . 

In \,~ similar way as in [6}, where the cylindric algebra 
of formulas is introduced, we can conвider the uniform alge-
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Ъrа of formulas: UA(For):::(.i:'or, ~-' Ind, Sub), -:.:here ?ar is tће 
set of the first-order formu1as, Ind - tl1e set of ind~viд.ua1 
constants of the first-order 1anguage and Sub - suьstitution 
of terms for the variaЪles in e1ements of For. 

THEOREM. lц ,..") А-В Ш А~ В in UA(For). 

For the propositional part of the Eeyting ca1cu1us, а 

similar assertion has Ъееn given in [2], and leaning on it \Ve 
wil1 consider on1y those axioms which are related to the qua­
ntifiers. 

LEMMA 1. ~ A,BEFor ~ l~(def)A-H. ~·-~ ~­
tions 

( l) 'VxA л 't/хв ''Vx(A л в) 
( 2) Vx(A~B)~ (VxA~'f/xB) ~ 1 
(3) V'x(A-B)""'""(3xA_.. Зх:Э) ~ l 
(4) А'"""'~хА~1 (х is not free 1!l А) 
(5) :lxA-A -;::::1 (х is !12.1 ~Ш А) 

· (6} .·'f'x.A-+A(x/t)zl (t Ц.!m:, ~~Ш х Ш А) 
(7) A(x/t)-+3xA-::::. 1 (t is апу ~~Ш х Ш А) 
(8) 1Л'f'xl~1 

~ satiвfied !n UA(For). 

~· (1) 't/хАЛ Vхв'- 'VxA ·(provaЪle ip РВА) 
'VxA,A(x/y) (b~r {4}, 2.1.7)) 

Herefrom, Ьу tranвitivity, 'txAA'IxB~A(x/y). Similarly: 't/xм'Vxn~ 
~ В{х/у), and "/хА А. 'tЈхв 'А( х/у) Л В( х/у)~ (А Л В) (х/у) (Ъу ( 4} , 
2.1.6) and 2.1. 3)). ?rorn VxA А. 'Vхв ~(А Л "Я)(х/у) followв VхАЛVхв' 
"Vx(AA'B) (Ъу [4), 2.1.7)). 

,('2) 'с/х( А-+ В) Л VxA'- 'fx( (А -+В) Л А) 

'(А.( х/у) -.в( х/у)) Л А( х/у) (Ъу 

'В(х/у) ( i!l FВА) 

(Ьу (1)) 

[4], 2.1.7) and Ъ), d) . 
р. 188) 

Ву [4], 2.1.7), ,.,е have 'Vx(A"""tB)A'/xA~'Vxв, 1. е. 
'/х(А-+В)- ('rJxA-VxB) ~ l (in РВА). 

(3){(А-.В)АА)(:х/у) "В(х/у),ЗхВ (Ьу (4), 2.1.8) and РВА) 
(А....,В)(х/у) 'А(х/у)-3хВ ( in РВА) · 
'ix(A-+B) 'А(х/у)-t~хВ (Ъу (4], 2.1.7)) 
A(x/y)~\fx(A~B)-+3xB (in РВА) 

А(х/у)' 3xA'\'x(A~B)-~t3xB (Ъу (4), 2.1.8)) 
1. е. 'f/x(A-+B)-+(:IxA ... 3xB)Z1 (in Р'ВА). 
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(4) and (5) are immediate conвequenoes of the cond1tione 

7) and 8) of the defin1tion 2.1. ~] of UA. 
(б) and (7) are given in [4] ае Lemma 2. 2.6. 
(8} follows .trom the oondition 7) of the def. 2.1. [4), 

too:-i 
Remark. In genera1, the conditions (1)-{8) pf the LEМIA 1 

are sat18t1ed !n any UA. 
LЕММА 2. ;bl!1 А g В )Ш.~ first-order formu1as and 1 5. 

variaЪle which doee Ш!! ~ Ш the Й2П, tormulaв. ih!D• 
(1) 1r \ц"') в-А(х/у}&о.в, ~ lц ..... ) ·в-Vи&в, 
(2) !! \r(,..,) А(х/у),...В&А(х/у), !!l!A lr(-·) 3u,..B&xA., 

(3) ~VxA,...A(~y)&. Vx.t.; 

{4) \1 (....,) А{х/у).-..3хА&А(х/у). 

~· Having in mind that I(~) !в the equational refo­
rmulation of I, it !в suff1oient to :prove that 1--в-+Vх.АЛ :В 
followв from \-в-А(х/у)Л в, and ~ЗхА-+В Л3хА follows .trom 
~А(х/у)---+В Л А( х/у) (in I) (v. [7], Theorem .,) • For insta­
nce, we will demonetrate (1). F1retly, Ьу induction. on the 
length of the :proof for А 1n I, we oan вhow that the rule 

:-А ie perm1вs1Ъle 1n I. Then .trom \-В-А(х/у) Л В we 
VxA 

have ~'/у(В....,.А(х/у)ЛВ), i. е. ~'\Јув~'r/у(А(х/у)ЛВ) (Ьу ax1-
om (9.2) [1) and modue ponene). Further, Ьу ax1om (9.4) .. (1) 
we have ~B-+Vy(A(x/y) Л В}, 1. е. l- в_..'VуА{х/у) Л В (Ьу 
axiom Vув ...... в and the known fact that l-Vx(C(x) ЛD(х)) ~ 
~Vхс(х)Л VxD(x) in I). 

Similar1y, (2), (3) and (4} are 1mmed1ate consequenceв 
of Theorem 3 [7] and known facts about I~ 

Note that the conditions ((1) ~ (3)] and ((2) and (4)) 
· are equivalent to the conditions 7) and 8) of the defin1t1oa 
of UA [4), respective1y. The conditions 9)-17) of this defi­
.ni tion are well-known facts which are rel'ated to the substi­
tution of variaЫes in the first-order language, and henoe in 

the theory I("" }. 
The above theorem follows immediately .troa lemaf&. :Ј. цi ~. 
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ON SOME PROPERTIES OF RINGS IN WНICH xn•x HOLDS 

B1agoje Cerovic 

In this pap7r we shall discuss the c1ass of rings &... n~ 
n> 1, wi th the property that for every RE ~n 

-\1 х Е R(xn=x) 

ho1ds. 

According to the theorem of N.Jacobson, rings from ~n 

are commutative and regu1ar since, for every x€R we have 

xxn-2x=x for а11 n> 2, and ххх=х for n=2. 

Examp1e 0.1. .The ring z6 and the fie1ds z2 and z3 all 

be1ongs to ~ 3 whi1e the fie1d GF( 4) be1ongs to the c1ass~4 • 

Examp1e 6.2. For every set S the Boo1ean ring 

(P(S),+,•) be1ongs to !R.n for all n >1. If RE. ~n and if P(S) 

is the Boo1ean ring then the ring of the form R Х P(S) be1ongs 

to ~n· 
The fo11owing two 1emma§ were proved in [1]. 

Lemma 0.1.([11). 

Lemma 0.2.((1]). 

If R€~ then for all x€R, (2n-2)x=O. 
- n----
If Re1.n is an integra1 domain then R 

1. We shall prove that the ring· from the c1ass ~n does not 

have nonzeronilpotent idea1s, i.e. that the class ~n is the 

subclass oi\the class of semisimp1e rings. 
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Lemma 1.1. Every idea1· g:! ~ ring R€&n is idempotent. 
\ 

fi:2.Q!. If n=2 then 12=1 for every idea1 1<; R. 1~ n> 2 

th f 11 1 h n-1 Е 1 d n-1 r 12 . en or а хе we ave х an so х=х Хо::., ~.е. 

1 ~ 12 • Since 12~ I we have 12 =1. 

Propositi~n 1.1. Everl ring from ~n is semisimp1e. 

Proof. Let 1 Ъ.е the ni1ptent idea1 of ~ ring RE~, i. е. 

the idea1· such that for. some m, 1m=O. According. to the 

previous 1emma 12 =1 and. ~.во 1m=1. Тhis means that if 1 is ni1po­

tent idea1 of R then !=0, i.e. that. R does not have nonzero 

ni1potent id.ea1s', or t-hat R is semisimp1e.-\ 

2. 1n this chapter we sha11 investigate some properties of 

the idempotents of the rings from ~n· 

Lemma 2.1. lf. RE::R.,n then for every х E.R, xn-1 3:.! idempo-

~· 
~· 1f n=2 then R is а Boo1ean ring so that 1emma tri­

via11y ho1ds. 1f n> 2 then we have 
n-1 n-1 2n-2 n n-2 n-1 r- Х =Х =Х Х =Х , 

_n-1 ..Ј i.e. х- is an idempotent of R. 1 

Тhе дotion of! orthogona1 idempotents, i. е. the idempoteats 

ek and e 2 ,different from zero, for which е1е2 =О ho1ds, wi11 

Ье important in our further investigations. For examp1e, using 

\orthogonal idempotents we can give а necessary and sufficient 

condition for the rings with unit from the c1ass ~n that are 

fields. 

Proposi tion 2 .1. ! !:.!.!!fj ~ uni t RE~ n is .!!. ~ if 

· Jat onl:t if it Ш .!!2.orthogonal idempotents. 
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~· If R is а ring without orthogona1 idempotents 

then R is а ring without zero divisors. То see this assume 

that for some х,у R that are not zero we have хукО. In that 

case xn-1yn-1=0 and ~-1~0 and yn-i=O, i.e. ~-1 and ~-1 

are orthogona1 idempotents of R which is the contradiction. 

Тrivia11y, if R is а fie1d then it has no orthogona1 idempo­

tents. 4 
Definition 2.1. А set Е of pairwise orthogona1 idempo­

tents of а ring R is an m-set if there is no idempbt~nt ··e1e­

ment of R Е which is orthogona1 to а11 e1ements from Е. 

Lemma 2. 2.. If Rt3tn i.@. .!!_ nonzero ring wi th uni t .:Е!!.!Е: R 

is.!!. fie1d ~ it has orthogona1 idempotents (m-sets). 

Proof. Let RE:$n Ье а nonzero ring wi th uni t which is 

not а fie1d. According to the Lemma 2.1., for every х R that 

is not zero, xn-1 is an idempotent. The e1ements of the form 

1-xn-1 are not zero since in that case we wqu1d have for а11 

xeR, if х~О and ху=О then xn-1y=O, and so у=О, which means 

that R is without zero divisors, or that R is а fie1d. 

From 

(1-xn-1)2=1_2xn-1+(xn-1)2=1-xn-1, 

we see that the e1ement 1-xn-1 is idempotent which with 

xn-1( 1-xn-1)=xn-1_(xn-1)2=0 

n-1 n-1 ~' means that the idempotents х and 1-х are orthogqna1.\ 

Lemma 2.3. Let .Е Ье .!!. nonvoid set of pairwise orthogona1 

idempotents of ~ ring R E$>n and 10 =t х Е: R: хе =0 ," е Е: Е Ј. ~ Е 

is ~ m-set if and on1y if ! 0 =0. 

Proof. Assume that Е is an m-set and that I 0iO,then for 

· nonzero el\rments xEI0 we have xn-1 EI0 and x.n-1~0, (if not,it 

wou1d Ье х=О). For а11 е ЕЕ we .h~;ve that xn-1~e, since if i t. is 
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not so we wou1d have that for sqlne е Е Е, xn-1=e which imp1ies 
\ 

t n-1 . n-2 0 S. n-1 . · t t' • hat е=ее=х е=х хе= • 1.nce х l.S an 1.dempo en~. wh1.ch 

is not in Е and for а11 е Е.Е, xn-1e=0 we have that Е is not 

an m-set which is а contradiction. So I 0 =0o 

If I =0 and е е Е an idempotent orthogona1 to every other . о 

idempotent from Е then е е ! 0 , i о е. е=О and so Е is an m-set.-+ 

If е1 ,оо,е 8 are pairwise orthogona1 idempotents of an ar­

bitrary ring R then R is the direct summ of the idea1 ! 0 and 

the idea1s Rek, · k=1, •.о, s. !n саве RE:~n, according to the 1e­

mma 2.3. we have 

Proposition 2.2. If Е=.(е 1 , .. ,е 6 ! is ~ m-set of ~ ring 

RE:t;i.n then R is the direct ~ of the idea1s Rei, ei G Е •. 

3. Definition 3.1. An m-set М of а ring RE:~n is а maxima1 

m-set if for а11 е Е M,in the idea1 Re there is no idempotents 

other than О and е. 

Examp1e 3.1. Тhе set of а11 sing1etons of the Boo1ean 

ring P(S) is maxima1 m-set since for every а Е S the idempotent 

а generates the idea1 {А() {ај: АЕ P(S)] ={~,{аЈЈ. 

Proposition 3.1. Ш М ~ ~ maxima1 m-set of !! ring 

RE.3tn. Тhе idea1s .Q.! Ш form Re, е€ М, ~ the on1y minima1 

idea1s of R. 

~· То prove that the idea1 Re is minima1 it is enough 

to prove tha t for every х е Re, Rx=Re ( [ 3] ) о From the Lemma 2 о1 

we bave tbat for every х е Re, х!О, xn-1 Е Re is an idempotent о 

Since М is а maxima1 m-set,xn-1 =e, and so Re=Rxn-1cRxo 
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Obvi ous 1у, Rx t;, Re and во Re =Rx. 

I.f I;lO is а minima1 idea1 of R different !rom Re, е Е М, 

then, according to the Proposition 1.1, R is а semisimple ring 

and I is generated Ьу some idempotent е'~О ([3]). Bince I and 

Re, е Е М, are minima1 idea1s we have that I ()Re=O, and so 

е'е=О for а11 еЕМ. Тherefore, е' is orthogona1 to а11 idempo­

tents of the set М. Тhis gives the contradiction with the ass­

uaption that М is the maxima1 m-set.~ 

From the Proposition 3.1 if fo11ows that the maxima1 m-set 

of а ring RE~n consists o.f а11 idempotents which generates 

minima1 idea1s o.f R. 

Corollary 3.1. Maxima1 ~ 2.f ~ ring Re~n is unitue. 

Proposi tion 3. 2. I.f the maxima1 m-set М .2! ~ ring R E:~n 

~ .finite then there is .!!2 m-set Е .2! R such that \E\>IM\. 

Proo.f. Let Е Ье an m-set such that 'EI>IM\ •. Bince the 

idea1s Re, е € М, are minima1, for every f е. Е, Re () Rf=O or 

Re() Rf=Re. Let E0 ~~fe Е: ;]eGM(RenRf=Re)}. Since Rf()Rg=O for 

а11 f;lg, f,geE, for every_eeM there exists. at most one fEE 

such that Re(\ Rf=Re. Therefore, IE0 \ ~\М~ and so there exists 

f€E'E such that Re{)Rf=O for all et:.M. Sinc'e f;le and ef=O 
о . . 

for а11 ее:М, М is not an m-set.-! 

Proposition 3.3. I.f the maxima1 m-set of ~ ring RE~n ~ 

finite ~ R is the direct ~ of its minima1 idea1s. 

Proof. Fo11ows from the Propositions 2.2 and 3.1. 

When .the maxima1 m-set of а ring R e~n is fini te i t is 
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possiЪle to @;iVe а characterization Of idempotents Of R. 

Proposition 3.4. Let M=~e1 , •• ,et~ Ье the maxiпial m-set 

of ~ ring RE:~n· An elem,ent а~О of R is idempotent i.ff it ie 

the ~· of different elements of м. 
-

Proof. If а is the sum of elements of М then it is 

idempotent of R. If а is an idempotent then, since R is the 

sum of its minimal ideals Rei' i=l, •• ,t, we have 

a=r1e1+ •• +rtet' for some riER, 
2 2 and so r 1e1+ •• +rtet=r1e1+ ••• +rnen 

2 which. after multiplicatj.on Ьу ei gives riei=riei, i.e. 

=riei for all i=l, •• ,t. Therefore,. riei is an idempotent and 

since М is maximal m-set, riei=O ·or riei-ei, i~l, •• ,t. ~ 

Corollary 3.2. If the maximal ~ of ~ ring R€~n has 

k elements ~ R ~ 2k idempotents. 

Proposi tion 3. 5. If ~ ring R€ ~n has fini te maximal ш­

Ш~ itJ 1! ~ ring with ~· 
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THI!U> AL';EBRJ\IC CONFI:RENCI: 

вeograu, З-4 DecemЬer 1982 

А SET OF SEМIGROUP n-VARIEТIES 

G. ~upona 

Let S=(S;·) Ье а semigroup and Q=(OJ[J) Ье an n-semigroup 
such that-06S and (а ••• а 1=а ••• an-; for any а Е: о. Then, О is 

1 n 1 v -
called an n-suЬsemigroup of s. If V is а semigroup variety, then 
we denote Ьу V<n> the class of n-semigroups that are n-suЬsemi­
groups of V-semigroups, and it is well known that V<n) is а 
quasivariety of n-semigroups. (See, for example [б; р.274], or 
(ЗЈ.) We say that V is an n-variety i!f V<n) is а variety of n­
semigroups; otherwise, i.e. if V<n> is а proP.er quasivariety, V 
is called а quasi n-variety. (Clearly, V<2>=V for every semi­
group variety). It is well known that both the set of semigroup 
n-varieties, and the set of semigroup quasi n-varieties are infi­
nite for any n ~ З. The same is true for the varieties of abelian 
semigroups. (The corresponding results can Ье found in (1], ~7Ј, 
tsJ and (2]) • Here we estaЬlish а sufficient condition for а se­
migroup variety to Ье an n-variety. It is shown that almost all 
the known n-var'ieties satisfy that condition, and some new exam­
ples are obtained. 

О. PRELIMINARIES 

0.1. Let Х={х ,х, ••• } Ье an infinite countaЫe set, ele-
, 2 

ments of which are called variaЫes and let ~+ Ье the free semi-
group on х. Elements of Х+ are called semigroup terms, and if 

~.n are semigroup terms, then (~,n) is said to Ье а semigroup 
identity. А semig~oup ~=(S;·) satisfies а semigroup identity 

(xi • • ·х· ' х· • • ·х· ) · f f f 1 t 
1 ~р ] 1 Jq ~ · or every sequence а 1 ,а 2 , ••• о е emen s 

of S the following equation holds in ~: а1 ···а1 а. •••а .• 
1 р Ј 1 Jq 

If Л is а set of semigroup identities, then Ьу Varл we denote 
the variety of semigroups which satisfy all the semigroup iden"t:i­

ties belonging to л. The complete system <А> of semigroup identi­
ties which are consequences of л is the transitive extension of 

Л2,, where: 
л 
о 

л - {(Е; • • ·~ , n ···n ) 
2 1 s 1 s 

(See also [,4] or (5].) 
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If ~ Е.Х+ and х. Е Х, then we denote Ьу k 1· the nwnЬer of 
~ ~ . 

occurences of Х; in ~;;, and thus 1~; 1 = Е 1~; 1. is the leng'th of 1;. .... ~ \ 

А semigroup term 1; is said to Ье (n,A)-irreduciЬl~ iff 

( 1;, ТЈ) Е.. <А> impiies 1~; 1 = 1 ТЈ t (mod n-1). Otherwise, i.e. if there 

is а 1; Е.Х+ such that (1; ,~;)Е:. <А> and 1 ~ 1 = l~; 1 (mod n-1), then 1; 

is (n,A)-reduciЬle. 

0.2. То every set А of semigroup ldentities we associate an 

index r=ind А and а period m=perл. First, if l~;li=IТJii for every 

i "- { 1, 2, ••• } and for every semigroup identi ty ( 1;, Т1) _Е А, then we 

write indA=1, реrл=О. (Namely, this is satisfied iff the variety 

'of abelian semigroups ABSEM is а suЬvariety of Var А Ј • Assume 

now that there exists а semigroup identity (~ 1 ТЈ)Е л and an inte­

ger i ~ { 1 , 2 , ••• } such tha t 1~; 1 it 1 Т1 li. Then, per А and indл are 
defined Ьу: 

perA 

indA 
g. с . d . { 1~; 1 i- 1 Т) 1 i 1 ( 1; , Т)) Е. л, i Е: {1 , 2 , ••• } } ) 

min { 1~; 1 1 (Ј Т1) ( 1;, Т1) Е. А, ' 1~; 1 t 1 Т1 1 } • 

It can Ье easily seen that indA=ind<A> and perл=per<A>i and thus 
we can say that indA(perA) is the index (the period) of the va-

riety Varл. We notice that if 
(xr ,xr+m) е. <А>, and moreover 

1 1 

m=perA > О and r=indA, then 
if (x8 ,xs+k) L wh е k 1 

1 1 о;;, <А >• er ~ , 
then s С!: r and m is а divisor of k. 

0.3. Let g=(Q;tJ) Ье an n-semigroup. Then the general 

associative law holds, i.e. for any k ;;: 1 and a 0 , ••• ,ak(n- 1 ) E.Q, 

the "product" la 0 ••• ak(n- 1 )] is uniquelly determined in Q; we 
also ·write [а].= а, for every а E,Q. 

If (~,ТЈ) is а semigroup identity such that l~;l=iТ11=1 (mod n-1) 

then it can Ье also interpreted ав an n-вemigroup identity. And, 

if every вemigroup identity (~;,ТЈ)Е л iв an n-вemigroup identity, 

then ve denote Ьу VarnЛ the variety of n-вemigroups which satisfy 

all the n-вemigroup identitieв (Е; •ТЈ) Е л. 

Аввumе now that л is а set of semigroup identities, and 
tn) 

denote Ьу л , the веt of n-вemigroup identities belonging to 

<Л>. It iв clear that if v=varл, Vn=Varn лfJI), then v(n) с. Vn. 

Moreover: V is an n-variety iff V(n) = Vn· 
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1 . МAIN RESULT 

Theorem. Let V=Varл Ье а semigroup variety with а period m, 

and let n ~ 2 Ье such that the following condition is satisfied: 

If t is an {n,л)-reduciЬle semigroup term, then there 

{а) 
km km exist х,уЕ.Х such that {х t ,t), {t ,ty )Е <Л>, for 

every positive integer k. 

Then V is an n-variety. 

The proof will Ье given in three steps, and the condition 

{а) will Ье not assumed in the first two of them. 

1.1. Let Q={Q~l1> Ье an n-semigrou~ and let Ол Ье the free 

semigroup in V with а basis Q. Thus, Q is а generating subset of 

Qл, and if а 1 ,а2 , ••• is а set of different elements of Q then 
а1 ... а1 =а .... а. iff (х .... х. , х .... х. )Е:..<Л>. Define а 

1 Р Ј 1 Ј q ~ 1 ~р Ј 1 Ј q 
relation 1- in Qл Ьу: ... а ... 1- ... a 0 ••• ak(n- 1 ) ••• , where 

а=\_а0 ••• ak (n- 1 )Ј in g. Let !--Ј Ье the symmetric extension of 
~ , and = Ье the transitive extension of 1~ . The following 

two propositions are obvious. 

1.1.1. = is а congruence on the semigroup Qл. 

1.1.2. g tV(n) iff the following statement is satisfied: 

а,ЬЕ_ Q => (а = Ь -> а = Ь). 

1.2. Assume now that .Q~Vn=Varnл[n], and that QЛ' 1-, 1~ , 
= are.defined as in· 1.1. А part~al mapping u ~ [uJ from Ол in 

Q can Ье defined in а usual way. Namely, u Е Qл is in the domain 

of [ Ј iff u=a а ... ak ( ) , where а Е. Q, and then the "value" 
о 1 n-1 v 

[uJ Of u is defined Ьу [uJ= [а 0 а 1 ••• ak (n- 1 ) Ј. The a'ssumption 

.Q ~ vn implies that [ ] is а well defined partial mapping. 

Let а 1 ,а 2 , ••• Ье different elements OI Q, and let 

u=ai ai ... ai . We say that u is irreduciЬle (reduciЬle) iff the 
1 2 р 

semigroup term х .... х. is (n,Л)-irreduciЬle ((n,Л)-reduciЬle). 
' ~1 ~р 

The foll:owing three proposition can Ье easily shown. 

1.2.1. If\u€Qл is in the domain of [Ј, then [u) 1- u. 



62 

1.2.2. Let u;v Qл Ье such that u \--\ v, and u.,is irredu­

ciЬle. If u is in the dornain of 't} , then v is also in the dornain 

of t) and rnoreover \,u1=~v1. 

1. 2. з. v is an n-variety iff every 9. Е. vn satisfies the fol­

lowing condi tion. I f u, v Е: Q Л are in the dornain о f l 1 and u :: v, 

then (u1=tv}. 

Frorn 1.2.2 and 1.2.3 we obtain the following proposition. 

1.2.4. If every sernigroup terrn is (n,л)-irreduciЬle, then 

V=varЛ is an n-variety. 

1.3. The proof of Theorern will-be cornpleted here, Ьу 

assurning that the condition (а) is satisfied. 

If rn=O, then all the sernigroup terrns are (n,Л)-irreduciЬle, 

and Ьу 1.2.4 we obtain that V is an n-variety. Thus, we can 

assurne that rn > О. 

Let Q.E. Vn' and u,vE,QЛ Ье such that u :: v and both u and v 
are in the dornain of[ ]. Ву 1.2.3 we have to show that Lu]=(v]. 

Frorn u = v it follows that there exisЧa sequence 

w1 , ••• wkE Qлsuch that k ~ О and u 1-1 w1 !-1 w2 1-1 .... 
1--t "k Н v. If one of u,v is irreduciЬle, then, Ьу ~, 

the sequence u,w~, •.• ,wk,v can Ье shortened in the case k >О, 

and we have tu1=tvJ in the саве k =О. Thus we can assurne that 
both u and v are reduciЬle. 

Let s Ье such that w=w8 is reduciЬle, and wt is irreduciЬle 

for any t < s. (If w1 is reduciЬle, then w=w 1 , and w=v if all 

the w1 , ••• ,wk are irreduciЬle.) 

The condition (а) irnplies that there exist а,Ь~ Q such that 
u•aimu, w=wbjrn, for any pair of positive integers i,j. The 

aввurnption u to Ье in the dornain of [ ]irnplies that i can Ье 
chosen in вuch а way that all the rnemЬers of the sequence 
aimw1 , ••• ,aimw8 _ 1 ,aimw are in the dornain of []. Then we also 

have: u Н а~1 1---f ••• Н aimw, and this irnplies that 
[u]=[a1~] = ••• •[aimw]. Let ј Ье such that j(n-1)rn ~ r, where r 
is the index of V. Then we have: w=wbj(n- 1)rn, ьj(n-1)rn+irn= 
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=bj(n- 1)m, and this implies that: a1muЬj(n- 1 )m~uЬj(n- 1 )m+im. 

Therefore we have: 

~1 imuЬj (n-1)m.uЬj(n-1)m+im 
••• 1 а , 

and: 

Finally, we obtain: 

[u] = [aimw] = [aimuЬj(n-1)m] = [uЬj(n-1)m+im] 

=···= [wьj(n-1)m+j,= [w]. 

This completes the proof of Theorem. 

2. COROLLARIES 

Cor. 1. If АВSЕМ is а suЬvariety of а variety у, then V is 

an n-variety for any n ~ 2. 

Proof. The assumption is equivalent to the statement that 

perV=O, and then all the semigroup terms are (n,A)-irreduciЬle for 
every n ~ 2. 

Cor. 2. Let m Ье а non-negative integer and n ~ 2 Ье such 

that n-1 is а divisor of m. If V is а semigroup variety with а 

period m, then V is an n-variety. 

Proof. If V=VarA, then .every semigroup term is (n,A)-irtedu­

ciЬle. (Clearly Cor. 1 is а special case of Cor. 2.) 

Cor. З. If V is а semigroup variety with an index r= .,1, then 

v is an n-variety for every n ~ 2. 

Proof. Let m=perV. If m=O, then we can apply Cor. 1, and 

thus we can assume that m >О. If ;=х ..•• х., and k >О, then we 
km km ~ Ј . 

have: (х1 ;,;), (;,;хј ) е.< А>, where V=VarA. Thus, the cond~-

tion (а) is satisfied. 

А semigroup variety V=VarA is а variety of periodic groups 

iff indV=l, perA=m ~ 1 and (х х~,х ), (xmx ,х), Е.< А>. From 
1 .. 1 1 2 2 

Cor. З we obtain the following one: 

Cor. 4. А variety of periodic groups is an n-variety for 
every n ~ 2>.. 
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Cor. 5. Let V=VarA Ье а variety of abelian semigr?ups with 

an index r, and let the following condition Ье satisfied: 

(13) If (;,n) is а nontrivial sernigroup-identity belong~ng 

to А, i. е. (;, 11) Е. А is such tha t 1 ; 1 i;C ln 1 i for some i ;?: • 1, then 

there exist j,k;?: 1 such that l;lj;?: ~ and lnlk;?: r. 

Then V is an n-variety for every n ;?: 2. 

Proof. We notice first that <А> also satisfies the condi­

tion (13). If r=1, then the conclusion follows from Cor. З. Thus 

we can assume that r > 1 and m > О. Let ; Ье an (n,A)-reduciЬle 

semigroup-term. Then there is а semigroup term 11 such that 

(;,n)E. <А>, and 1;1 ж lnl (mod n-1). Therefore, I;I.;Cinl· for 
~ ~ 

some i Е. { 1, 2, ..• } and this implies tha t there is an х. Е Х such 
km km Ј that 1;1. ;?: r. Thus, we have (х. ;,;), (;,;·х. ) Е. <Л>, for any 

Ј Ј Ј 
k > О, and we can apply Theorem. 

Cor._s: Ar,m=Var{x 1 x 2 =x2 x 1 , x~=x~+m} is an n-variety for 

every n ;?: 2, r ;?: 1, m;?: О. (This is in fact Theorem 2 of [1) .) 

Cor. б. Denote Ьу ll(k) the following set of semigroup 
identities: 

ll(k) { (х 1 ••• xk,x 1 ••• xixjxi+1 ... xk) 1 2:5i:5k-1, ј~ {1,k}}, 

\.,here k ;?: З. Then Dk =Var ll(k) is an n-variety for every n ;?: 2. 

Proof. First, it can Ье easily shown that if n ;?: З, and а 

semigroup term ~- is (n,~ (ky-reducib~e, then 1 ~ 1 ;?: k. In this 
case, if t=xny, then (х~;,;), (;,~у) Е. <ll(k)> for any i >О, 
and thus the condition (а) is satisfied. 

(We notice that it is shown in the paper [8] that D=D 3 is 

an n-variety for any n ;?: 2, and that the same proof can Ье 

applied for the general саве.) 

Cor. 1. okn АВsЕм is an n-variety for every k ;?: З, n ;?: 2. 

Proof. rt is easy to show that (а) is satisfied. 

(Cor. 7 is also proved in [ 2) Ј • 
• The following proposition is the main result of the paper 
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Prop. 8. If !.к =Var (х 1 .•• '1t, х 1 .•• "k"Jt+,) , "'=Var (х 1 •• ·"Jt, 

xk+1x1 .•. xk), ~ =Lxn ~, then lx, ~, ok are n-varieties for 
any k ~ 1, n ~ 2. 

We note that Qk satisfies the condition (а), but neither 

of the varieties ~· Rk satisfies (а). 

The аьоvе exarnples exhaust all tћ.е known sernigroup n­
varieties. А list of the known sernigroup quasi n-varieties will 

Ье given below. (see L1), [7), L2)). 

Prop. 9. If r > 1, and n-1 is not а divisor of rn, then 
Р =Var(xr1 ,xk+rn) is а quasi n-variety. 
r ,rn 1 

.Prop. 10. If n~ З and Di=Var(x1x 3 x 3 ,x1x 3 x 1x3 ), 

Dr=Var(x1x 3 x3 ,x1x 3 x 2 x 3 ), then both Di and Dr are quasi n-varieties. 

Prop. 11. Let s,rn,n and k Ье positive integers such that: 

n~ З, rn = О (rnod n-1) , rn~2s+1, rn~2s+2, s+2 s; rn, k ~ rn+2, 

and let ll(k} Ье as in Cor,. 6, and 

ll (k,s,rn) 

Then both the varieties 

var ll(k ) and ABSEмn var ll(k } ,s,rn ,s,rn 

are quasi n-varieties. 
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TllПW AI/::EBRAIC COi.;FEREIJCE 

Bco~rau, 3-4 DecemLer 1982 

ON *-REGULAR SEМIGROUPS 

Sin!§a Crvenkovic 

Тhе *-regular semigroups were introduced 

!n [2) , к. s. S.NamЬooripad and F .Pastijn !n 

In the present paper we consider some 

ties of *-regular semigroups. 

1. Introduction 

А *-semigroup 

operation *: s~s 
* 1.) (а*)= а, 

2.) (аЬ)*= Ь*а*. 

is а semigroup 

satisfying 

Such а unary operation * is 

involution. 

equipped 

sometimes 

Ьу M.Drazin 

[ 4] • 
basic proper-

with а unary 

called an 

А 

exists 

semigroup S 

хЕ S such 

is regular if for each 

that а = аха. For аЕ s, an 

аЕ s, there 

element хЕ S 
is an inverse of а if а = аха, х = хах. An idempotent 

of *-semigroup is called а projection if е*= е. Denote 

the set. of idempotents Ьу Е (S) . 

It is well-known that every semigroup is embeddaЬle 

in а regular semigroup. Also, it is easy to see that 

every semigroup is embeddaЬle in а regular semigroup 

with involution. Namely, let S Ье а semigroup and s1 
а regular semigroup such that s С s1 • Take s2 to Ье 

left-right dual of s1 and ф Ыjection such that 

ф(S 1 ) = s 2 . If т is the 0-direct union of s 1 and s2 , 

define *: т~т to Ье 

х* '=lф ~:)'х х~ ~1 
-1 

,Ф (х), хЕ: s2 
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Obviously, s2 is а regular semigroup with invo~ution 

such that SC т. 
2. вasic properties 

* 

Let s Ье а semigroup with involution. If 

class of S contains а projection, then S is 

every ff­

called а 

*-regular semigroup. 

THEOREM 1 [~ . Let S Ье ~ semigroup with involution 

Then the following statements ~ eguivalent. 

(i) Every ff-class 

(ii) for every аЕ S 

(iii) for аЕ S, а* is 

(iv) for every aE·s, 

rse of а, 

of S contains ~ projeotion, 

we have a*.affa, 

ff-equivalent to some inverse 

а* is Jt'-equivalent to some 

* 

of а 

(v) for every аЕ s there exists an element х which 

satisfies аха а, хах = х, (ах)*= ах, (ха)*= ха. 

Many nice examples of 

in [~ . From the paper 

the semigroup Mn(C), of 

regular semigroup with * 

*-regular semigroups 

of R.Penrose ~ we 

are given 
see that · 

complex 

as the 

n>< n . matrices, is а 

conjugate transpose 
*-
of 

а matrix. Some statements from [~ , for 

any *-regular semigroup. 

matrices, could 

Ье applied 

LЕММА 1.2 

conditions 

following. 

(vi) For 

to 

Let 

of 

S Ье ~ semigroup with 

Тheorem 1 are equivalent 

аЕ S there exists хЕ S 

хх*а*= х, хаа*= а•; 

involution. The 

to each of the 

such that 

(vii) For every аЕ S there exists УЕ S such that 

а*у*у =у, а*ау s а*. 

Proof. If S вatisfies (v) of Тheorem 1 we have 

хах = х(ах)*= хх*а*= х 

and 

а*х*а*= (ха)*а*= хаа*= а*. 

Conversely, if хх*а*= х, then 
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(1) х(ах)*= х 

i.e. 
(2) ах(ах)*= ах. 

Fran (2) we have 
Analoqously, from 

(ах)*= ах(ах)*= ax.From (1) we qet хах=х. 
хаа*= а* we have that ха= (ха)* and 

аха = а. 
(vii) is similar to (vi). 
LЕММА 2.2 ~ If s is а *-reg:ular semig:rouJ2 then there 
exists !. unigue х such that the condition (v) of Тhео-

rem 1 is satisfied. 
we denote with at an х satiвfying the condition 

(v) • 
LЕММА З. 2 [41 If s is а *-reg:ular semig:rOUJ2 1 then for eve-

~ аЕ s we have 

1.1 

1.2 

1.3 

1.4 
LЕММА 

а*ау = 
Proof. 

* 
(ха) = 

* 
(ау) = 
sfies 

(а t) t = а, 

t * 
(а ) = (a*)t, 

(a*a)t= atat* 

t t* * t * t* t t * * * t 
а а а = а а а а а аа = а = а а а 

4.2 In а 

then 
*-regular 
t 

semigroup s, 1f хаа*= а* 

а*, 

Fran 
ха 

ау 

(v) 

а = хау .• 
хаа*= а* we have that хаа*х*= а*х* i.e. 

and аха = а. Analoqously, from 

and ауа = а. It is easy to 
i.e. at= хау. 

а*ау = а* 
see that 

we 
ха у 

have 
sati-

ТНЕОRЕМ 2. Let S Ье а semiqroup with· involution. Тhen 

the following conditions are equivalent. 
(А) s is ~ *-regular semig:roup; 
(В) For any аЕ S, there exists zE S such that 

аа*ё/.Z = а; 
(С) For any аЕ S, there exists wEs such that 

waa*a = а. 
Proof. (А.)~ (В) • Leпuna 1.2 implies that for every а Е s 
th~re exists хЕ- S such that хх*а*= х and .. хаа*,;. а*. 
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We have that хх*а*аа*= а*. If we put z = хх*, t~en 

aa*az = а. 

(В)~(А). From aa*az =а we have z*a*aa* =а*. Deriote х 

* = (az) . Then, хаа* = а* i.e. а*х*а*= а* so that хх*а*= 

* = z*a*x*a*= z*a*= (az) = х. 

(С) is the dual condition of (В) • 

From consideration above, we 
* 

have that aa*az = а 

implies а (az) а= a.Conversely, if in а 

involution, for every аЕ S there exists 
* 

semigroup 

zE. S such 

with 

that 

a(az) а а, then S is а *-regular semigroup. Namely, 
* a(az) а =а means that az*a*a = а i.e. a*aza*= а*. Denote 

za*= у. There exists ·vE S such that а* (a*v) *а*= а*. We 

have that a*v*aa*= а*. Denote a*v*= х. From Lemma 4.2 we 
t . 

see that а = хау. Тhus we have proved the following: 

COROLLARY. А semigroup S with involution is а *-regular 

semigroup- if and onlt if for every af S there exists 

zE S such that a(az) а = а. 

PROPOSITION 1.2 Let S Ье finite *-regular semigroup. Then, 

for each а Е S, 

t t-1 
а= (а*а) а*, 

for !!..Q!!Ш. t >1. 
Proof. If а*аа*а = а*а, then 
= ((aat)*a>*= (aata>*= а* we 

so that at= а*. In monogenic 

exists an idempotent (a*a)t, 

(a*a)t(a*a)t= (a*a)t 

·i.e. 

a*aa*aat= a*aat. As a*aat= 

have а*аа*= а* i.e. аа*а = а 

semigroup <а*а> there 

for some t )1. 

(a*a)t- 1 (a*a)t+1= (a*a)t. 

Multiplying the last equality 

we have (a*a)t- 1a*aa*c а* i.e. 

t t* with а and а successively, 
t-1 

аа*а(а*а) = а. From the 

proof of Тheorem 2 

ТНЕОRЕМ З. Le t S Ье 

we 

а 

have that а 1"= (а*а) t- 1a•. 

*-regular semigroup. Then 

at= a*u*ava* 
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for any u,v such that 

Proof. Fram aa*uaa*= аа* 

aa*uaa*= аа* and a*ava*a = а*а. 
we have aa*uaa*at*= aa*at* i.e. 

aa*ua = а во that a*u*aa*= а*. Similarly, we have 

a*ava*= а*. If in 

va* to Ье у, we 

З. Conqruences. 

Lemma 4.2 we take a*u* 

see that at= a*u*ava*. 

to Ье х and 

А relation р on а *-sern!qroup S 18 called а *­
* relation if (ар)= а*р for all aEs, where ар denotes 

the p-class containinq а. We say that р preserves * 

Let S Ье а reqular serniqroup. An equivalence п on 

E(S) is called norrnal if and only if there is а con­

qruence р on S so that п = р n (Е {S) Х Е (S)) • We say that 

п is norrnal equivalence associated with р. If р is а 

conqruence on S, then Kerp {аЕ S: ар= ер, for sorne ef S} 

is the kernel of р. 

on 

on 

Ье 

Р .G. Тrotter in 1.7.] 

reqular 

sets of 

а norrnal 

serniqroups in 

idernpotents 

equivalence 

qave 

terrns 

and 

on 

description 

of norrnal 

of conqruence 

equivalences 

conqruences. Let п 

notions qf п-kernel 

.271,9l71 
reqular 

and Jfп-relations we 

serniqroup. It follows 

kernels of 

E(S). For 

refer [1] • 

that 

Let s Ье а *-

and 

9l 71 = {(а,ь>Е sxs; (aat71) (bbt71)nььt71.; {ll, 

(ЬЬ t 71) ( аа t 71) n аа t 71 'i' {ll } , 

.2 .{(а,Ь)Е:· sxs; (ata71) (btb71)n аtап '1' {ll, 
71 

(Ь тЬ71) (а t a71)n Ь tb71 'i' {ll } 

Frorn Theorern 2 . 2 in l7] " we have 

PROPOSITION 1.3 Let (S,.,t,*) Ье ~ *-regular sernigroup. 

If р is ~ congruences· of (S,.), then 

·р {(а,ь)Е Jf71 : abt, аtьЕк}, 

where К Kerp and 71 is the norrnal equivalences associ-
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ated with р. 

If р is an idempotent separating congruence" on 

( S , . ) , we have 

(1 ') (а,Ь)Е Jf" тr===> (а t ,Ь t),~Jf" тr 

( 2 -:') ' (а,Ь)(:- Jf" тr =(а* ,Ь* )(;Jf" тr 
t t t - t t i· Namely, аа тr = аа , ЬЬ тr = ЬЬ , а атr = а атr and btbтr = btb 

bbt from so that (а,Ь)ЕЈf" '1Т implies ata = ьtь, aat 

which (1') and (2')· immediately follows. 
(а,Ь)Е p====':>(at,Ьt)E р, as at(bt)t= atb and 

Also, 
(at)tb = abt. 

PROPOSITION 2.3 Let (S,.,t,*) Ье ~ *-regular semigroup 

and р Ье ~ idempotent separatin~ congruence on (S,.). 
* Then р preserves t and * if and only if (Kerp) =~ёrр. 

Proof. If р preserves t and *, then, obviosly, (Kerp) = 
* = Kerp. Conversely, if (Kerp) = Kerp, since р is symetric, 

fran (2 ') we have that (а,ЫЕ р implies (а* ,Ь*)Е- Jf" тr' 
abt, atb, Ьаt, btafк and a*b*t, а*tЬ*Е: К*= к. It follows 

that (а* ,b*)f р. 

ТНЕОRЕМ 4 • Let ( S, • , 1·, *) Ье а *-regular semigroup. Тhen 
* р preserves t and * if and only if (Kerp) 

(e,f)f P===>(e*,f*)E р, where e,fE E(S). 

Kerp and 

Proof. Similar to the proof of Theorem 4.4 [~ . It should 

Ье noticed that S/cr , in the proof of Theorem 4.4 ~ , 

is а *-regular semigroup and the relation 

p/cr = { (acr ,bcr)E S/cr Х S/a : (а ,ЫЕ р } 
is an idempotent separating congruence on S/a with 

* (Kerp/cr) = Kerp/cr. Fran Proposition 2.3 we have that p/cr 
preserves * so that р preserves * 

In [З] T.Imaoka gave а characterization of congru-
ences on special *-semigroups. 

Using the previous considerations and the notion 
of normal(adш~ssiЬle) set of suЬsets [il p.SB, it is 
possiЬle to give similar characterization of congruences 
on *-regular semigroups. Тhis will Ье presented elswhere. 
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Abstract 

50МЕ PROPERТIE5 OF ТНЕ OEFECT OF DI5TRIBUTIVIТY 
OF А NEAR-RING5 

V.Da!\1~ 

The near-rlngs wlth defect of dlstrlbutlvlty generallze the dlstriЬutlvely 
generated (d.g.) near-rlngs. In the case when the defect D is zero, we oblaln 
the class of the d.g. near-rlngs. In this paper we consider some propertles of 
the defect whlch аге related to а structure of а near-rings. 

А near-rlng R ls an algebralc system wlth two Ыnary operatlons, addl-

tion and multlplicatlon, such that 

1° (R,+) is а group 

2° (R,.) is а semigroup 

3°x(y+Z)=xy+xz for all x,y,zER 

We suppose also ох=о for all xER. 

Let R Ье а near-ring. We recall that the subsemigroup (5,.) of the 

semigroup (R,.) is а set of generators, if (R,+) ls generated Ьу 5. The defect 

of distributivity of the near-ring R is the normal subgroup D of the group (R,+) 

generated Ьу the set 

{d : d=-(xs+ys)+(X+y)s, x,y(.R, sE-5 ~ 

The near-ring R with the defect D will Ье denoted Ьу (R,5) when we wish to 

stress the set of generators 5. Every element of R can Ье represented as 
~(+ s.), (s. 5). 
"- - 1 1 

When we say that the near-ring (R,5) has the defect D, this means 

that Dl R. If addition to 5=R we ob!~in the class of the D-distributive near­

-rings. In this case, for all х,у ,zER there axists dED such that 

(x+y)z = xz+yz+d. 

Finally, if D=R then the defect D depends no upon the set of generators, In this 

extreme case R is the D-distributive near-ring as well. 

А subgroup (В,+) of the group (R,+) is called а right R-subgroup iff 

BR=ibr: ЬЕВ, r€R Ј ~В. А subgroup (В,~) of (R,+) is called а left R-subgroup 

iff RB S:B. А normal subgroup (В,+) of (R,+) is а right ideal of R iff (X+b)y-xyt;B 

for all x,y~R, ЬЕ.В. А right ideal В of R which is а left R-subgroup is an ideal 

of R. 

Let (R,S) Ье а near-ring with the defect D and let (А;+) Ье а normal 

subgroup of (R,+). The normal subgroup of the group (R,+) generated Ьу the 

elements of the form 
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d=-as-xs+(x+a)s, (xE:R,scS, а~А) 

is called the relative defect of the sub.set А with respect to R. А t similar way, 

we define а relative defect of а subset Ac.R as the relative defect of А, 

where А is the normal subgroup of (R,+) generated Ьу А. The relative defect 

of the suЬset А с R will Ье denoted Ьу Dr(A). For basic definitions and prope­

rties aЬout near-ring with defect see [!]. 

PROPOSTION 1. Let R ~~ near-!..!!2.9 with the defect D. The ~ 

ДO(R)={aER: aR S D }~ ~ nilpotent ideal ~f R Ј.!. and оп! у Ј.!. D ~ nilpotent • 

Proof, Ву Theorem 3 of [2] A0 (R) is an ideal of R. lf D is а nilpotent 

ideal of R, where the index of niopotence is n, then for all а 1 , ajeA0 (R) we 

have aiajED and а 1 a2 ••• a2n-l a2n=(a 1 a2) .•. (a2n-l a2n)=D. Thus, AD(R) is а nilpo­

~tent ideal of R. 

The converse follows immediately, because D ~A0(R). 

The following theorem generalize а result of Dover ( [3], Т 6) and а 
result of Freidman ( [5] , Lemma 2.1 ). 

TI-EOREM 2. Let R ~ ~ D-distributive near-ring, then R 'sA0 (R), 

whel'e R'~ ~ commutatoг subgroup о_!: (R,+) . .!!_Ој§ contained !!_Ј the commu­

tata' auЬgroup R', then R ·~ ~ nilpotent ideal 1?.!_ R Ј.!. and ~Ј.!. D ~ @potent. 

Proof. Ву Corollary 2 of Proposition 2.7 of [I]R'RSD. Hence 

R ''f'A0 (R). If D is contained in R' , then Ьу Theorem 3.4 of [1] R' is an ideal 

of R. Let D. Ье а nllpotent ldeal of R. Then Ьу Proposition 1 A0 (R) is. а nilpo­

tent ideal of R. But R's;A0 (R), i.e.R'is nilpotent. 

Тhе converse ls lmmedlate. 

TI-EOREM 3. ( [1] , Lemma 3.2.) Let А~ ~ normal S-subgroup .9.!, 
· the near~ R wlth the defect D. А .!!_~ ~ ldeal of R .!f_ and only .!f_ 

Dr(A)sonд, where Dг(А) ls а relative defect of the subset А. 
Тhе followlng theorem characteгlze the relatlve defect of а subset А. 

TI-EOREM ·4. Let (R,S) Ье ~ near-!!!ш_ wlth the defect D. а).!!_ А Ј! 
.!·!!!t!!._ideal ~R, then the гelatlve defect Dг(А) of the subset А~~ ldeal 

of R. 

Ь) lf А ls--aniJdeal of R, then the гelatlve defect D (А) of the subset А ls an 
- ----- ---------- г ---- --

ldealofR. 
:r---

ProЬf. а) Let d =!<г 1!( -a 1 s 1 -x 1 s 1+(x~ 1) s1)-r f)ЕОг (А) (г f'XIER, s1 E;S, 

а1ЕА). W~ need to shcw that fог all у, zE:R and dE.Dг(A) 1t follows (y+d)Z­

~r(A), Let z= !_(:s1) (s1€s). 



Applylng lnductlon on ј wз need о,,Ју to show that 

(у+{ ~as-xs+(X+a)s Ј s(ys1ror (А) (x,ye:R, s,s1es, а Е А). 
Clearly, 

(у+ ( -as-xs+ (x+a)s] s (Ys_j"'YS ј+ (-as-xs+ (x+a)s) s Ј -ys J+ys Ј- [-as-xs+(x+a)s] s j-ys ј+ 

+[у+( -as-xs+(x+a) s)js(ys1• 

It is easy to see · that -as-xs+(x+a)s=-as-xs+(x+a)s-xs+x.s(A. Ву deflnJtion of 

Dr(A) we have 

- [-as-xS+(X+a)sJsгysj+ {у+( -as-xs+(x+a)s] s1 ~or (А). 

From Theorem 3 it follows that Dr(A) ls а right 5-subgroup of R, since D is 

an ide8l of R. Hence [-as-xs+(x+a)sjsj€[)r(A). Since Dr(A) is а normal sШ~aup 

of (R,+) we have 

Thus 

[Y+(-as-xs+(X+a)s)Jsгysi EDr(A), i.e. Dr(A) is а right ideal of R 

Ь) Ву definition of Dr(A) every element in Or(A) has the form 

l.,.(r 1 -:!:dгr 1), where d1=-(x1s1+a1s1)+(x 1 +a1)s1 (x1,r i Е R,s1GS, а 1 Е А). For all r€R 

and d=-as-xs+(x+a)sEDr (А), -(xE:R, sбS, а Ед) we have г [-as-xs+(X+a)s]=­

-ras-rxs+(rx+ra) sfDr(A), because А is а Itft R-subgroup, i.e.ra!A. Тhus Dr(A) 

is а left R-subgroup. Conseguently, ,Ј/А) is an ideal of R. 

Oefinition. Let (R,S) Ье а near-ring with the defect D. 

The subset В of R is а subnear-ring with а defect if and only if. В is а suЬnear­

-ring of R and (В,+) is generated Ьу s'ss. 
Clearly, every subnear-ring with defect is а subnear-ring too. Тhе 

converse is not true in general. Therefore the class of all near-rings with defect 

is по variety as well as the class of the d.g. near-ring. Meanwhile the class of 

all D-distributive near-rings just like the' class of the distributive near-rings is 

а variety. 

Let В Ье а subnear-ring with the defect О( В). Clearly О( В) ~В(\0. 

Ву Theorem 3.3 of {1] it follows that D(B) is an ideal of В. lf В is an ideal 

of the near-riпg (R,S) with the defect D, where the set of geпerators of 

(В,+) is S'c_:S, theп 

D(B)<; D (В) С:: В(\ О. 
\ г 

From" Corollary of the Theorem 2.6 of (1] we oЬtain the following 

two propositioпs. 
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PROPOSIТION 5. Let (R.';s) ~ ~ near-rJ!ш with the defect D and М 

А ~ ~ ideal l?.f_ R .• .!.f. В 2 А~ ~ ~.:.ring .9.!_ R, where (В,+) ~ generated 

!!l s·ss, then В/А ~a_d~near-ring ·!.! and ~!.! D(B)SA. \ 

PROPOSIТION 5. Let R ~ ~ D-distгiЬutive ~ ring with the defect 

D ~let А Ье~ ideal ~R • .!.f.BгA~~subnear-ring.2J R, then В/А is а 

distгibutive near'-~ .!!._ and orш__i!_P(B) ~А. 

THEOR~M 6. ·~ (R,S) k ~ ~-ring with the defect D and М В 

Ье a_subnear-ring of__R, where (В,+) i~ generated Ь_у s·~s. lf ВtiD= {оЈ, then В 

is distr!Ьutively generated. ~а_ subnear-ring. 

Proof. From BliD = {о jit followэ 8(1D(B)= {о}, since D(B)SD. Thus Ьу 

the Lemma 4.2о of (4jit follows В+D(вр(в)-:::В/D(В)/18. Ву using the P~oposi.,. 
tion 5 we have that B+D(B)/D(B) is а d.g. near-ring. Thus В is distr!Ьutively 

generated as а· subnear-ring. 

The proof of the following theurem ls arialogous to the proof of the 

Theorem 6. 

THEOREM 6'. Let R .Е.!:._~ D:-distrlbutive ~ r~~ with the defect D 

and ~В .Ье ~ subnear-ring.2J R.J!. 8/ID = l ој, then_ § ~ distгibutive a~a­

subnear-ring. 

For example, the near-rlng on 0 8 ( [6], (4) р.345) is а near-ring with 

the defect D =fo,2aj. The subnear-ring B={o,b}is а d.g. subnear-ring, just а 

dlstr:butlve subnear-rlng. 

THEOREM 7. Let (R,S) Ье ~ near-ring wlth ~ defect О and ~ R 

Ье ! ~ direct ~ .E.f ~ non-empty cbllection о_! the ideals А 1 tE{I ,2, .•• ,n} 
where D=Aj f![_s~J,l1,2, ••• ,nJ_lf__f~i!!LJ~ ј, the set rE generators s1 ~ •he 

suЬgroup (Al'+) !!. a_!ubset ~ $, then R ~ ~ dlrect ~ ~ the defect D and rE 
the ~subnear-rlng В=~А 1 • 

1#: Ј 
Proof. Ву Theorem 6, д1 is а d.g. near-ring for all 1~ Ј. From Тheorem 

6.-9 а) of [6]every dlrect sum of d.g. near-rlngs ls а d.g. near-ring. Thus 
"' В .. fDAJ ls а d.g. near-rlng. Hence R=вtD. 

1~ 
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ON ТНЕ ТWO-CARDINAL PROBLEМ 

Aleksandar Jovanoviб 

For а first order theory Т with а unary predioate symbo1 Р 
it is interesting to know а11 pairs (~,~) admitted Ьу Т. 

The following two theorems are from (1). 

ТНЕОRЕМ 1. (GCH) Buppose rJ.. ~о~.' ~јЪ'~(':,) ~ w 
~- every theor;y Т in L whioh admi te (o(,f'!l), 

(t(.',~). 

1 
and 1\L\\ '.,1... 

admits a1so 

ТНЕО~ 2. Let L have .!. unary predicate symbo1 Р • .!.! о1.. ~{Ъ)IАЈ 

·!Ш! о( ~rъ' ~~ 1h!!! every (оr.,(Ъ) mode1 Ш !. oomp1ete extensio:a. 
which is Ш! (ol.-....>,1~) mode1. 

Now it is quite c1ear that the most interesting саеев are the 
ex~re11e ones, motivating the fo11owing definitionв. 
The pair (о<,(Ъ) is (when exists): 

Left Large Gap (LLG) for Т iff Т admits (d,~) a:a.d 4Фе8 
not admit any (ot.',rъ) for r:J..' >ос.. 

Right Large Gap (RLG) for Т iff Т admits (~,~) an4 4••• 
not admit any (o(f\~) for rь' <. ~ • 

Large Gap (LG) for Т iff- (С(,~) is LLG and RLG. 
~ Sma11 Gap (LSG) for Т iff Т admits (~,~) and does not 

admi t any (е><\~) for с/..1 <. ci. • 

Right Small Gap (RSG) for Т iff Т admits (~,~) and dоев 
not admi t any (rA ,ф) for (Ъ' ~р.:, • 

§!!!&!. Gap (SG) for Т iff (01 9 iЪ) is LSG and RSG. 

It is c1ear that we can correspond partial cardinal functions 
л~ > ~ t4 ' to any theory т, so that (when exists): 

СЛ.(к.),\с:.) is LLG 
(k., /\,(К)) is RLG 
( Л2. (i.<:.)'., \<'_) is LSG 
(к, 1\.:>.(У:Ј) is RSG 

'-"' 
for all к.' 

/ 
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For а given t~eor,y·т it would_be interesting to determine the 
.f'unctions Л~ ·~d their domains. 'On the other hand it. would Ье 
nice to know what pairs can Ье ( ) G. Lacking the chai'acteri--- '· 
zation we o.f'.f'er the .f'ollowing discussion. 

ТНЕОRЕМ 3. ' Let f\ 0 .!!!!, . Л~ Ье cardinal operations de.f'ining 

LLG .f'or theories Т4 ~ Т'2. , .f'er ~К. • Ц .Q!!!. o.f' the .f'ol­
lewing ~ 

1. GCH 
2. · Ло is monctonous 
3 .• \~ (k)\w~ (\~(к) 

then ~ iв .! theoq Т ~ ~ ( (Ло о 1\:) (\9 , 1() is LLG .f'or 
т. ~ s1milaz- is t:rUe .f'or RLG. 

~· Let 2Ј.,. =(.A.,v, ••• ) Ъе а model .f'or т" such that V 1s 
an interpretation o.f' predieate symbol Q and / V\ ~ /\: (k), 
·.\А\-= (1\,of\~)(lc.). Let ~ =(в,u, •.• ) Ъе а model .f'or '.1!2 such 
that U is an 1nte:t'Jretat1on o.f' predicate symbol Р and L U \-.=. \(. , 
tв \-..~~(к). We may sup~~I!J.~ that L..rt() L.T: f and that Т.2. has cl­

osed ax1oms. Cons1der.\th8 extension Т о~ ~ obtained in the 
.f'ollow1ng way. F1rвt,· take Т 1 to ъе·а theor,y 1n the language 

1· . 
Lr,U ~ with the axioms o.f' т~. Extend Т to Т add1ng inter-
pretati\n8 of axiom8 o.f' Т 2. 1n t:Ь.е language ~ 1.) Lт :а.. The 1n­
terpretation 1в de.f'1ned in the .f'ollow1ng way. On Lт~ 1t is 
the 1dentity. In. the ax1oms·o.:r TL every вub.f'ormula o.f' the .f'o­
rm .;})( 'е 18 replae~d w1th the .f'ormula 3,., (Q(~)~ 'е) • The un1-:_ 
тerse o.f' the 1nterpretat1on 1а Q, во we 1ntroduoe the axiom 
3)( Q(x). I.f' F 18 an n-ary .f'unct1on symbol o.f' the language 
then the ax1om o.f' Т iв .f'ormula Q(x~!..~Q(~ ~ Q(F(X1 •• ,1(.._)). 
Ua1ng' the Ы~ect1on \B\•\V 1 ,а model ~ , an expanвion o.f' ~ 1в 
oonstructed. Let f Ье such а Ы~eot1on. Extend t to an 1somo­
rphisam. Jor с~ :Ц,..2 ~e.f'1ne о~ • .f'(c). I.f' 1!' 1s а .f'unction sym­
bol 1n r._ de.f'1ne 

~ ~ ~ _, 
Г(а~ ••• а...) • 

i.f' а1 , ••• , а"' ~v __21.. \ 1!' (t а, .. . t а .... ) 
arЫtrary otherw1se. 

I.f' R 1s а pred1cate 8ymbol in Lт. de.f'1ne the 1nterpretation 
ot R . 2. 

_2,1_ • ф _, _, 
R .... (a" ••• а"" i.f'.f' R (.f' а~ •• • t ам). 

Now cons1der predicate symbol Р in L'Т and model .U,."~, U, •.• ) 
f'or .~. ~ is ( СЛ.• f\;) (1(), 1() model. 
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Let Ц.·...(A,v,u, ••. ) ьe-some model tor Т with [Ut==k. Let V 

and U Ье interpretations for Q and Р, respectively. Let r,r,• 
Ье ~he reduct of LТ) tQJU Lт~ and let Т~ have the interpr~­
tations ot axioms or Т as the only axioms. It follows that 

1 
\VI~~. (k). Using the hypothesis in the similar way, we get 

tA 1' <Л.а л:)(k). 
COROLLARY. Let Т 1 and T.z. Ш!:!.! (1\(k.),l<) and (l<,r(к.))!.!. LLG 
~ RLG, ~ k , respectively. Then ~ is .!. theor:y Т Ш 
~ (Л(k),r(k.)) is .LG. 

ТНЕОRЕМ 4. With ~ hypothesis 2! !а! corollary the tollowing 
~ ~ for any ultrafilter D: 

r ( 1 g к 1) ~ 1\~ r (k) \ ~ н~р' \ ~ џ~ л<\(.) \ ~ t\ < \ Q k '). 

~· It а theory admits pairs (о<~,(~~) ror ~t:-I and 1t D is 
any ultratilter over I then the theot7 adm~ts pair (\Q..(.:\,\Q~\). 

It tollows that т" admits the pair (\\\1\(k.)\ ,\r\ k\) and that т2 
ъ tl 

admits the pa_ir (\~\1'..\,\Qr(к.)\). Since (1\(Hjк\),IQI<..\) is LLG 
tor Т-1 and (\f\\<.\ ~\'(\С\1<..\)) is RLG for Т2., the proof follows 

о ~ 

from basic ultrapower cardinality relations. 

The following theorem is trom (1). 
ТНЕОRЕМ 5. ~ ~ theories Т 1 ~ T.z..~ ~ for !Ц к. 
(W,~-<-) is LLG for Т 
(2k,к) is LLG tor Т • 

The above theorem gives some ~xamples. There is а theory •uch 
that for all k. , ( k.,(() is LG. The axioms ot Boolean algebra 
and the definition or cellularity are first order, so we can 
consider models (к, cel(K)). Let ded(D,~) Ье the oardinality 
of the number of Dedekind cuts in (D,<). Michell has prooved 
the independenoe оfк<.:. dedt\<.)<.21<. for all "' • In (3) is given 
an example of а theory Т such that for all 1(, (ded(К) ,К) is 
LLG for т. It would Ье i~teresting to have more examples. Here 
we mention some consequences of the above. 

1. for all "E:t.J and all cardinals Л , 
(w..ЈЛ) ,А) and · 
(d., (А),)") ~ LLG. 

""' 
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2. -for ill"'-~• all/cardinals ').. and !Ш ultrafilter D 
\t"\ <ч.,( Л)\~ LtJ"'- OQ Лl), 
\~~""С).)\~ ~,...С\\)>-.\)\ 

\П ded(~)\ ~ ded(lr\ >-. \). 
~ ~ . 
3. let {\ Ъе -F, finite comЫnation of operations . c'.LI"'-( ) , 

~ ) and ded ( ) , Ш! example 1\ = •+ о~ )cded~ ( ) • Then 
\ ~k) \ -~ 1\ ~ НЈ \с.\) , in the example 

\П ~(ded~(k})\ ~ ~"';(ded?>(\lj ~\)). 
~ 

W• note that if (~,~) is LG then there are no strongly com­
pact cardinal k..Ъetween .tь and d..• • 

The above considerations are cone~ted with the continuum 
proЫem. Let D Ъе Magidor's nonregular ultrafilter over ЧЈ~. 
Then \П w.,\ 'Uo3and lr\w3 \ = 2"'~. Using the mentioned consequen-

1) "'"' ~ +-+ ces we. getz 2 3 : IQ'-"•!> \ = \Q ~.U 11+т\ ~\Qw~ \ ~ wS', 

Since in Magidor'в mode1 GCH ho1ds the apove is not interesti­
ng. Bu~ ~:r D is а nonregu1ar u1trafi1ter over GJ3 1ike Magidors, 
thus 1 Q w1 \ { LJ!>, then 2 t.V1. = w3 implies 2 .....,3 ~ l.t.J S" • It fo1-
1ows that the existence of u1trafi1ter with the cardina1 funct~ 
ion with jumpe, invo1ves bounds for the. continuum function, as 
the above and simi1ar examp1es вhow. 
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THIRD ALGEBRAIC CONPERENCE 
Beograd, З-4 DecemЬer 1982 

ЕМВЕDDШG OF ALGEВRAS Ш DISTRIВUTIVE SEМIGROUPS 

s.Xa1a;jdZievski 

Abstract.Suba1gebras of different kinds of distributive se­
migroups are considered in (11] , {8] and С9] • Here we make 
corresponding investigations concerning 1eft {right) semigroups. 

· We a1so esteЬlish some conections between u-suba1gebras and 
n-subsemigroups of each of the c1asses of distributive semigro­
ups, whereas с.) is an n-ar;y operator. 

О. PRELIМINARIES 

Necessar;y pre1iminar;y definitions and results wi11 Ъе sta­
ted first. 

An (l-a1gebra ! = (А~) is an !l-sub&1gebra of а semigroup 
§. = (S;.) if ASi S and there is а mapping (о)..,..ё;) from .Q into S, 
such that 

(1) Q(a1 ,а2 , ••• ,~) = ё3а1 а2 ••• an 
for everyQ(Jl(n), a1 ,a2 , ••• ,an~ А (!l(i) denotes the set of а11 
i-ar;y operators in .Q ) • 

If {w} =.Q(n) =Л. , then instead of "n-(sub)a1gebra" we say 
11 с.)-( sub )a1gebra". An (.) -a1gebra ! = (А;Со)) is called an n-Ш­
semigroup of а semigroup §. = (S;.) if c.>ti!l(n), n~3, As&-S and 

(2) с.>(а1 ,а2 , ••• ,~) а1 а2 •• ·~ 

for аЈ,.1 a1 ,a2 , ••• ,an' А. 

Let V Ье а variety of semigroups.·Then VЏl))(V(n)) denotes 
the c1ass of .Q.-su'l!>a1gebras (n-subsemigroups, resp.) of semigro­
ups in V and Vv(Q) (VV(n)) denbtes the variety of .!l-a1gebras 
( сЈ -a1gebras, resp.) defined Ьу the set of а11 identities va1id 
in VЏ2) ( V(n), resp. ). If V~ (V(n)) is а variety then cle­
ar1y Vv(Q.) = V(D) ( Vv(n) = V(n), resp.). But in general V(,Q) 

(V(n)) is а quasivariet! (10, pg.254]. In severa1 papers (~2], 
(3], t41, tб], [7], [8] , [9}, 111] , {12), [131) specia1 varieties V are 
considere'd and the corresponding answers whether V(Д) (V(n)) is 
а proper ~uasivariety or а. variety are given. One of the f~s~ 
resu1ts_is\that SEMcQ) is the variety of all !l.:_!i1gebras t1] , 
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and the other is that SEM(n) is the variety of all n-semigro­
ups (4] , whereas SEM denotes the va~iety of а11 seщigroups. 

Here we .are dea1ing with the fo11owing four vari~\ties of 
semigroups: The variety J:)f. (!:Г) of 1eft (right, res~. ) dis­
tributive semigroups, i.e. the variety defined Ьу the··.1eft 

,. (right, resp~) distributive law · 

(3) xyz = xyxz ( (3') xyz =·xzyz ) 
the variety .:0 = :r:J-nJ:J r. of distributive semigroups and the 
variety JDc of commutative distributive semigroups. 

It is .shown in (111 that .Ь(n) is а variety. and that :r/'Cn), 
JJr(n) are proper quasivarieties of n-semigroups. We a1so 
kn·ow ([3]) that ;ос is а member of an infinite set of varie­
ties ..,:т. of. coiil!llUtativ.e semigroups such that .D1..Cn) is а va­
rietr. Concerning !l-subalgebras, .we have ([8]) that ~с~) 
is а variety of !l-a1gebras for any operator domairi !l and 
([9Ј) that l) (Q) is а variety iff J!l \ Q(O)/ ~ 1. 

In this paper we are going to prov~ the fo11owing theorems: 
ТНЕОRЕМ 1 • .D"CD.) is ! variety Ш .Q= !l(O)U!l(1) • 

ТНЕОRЕМ 2. U(Q) ~! variety iff .Q = Q(O)UQ(1) !!!Q. 
1.0.(1)\" 1. 

ТНЕОRЕМ 3. ~ (.) ~~n-~ operator (n~3). The follow­
~ re1ations ~ satisfied: 

i) ~c(n) • Ј)с(~) 

ii) .D(t.))C~(n), the inc1ueion ~ вtrict 
iii) if pE.{l,r Ј , ~ neither .2! lli с1аввев ;oP(n), ;оР(с.)) 

iв ! subc1ass .2! ia! ~· 
Before giving the proofs of the theoremв we sha11 state 

~ome 1emmaв which are obviouв or еаву to prove. 

LЕММА 0.1. ~ V ~ ~ arbitrar:y variety .2! semigroupв. 
!! !l .. .Q(O), ~ V(.Q) i! ! variety. If fi #.Q(O), then 
V(Q) is ! variet:r iff V(Q '.Q(O)) iв ! variet:y. 

Further on we аввиmе that .ас о) = 16 and that n# 16. 

'LЕММА о. 2. .ы: .а' а' !Ш! J:J~(Q) ( rf (Q) ) 1!! ! proper 
quaeivariety, ~ z:/([f) ( d(fi) ) iв ! proper guasivariety. 

Let ,:5 Ье а word :i,n an arbitrary a1phabet. Denote the num­
b~r of occurrences of вуmЬо1в in ~ Ьу d(J), the веt of symbo1в 
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occurring in! Ьу с(!) and the i-th symbo1 in ! from 1eft to 

the right (the right to the 1eft) Ьу !(i) ( (i)!, respo)o 

Тwо words Ј and "'l in an arbitrary a1phabet are said to Ье 
;Q~-corre1ated if: 

а) с С 1) = с ( "\) , '!( i) = 'У\. ( i) , i = 1, 2 , ( 1) 1 = ( 1 )"\ 
Ь) the sequences or the first occurrences of the symbo1s 

in '! and '\. are equa1 ( whereas !С i) is th~ first occurrence 

of the symbo1 '!(i) in"' if '!(ј) 1 '!(i) for every ј, j<:,i) 

с) if 1(k) 1 (1)'! for every k, O<k~d(J), then ~k) 1 
1 (1)' for every k, О <.k' d("f\.) о 

А word 1 is said to Ье the inverse of а word "\ if d(1) = 

= d("'\,) and 'J(i) = (i)"'\for every i, O<.i~d('!) = d("\_)o 
Two words 1 and "'\. are вaid to Ье .;t>r;-corre1ated if their 

inverses are d)t-corre1atedo 

LЕММА Оо3о ((11]) !. semigroup identity ! = ""\. is va1id in 

~.f ( .;or) iff ~ ~ "1. ~ .;:o"-corre1ated (ol)r -corre1ated) о 

LЕММА 0.4. hE_ .Q-identity Ј="'\. is ~ ,Ш ';Dt(D.) (~rQ) ) 

Ш '! ~ "\ ~ oЬ.f-corre1ated (J:)r-corre1ated) о 

1. PROOF OF ТНЕОRЕМ 1 

First, let Q = .O(l)o 
L.et А = (A;Q) belong to the variety V:D~(!J) о We shall show 

that A€-:Df(Q), so that VJ:)f(Д) = Ј:/(Д). 
Let .Q = {С3; c:.)e.Q} Ье а set of sytt!bols such that А() ћ. = ~ 

and G) 1 't' ~ c:5l ~ for every Q ,-ссаО о Let F( о) Ье the free semi­

group in the variety :IJ-f gen~rated Ьу the set 1l U А. Say that 

u,vE.F(o) are c.J-neighbours or siпip1yneighbours if u=u1 oC3obou2 , 

v=u1 oa•u2 , for ~(Ь)=а in !о Let ~ Ье th~ transitive and 

reflexive extension of the re1ation of neighbourhood in F(.). 

LЕММА 1.1. Relation ~ is ~ congruence 2а F(.)o 

Proof Let u1~v1 and u2~v2 o Then u1u2~u1v2~v1v2 ••. 

Let D(.) = F(. )/-;:::.о We shall show that !, is а subalgebra 

of D(.). 
Defin~ а ~' denoted Ьу 1:], as а partial mapping from 

F(.) into\A Ьу: [с51с'32 ••• ё;58а] =Q1Q 2 ··:-ео>8 (а). 
It is easy to see that: " · 
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1°. ( ) is а we11 defined mapping, and that 

2°. if u,v. are neighbours and u is in the domain ~f r) ' 

then V is a1so in the domain of [: 1 arid (u] = t V] • 
• 

The set А can Ье considered as а subset of D. For, if а::::: Ь 

for some а,ЬЕА, then there is a.sequence a=u0 ,u1 , ••• ,ut_1 ,ut=b 

such that ui,ui+1 are neighbours (О~ i"-t-1) and a=ta1=tu11 = 

••• =(Ь]=Ь. 

The fact that со:>(а)=(3а for every (o)(Q , а(А is obvious. 

Let .Q 1- .Q('1) • 

If Со.) is an n-ary operator in .Q (n~ 2), then the quasiidentity 

( 4 ) c.:>xn = cJyn-1x....,. ~xzn-1 = Qyn-1 (о) xzn-1 

is va1id in.~faJ). Naroe1y, for an a~bitrary suba1gebra !=(A;Q) 

of а semigroup S(.) be1onging to юt whose e1ements а, Ь satisfy 
the re1ation CJ(an) = Q(bn-1a), we. have: t.:)(acn-1 ) = c;).a.cn-1 = 
= c;).an.cn-1 = (Q(an)).cn-1 = (Co)(bn-1a)).cn-1 = ё::~.ьn-1.а.сn-1 

- n-1 n-1 - n-.1 - n-1 - n-1 1. ( n-1)) =(о).Ь .а.с =~.ь ~.а.с =t.).b .,cuac = 
=~(ьn-1(~acn-1)) for every с~А. On the other hand, the 

quasiidentity (4) is not а consequence of the identities in 

Ј)~). То prove that, consider the a1gebra !=(А;{~}), be1onging 

to the variety VZ)f(Q) and generated Ьу the set {а,ь,с}, with 
one defining re1ation between the generators: ~(an)=Q:ьn-1a). 
The re1ation <.:>(ьn-1Q(acn-1 )) = с.э(асn-1 ) is not va1id in А. 
Roughly speaking, starting with <.)(acn-1 ), the e1ement а ;emains 

in the second and the e1~~ent с in the 1ast р1асе after using 

the identities in ~f(Q). So, the defining re1ation can not Ье 
used to change the e1ement а in the second р1асе, because of 

the e1ement с in the 1ast. 

Thus, Ьу Lemma 0.2 we have shown Theorem 1. 

2. PROOF OF ТНЕОRЕМ 2 

Let .а = {Q} = Q.(1). Utilizing Lemma 0.4 , we see that 

'! = '\. is an identity in.Dr(Q) iff (1)"! = (1)"-. On the other 

hand; the c1ass of !l-a1gebras defined Ьу the identity of that 

type is precise1y .:O(.Q) (see [9]). Thus, if !• 'Vlf'(tl), then 

!c:D(Q) and. because J)(Q)'-",',[{(0), !Cil{Q). We can now conc1ude 
that Юr(t1) .. ;o(,Q) anci that .Dr(Q) is а variety. 
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Let .Q = tQ ,1:} = Q ( 1). The quasiidenti ty 

(5) Со)Х =~Х-+ dx = 't'~ 
is va1id in l)r~) (proceed as for the quasiidentity (4)). An 
examp1e of an a1gebra ,!=(A;{Co),'t:j )be1onging to VU(Q) and. not 

satisfying (5) is the fo11owing: А= {а,Ъ,с}, ~х)аЬ for every 

х~А, -с(а)=Ь, 't'(b)=c= 'С(с). We have сЈ(а)= rc(a), but ,i(a)=b,i 
2 ~ #с= "С (а). The a1gebra! be1ongs to v~ а2) because every !1-term 

'! , wi th d('!) ~ 3, has an interpretation in .! equa1 to с for 

~(1)='t' and to Ь for ЈС1)=(0). 

Finally, 1et .Q = {~} "' Q(n), n~ 2. The quasiidentity 

(б) n-1 n n-1 n-1 
GJXy = с.)Х __,. r..)Xy = САЈУ Х 

is va1id in ~r~). То check that consider an Q-a1gebra А 
be1onging to ~rOJ) and its e1ements а and Ь satisfying the 
re1ation с.:(аьn-1 ) = ~an). We have: с.)(аьn-1 ) = <.:/...an) = ~.an = 

- n . .. r n) ( n-1) =" n-1 :-t. n-1 = с".а .а =-.да .а =(А) аЬ .а = <оЈ•а.Ь .а = <.оЈоЬ .а = 
с n-1 ) =с.)Ь а. 

In order to prove that the quasii4entity (б) is not а con­

sequence of the identities va1id in oDr(Q) define an cJ-a1geb­

ra !=(А;~) as fo11ows: А= {а,Ь,с} , 

{ 
с if d =с or d =~ 1 =Ь 

Q(dl'd2'. •. ,dri) = n . n -
а otherw~se • 

We have Q(bcn-1.) = с = Q(bn) and Q(bcn-1 ) = с 1 а = t.)(cn-1ь). 
Thus (б) is not va1id in! and it is obvious that !'vtr~). 

Now we can use Lemma 0.2 and the proof of Theorem 2 is 

comp1eted. 

3 . PROOF OF ТНЕОRЕМ 3 

1°. It is easy to see that u = v is an identity in ЈЈс iff 

c(u) = c(v) and d(u),d(v)~3 or it is а trivia1 one. Thus ! = 

= "'\. is an identity in .;!) c(Q) or Jjc(n) iff с(!) = с("'\) or it 

is а trivia1 one. So, bearing in mind that both Юс(о) and 

l)c(n) are varieties ([8J,t11]) we have proved the first part 

of Theorem ;. 

2°. An identity u = v is valid in 1) iff it is trivia1 or 

c(u) = c(v,), u(1) = v(1), (1)u = (1)v and d(u),d(v)~3. Thus: 

а) ! = ~ is va1id in .D(<.>) iff c(s) = c(yt)' (1)s = (1)"'1. 
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and d('J) ,d(,_) ~ 3, or it is trivial. 
Ь) S = 'yt is va1id in .l)(n) i.ff с(5) = c("t\_), (1)5 = Џftt, 

d(S),d(,1)~3 ands(i) =~(ј) where,!(i) and"1..(j) are the .first 
variaЬle symbo1s occurr;ing in 5 and "'\. respective1y, or it is 
trivia1. 

We can see that every identity valid in ~(n) is va1i~ in 
.:O(Q). Thus, because both c1asses are varieties ( [9), [11]), 

every a1gebra be1onging to Ј)(~) be1ongs to J)(n). The converse 
assertion is evident1y not true. For examp1e, the identity 
c.Jxyn-1 = ~yxyn-2 is va1id in ;о (Q) but no.t in ;о (n). 

3°. For an c-.:>-term f 1 denote Ьу ј the semigroup term obtained 
from ! Ьу de1eting every occurrence of an operator symbo1. in S • 
An ana1ogue o.f Lemma 0.4 is the .fo11owing assertiori: an iden­
tity '! = "'\ is va1id in ~~(n) (I.Vr(n) ) . i.f.f. f and ~ are :JJ-l.-cor­
related (~r-corre1ated, resp.). Thus, it is easy to check 
that: 

а) The identity QXyn-l = CJxn-1(o)xyn-1 is va1id in ;of((o)) and 
not in .l>~(n). Converse1y, Qxn = ~2x2n-1 is va1id in ;[)t(n) but 
not in JJ..t.(Q). 

Ь) The identity c;)xcuyx2n-3 = r..fyx2n-2 is va1id in .;or(c.J) 
but not in .Ьr(n). Converse1y, QXCo;)y2n-2 = <i:J2xy2n-2 is valid 
in J)r(n) but not in ;or(c.>). 

Theorem 3 is proved. 
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'l'.ЈП.Ј :u...;EJ.:~l.I\I....: ~о: .• гс:ш:ю.:: 
~eojrad, 3-~ Uecember 19~2 

IDEМPOТENT SEPARATING CONGRUENCES ON REGULAR SEНIGROUPS 

Dragica N. Кrgovi6 

At the Ъeginning of this note we estaЬlish some proper­
ties of full subsemigroups of а semigroup s, whose ~et of 
idempotents Е is nonempty. Also, we consider some equivalence 
relations on а regular semigroup s, contained in Green's equi­
valence ~ (Proposition 2). We ch8r8cterize 8П idempotent вe­
p8r8ting congruence ~ on а regul8r eemigroup S in several 
W8ys in terms of congruences 8nd the;e-equiv8lence (Тheorem 1) 
- an8logously to Petrich's ch8r8cter~zation of 8ny oongruence 
on 8П inverse semigroup ((8], Lemma 5.2, Corollar,y 5.3). 

For an orthodox semigroup S we introduce the notion of а 
normal subsemigroup of S and obtain some idempotent separating 
congruences on s, cont8ined in ае (Тheorem 2). Тhis leads to 
the char8cterization of any idempotent separating congruence 
on 8n orthodox semigroup S (Theorem 3). Feigenbaum [2] intro­
duced the idempotent sep8r8ting congruence (К) on 8П orthodox 
semigroup s. Here we obtain some equiv8lent expressions for (К) 
(Proposi tion 5). One of them shows that the congruenc-e (К) c8n 
Ье defined without the condition а' Ь е к. 

If S is 8n inverse semigroup, then some of the st8tements 
mentioned le8d to the characteriz8tion of any idempotent sepa­
rating congruence on S (Theorem 5). 

As speci8l cases one obtains formul8e of the gre8test 
idempotent separ8ting congruence ~ on regul8r, orthodox and 
inverse semigroups respectively (Coroll8ry 2, Coroll8ry 4 8nd 
Corollary 5). 

Let S Ье 8 semigroup with the set of idempotents Е + ~. 
Rec8ll th8t 8 subsemigroup К of S is full if Е с;;. к. For any 
element 8 in s, V(a) will denote the set of inverses of а 8nd 
V(K) = {_xE::S 1 (3 аЕК) XEV(a)}• 

The next statement reguires only routine verifi~ation, and 
the proof is omitted. 
LЕММА 1. ~ а,ъ Е S 8nd а 1 Е V(a), ь' е. V(b). Then 

i) а = аЬ ~ Ъа' Е. V(n). 
ii) а .. Ьа ~ a'bEV(a). 

iii) (а :;: аЬЬ v Ъ = в' аЪ) =9 ъ' а' Е V(ab). 

The st8~ement iii) of the preceding lemma follows also 
from Lemma 1.1 [10] • 
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Тhе proof of the following-leuaa is based on Lemma 1. 

L::I!I01A 2. !!!,! К' .:е!, !. ·.!!!! subsemigroup of !. seшigroup\ S !В9: 
а 1ЬЕ s. 1h!. following statementв ~ eguivalent. · 

(i) (3kE-K)(-3 k'e К)(а • kb л Ь • k'a). 
(ii) (у а' е V(a))( 3 ь' е V(b))(a' а • ь' ь л аь' ~К). 

(iii) (:r а'~ V(a))( ::rb'E .V(b))(a'a • ь• ь л аЬ'Е К). 

(iv) ("'#-Ь1 Е. V(b))(.;Ja'~ V(a))(a'a • Ь'Ь л 8Ь1 еь К). 
Duall;y, we have 

LDJМA 3. ~ К .!!.! !. !В!! subsemigroup Е! !. selligroup S !В9: !.!! 
а,ь Е s. Zh.! tollowiDE!j statements .!!:!. eguivalent. 

(i) (3k6K)(a k 1 E:V(k))(a • bk1 л Ь • ak). 
(i1) ("#' ia'.:: V(a))( 3 Ь' 6 V(b))(aa' • ЬЬ' л а' Ь Е: К). 

(11i) (а а' Е: V(a).)( 3 Ь' Е- V(b))(aa' • ЬЬ' л а 1 Ь 6 К). 

(iт) (У ь' & V(b))( 3 а' Е. V(a))(aa' • ьь• л alb6 К). 

Conвider now regular semigroups. Тhе next statement 11187 
Ье found. in [3]. § .II.4-. 
ЫИМА 4-. !!!,! S .!!.! !. regu].ar semigroup. !!!,! а, Ь ~ S !!!А а 1 Е': V ( 8). 

~ 
(i) а,i:еЬ<::ф (:J'tJ Е V(b))(a1 a • Ь'Ъ). 

(1i) aflь фоа;> ( :r ь' Е V(Ъ))(а' а • ь• ь л аа'. ьь' ). 

PROPOSIПON 1. !!!,! S ~!. regular вemigroup ~ 81Ь Е s. ~ К 
!!! !. !!Ц! вubaelligroup Е! s. ~ following вtat8Jientв ш. 
8quiтalant. 

(1) (ik1b Е K)(tk16V(k))(:rh1E V(b))(a•kb•bh л b•k1 8•8h). 
(i1) (~~oa'e:V(a))(:rЪ'eV(b))(a' а•Ь' Ъл аа' •ЪЬ' л а• ь,аь' Е к). 

(111) (аа'• V(a))(o1b1& V(Ъ"))(а' а•Ь' ь"' аа' -ьь' л а' ь,аь' е к). 
(1v) (Y.b1 eV(b))(:ta'eV(a))(a'a•b'bл аа'•ЪЬ' л 8 1 Ь,аЬ1 ~К). 

~· (i) a1l1 (11). Let а' Е. V(a) • .A.ooording to L8811a 2, а • kЬ 
8Dd. ь • k'a 1Jipli8в а'а • Ь"Ъ tor &088 Ь''еV(Ь), 1.е. аАеь. В;т 
L888 3, a•bh' 8D4 b•ah 1•pl18& аа' •Ь1t and а' ь е: :к: for воm8 
b"'Cit V(b) 1 1.8. а~ Ь. So, W8 Ьат8 altb. Тhan, Ь;у L811118 4- 1 а' а•Ь' Ь 
aD4 а~ •Ь~ for воаа b'eV(b). S1noa К 1в а tull subseaigroup of 
·s va hат8 аЬ' • kЬЬ' а К. 

'!ha iapl1oatiou "(11) :::~> (111)" and "(1v) -+ (ii1)" ar8 
tИ.Yial. 

(111) .,.. (1) Тhiв follon troa Le8aa 2 and L8111118 3. 

(1) ._. (1т). Lat Ь 1са V(b). AccordiDg to L8888 2, а • kb and 
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b•k'a i•p1i8B а''а•Ь'Ь and аЬ'е-К tor 8088 a'eV(a), i.e. •""Ь· 
в,у Le~~~~a 31 a•bh' and b•ah illp1ieв а~•ЬЬ' for воа8 a•Ev(a), 
i.e. а~ь. so, w8 Ьате atlь во, b;r Le8lu 4, а'а•Ь'Ь 8Dd. аа'•ЬЬ' 
for &01118 a'~V(a). Аlво, a'b•a'ahE-K. 
Detinition 1. J'or an equinlenoe re1ation rJ. on а regular в88i­
group S, we detine the kernel and the trao8 ot о(. Ь;у 

ker ot • [а Е S 1 ( ! е Е Е) а rJ.ej 

tr rJ... • c:t1E 

r8&peotive1;r. 
Тhе ne:rt 1.-а to11owв hoa Leaa 4. 

L»DLt 5. ~ о( ~ !а equiva1enoe r81ation .2!!. !. resular !!!!­
group s. ~ 

i)oL~~-+ kerci •faE81(aa'aV(a)) aota'a}. 
ii) J.w1t..., kero(. • faE.S (ila'eV(a))(aat.a'a.t.a'a • аа' ). 

Definition 2. Let 8 Ье а regu1ar вemigroup. А aubвaaigroup К 
ot 8 is inverвe-cloвed it V(K) ~ к. 
PROP08ITION 2. ~ К ~ ! ~ inverвe-c1osed subвemisroup g! 
! regцlar semigpoup S ~ ~ !а equivaleno8 re1ation .2!!. S ~ 
~ о<. ~ !Је • ~ re1ation (Кое. ) detin8d .2!!. S :& 

а(~)Ь 4=) а оС Ь л ( аЬ'Е V(b)) аЬ'Е К 

!! ~ eguiva1ence re1ation ~ S ~ ~ ker(K~)·Knke~ !е! 
tr(Ko~.) • tro< • 
~· Тhе relation (Кк) is retlexi ve because Е s: К and о<. is 
retlexive. Let а(Ке~.)Ь i.e. а о(. Ь and аЬ1 Е К tor воше Ь'Е V(b). 
According to Lemma 4 1 а'а•Ь'Ь tor воmе a'eV(a). Тhen Ь•Ьа'а 
implies, Ьу Lemma 1 1 ba'EV(ab' ). Since К is inverse-closed we 
have Ьа'~К. Thus (Ко~.) is s~etric. Let а(К~)Ь and Ь(К~)с. 
Then а о( Ь and Ь оС с implies а а( с. Also, аЬ' , Ьс' Е К for some 
b1EV(b) and c'6V(c). ByLemma 4, aot.b implies а'а•Ь'Ь for some 
а 1 е- V(a). Then аЬ' Ьс'е К implies аа' ас'ЕК, i.e. ас' е. К. Тhus 
а(К~)с, во (Ко~.) is transitive. Theretore (К~) is an equiva­
lence relation on s. 

Let а 6 ker(Ka~.) i.e. а(Ка~.)е tor some е ·6 Е. Тhen а о{ е 8114 
ае'Е К tor some е' е: V(e), во ker(~) s kerot... According to Leiuoa4, 

а1 а=е' е tor some а'Е V(a). Then а=а(а' а)•ае' е Е к. Тhua 
ker(~) ~к. Тhere.f'ore ker(Ko<)~ К n kero<.. 

Conversely, 1et k Е К n kero< • According to Le1111a 5, k оС k' k 
tor some k1Ei: к. Since k(k1 k)•k Е К we have k(Kc:A.)k' k. Тhua 
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k € ker(Ko~). Тherefore К n kero( .;;, ker(Kci). 
Let e,fE Е such that e(Ko()f. Then eo(f. Convers~\l.y, let 

eot.f. Since teV(t) and eteK we hате e(~)t. Thereto.i-e 
tr(Ko()=trQ( • 
COROLLARY 1. Let К k! ~ ~ inverse-c1osed subsemigrouP of ! 
regular semigroup s. Тhе relation (К~ detined ,2а S ~ 

а(к_,с)Ь~ (ајо(ЬЛ (3 b'EV(b)) аЬ'ЕК) 
is !а ideapotent separating equivalence re1ation ga S ~ which 
ker(K.JC) • К А kerJL • 

Next we consider idempotent separating congruences on а 
regular semigroup s. 
L:ЕММА б. ([4]). It S !!, regular, ~ ~ congruence ~ ~ S is 
idempotent separatine;. it ~ on1:r if 9 S: fl . 

The next proposition tollows from Lemma 5 and Lemma б. 

PROPOSITION 3. ~ 9 ~ !а idempotent separating congruence 
,2а ! regular semigroup s. ~ to11owing statements !!! eguiva-

!!в!• 
(i) 

(ii) 

(iii) 
(iv) 
(v) 

Тhе 

a€ker~. 

(3 а1 Е V(a))(a 9 а• а л а' а • аа' ). 
(;;a'E:V(a)) а~а·а~а 1 • 

(з в' Е V(a)) а~ а' а. 
(aa'eV(a)) а~аа'. 

fo1lowing theorem describes idempotent separating con-
gruences on а regular semigroup. Тhе corresponding"characteri­
zation ot а congruence on an inverse semigroup is due to Petricb 
([ВЈ, Lemшa 5.2, Corollar.y 5.3). 

ТНЕОR»1 1. !!! ~ ~ ~ Ё_! idempotent seperating congruences 
~! regular seudgroup В~!!!!! 9~ ~. ~ tollowing sta­
tements !l! eguivalent. 

(1) а~ь. 

(11) а~ ь " С а ь' е V(b)) аь' е ker9 • 
(1ii) а jtb л ( 3 ь' Е V(b)) аь' € ker~ • 
(iv) afl.ь л (-а ь'е V(b)) аь'е ker~ • 
(v) (:J81EV(8))(:Jb'eV(b))(8 1 8•b1 b"' 881 •Ь~ "'а~ е ker~ ). 

~· (i)-) (ii). Let а 9ь. Тhen а~ Ь and аЬ' ~ ЬЬ' tor every 
b1f: V(b), во th8t 8tl Е ker9 • 

(ii) а+ (iii). Let 8 у Ь. Тhen 8 }t Ь beoause .!'- is tbe grea­
test ideapotent sepereting congruence on в. 
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(iii) =t (iv) -Ф (v). It tollovs tr0111 Le1111a б 8Dd L8JIIJIIa 4. 

(v)~(i). Let а'а • ь•ь, аа'• ьь' and аЬ'Е kerf tor 
so11e а' е V(a) and ь' Е V(b). Тhen а' а • ь' ь -:+(а iеь л-~~ ) ~ 
~ (аЬ' ЈЕ ьь' л аа' !R. аЬ' ). Bince аа' • ьь' we have atJ /(, ЬЬ' • 

But, аЬ' Е ker ~ i11plies that аЬ' ~ е tor so11e е ~ Е. ТЬеn 
аь'/{ е, whiob illplies ьь' ••• Тheretore ab'fbb' 80 that 

а. аа•а. а~ ь 9 ьь•ь. ь. 
COROLLARY 2 • ~ В 1?.!, !. regu].ar sellisroup. ,!!!! tollowiDej Ш­
teшents ~ eguivalent. 

(i) а рс.ь. 

(ii) аН.ь л (3b1 EV(b))ab'eker;м.. 
(iii) (11а'е V(a) )(:rb'E V(b)) а' а • Ь' ь, аа' •ЬЬ' , аЬ1 eker.JI'f-• 

COROLLARY 3. ~ 8 1?.!, !. regular seшisroup .!!!!!. К !. ~-~ 
subset ot 8 ~~К~ ker~. ~ tollowiпg stateaenta 
.!!:! eguivalent. 

(i) 8}1-Ь Л ( 3 ь' Е: V(b)) аЬ' Е К. 
(ii) а1lь л ( :1 ь• Е V(b)) аь' Е к. 

(iii) (.ав'еV(а))(эЬ1Е V(b))(a' а • ь• ь.,.. аа'• ЬЬ' л аЬ' е К). 

The next proposition may Ье tound in [2Ј (Тheorem 3.1). 
PROPOSIТION 4. !! S is !!!. ortbodo:x semigroup Ш.!!. 

Вј'(. Ь~ (з-а' е V(a) )(~Ь' Е V(b)) (а' а•Ь' Ь,аа' •ЬЬ' ,а' Ь 1 аЬ' Ekerj(- ). 

Corollary 2 shows that the condi tion а' Ь'" kerl' in Propo­
sition 4 is not necessary. 

Recall that а subsemigroup К ot а regular seшigroup 8 is 
selt-conjugate it а' Ка Е К for all а ES and all а' Е V(a). 

Тhе next le.aa follows troш Lemma 4. 
LЕММА 7. ~К~ !В inverse~closed !!!!-conjugate subseшi­
group ()f !. regular semigroup s. Ь!! а,Ь Е S ~ а' Е: V(a), 
ь 1 Е: V(b). тьеn 

( а~ Ь л аЪ' Е К ) =Ф а' Ь Е: к. 

Let S Ье an orthodo:x: seшigз:>oup and ~ а congruence on s. 
Tben kers> is а full selt-con;jugate subseшigroup of s. Lemma 2.3, 
[б) shows tbat ker s> is inverse-closed. 
Definition 3. Let S Ъе, an orthodox semigroup. А subsemigroup 
К of В is,normal if К is full, self-con;jugate and inverse­
-closed. 

Remark. It '8 is а congruence on an orthodo:x: semigroup 8 tben 
ker 9 is а \normal subsemigroup of s. 
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ТНEOREJII 2. !!.!,! К ~ .! norma1 subsemigroup !2!_ !!!, orthodox !,!-
migroup S ~ 9 .! congruence ~ S' ~ · that ~ с;: Jf :. • ~ 
re1ation ( К~ ) defined ~ s ~ ' 

а (К~) Ь # ( а~Ь Л (3b'e.V(b)) аЬ1 ЕК) , 

!.! .! congruence ~ S Ш ~ ker (К~ ) • К Г\ ker}l 8ILd 
tr ( К~ ) ;.. tr5' • 

~· ~ccording to Proposition 2, it suffices to prove that 
( к~ ) is coJВpatib1e. Let а ( К~ ) Ъ and с е s. Тh&n · а~ Ъ 
and аЬ'е К for some Ъ 1 ~ V(Ъ). ~ccording to Leшma 4 1 а'а•Ъ'Ь 
for · so11e а 1 6 V(a). Тhen асс' Ь' • асс' Ь' Ъь' • асс' а' аЪ' • 
• (асс'а') аЬ'~к. Since с'Ъ'ЕV(Ьс) and а~Ь =Ф (ас)' (Ьс) 
we have ас (К9 )Ъс. ~1so а S' Ь ...., са 9 сЬ. Since cttb' с'е К 
and Ь' с'' V(cb) ve have са (К~ ) со. 

The 11ain characteriвation theorem !or ideapotent separa­
ting congruences on an orthodox seшigroup fo11ovs. 
ТНЕОRЕМ ~. Let< S :2!_ !а orthodox se11igroup and К .! norma1 Ш­
seшig;oup--э! S ~,!Ш К s;r kerpc.. ~ re1ation (КЈС-) ~­

~~S!?z 
а(К.Ј'4-) Ь 4-+ а Ј"Ь л ( 3 Ъ1 Е: V(b)) аЬ' Е: К 

!! ~ ide11potent separating congruence ~·s ~ ker (К~)-к. 
Qonverse1;r, !! 9 !!. .!а ide11potent separatiчrcongruen­

.2!. .2! S ~ ker9 !! .! nol'lla1 вubsemigroup !l! S, kerj so. kerjt­
~ ј • (Krc-), .~К • ker~ • 
~· Тhе direct part fo11ows fro11 Theore11 2. ~ccording to 
Reaark and,Тheorea 1, the converse is true. 

Тhе fo11oving theore11 ia due to Feigenbaua [2), 
ТНЕО~ 4. ( [2], ТhеоrеЈВ 3.~). !!!,! В :2!_ ~ orthodox .!!.!!­
~' .1{ • {K~S 1 Е EK:ker,tc. ~ К!!..! .!!,!!-conjчgate n­
Ш!!: nbseaisroup !l! В Ј ~ !а! re1ation (К) defiued ,ga s }2z 
а(К)Ь .. (ila1E V(a) )(.а\:148 V(b) )(а' а•Ь' Ь л аа' •ЬЬ' л аь' 1 а 1 Ь Е К) • 

.!!!.! up к -+ (К) !! .! 1 - 1 ~ presemм 11ар !l! !1<. ~ 
~ .!!! 2!. ideapotent separating congruences ,ga в. 

1ooo:rding to Le•a ~, [ 5] , we have 
Х • f~ss 1 Е sк sker]C- and к is а nol'lla1 subselligroup о! вЈ. 

Ooroll&r,f 3, L .... ? and Proposition 1 i11ply the !ollo­
wi.ng stat•ent. 
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PROPOSIТION 5. !!!1 К .2_! !. norшa1 subseaigroup 21. !!!. orthodo:z: 
seшigroup ~ !!:!.!! К so; ker.l' • Тhе .tollowine; stateшents .!!:!, 

egu1v81ent. 
(i) 

(ii) 
(iii) 

(iv) 
(v) 

а (К) ь. 

(;a'EV(a))(ab'.;.V(b))(a'a • Ь'Ь л аа'• ЬЬ'л аЬ1 Е-К). 

(Jk,hEК)(~k'EV(k))(ah'c: V(b))(a•kb•bh л b•k'a•ah). 
8 (KJI') ь. 
afl ь л ( э ь' Е V(b)) аь' е к. 

COROLLARY 4. !!!1 8 .2_!!!!. orthodo:z: semigroup. ~ 
а Jl-Ь <=+ (3 k,b ~erJW-) (9 k'~ V(k) )(9h1 Е V(b)) ( a•kb•bb' л b•k' а•аЬ). 

I.t 8 is an inverse seшigroup then kerJ'• Е~, where ЕЈ 
is tbe centr81izer o.t Е (8). Since ЕЈ is 8 seшi18ttice o.t 
groups we h8Ve 88-1 • 8-18 .tor every а Е Е 'S • Su~pose that 
КЕЕЈ and 8 1 b48S sucb th8t .-18 • ь-1ь and аь- Е: к. Тhen 

-1 -1 -1 ь-1ь -1 ь -1 ь-1 ьь-1ьь-1 ьь-1 88 • 88 88 - 8 8 • 8 8 • • ' 
bec8use 8Ь-1~ ЕЈ 8nd ьа-1 • (еь-1 )-1 • Тhere.tore, according 
to Theorem 3, Proposition 5 8nd Lemшe 2, we heve 
THEOR»'' 5. Let S Ье !а inverse seшigroup .!!!!!, r:fllli Ш ~ 
ell norma1 subsemigroups conteined Ыl Е) • ~ КЕ ;}{; • ~ 
re1etion '3 К defined ~ S :& 

8 s>к Ь<~ ( :зkе-К) ( 8 .. kb л ь .. k-1a) 
is !!! idempotent sepereting congruence .2!! S .!!!!!, ker ~К = к. 

Converse1y, if 9 is !а ideшpotent sepereting congruen­
~ .2!! s, ~ ker9 Е Х and 9 • '5 ker9 • 

Notice thet the preceding theorem is a1so the consequen­
ce o:f III.3.б Theorem [9], Theorem 4.4 [8] end Lemш8 2. 
COROLLARY 5. Let S ~ an inverse semigroup. Then 

8 јЧ Ь (:ф ( 3 k Е Е) ) ( а = kb л Ь • k ~) • 
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ON UNIBRANCНED RINGS Alill А CRIТERION FOR IRREDUCIBILIТY 
IN ТНЕ FORМAL POWER SERIEВ RING 

A1eksandar Lipkoveki 

1. An important too1 in c1aesification of a1gebraic ein­
gu1aritiee ie the procese of norma1ieation. It ie а morphiem 
of varietiee Ј: Х-У, 1ocally of the type Ј: Spec.B -SfXc.A where 
АсВ ie an exteneion of domains, Ј(Р)=РМ and the ring В is 
the integral closure of the ring А • А natural discrete para­
meter associated with а singular point ~е:С is the number of 
points in Х which 1ау above 'Ј. А simp1e examp1e i.e given 
Ьу normalisation of the following two plane singularities. (":+<)« (~·~ < 
In the first case this number is 2, in the second 1. А singu­
larity for which this number is 1 may Ье called unibranched. 
Since the points of the fibre ј-1{:ј) correspond to the maxima1 
ideals in the integral closure of the local ring v3 of the 
point ~f. У, the local ring of 'such а singu1ar point must have 
а property that its integral closure has just one maximal 
ideal. This makes the fol1o\l/ing definition reasonaЫe. 

Definition 1.1. А 1оса1 domain is unibranched, if its inte­
gra1 c1osure is а 1ocal ring. 

This class of 1оса1 rings is а natural generalisation of the 
class of integrally closed loca1 rings. As far as I kno,..,, 
f:)r the fir~t time they appeared in [8] (p.l27). Not much is 
known about ~uch rings. Here we list some of the known facts. 

TIШOREH 1.2. '.Let А Ье .§. ~ domain vJith field of fractions -,-

( 
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К. А i§. unibranched Ц ~ on1;y if every overring В .2f А 
contained in К, which is .!! fini te А -modu1e 1 is 1ос~1 ( see 
[3]р.4-О3, [б]р.151). 

TREOREM 1.3. 1f. (Ас~., ~«ЈЪ) is ~ inductive system of uri~bran­
~ rings 'А<~- ~ injective ~ homomorphisms -А-... ~, Ш,в 
the direct 1imi t ring А= ~т А~ is unibranched С see [б]р.151). 
-- --- """"--7'"'-

ТНЕОRЕМ 1.4-. Property of being unibranched is ~ hereditary 
with respect iQ 1oca1isation (see examp1e in [б]р.14-9). 

А 1оса1 domain is ca11ed ana1ytica11y irreduciЫe if its 
~ 

comp1etion А (in adica1 topo1ogy of its maxima1 idea1) has 
no zero divisors. We say that А is а geometrica1 ring if it 
is а finite a1gebra oyer an a1gebraica11y c1osed fie1d of 
characteristic zero. In а geometrica1 1оса1 domain А, the 
number of prime divisors of tће zero idea1 in А is equa1 to 

t · t 1 1 А' or А the number of maxima1 idea1s in he ~n egra с osure 
(see (10]р.135). Therefore we have the fo11owing 

ТНЕОRЕМ 1. 5. Ш А ~ ,!! geometrica1 ~ domain. ~' А 
is unibranched ~ А is ana1ytically irreduciЫe (see a1so [7]). 

In the genera1 case on1y the imp1ication 11 А ana1ytica11y ir­
reduciЫe ~А unibranched" remains va1id (see [3]р.4-03, [б] 

р.151). 

In [B]it is mentioned one more resu1t on unibranched 
rings, be1onging to w.-L. Chow, but as far as I know there is 
no puЬlished proof of it. It may Ье of воmе intereвt to give 

it here. 

ТНЕОRЕН 1.6. Let (A,m) ~ .!!. Noetherian unibranched ~ ~­
~· Then ~ projective вpectrum Ptaj(Gt:A) of ~ ring G·т.А = · 
:.·Eem':hn."+-4 i! connected. 
n~ 

~· Let lc. Ье the reвidue claвs fie1d of the ring А , 
S=~mм and Pttg5 the Ьlowing up of 5ресА in the c1osed 

~о 
point ?n. There iв а canonica1 Ьirational projective epimor-
phiвm /=Ptoj5 -Spec.A which has а Stein factorisation (вее 

[ 11] р.358) P-to;5 ...L..Z -.Ь.... SpecA where А.. is finite ,!-nd 

,."Os -: Oz • Theref ore ,(. iв affine, Z=~c. В where В=-hOs , 
е, iв а finite A-module. Since ~с.А iв irreduciЫe, we may 
conвider ~ to Ье irreduciЬle too. Ву extending а Ьаве to 



Sp« tc. we get 
Р= P'tDjS ~ s~tc. ~ Ptty(&tд) 
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and а diagram 

in which all the squares are products. But ,..~=(\ and (see 

[11] р. 327) '*~ =p,.l*lqg =J",.O.s =!Ов-= or/111.& • Therefore' the mor­
phism р has connected fibreв (see [ll]p.357). But А iв uni­

branched, therefore 8 is local, S~e,lm8 consistв of one po­
int and th~ fibre above thiв point iв exactly P='PtqJ(r:м). Q.E.D. 

2. The interest for this class of ringв arises also in 
а global situation, when investigating homeomorphisms of va­
rieties in their Zariski topologieв. In the саве of curves 
this topology is cofinite. Therefore each two algebraic cur­
ves are homeomorphic (see [ll]pp.40,52). I~ is another ques­
tion if this homeomorphism could Ье achieved Ьу an. algebraic 
morphism and how much could such а morphism differ from an 

. isomorphism. Yet more complicated is tbe situation in higher 
dimensions. Therefore, there is some interest in investiga­
ting morphisms Ј::Х-У which are homeomorphisms in Zariski 
topologies. In algebraic language this is equivalent to ring 
extensions Ас В· which induce homeomorphisms of spectra 
5реСА ~ Spec.B and which therefore may Ье called homeomorphic 
extensions. In [9] the following is proved. 

ТЊЮRЕИ 2.1. lf. А-~ В ~ geometrical rings, ~ homeomor­
phic exter1sion Ас В must Ш!. ~ fini te extension. · 

It can Ье treated somewhat more general case of ring exten­
sions Ас.ћ which induce а bijection of spectra. In other 
words, over each prime ideal in А lays exactly one prime 
ideal in В. In [5) such extensions are called unibranched 
and in rlJ the case of equality S~A=~B is treated. In 
dimension 1 homeomorphisms and bijections of spectra are of 
course tЏе same, but it is not so in higher dimensions (see 
example in [9]). ( 

The connection betw~en tbese :notions and unibranched 
\ 

singularit:ies is the following. If ј:Х-У is the normali-. : \ 
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sation of' У and l is а Ьijectiop, then У could hav'e only 
unibranched singularities. \ 

3. Let Х Ье а smooth n-dimensional algebraic variety 
( 1the ambient spabe), Scx а hypersurf'ace and :fES. Let 

ra s :~х/ю Ье а local ring of' the point ~ on s ' Ј= !Сх., ... ,Х .. )Е:. 
~ . . 

f К[Х~.,Х.,] the local equation of' :1 in Х . Ву completion we 
get ~.s = K[X1~~,x .. IV(n where I<[[X~, ... , Х.,]] is the ring of' formal po­
wer series in n, indeterminates over К '• From the theorem 1.5. 
it follows that ~fS is а unibranched singular point if' and 
only if' the polynomial f is irreduciЫe in the formal power 
series ring (we say analytically irreduciЫe). Therefore in 
the classificat~on of such singularities it is of cer~~in in­
terest to find а criterion for analytical irreducibility. In 
the саве 1'\.=2. such а criteri·on, an algorithm, exists. 

LЕММА 3.1. ,Ц: the series !Е К[[Х~У]] is irreduciЫe, its low-. 
est ~ form ~ llit љ complete power of љ linear form 
(see [4Јр.П, [ll]p.бl). 

Let now !=2Ј ЈроХ,.У'~- Ье the formal power series, t.(f) Ье 
(/','Ј) " 

the set {(J>,'J.)If>,'J.~Nu{oJ,j,.,_:t;o} • Consider the boundary of 
the convex hull of the set М!)+ IR2 • If ;:t Х· и. and N Y·tr , 
this boundary consist of two halflines along the coordinate 
ахев and·a compact polygonal line. This polygonal line is 
called the Newton polygon for Ј and denoted NЦ)(see [2]р. 
505,[4]р.89). 

LЕММА 3.2. ,Ц: ~ is irreduciЫe in К[Х,У]], itв Newton uoly­
gon is љ вtraight ~ segment (see [4]р.90). 

Set L(J.) =- ~ ~"..хРу" and for an irreduciЫe Ј let N(f) Ье 
. <м>E-_Nfi:..:J~--:c 
the segment (m,o) (о,"-) • We may consider n.' m. 

LЕММА 3.3. If / .!,! irreduciЫe ~ ol:.M(tn,"'-) , i!!!ill ~ 
~ ~~Е l('{o} ~ ~ L<f)=- Q..(yhld_~X...."cl)c(. (see [4] р.91). 

Let's now briefly describe the algorithm mentioned above. 
Suppose that .,_ divides 1'11.... Ву setting У'= Y-CXII\!+o we get а 
new series Ј 1 wi th n'=". and m' < wt.. Repeatine; thiв and even­
tually interchanging Х and У (to have alwayв n~ m) we arrive 
to the саве when /'\. does not divide m.. Now set t0= I'L, е1"" M(tn,n.)<e" 
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anq. ht',.ftl/eA, n'= 11./е4 • Find the (unique) solution of the Dio­

phantine equation \"ttt~.'- ~."'1= i wi th о~ ~ ~ m~ , о" 't < l'l.f.2. and 
11.' 't m' ? · 1 • set Х= U V , Y=-U V • We get а new series ,.4 (U.V) = 

=L.f'l'"'cм,)U~V,.-t where 1' is the transformation of the pla-
~~> . (~ . 

ne tl(1 g~ven Ьу (t>,<J.)~--'> 't":"U"',"н,.~) , k= I"Yih/e4 and l =m'-"' (orm,~n). 
Now there exist R.,C~K·fo} such that Ll/4')= ~(v-&)e.., (lemma ;.;.). 

Set X:U, Y=V-6. We get the series Ј-4(Х,У) with 11.:е4 • Ву 

continuing this process we get the natural numbers е. >е1 >t;> ... 
so the process must finish after а finite number of steps. 

TНEOREJII ;.4. ,Ц: the series Ј.Е: K[[X;'t']] is irreduciЬle, the 
described algorithm ~ ~ completely applied (see [4]p.l01). 

COROLLARY 3.5. ~t Ј<Х,У) Ье а polynom~al. If the described 

algori thm !!2!: f ~ ш ~ stej), Ј !!. anal:vtioaн:y n­
duciыe. 

As an illustration we give here some examples. 

Ex:ample ;.б. The polynomial '1.~+2X'!y2+X6-Xsy is analytically 

irreduciЬle. 

Applying the algorithm, we have m=6, tt=4 ,-t-.=4 ,-е.,=2.. 

Then Ul)-=-(Y2+Xъy. , 'с.= о =1 , k=-12. , !=4 and "Г:(м~(2рr3.,.,рtЏ 
We get ~~=(.vt-4)2- ИV2 , f"= -X+Yz.-t-2XY-XY2 • The last polynomial 
has t71.=1 , n.::2 , ~=1 and this is the end of the algorithm. 

Ex:ample 3.7. The polynomial Y4+2XY+f-X4Y2. is reduciЬle. 

vle get l~-= (V+if)'l._ IJ2Y2 and -!-1 = -X~Yz+2X2Y-X2y2- • Now LC/1) = 
=У~Х2 =(У-ХХУ-+Х.) and / 1 (and ~ too) is analytically reduciЬle. 
Naturally, this could Ье se_en easily: f=(Yz+X3+X~Y)(Y2+X.,-X2Y). 

. уч хэу2 х~ xs-Example ;.8. The polynom~al . -t + - 1 is analytically 
reduciЬle, .despite its irreduciЬility. 

Here it is LIO= у'\Х.?.У2+Х6 1= о...(УЧ!,)(!о)2 for any t.t. ,g and the 

algorithm cannot Ье applied. ~е have ~ · 
f= 1)2+(!+~)X!o-~X1Y+ ... ][Yz+(1--f)X +~Х 2У+ ... ] 

Any generalisation of this algorithm in the cas~ of more 
than two variaЬles would Ье of great interest. Regretfully, 
lemma ;.i. fails already in the case of three variables, as 
the follo~iнg simple example shows. 
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Example 3.9. The p.olynomial .j(X,Y,Z)= YZ + Х3 has а Iowest 
degree form YZ which is а product of .two nonproportional 
linear forms. Although, if it were YZ+X~=(Y+:t2; ___ )(z\t-f.2.+ ___ ) 

we would get 92Z+f._2.y::. Х3 • But 92Z+~Y=(";x2+ .. .)z+(Cx<' . .)'1 
and it could not contain the term Х3 • 

fEFERENCES 

1. D. Anderson, D. Dobbs, Pairs of ~~r-3 with the same prime 
ideals, Can. Ј. Мath. 3~0}, - er.- . 

2. Е. Briel!korn, И. XD.ISrrer, оо• al.rebraische Kuryen, 
Birkll&••er, Ваве1-Вевtоn-8 gaf1Fit)81. 

3'. и. Вурбаu, Р."•ввая a.иreu•· 14ир! 1/!осх:в.а 1971. · 
~. А. Oeapil1o, ..:::--Иif .ctiirn• Posit!Y• Oharacter1вticм 

Lect. Иоtев • _ 1§801. · 
5. D. De1t•1 М' ,liiU. li !Sa !JD, Pacif1c Ј. Мath б? 

(19?6) ,, . • . . . . 
6. Ј.. CJ~IIIIieU:1 Ј. Иeaclou6. Чf!l• !t..!fвtr1f· ~ 
fМi!• I, 2.еа., В.r1Jiger, 18!! fie~-...-.;:;; 0И 

7. J..Grot:Ь.D41eck, Ј. D1е'84-;'м &'•ntв de G69!!tr1• a1-
16br1gp П, b1tl. Маt:Ь. I (1t)65).- ~ 

в •• fРО\ев~•: Теор•я кorouo~orвl або~~ктвых а~rебраических 
uвоrообрае•~• в сбор .. ке lё8ДУВаро~ ма~еuа~ческхl ков­
rресс в 1..-вcs .. re 1958, Гoc.••.w;.фll•.-мa~.u~., Москва 1962. 

9. Ј. • .Ьпоаоа, -'IN!"1' te··r-r•nnecк•x .!.2:UJI 
.sLt.Q. Pa1tl. I • .( t l 1 • 
м;-l'agata, 1м81 11м8,. IJL'terвc1.eace, ••• Yerk 1962 •. · 10. 

11. Р. Хе.р~схорв-;-D"'rе'Ђј)Шескаи reoue~p•я, Мир, 1/!о.сква 1981. 

Institut za matematiku 
Prirodno matematicki fakultet 
Btudentski trg 16 
11000 Beograd 

Juqoslavija 



THIRD AIGEВRAIC COН!'ERENCE 

Beograd, 3•4 Decemher 1982 

n-SUBSEМIGROUPS ОР SEМIGROUPS WITH NEUTRAL PROPERTIES 

Smile Markovski 

In the paper [1] (this volume), G.~upona give а sufficient 
condition the class of n-suЬsemigroups of semigroups belonging 
to а semigroup variety to Ье also а variety of n-semigroups. 
Here we consider some varieties of semigroups which do not sa­
tisfy the mentioned condition, but the class of their n-suЬse­
migroups are varieties of n-semigroups as well. 

1. ТНЕ VARIETY OF SEМIGROUPS Qk,i" The variety of semi­

groups Qk . is defined Ьу the semigroup identity 
.~ 

(1.1) 

where xv and у are variaЬles, k and i are integers such that 
k <!:: о , о s i s k+ 1 • 

1.1. The semigroup equality 

(1. 2) 

is ~ nontrivial identity 

xs-k+i = Yr-k+i'"""'xs = 

У о·. ·Yr 

in ok,i 

Yr· 

It follows an easy description of the free semigroup 

~А= (FA,•) in Qk,i generated Ьу the set А. Namely, FA consists 
of all nonempty sequences of elements of the set А with lengths 

not greater than k+l, and with an operation defined Ьу 

ao···ar·ar+, •.. a~ = ao···as' { 
if s s k 

a 0 •• ~a1_ 1 as-k+i •.• a 8 , if s>k. 

If С is а clas.s of semigroups, then Ьу С (n) we denote the 
class of n-semigroups which are n-subsemigroups of semigroups in 

С. (See [1].) Here we show that the class of n•semigroups 

Qk,i (n) is ,а variety, which is finitely axiomatizaЬle·. We denote 

Ьу ~.Ј the n-ary operation of the n-semigroups, and x's and y's 

are variaЬle~. 
\ 

1. 2. The\ class of n+l-semig'roups Qk . (n+1) is а variety 
,~ 

defined ~ th~ identity 
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(1.3) [х .•• х. у ... у kx ..•. xk,] = [х ••. х. z ..• 
о ~- 1 1 np- ~ о ~ -1 1 , 

• • • znq-kxi • · ·1k] 

where p,q ~ the least positive integers such that np-k ~О, 

nq-k >О. 

Proof: As а consequence of 1.1 we have that (1.3} is sa­

tisfied in any n+1-subsemigroup of а semigroup in ok . and, 
) 1 ~ 

furthermore, 

(1. 4} 

is а nontrivial identity in the variety of n-semigroups defined 

Ьу <1 · 3> iff Xo=Yot•••,xi-1=yi-1'xns-k+i=ynr-k+i'"""'xns=ynr· 

Now, let ~ = (А,[ .•• Ј> Ье а given n+1-semigroup which sa­
tisfy the identity (1.3}. We will construct а semigroup 

~~ € Ok,i such that ~ will Ье an n+1-subsemigroup of ~~. 

Let FA Ье the free semigroup in Ok . generated Ьу the set - ,~ 

А. Define а re1ation ~ in FA Ьу u=---a-~- ~---a 0 ••• amn---=v 

(u,v€FA), where а= [a0 ••• amJ in ~, and let Н= 1-Uf----1 • 
Then, the transitive extension = of ~ is а congruence on FA 

(see [~}. It is enough to show that = separates the elements 

of the set А, i.e. а,Ь€ А=> (а= Ь => а=Ь}, because in that 

case we can take А~ =~А/ •• 

An element u е F А is said to Ье irreduciЬle (reduciЬle} if 
its length is less than k+1 (bigger than k}. Using (1.4} we de­

fine а 'l?artial mapping [ ] of F А into А as follows: [ u] = а if 

u '"' а0 ••• amn in Кд. and [ а0 ••• amJ = а in ~· Note that all redu­
ciЬle elements of FA are in the domain of [ ]. 

Let u,v,wvE FA. It is easy to check this properties: 

(i} u 1- v, u is in the domain of (] -> [u] = [v]. 
(ii} uHw, ~w2 ~ ••• ~w8~v, u and v are reduciЬle, 

w1 , ••• ,w8 are irreduciЬle -> [u] = [v] • 

We will prove only the last implication. Namely, as 

w,, ••• ,w8 are irreduciЬle, we have that lw1 1 = ... = lw8 1 (mod n}, 

and so there exist wEFA such that 2lw1 1 + lwl = 1(mod n}, i.e. 
w1ww1 is in the domain of [ ], for i=l,2, ••• ,s. Thus we have: 

uHw, Н.·· Hw Hv -> u=uwuHw wuHw wwl--j ••• Hw ww s 1 1 ~ s s 
Hvww8 Hvwv = v ->[u]=[uwu]=[w1 ww 1 ]= ••• =[w8ww8]=[vwv]=[v]. 
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Now, 1et а,Ьt: А and а= Ь. Then there exist u,, •.. ,ur€ FA 

such that aHu,\---lu 2 ••• HurHь, and (i) and (ii) implies 

that а= Ь. 

2. VARIETY OF SEМIGROUPS Qk i .• Тhе variety of semigroups , , Ј 
Qk,i,j is defined Ьу the identity 

x 0 ••• Xk = Х 0 ••• х1_ 1 у1 ..• уј-,хј"""~' 

where k ~ О , О :S i < ј :S k+ 1 . 

2.1. The semigroup equa1ity 

Xo•••xs = Yo···Yr 

is an identity in the variety ok,i,j iff it is trivia1 or 

s~k, r~k and х 0=у 0 , ••• ,х1 1 =у1 ,х k+'=y k+., .•• ,x =у· 
--- - -1 s- Ј r- Ј s r 

As а consequence of 1.1 and 2.1 we obtain: 

2.2. i<j -> ok 1fl ok. = ok ..• , ,Ј ,~,Ј 

In the same manner as in 1.2 one can prove that. Qk,i,j(n) 

is а variety, i.e. we have: 

2.З. The c1ass of n+1-semigroups 0k,i,j(n+1) is а variety 

defined ~ the identity 

[xo ... xi_,Yi···Ypn-k+j-,xj ..• xk] 

= [х ... х . z .... zq k+ . х .... xk) 
о ~- 1 ~ n- Ј-, Ј 

where p,q are the 1east integers (p,q ~О) such that pn-k+j-1 ~О, 

qn-k+j-1 >О. 

З. REМARKS. 

1) We note that the c6ndition (а) of [1] is not satis­

fied in either of the varieties Qk . and Qk ... In fact, the , ,~ ,~,Ј 

condition (а) can Ье made а 1itt1e more comp1icated such that 

the above varieties are in its scope, but that wi11 not give 

the best posiЬle genera1ization. 

2) One can investigate varieties of semigroups' simi1ar 

to Qk . and Qk . . • Name1y, 1et р Ье а permutation of the set 
.~ ,~,Ј 

{0,1,2, ... ,k}, x's and y's are variaЬles, and consider the 

semigroup i.denti ties 

(З .1) 
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(3.2) x 0 ••• xk=x () ... х,(' _ 1 )у. х(' +1)""" 
р о р ~1 ~1 р ~1 ~ 

• · .xp(i -1)Yi xp(i +1) · · ·~p(k) · r r r 
Then one can prove that either of the varieties of seтigroups 

defined Ьу (3.1) or (3.2) is equal to the variety Qk М for 
,т, 

sоте т and М. (We assume that p(s) ~ s for sоте s in (3.1) .) 

Naтely, let q Ье the least integer such that p(q) ~ q, and t 

Ье the biggest integer with the property p(t) ~ t. Then we have 

т=тin{i,s} and M=тax{i,t+1} for (3.1), and т=тfn{q,i1 }, 

M=max{ir+1,t+1} for (3.2). 

З) The results of this paper are generalizations of the 

results obtained in [2] . 
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THIRD ALGEBRAIC CONFERENCE 
Beoqrad, 3-4 DecemЬer 1982 

ON ТНЕ EМВEDDING PROPERTY ОР MODELS 

~arko M1jajlov16 

О. INТRODUCTION 

In this paper we are interested in thoee olasseв of mod­
els whioh admit the embedding property (abbreviated Ьу ЕР). 
However, in moet cases we shall assume that the class is ele­
mentary. In the firвt part we state several propertieв which 
are equivalent to ЕР. In the second part we apply theee results 
to consider the amalgamation property (abbr. АР) of modelв. We 
recall that the importance of this notion arisee from the etudy 
of homogeneoue-univere8lmodele. 

Now we introduce some terminology. А firet order lan­
guage is denoted Ьу L, the language of а theory Т Ьу L(T), and 
of а model А Ьу L(A)~ If not stated otherwiвe, it is aesumed 
that L(T) is countaЫe. Universes of modele А• ~' Q, .•• are 
denoted Ьу А, В, с, ••• respectively, and the cardinal num-
ber of А Ьу А • The class of all models of а th~ory Т is de­
noted Ьу Ћt(Т). Concerning other basic notions and definitions, 
we shall use them as they are introduced, for example, in [1]. 

RoЫnson forcing (finite and infinite) will Ье one of 
the tools used here. We shall follow the notation introduoed 
in [4]. Therefore, ·C9('Yn) denotes the set of finite pieces 
(i.e. conditions) of а class of models 111.. If ! is а model 
then ~(~) stands for q;J ({!}). If ~ is а set of conditions, 
and Р€ <:s;> , then С (р) denotes the set of all new oonstant sym­
bols which appear in р, i.e. symbols in р which belong to с, 

С is the set of new constant symbols added to L, and used in 
the notion of forcing. We recall that тf denotes the finite 
forcing companion, and тF denotes the infinite forcing com­
panion (cf. [3]). 

А class of models т is said to have the embedding pro­
perty if:f for all !,_!!Е 'm there is а model Q Е: 7n in which А·~ 
are embedded. If7n= 1.n(T) and 1nhas the embedding property, 
then, Ьу definition, Т has ЕР also. 
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1.ТНЕ EMBEDDING PROPERTY 

In this part we state and prove severa1 proper~ies 
equiva1ent to ЕР. It shou1d Ье observed that most resu1ts may 
Ье simp1ified if it is assumed that Т is universa1, i.e. if 
Т= TV (Tv denotes the set of а11 universa1 consequences of Т). 
This assumption is шаdе in [баЈ, for examp1e. The theorem be-
1ow is app1ied to an arЫtrary theory in а countaЫe 1anguage. 
Каnу of the 1isted equiva1ences are known as stated in the theo­
rem, or in а simi1ar form, but having а11 of them at one р1асе 
and some new proofs as we11, might Ье of interest. 

ТНЕОRЕМ 1.1. Let Т Ье а theory in а countaЫe 1anguage. Then 
the fo11owing а~е equiva1ent: 
1. Т has ЕР. 
2. Tv has ЕР. 
3. If <f , fl are 'Е~ sentences of L, then the consistency of 

theories т + cr ' т + 'f' imp1ies the cons1stency of т + cr + 't'. 
4. The с1авв of а11 countaЫe mode1s of Т has ЕР. 
5. The с1авв of а11 f1n1te1y generated suЬmode1s of Т has ЕР. 
б. Т has ЕР for arЫtrary set of mode1s of Т, 1.е. for any 

family ,!1 , 148 I, of mode1s of Т there 1s Q \== Т 1n which 
а11 !1 'в are embedded. 

7. For each card1na1 number k, the theory Т has а k-univer­
вa1 mode1. {If А 1в а вuch а mode1, then 1t may Ье assumed 
IAI6 2k; for an-arЫtrary 1anguage L, IA\ 6 2max(k,RIJI)). 

в. For а11 cond1t1onв p,qE ~(~) 1! C(p)nc(q)=~, then 

р u qE Pem>. 
9. тf iв а oomp1ete theory. 
10. т' is а oomp1ete theory. 
11. There !в а mode1! of Т вuch that ~{71[)= GP<!>· 
12. There 1в а вuЬmode1 ! of Т euch that а11 modelв of Т are 

embedded into an e1ementary extenв1on of И· 

Proo! In severa1 caees we вhа11 use (1mp11cit1y or exp11-
cit1y) the fo11owing we11-known theorem 

{*) ! !в а mode1 of Tv iff! is а вuЬmode1 of Т. 
With thiв theorem we can tranвfer arrow-diagramв be­

tween theorieв. In that manner we obtain the fo1low1ng con­
вequence: 
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~*) I:r Т and Т' are theories ot а language L such that 
Т = Т' then Т has ЕР iff Т' has ВР. 

The proot ot this fact oan Ъе seen on the displayed 
commutative d1agru: 

A.!,Q. .,. т 
&'В' O't- Т = ,_ ,_ 
arrowe etand tor 
eшbeddinge. 

Given ,!,! 1= Т and ase'ШDiq t:tsat Т' hu Ј:Р, mode1e !' •!', .Q.' 
and embeddinge are obtained ueing ( *) and ЕР ot Т'. 

One important саве ot the application ot (.- t") is when 
the theory !' ie comp1ete, ав in thie саве Т' has ЕР. 

Ву the way, С1а1.11 ("'*) givee ue а proot ot (1..--2). Now 
we proceed to the proof ot the rest ot !heorem. 
(1~3) Aeeume (3), and 1et ,!,~ Ъе mode1e ot !, and aseume 
they cannot Ъе embedded in а mode1 ot т. Then the theory 
Т+ дА+~ is 1ncons1stent, so there are finite р1есев р(с)~~. 

q(d)6 Ав, c,d ЕО, во that T+p+q is inconsistent. We may as­
sume that tcl'••••cm1 (\{d1 , ••• ,dn1=!il. Taking f("а)=Лр, 
f("d)=Лq, we have т~ {f(~)~lf(d.)). As о,'! do not be1ong 
to L, it follows. Tl- 'l! V1 1( С((х) Л 'fl(y)). Therefore, 
Ti- 1(3'!f(!) Л 3'Y'f(y)) and !1= 3x<t'('!), И,l= 3'Y'f(y), 
contrad1ct1ng our hypothes1s. 
(4 +-+1) This equ1va1ence follows 1mmediate1y Ъу the equ1v-
a1enc е ( 1 ~ 3) and downward Lбwenhe 1m-Sko 1em the о rem. 
(5~1) Similar1y to (1~4). Observe that 1f <f is а L~ 
sentence which ho1ds on ,!, then ~ ho1ds on some f1nite1y 
generated suЪmode1 of !• 
(1-+ 6) If Т has ЕР, then obviousiy any fin1 te set of mode1s 
of Т can Ъе embedded 1nto а mode1 of Т. So 1et ,!1 , 1 Е- I, Ъе 

mode1s of Т, 1et Т' Ъе the theory wh1ch cons1sts of Т and di­
agrams Clf mode1s ,!1• As it was observed, Т' is f1n1te1y con­
s1stent, therefore, Ъу compactness argument Т' has а mode1 .Q.. 
In that mode1 all ,!1 's are embedded. 
(6~7) One may choose а co1lection of а11 nonisomorphic mod­
els of Т\ of the card1nality ~ k. 
(7 -1) \ If !_,~ are models of Т and k=max( \А\ , \В\), then !_,! 
can Ъе embedded into а k-un1versal model of Т. 
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(1 ....... 8) If р; q.; lp (m.) · then there are ;!,~ Ei 7n. such t~t the1r 
s1mp1e expans1ons А',~' sat1sfy p,q. Ву ЕР there is Q so that 
;!.~ are embedded 1nto Q. Thus, simp1e expans1ons of Q ~atisfy 
pV q. 

(8 ---.4) Assume А·~ are countab)e mode1s of Т, and 1et д .А., 

. А В Ье diagrams of А·~ respective1y, so that constant symbo1s 
1n 11л are c21 's, and 1n дв they are c21+1 's, iE~. Further, 
1et 

The~ 

I= {puq: р~ДА,q~Ав, iPUql <:.).{0 }• 

the fo11ow1ng set 1s gener1c 
G= {rE Cf('m): for some s EI, r~s}. 

То prove that assertion, 1t suffices to check the fo11owing 
QOnd1tions 

(i) р~ G and q Е: Р implies q EG. 
(ii) If p,q~G then there ex1sts rEG such that p~r and q~r. 

( 111) For each sentence <f in L U С there exists р Е G such 
that either pll-~ or pu--1'f. 

The f1rst two c1aims tr1v1a11y ho1d. То verify the third 
one, 1et <f Ье any sentence of L U С. There cannot exist condi­
tione p,q such that PII-Cf and qll-1<f, ав .otherwise р\Ј q wou1d 
force both f and 1f. Therefore, ~11-lf or ~11-ll<f, and con­
sequent1y there is sE.lf.> such that slt-'f or sll-1'f. 

Let К Ье а gener1c mode1 generated Ьу G. Then М is а mo­
de1 of тf, ~nd ав т5=Тv it follows !P•Tv• Further, 1f 8 е: дА 
then р={ 8} 1в а condit1on , р be1ongs to G and p{l- 8. Hence, 

!! ,_в and therefore ! 1в а model of АА.. Thus ;! 1s embedded 
1n !• In а вim11ar way we can prove that ~ 1s embedded in !• 
~ (*) ! is а submode1 о! Т, thus ! and ~ are embedded in а 
mode1 of т. 
(8 ~ 9) The theory тf 1s the set of а11 sentences forced Ьу 
"' во Ьу the proo! of (111) 1n (8-+4), we have ~~7<(' or 
; IJ- 71f for any вentence ср, hence l'f'E тf or 11fe тf. 
(9-+1) I! тf 1в complete then т! hав ЕР. А.в Т~=тS the im-
pl1oat1on ho1de Ъу (м*). 
(10-+1) Similar1y to the proof of (84-+1). 

(7-+ 11) Let ! Ъе an Hcгun1versa1 mode1. If р Е <f ('11t), then 
а11 sentences !rom р are true 1n some simp1e expans1on of а 
countaЬle mode1 ~ of т. Ав В is embedded 1n А, 1t to11ows that 
f\p ho1ds in а simp1e expanslon of !,1.е. реР(А) ,во Ч'(Ь)= CJ1(71l.). 
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(11 ~ 8) If О( р) n O(q)=~ then obviouв1y p,qE <?(А) implieв 
pUqeitJ>(A). -

- f (9 -12) Ав Т iв comp1ete, then for any mode1 Ј. of тf we have 
f -

Т =Th(!), hence Tv= Th(!) • Thuв, for any mode1! of Т there is 
а mode1 Q of Th(!) in which ! iв embedded • .А.в Q ~! there 1в 
~ in which А and Q are e1ementary embedded. 
(12 -.1) If all mode1в of Т are embedded into а вuЬmodel .! 
of Т then Т = Th(!) • The theory Тh(И} iв oomp1ete,•o it hав IP. 
Therefore, the 1mp11cation ho1dв Ьу ~*). 

2.ТНЕ AМALGAМATION PROP.ERTY 

А с1авв of mode1в 1JI.; iв вaid to have the ama1gamation 
property iff for all А·!& Е171. and embeddeings оС=!-!, 

(S) 

{Ъ =!- Q there iв а mode1 ~ 
and embeddings cL':!-- ~' 
(?!' :Q _,. ~ such that the dis­

played diagram commutes. 
If the c1ass of all modelв of 
а theory Т has АР, then it is 
said that Т has АР. 

Therefore, the amalgamation property of а class т.. is 
а localization of the embedding property at every model А of 
11t. This property has been studied in general cases (cf. [5а], 
[5с], [бЪ], (7], etc) as we11 as in some concrete савез (groups, 
semigroups, Boo1ean algebras, etc.). We shall make а few addi­
tional remarks. First, we observe the following fact which 
might Ъе operative in proving that some c1asses have ЕР. 

PROPOSITION 2.1. А theory Т has АР iff for every model А of 
Т and all Е~ sentences f ,У' o:f LU{~: ~EiA}, the consistency o:f 
Т+ !Ј. А+ 'f , Т+ Ал+ 1" implies the consistency o.f Т+ !Ј. л+ 'f'+ f . 

· This proposition is an immediate consequence o:f Theo­
rem 1.1. As in саве o:f ЕР some weaker assumption on e1ementary 
c1asses o:f mode1s can Ье made in order to have АР .• 

PROPOSITION 2.2. А theory Т has АР i:f:f Т has АР :for count­
aЪle models !' in diagram-(J). 
~ We \sha11 use the criteria given Ъу Proposition 2.1. Sc· 

suppose Т+ IJ. А+ 'f, Т+ AA+'f' are ~onsistent theories, where А~~. 
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Assume that Т+ А. А+ f+ 'У is inconsistent.Then ther.e i~ Z S: АА 
such that T+'Z+'f +lf is inconsistent. Let !'-<.! Ье such that 
!' contains all a's which occur in 1:, and {A'I~}l0 .\\ Then 

Т+ AA,+Cf+'f is inconsistent, contradicting the· fact that А.' 
is countaЫe, and that theories Т+ А А.+ ср, Т+ ДА,+ '1' are con-

sistent. 
Example 2.3. Amalgamation of Boolean algebras. 

We show that the class of Вoolean algebras has АР Ьу 
use of the technique considered in the paper. The main tool 
wil~ Ье the crlteria given Ьу Proposition 2.1. So let ~ Ье а 
Вoolean algebra, and assume Т+АА+~, Т+ AA+f are consistent 
theories, where т is the theory of Вoolean algebras, and 'f , r 
:Ј:е ~l sentences. Let ~~ АА Ье а finite set and ~S! subal­
gebra generated Ьу elements with names in L U {'f,'f}. Further, 
let D,C Ье finite Boolean algebras so that ~ s:Q and ~ !:;~, and 

- - Q F= Т+ 1: + f ' bl. ~ Т+ I:+ 'f' • 
As bl_,Q are finite Boolean algebras, there are embeddings 

~:Q- S'l, ~:Ы, __. )t, where fL is а countaЫe atomless Boole­
an algebra. If Ј...', ~~ are restrictions of Ј..,~ respectively, 
then Ьу the homogene 1 ty of Sl ( v. в • (5Ь) ) there is 1').. Е Aut 5l s о 
that ~.о о:А.'= Ј.... Thuв, for воmе eimple expanвion S"'l' of Л. we 

have Sl.'PТ+Z'+'f+'f. Hence Т+ дA+'f+'f' is finitely conвiвtent. 

In воmе савев it is роsвiЫе to tranefer the diagram 
! А! ~ Q into воmе other claee of modele, to complete there 
and to transfer back to the original clasв. This situation ie 
described best in the language of categories. Ву an elementary 
category of modelв we mean а category ~во that ОЬ(~)= ~(Т) 
for some theory Т, and morphiems of ~ are all embeddings be­
models of ~Т). If Т hae АР then we shall say that ~ hав АР 
also. The terminology we вhall use iв according to (2]. 

А uniform transfer of diagrame between categotiee ex­
iets if some universal conвtructions are given. Thie ie the 
content of the following aввertion. 

ТНЕОRЕК 2.4. Let "'~ Ье elementary categorieв of models. 
Asвume that Је is subordinate to~, i.e. there is а faithful 
tunctor 1: Ј(--,.~ • Further, aвeume that there is а un1vereal 
functor U under the repreвentation F of the category~ in ЈС 
given Ьу F(!!,!)= Hom(L,iA), F('f,J.. ):·} .,.__. (ic()}f, Lf:Ob(~), 
! са ОЬ( Х) • Then we have: if Х hae АР then de. hав АР aleo. 
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Proof If L~~ let (UL,fL) Ье the corresponding universal 
pair. Then Ьу definition of а universal pair, for each 
.:! :L ---Фil there is J':!UL--+ il во that the displayed dia­
gram commutes. 

L ~L 1U 

J;t~ 
!А 

L 
Therefore, 1f !,_!!,Q. & ОЬ(,:е) 

and 'f:! -+,!!, 'f:! -+Q., 
then Ьу the universality of 
U we have the following oom-
mutative diagrams: 

D Е ОЬ(.1() 

The right amalgam. exists Ьу the assumption that :Х has 
АР. Using functor i we can transfer that diagram into the cat­
egory :Ј; • 

The previous theorem may Ье applied in many situations. 
The most important ca.se is when the functor i is forgetful. It 
means that it assoc.iates to each _!Е:Х а reduct of that model. 

Example 2. 5. Let 'Ј( · Ье the elementary са tegory of Boolean 
algebras and let ~ Ье the elementary category of distribu­
tive lattices with end-points. If i:X-:1:. is the forgetful 
functor, then the representation of ~ in Ј( in the above 
Theorem has а universal functor U. For each distributive lat­
tice L, the object UL is the least Вoolean algebra in which L 
is embedded. It is well known that such а Boolean algebra ex­
ists (it is easily constructed Ьу the use of Stone represen­
tation theorem for distributive lattices). Therefore, the class 
of distributive lattices has АР. 
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(Ji r;?"l -S!В.Ј.ИВ . .AND (n,m) -G1П1ЮПВ 

l"'ixto Љlonijo 

о. I.et Q Ъе а nonvoi.d. веt, n 8J.Xl ш. positive iпtegers 8J.Xl 

f:r.f- ~ • 'l'hen Q(f) is an [n,m] -groupoi.d.. !lhe caџment opere.tians 

of f are n-вry operatioпs rl'r2 , ••• ,fm:r;f- Q defU!ed. Ьу tЬе 

equivaleooe 

r(,_, •.. ,:xn). (уl' ••• ,уш.)<==> (ViE.(1, ••• ,m1) 

yi- fi(Xl,•••t:xn) 

ani w write f • (fl'f2 , ••• ,~). Q(f) wil1 Ъе called proper tn,m]­

groupoid. if n,m,IQ\ ~ 2 ho1d. 

An [n,m] -groupoid. Q(f) is sa.id to Ъе [n,m] -quasigroup (multi­

quasigroup) ((2], [3)) iff it has the foJJ.owiDg property: for ецу :rrtup1e 

( а1 , ••• ,еъ_) е. r.f ani ацу i.Djection "1' :N:ri. - Nn+m , Nn • { 1, ••• ,n} , the:re 

is а unique (n+m.)-tup).e (~, ••• _,ьn+m) € r- suah tьat 'Ь.r(i) • ai , for 

i = 1,2, ••• ,n and r(ь1 , ••• ,ьn) • (ьn+1 , ••• ,ьn+m.) • 

1. An [n,m1 -groupoid Q(f) is вaid to Ъе totaЦy s;vпmetric (Ьrief]y 

'.IВ) iff for ацr pennutatio;з- "f on Nn+m and for all ХЈ.., ••• ,xn+m. Е: Q the 

equality f(x1 , ••• ,Xn_) = (~1, ••• ,xn+m) implies f(Lp(l) , ••• 'X-y(n)) .. 

= (~n+l) , ••• ,~n+m.)), (cf. (8]). OЬvious]y, the components of а m­
[n,m) --grohpoid are '1В : Мoreover, it is.easy to see that ацу Ш-(n,m]­

groupoid is ,~ multiquasigroup. Вut if Q(f) is а Ш-tn,m 1 -quasigroup , 

then 1 Q \ = i , which was proved in (81 , Corollary 2.2. '.Љerefore, w intro­

duce the mtion of weak total syпmetry Ьу the foll~ definition: 
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An tn,m) ....group>id Q(f) is said to Ъе weak1y totally syпmetric 

(Ьrie.f']y VllБ) iff г11 its COJII.POМilts are tota.].ђ' Ц}'lllllletric. 

Now we sh8ll 1ist scne oЬvious facts for 'WIБ - [n,m) -groupoids: 

1.1. If IQ\ • 1 , then arq (n,m) -groupoid Q(f) is а 'WIБ - (n,m)­

quas:igroup. 

1.2. An (1,mJ -groupoid Q(f) , f • (fl' ••• ,fm) , is WЈБ iff г11 fi , 
-1 

i • 1, ••• ,m, are peпmztations aDd fi • fi • 

Неnсе, WЈБ -t1,m) -groupoid is an H,ml -quasigroup. 

2. lor an tn,m1 -groupoid Q(f) , ·r = (r1 , ••• ,fm), am an n"' р 8rrв:f 

Х. (~ј) an Q we define an m х. р ar.re;y Cf(X) • (:yij) , Ъу 

Yij • fi(Xlj' ~ј'"""'~) ' 

i •1, ••• ,m, ј •1, ••• ,р (cf. (?1). 

ADa1.ogous];y, for an r "' n ar.re;y Х • (~ј) an Q we define an r 1<. m 

a:rre;r Rf(X) • ( sij) Ъу 

zij • fi~, ~' ... ,Хш_) , 
1 

i • 1, ••• ,r , ј • 1, ••• , m • 

An [.n,m] -groupoid. Q(f) is said to Ье b:l..s;yшьrзtric iff far arq peпmztatian 

"1' on !'Ъ "' ~ am rar в11 n • n s.rжe;ys Х • (~) holds 

Cl-f(X) • C~f(X '1') , 

:1' :'f 
...... Ј: • (~) • (:z:1'(i,j)). 

~, tье OCJIPX+"•La of а bisJuьettic (n,m)-groupoid are bis;yПIIII!Itr:ic. 

tn,пa -
grcцJOid. doee mt .follow. ~, w hlmt th8 .fo~ ехаар1е: 
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2.1. Ехвmр1е. IA!Jt Ье Q ·{~, ~, ~, ••• ], \Q\)_, 3 and 

for :1].. ~, 22. ~ •..•• ~. ~ 

oth8rwise • 

SiDce Ct R:r (Х) • ~ , Cf R:r (Х) • ~ , for all n м. n 8r1'fi\YВ Х , 
1 1 2 2 

it followв tьat Q(r1) and Q(r2) ere Ьis;yJIID8tr1c n-groupoids. :ror ацу 
m-2 bi.s;y:tiiiWtric n-groupoid. operations r3, ••• ,:f'11 on Q , Q(:f') , f' • 

• (r1 ,:r2 , ••• ,rm) , is а nan-Ы.s;yldlll!ttric tn,иa) -groupoid. with Ьie;ylaetric 

ССЈD.РОП8П\iв. Namely, 

for 

crRr (х). r1(~,~, ••• ,~). ~ , 
1 2 

crR:r (Хт) • f'1(~, ~, ••• , ~) • а3' 
1 2 

for i • 1 , ј • 2, ••• ,n 

otherwi.se • 

At the same wву, we have shown that there are such Ыs;yшwetri.c n-groupoid.s 

which are not caпnutative. Вut it does mt Ьold for n-quasigroups. 

2~2. НIOE(EIТ!Cil. ! bispnetrio ·multiguasipjroup is COIIIIIUtative. 

~- OЬviousJ.y, ап:r (1,m}-groupoid is bisyпвetric am cailшxtative. Iet 

Q(f) Ье а bis;ynmetric [n,m1 -quasigroup, n');. 2 • For xl'••• ,:xn_ Е Q аМ 

а penmxta.tion '1' on Nn , put Х • (:xu) , У • (yu) , 1ihere :ХЗ.v • Жv ' 
Ylv = X:,.(v), for v = 1, ••• ,n , am xuv = Yuv , for u'"' 2, ••• ,n , v • 

= l, ••• ,n • Since C/ir(X) = C/i:r(Y) , it followв 
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f1(rj(XIl,xt2,•••tXin),fj(~,~, ••• ,~), ••• ,fj(XЬl,xn2, ••• ,~)) = 

= ri <ri;rn '"12' ••• ,;rln) ,ri;r2l '"22' ••. ,;r2n)' •.• ,ri"ш '"n2' ••• ,;r~)) 
i.e. 

fi(fiXJ. ,Х2, ••• ,~) ,fi~ ,~,··· ,X2n) , ••• ,fiXЬl'~'··· ,::znn)) .. 

• fi(fix"t'(1)' x"f(2) , ••• ,x"f(n)) ,fi~ ,~,··· ,X2n) , ••• ,fixnl '~' ••• ,::znn), 

for i,j "' 1, ••• ,m. Вu:t Q(r1) is an n-qua.sigroup, whi.ch :i.mp1ies 

fiXJ.,X2t••·t~) • fj(x\'(1) '~(2) , ••• ,~(n)) 

ani there!ore Q(f) is CCIIIIIIUtative. 

Sime there is no prope:r cam:utative multiquasigroup, we Ьаvе the fo1-

1owiDg corollar,y: 

2.3. <XIIOLIARY. Е2!: n,m, \Q\~2 , ~ bis;ymetric \:.n,m) -guasip;roup ~ 

Eet exist. 

3. In [4] а :ootion of <fk+"1-syвtem. was introd.uced, inspired Ьу certa:in 

geaDetri.cal пюd.els. <fk+" 1-syвtem is defined as а total]y s;yпmet:ric ani 

Ъis3Diaetric ~id (Cf.(5)). Тhere!are, if Q(f) is а <fk+"1-syвtem, 

then there are an aЪe1ian group Q( +) ani w ~ Q , вuch tьa.t f(X]_, ••• ,~) .. 
n 

•- L ~+w , far all ХЈ., ••• ,~ е. Q ((41,[5l,t61) • 
1•1 

~ iпto accaunt the previous defini.tions ani results, weak1y total­

l;r e;yiDitric snd bi.s;yПIII8tric (Ш1.е!lу 1ЈЈБВ) (n,m1 -groupoids are naturвl 

geD!П"8lizatian of cfk+"1-syвtems. Jor \Q 1 • 1 , ацу (n,m) -groupoid is 1ЈЈБВ, 

8JXi !ar n • 1, ацr WЈВ -(1,m1-groupoid is Ъis;yшlletric. Jor n, 1 Q \ ~ 2 

w Ьаvе tье !о~ proposition 

3.1. ИООЗIТ:IСИ. ~ [n,m] -1!ji'O!.Ч?Oid Q_(f) , n,\Q\~2 , f • (!1, ••• ,~) , 

is ~ Ш ~.!!:!,!а aЬelian ~ Q( +) _!!!! w1 Е: Q , 1 • 1, ••• ,m , 

euch~ 
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.й!:.!Ц. i. 1, ••• ,. • 

~· :ror • • 1 tье вLaiA••t is true (t41,t51,(6]). 'Jћ8Nto:re, let Ье 

-~2. 

Вeceuiq. 8Шс8 Q(.t1), Q(.t1) , i • 2, ••• ,. , are в- D- groupoida, 

thmt are a'ЬeliJas grcq~& Q( +) , Q( <В ) 8ld w, т е Q IIJCh tьat 

r1 (:хз_' ••• ,~) • -<:хз_ + •• -~> + " 

ri (:хз_' ••• ,~) • е (:хз_ (±) ••• (i) rь><t> т 

.tor 8ll :хз_, ••• ,~Е. Q • Iet e,.t Е. Q Ье tь8 И1.'08 o.t Q( +) , Q( G)) 

" rupecti:ve:q. J'or an n~ n 81'Ж'8\УВ Х • <xt;,> , Х • (yij) 8UCh tьat 

::XU • Yn • -:х: ' ~ • У12 • -у ' X':l2 • Ж;п. • У21 • У22 • " ' 8 ~ • 
• Yij • е oth8t'wise, Where х, ;т G. Q , w get 

С R .t1 r1(X) • .t1(x,y,w, ••• ,w) • 

•E>(xФ;r<i>wG> ••• CCE)w)~v , 

cr R.t (х""') • r1(~,-w,w, ••• ,w) • 
i 1 

-е ((x+;rt-w) G> (-w) G> wG> ••• @w) (Ј) v • 

Bince Q(.t) 

.tore 

x(t)y = (~) <i>(-w) • 

Неосе х. :x:(±)f. (X!!-.t'+w)(!) (-W) ' 1иp]Jing 

i.e. 

(~) G) (-w) • ((xG)y) + f + w)<%> (-w) , 

х@ у - :x:+y-f • 

fi(:;_, ••• ,~) • -(:;_+ ••• ~) + u ' 
\ 

1ihere u=n\· f+v. 
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Sufficiency. Iet . Q( +) Ъе an aЬelian @;roup, ·w1 е. Q , i = 1, ••• ~ , 8IId. 

\ 
ric,_, ••• ,~) • -<:хз.+···~> + vi 

i • 1, ••• ,m. !l!:l8n Q(f) , f • (fl' ••• ,fm.) is У.1Б 8Di it is bis;yDIDetr.l.c, 

ь.с.uве 

n 

or.Rr (Х) • L 1m - n ·• wj + wi 
~ ј k,Ь.1 

for. tЩf n ЈС. n 8:rrrq Х • (1m) 8Di all i,j • 1, ••• ,а • . 
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EMBEDDING OF А RING IN А RING WITH UNITY 

Slavisa в. Pre§ic 

1. As it is иell knoиn an arbitrary ring R without unity c.an 

Ье emћedded in а rillg S with unity. Namely, if we 

and. defir1e addi tion and mul tiplic.ation as follows 

(1) 
(a,i) + (Ь,ј) = (a+b,i+j) 

(a,i) (Ь,ј) = (ab+ib+ja,ij) 

take S=RxZ 

\'/е ob·tain such а ring s. По\·теvеr, tћis construction is not !!_­

productive, for if ·the ring n already has а unity, е say, then 

the ring S is 11ot isomorpl1ic to R. In this paper we state one 

repr~ductive construction lJ;}' \•Thich any ring can Ье embedded in 

а ring \\li th uni ty. 

2. No\'T let R Ье а given ring. Ring axioms can Ье expressed as 

follo\'/S 

Х+У У+Х 

(x+y)+z X+(y+z) (x·y)•z x•(y.z) 
(2) 

Х+О х 

Х+(-х) о 

x•(y+z) = x•y+x•z, (y+z)·x = y·X+Z•x 

These axioms are in tће laпguage IJ = { +, , -, О ј. Supose now that_ 

there .is at least one ordered pair (a,i), where aER, i~Z such 

that the equalities 

(3) а-х = ix, х·а = ix 

hold for any хс:;Н. Sucll pairs (a,i) 'ilill Ье called pre-characte­

ristic. Le·t Р Ье the se·t of all pre-charac.teristic pairs. 

Obviously the implication 

(а1 , i 1 )€P, (a2 ,i2)~P ~(k1 а1 +k2a2 ,k1 i 1 +k2i 2)QP 

(kl'k2e.z) 

is true. Consequeнtly there are pairs (а, 'Л) Е: Р, Л~О whose num­

ber Л is the sinallest one. Such pairs (а, Л) will Ье called 

characterist\ic. 
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Any t\'10 c11aracteristic pai:cs (а1 , .>. 1 ), (а2 , Л 2 ) must I1ave the 

same numbers .>.1 , .>.2 • I3esides tl1at if (а, л) is а cl1aracteristic 

pair and А is an annihi1ator1 ) of the ring R then ' 

- any characteristic pair is of the form ( a+n, ,;>. ) \V'i th n'" А 

- ану pre-characteristic pair is of the form (ka+n,k >.) \'lith 

nc=A, k'"Z 

Tlle нotion of cl1aracteristic pairs inc1udes that of uпi ty, clш­

racteristic апd zero e1emюyl;s .of а ring. Namely, if а cћal'acte­

ristic pair is one of tlle form 

(О, Л), (а,1), (а,о) 

theн )\ is the cћaracteris·tic, а is а uni ty of R апd а is ari 

e1emeнt of А, respectively. 

For instance, 1et R Ье the riпg determined Ьу the taЬles 

(4-) ~_Q_. r 
О r 

r О 

о 

r 

О r 

о о 

о о 

This ring has two characteristic pairs 

(5) (r,2), (0,2) 

The number 2 is tће caracteristic of this ring. 

3. Now we are going to state our cons·t;ruction. I,et е рЁ. Н Ье а 

ne\'1 e1ement and 1et Term (Н,е) denote the set of all terms bui-

1t up Ьу е, e1ements of Н and symbo1s +, •, -, i.e. 'l'erm (Н,е) 

is the sma11est sot satisfying the following conditions 

RcTerm (R,e), eeTerm (R,e) 

х,у ~ 'l'erm(R,e) -. (::с+у), (х• у), -х c=тerm(R,e) 

In connection \'ti th i t let 

(б) ( 2 )'l'erm(R,e) 

Ье the set of all formulas which one obtains from the axioms 

(2) Ьу replacing the variaЬles ::c,y,z Ьу members of Term (Н,е) 

in all possiЬle ways. 

Finally let ~ Ье the union of the set (б) and the set of а11 
formulas of the follo\'ting forms 

(i) a+b=res(a+b), a•b=res(a·b), -а•rев(-а) 

(а,ь ~ R) 

(7)(ii) ~Ь (а and Ь are different elements of R) 

~~(._i_ii) х•е=х, е.х .. х (xETerm (R,e)) 

l) i.e. the set of all nен such that (\txE.R)nx=xn=O 
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The symbo1 ~ io а shor·t; form of the word resul t, so for inst­

ance res (а+Ь) represents that e1ement с ER whicћ is equa1 to 

a+h and sirnilar1y. 

As а matter of fact, the oet (i)u(ii) is 1ogica1ly equiva1ent 

to the diagr~n of n. It io c1ear that any mode1 М of ~ , whose 

e1ements are some elements of Term (R,e), determines а certain 

rinr; S \>тhicll llas the uni ty с and contains the ring R as а sub­

riпr~. As а matter of :fact such а model М is generated Ьу R and 

е. 

In ordcr to simp1ity the condidtio11s 'f we first derive some 

1o:~:ical conse<1.uenees of '.1' • So, i t is easy to conclude that еа­

сћ t е 'i.'erm (R, с) is equo.1 to one of the terms of tће form1 ) 

(8) а+ ie (a&R, i4ii.Z) 

About tћese terms one can easi1y prove the tol1owing equa1ities 

(a+ie) + (Ь+је) res(a+b) + (res(i+j))e 

(9) (a+ie) • (Ь+је) res(aЬ+ib+ja) + (res(i~))e 
-(a+ie) res(-a) + (res(-i))e 

(lO) а + Ое = а, О + 1е .. е 

Deonote Ьу g: 1 tbe union 7(i) v 7(ii) v (9) u (10). 'l'his set of 

formulas, as \·le have remarked, is а 1ogica1 censequence of the 

set З:, i.e. ·t;he implication g:-~q:-1 is valid. It is importa­

nt that the converse imp1ication g: 1 -=+ !F is a1so true. 

Indeed, if t is any e1ement of 'l.'erm (R,e) then using (9) u (10) 

one conc1udes ·t;llat t is equa1 to some term of the form (8). 

Co11seqen·t;1y to prove riщ~ axioms (2) and the formu1a х•е=х it 

suffices to prove this ш1der ~ssumption x,y,z are terms of the 

form ( 8). So, fоз:· instaпce, \'/е ћаvе 

х•е (a-J·ie)•e = (a+ie)•(0+1e) 

= res(a•O+i0+1a) + (res(i•1))e 

= а + ie = х 
and tће formula х•е=х is proved. Tl1e ring axioms (6) can Ье pro­

ved simi1arly. 

In suc11 а \vay oux· рх•оЫеm is reduced to tће proЬlem ofr constru­

ctiщ_~ mode;J..s o.f ·t;ће set g: 1 (more precizely said, of those 

modeJ.s whiдћ are gencratecl. Ьу R and е). 

l)It is sup~osed Ьу convention tћat the terms Ое, 1е, 2е, ••• , 
(-l)e, (-2)е, •.• stand fщ' о,е,(е+е), ••• ,-е,-(е+е), ••• , 
respectively. 
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Such а model, in fact tће ring S determined Ьу (1) at the very 
' ber;inning, can Ье described as f.o11ows. Let ,....., Ье the \equiva-

1ence re1ation of the set Н v (HxZ) whose c1asses eitheд:" are 

sing1etons of the fo;r>m t (х 1 i) } where х E.R, i Е Z, i ~ \)7 or are 

two- ·elemeнt sets of tl1e form {х, (х,о)} where xe.R. For sake 

of simp1icity \'le sha11 denote c1asses short1y Ьу (x,i), wl1ere 

хЕ: R, i Е z. According1y to (9), (10) 1 the operations +, •, -, 

о, е are defiпed Ьу, 

(a,i) + (Ь,ј) 
(o.,i) • (Ь,ј) 

- (a,i)_ 

о (о,о), 

(res(a+b),res(i+j)) 

(res(a•b+ib+ja), res(i•j) 

(res(-a), res(-i)) 

е = (0 1 1) 

We denote t11is mode1 оу li А Z. Iп i t any two differen·l; pairs 

( а1 , i 1 ), ( а2 , i 2 ) are different elements of Б. ь. Z. Iп otћer 

t'lords this ring satis.fies tl1e fol1owing equiva1ence 1 ) 

а1 + i 1 е = а2 + i 1 е *='Ј> а1 = а2 , i 1 = i 2 

However, ifi any other mode1 М of r 1 some equa1ities of the 

form 

(11) а1 + i 1e = а2 + i 2e with (a1 ,i1 ) ј (a2,i2) 

may ho1d. Consequen·t;1y such а mode1 И is а certain hoшomorphic 

image of R А Z, i. е. N is, up to the isoшorphism, of the form 

ПА Z /_ 

where ,..., is some congrueпce re1ation of R 4 Z which separates tl1e 

set Н, i.e. satisf.ies tlle condition 

(12) х,уЕ П, х-у ~ Х = у 

We describe now а11 such congruence re1ations. l·et r Ье а bina­

ry re1ation of the set R А Z and denote Ьу r the corresponding 

вma11est coщJ;ruence re1ation of the ring R А Z, which contains 

the re1ation r анd separateв the set R, if such а re1ation r 

exists. 

If (a1 ,i1)r (a2 ,i2) i.e. (a1+i1e) r (a2+i2e) then we have 

res (а1+(-а2 )) r (res(i1+(-i2))e which for some аЕ'=Н, ieZ,i~O 

yields 

о. r i е 

l) Any element (a,i) Е. R AZ can Ье expressed in tl1e form a+ie. 
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Consider all suc11 pairs (a,i) and denote Ьу .>1 the smallest i. 

Because of (12) the correspo11ding e1ement .! must a1so Ье unique. 

Denote no111 Ьу r' the re1ation de.fined Ьу the set {(а ,о), (О, Jl) Ј. 
It is easy ·!;о prove tће equa1i ty 

r' • r 
i.e. r may Ье rep1aced Ьу r'. 

In such а 111ау in the sеqшэ1 we can con.fine our attention to the 
conr;ruence relations r r·:oш~rating Ьу the re1ationв r of the 
form 

t (а, О) , (О , Л) Ј 
\·тi·l;ћ some fixed а Е n, х.; Z, .Л~ о. '11he proЫem iз \·тћ\311 such· а 
re1ation r separates tће set n. If )1 is. О ther1 obviouв1y а mu­

st Ье О as well. About the other cases we have ti1e following 

lemma. 

LЕММА. The coagruence re1ation r 5enerated Зl ~ re1ation ~ 

~~ 
{Са,О), (О,Л) Ј (a•R, Ле.Z) 

with Л> О separates ~ ~ R if. ~ on1y if. ~ pair (а, )\) 

~ .! pre-characteris·l;ic pair .Q! the ring R. 

Proof. On1y if-part. If r separates R then from а rЛе mu1ti­

p1yiпg Ьу х Е R one о btains 

8ОС r :Л х, Х• а r Л Х 
Hence Ьу ( 12) if fЬ11ows tha·l; 

~~= Лх, :х;а= Лх (х Е: R) 

i.e. (а, Л) is а pre-characteristic pair. 

If - part. Tl1e re1ation r satisi'yies the condi tion 

а r л е 

For that reason any х1 + i 1ei=H6Z is equiva1ent (i.e. is in 

the re1ation r) to some e1ement of the form 
х + ie 

where х Е: Н, О ~ i ~ Л -1. Addi tiona11y for such e1ements i t can 

Ье easi1y proved the fo11owing equiva1ences , 

(13) 

[(x+ie)+(y+je)] r [res(x+y+(q(i+j) )a)+(r( i+j) )е] 
((X+ie) • (у+је)] r (res(xy+iy+jX+( q(i• ј) )a)+(r(i• ј)) е] 

-(x+ie) r [res(-x+(q(-i))a)+(r(-i))e] 
0+1е r е 

· (x,yt:H,O "i,j~}l-1) 
x+Qe r ~, 
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where q(т), r.·(т) with т e.Z denote the quotient and the rest of 

di viding т Ьу )1 • 

According;t.y to (13) we define an a1gebra R AL, where :t : = 

= {О, ••• , )\ -1} , as fо11ошз. Siтi1ar1y to the defini tion of 

R А Z the set R А L consists of e1eтents of the form (х, i), 'l'lhere 

х €: R, i Е L . and addi tionally the equa1i ties 

(х,о) = х (х E.R) 

are supposed. Operations +, • , -, О, е are defined Ьу 1 

(x,i)+(y,j) = (res(x+y+(q(i+j))a), r(i+j)) 

( 1Ц.) (x,i)•(y,j) = (res(x;;'+iy+,jX+(q(i•j))a, r(i•j)) 
.(x,i) = (res(-x+(q(-i))a, r(-i)) 

о = (о,о), е = (0,1) 
- (x,y~R,O !:i,j ~Л-1) 

Essentia11y using the assumption 

(:Џх€:n)(ах = )1 х л ха = Л х) 
it is not difficu1t to prove that the a1gebra R AL is а ring 

with the unity (0,1) and that the ring R is its subring, Just 

on the ground of tllat fact it follows that the re1ation r sepa­

rates the set R which cot.1pletes the proof. 
Fina11y we can describe our construction. Denote Ьу ~~ the 

c1ass of all rings Nith а unity е which contains the ring R as 

а subring and which are generated Ьу R and е, The ring R д Z is 

а тетЬеr of that c1ass. This ring ~ а maximal тетЬеr of the 

c1ass ~е in the sense that any other тember of that c1ass is 

some hoтorphich iтa.ge of R А Z. Besides R А Z any member of 2е 

is а ring of the form 

n .o1.L 
constructed on tlte proof of the 1emma. Each such an e1ement 

corresponds to воте pre-cl1aracteristic pair (а, А). The miniтa1 

e1eтents of the c1ass ~е are determined Ьу the corresponding 
characteristic pairs. 

For instance, the ring n given Ьу (~) has two characteristic 

pairв (5) and therefore tћere are juвt two тinimal e1ementв of 

the corresponding с1авs Ј • One of them iв the we11-known ring . е 
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А NОТЕ ON NORМED DIRECТED 

МULTIGRAPHS AND UNARY ALGEBRAS 

A.Samard~iski, N.Celakoski 

А class of normed directed rnultigraphs derived Ьу unars 
or associated to K-unars is considered in this note with an 
airn to .,translate" sorne notions and results on unary algebras 
frorn the paper [1] in terrns of rnultigraphs. 

Let А Ье а nonernpty set and a~AxNxA, where N is the set 

of positive integers. The pair ~ = (А; а) is called а ~Q~g 
9!~~2~~9 ШУ1~!9~2Еh· Any elernent of А is called а у~~~~~ and 
(а,n,Ь) Е. а an 2~2 of ':)L. The positive integer n is called 

the ~Q~,the elernent а - the beginning and Ь - the end of the 

arc (a,n,b). Any sequence 

(a,n 1 ,а 1 ), (а 1 ,n 2 ,a 2 ), ••• , (ak_ 1 ,nk,b') Е а 

is called а E.!!~h of а to Ь, which we denote Ьу (a,n 1 , ••• ,nk,b), 

and the surn n 1 + .•. +nk'is called the 1~~9~h of the path. А path 

with the length n will Ье denoted Ьу Пn or rnore precisely а~ 

if it starts frorn а vertex а. (Note that а path is not deterrni­

ned uniquely Ьу the syrnЬols (a,n 1 , ••• ,nk,b) or апn.) 

We are interested in special norrned directed rnultigraphs 

which could Ье derived frorn the graph of а transforrnation, i.e. 

frorn а unar. 

Let (B;f) Ье а unar (i.e •. f:xl-+ f(x) is а transforrnation 

of В) and let К Ье а nonernpty subset of N· If А0 is а nonernpty 

subset of В, and if 

i=O, 1, 2, ••• ; А= U Ai, 
i~O 

then we can construct а norrned directed rnultigraph (А;а) in 

the following way 

(a,n,b) Е а <=> nE К and Ь = fn(a). ( 1) 

Then we say' that (А;а) is а K-2Ye9~2Eh of the unar (B;f) gene­
rated Ьу А0 , 
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It is easy to show that: 

PROPOSITION 1. If а normed directed multigraph (A.fa.} is а 

K-suЬgraph of ~ unar, then the following propositions hold: 

М1. а. h АхКхА. 

М2. ( Va Е. А} ( V' n Е К} ( 3 Ь Е. А} (a,n,b} Е а.. 

МЗ. If two paths with the same length start from ~ ver­

tex а, then they terminate in the same vertex Ь. 

М4. Let аП , аП + , ЬП and ЬП + Ье paths in (А;а.). If --- m m р n --- n р -- --
аП and ЬП terrninate in the same vertex с, and аП + termi-m --- n -- --- ---- --- m р -----
nates in ~ vertex d, then there is ~ path ЬПn+р with. end d 

(Fig. 1}. 0 

Fig. 1 

PROPOSITION 2. Each of the propositions Mi (i=2,З} is 

independent of the others. 

М1 is independent of М2, МЗ, М4 if and only if К :f N-

M4 is independent of М1, М2, МЗ if and only if the least 

element k 0 of К is not ~ divisor of all the elements of К. 

Proof. Below we give four examples of multigraphs (А;а. 1 }, 

(А;а 2 }, (А;а 3 }, (А;а4 } such that (А;а1 } does not satisfy the 

proposition Mi, although it satisfies Мј for any ј :f i. 

1} Clearly, if К N, then М1 is satisfied. Assume that 

!!ICKCN. Let (A;f} Ье а unar and define а 1 Ьу 

(а, n, Ь} е а 1 <=-> fn (а} = Ь & n е N • 

Then the multigraph (А; а 1 } has the properties М2-М4 and does 
not have М1. 

2} А :f 1!1, к :f ф, а ф. 
2 

З} А :f 1!1, к :f ф, а 
э 

АхКхА. 
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4) Let а normed directed multigraph (А;а) satisfy Ml, М2 

and МЗ, and let k 0 , the least element of К, Ье а div~sor of 

any element of К. If (a,n,c) is an arc and if n=k0 s, then the­

re exists а path (a,k0 , ••• ,k0 ,c). Thus, any path (a,n,, ..• ,n ,с) 
~ р 

s 
can Ье replaced Ьу а path (a,k0 , ••• ,k0 ,c) with the same length 

s 
as the given one. If (a,k0 , ••• ,k 0 ,c), (b,k 0 , ••• ,k 0 ,c) and if 

~ .:.____,----
8 t 

(a,k 0 , ••• ,k 0 , k 0 , ••• ,k 0 ,d), 
~ ~ 

s r 

paths, then (c,k 0 , ••• ,k 0 ,d), (c,k 0 , ••• ,k 0 ,d') are also paths 
~ ~ 

r r 

and this, Ьу МЗ, implies that d=d'. Thus, М4 is satisfied. 

Assume now that there is an element of К which is not 

di visiЫe Ьу k 0 , and let m € К Ье the least such а numЬer. Let 

А={а,Ь,с} and let а,.~АхКхА Ье defined in the following way: 

а,.= {(x,n,a) lxE{a,b},nEK}U{(c,n,a) ln€K\{m}}U{(c,m,b)}. 

It is easy to show that (А;а,.) satisfies Ml,M2 and МЗ. Now, we 

will show that М4 does not hold. Let m=qko+r, q>O, 0<r<k 0 • 

Then: 

(c,k0 , ••• ,k 0 ,а), 
..._____"__Ј 

q 

(a,m,a), (c,m,b) 

are paths; moreover, (a,m,a), (b,m,a) and (c,m,b) are the uni­

que paths with length m. О 

А normed directed multigraph (А;а) is called а К-gЕ~ЕЦ if 

!2\ с К~ N is such that Ml ,М2 and МЗ hold. 

The proposition М4 for а K-graph can Ье stated (because of 

МЗ) in the following way: 

М4'. Let ~ path,aПm and .i! path ЬПn terminate in the §!!!§. 

vertex с. If ~ Eath anm+p terminates in ~ vertex d, then any 

~th ьпn+р terminates in d. 

The notion of а K-graph is closely connected with the no­

tion of а K-unar ( [1]) as we will see below. 

Let А l;>e а nonempty set and !2\ С К~ N. I f а mapping 

(n,a) >-+ na :f.rom КхА into А is defined such that 
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(2) 
( "it х€ А) n1 (n2 ( ••• (n (n х)) ... )) = rn (rn2 ••• (rn (rn х)) •.. )) , r-1 r 1 s-1 s 

then we say that а structure of K-unar is built on А, i.e. 

that (А;К) is а к-~Ц~f· (This notion is defined in [1], where 
it is written a[n] instead of na.) 

PROPOSITION З. If (А;а) is ~ K-graph and if ~ rnapping 

(n,a) н- na is defined ~ 

Ь = na < > (a,n,b) Е: а, 

then we obtain ~ K-unar (А;К) • 

(З) 

Conversely, if ~ к-~ (А;К) is, given, and if а is defi­

ned ~ {З), then· (А;а). i~ ~ K-graph. О 

All the propositions whicћ will Ье stated below are "trans­

lations" of corresponding propositions for к-unars. 

PROPOSITION 4. Every K-graph is ~ K-subgraph of ~ unar 

iff the least elernent of К is ~ divisьr of any elernent of к. 

([1;2.5, р.78]). о 

А K-graph (А;а) is said to Ье !цi~2Е!У~ if the following 
conditidn is satisfied: if two paths with the sarne length 

start frorn distinct vertices, then they terrninate to distinct 

vertices; (А;а) is said to Ье ~~Ei~2E!Y~ if every vertex is 
an end of an arc. А K-graph which is both injective and sur­

jective is said to Ье ~!i~2~~~~· 

PROPOSITION 5. Every injective K-graph is ~ K-subgraph 

ot ~ ~. ( [ 1 1 З • 2, р. 8 О] ) • D 
PROPOSITION б. Ь surjective K-graph is s K-subqraph of а 

.УnЫ if and only if М4 is satisfied. ([1;3.6, р.82]). О 

Examples 

If Кs{2,З} and А0 ={а 1 ,а 2 }, then the K-subgraph (А;а) of the 

unar (BJf) generated Ьу А0 is given Ьу Fig. 2. 
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The K-graph given on Fig. З is not а K-suЬgraph of а unar 

(B;f), for if it were, then we would have 

f 3 (a) • а. 

Fig. 2 Fig. З 

~- Let А={а 1 ,а 2 , ••• ,а 10 } and К={З,4}. The K-graphgivenon 

Fig. 4 is not а K-subgraph of а unar (although it satisfies 

м4>. а4 

Cl9 Fig. 4 

For, if this к-graph were а к-suЬgraph of а unar (B;f), 
then we would ћаvе: 

а" f" (а 1 ) f ( f~ (а 1 ) = f ( f" (а 2) ) = 

f 2 (e(a2)) = е(f"(аэ>> = f 6 (аэ) 

З. Let К={З,4}. Choosing the symbols a 0 ,a 1 , ••• ,an•···i 

Ь0 ,Ь 1 , ••• ,Ьn'""" and putting 

( an+ 1 , З, an) , (bn+ 1 , З, bn) Е. а, n=O, 1, 2, ••• 

(a 0 ,3,z), (Ь 0 ,З,z)Е. а, 

а K-graph . '§1' can Ье generated, part of which is gi ven on 

Fig. 5. у:> is surjective, but it does not satisfy М4, since 
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(a 0 ,3,z), (b 0 ,3,z), (a 0 ,4,u), (b 0 ,4,v) а and u t- v. Thus, 

Ьу Proposition б, ~" is not а K-s~bgraph of а unar. 

/ 

' 

Remarks 
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/ 

' "" ' ' 
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/ 
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/ 
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/ /.., 
/ 

' ' ' ' ' ' ' ' ' ' 
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!· For any nonempty suЬset К of N there exists а unique 

finite nonempty suЬset К0 of К with the following properties: 

(i) Each element n € К is а sum of elements of К0 , 

a=n 1 + ... +nr. 

(ii) If k Е К0 , then k is not а sum of the elements of 

K0 \{k}. 

We say that К0 is the е2~~ of К ([2)). 

If (А;а) is а K-graph, and if а 0 is defined Ьу: 

а 0 =а () АхК0 хА, then we obtain а K0 -graph (А;а 0 ) which is called 

the best refinement of (А;а) . It is easy to see that (А;а) 

is а K-subgraph of а unar (B;f) iff (А;а 0 ) is а K0 ~subgraph 

of (B;f). 
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~- The K-graph on Fig. 4 is not а K-subgraph of а unar 1 
although it satisfies М4. This suggests the proЬlem of finding 

the family ф of subsets of N sush that 

К Е ф<"'•> every K-graph which satisfies М4 
is а K-subgraph of а unar. 

З. It is conceivalЫe to look for necessary and sufficient 

conditions а K-graph (А;а) to Ье а K-suЬgraph of а unar (A;f). 

We note that this proЫem is not solved even in the case when 

К is а one-element set 1 K={n}. Namely 1 а convenient solution 

is given in [з] in the case n=2 when А is finite 1 and if 

(А;а) is an {n}-graph of а permutation 1 а solution is given 

in [4] for any ne.N and any А. 
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S Е М I S I М Р L Е R I N G S 
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In thie paper the Artinian semieimple rings (or the 
classioal semieimple ringe} have been oonsidered. Тhеве 
ringe have а series ot 1ntereet1ng and шarked oharacter1-
et1cs. They шау Ье represented ае tinite direct sume ot ш1-
nima1 lett ideals. However, it ie certainly the шost Шpor­
tant property that they шау Ье represented Ьу finite direot 
вums of Artinian вimple ringв. Froш this property and the 
WederbUr.n - Artin theoreш tollowв that the Artinian вeшieim­
ple rings are isomorphio to finite direct sumв ot coшplete 
matrix rings over some вkewtields. 

In consideration of the faot that the propertieв ot 
rings influence the properties of modules over theвe rings 
and vice-versa for the characterization of Artinian semisim­
ple rings а reciprooal connection between the properties ot 
the rings and the properties of the modules over theee rings 
is used. Ву th~s characterization an equivalence of eome 
properties of rings and some propertieв of шoduleв, over the­
se rings has been eвtaЫished. Both the projeotive and the 
injective moduleв play an important role in the previously 
mentioned characterizatio.n. Suoh а ring charaoterization, as 
well as some more important notions in oonneotion·with it, 
present the subject matter of this paper. 

Some more important characteristics of the projective 
and injeotive moduleв have been proved in [4, Ch.I, Section 
2 and 3]. It is certainly the most remarkaЬle property of 
injective ril.odule. This property has been proved in [4, Ch.I, 
Theorem 3.3]. А simpler proof of this property is given in 
(1}. In that proof а definitio~ of the full module is used 
as >'rell as the property of the Z-module stated Ьу Lemma 1 ot 
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th:ls paper. 

Definition 1. The 1eft modu1e А over the ri~g R wi11 
Ъе oalled fu11 if rA=A for all nonzero rE.R. ': 

LЕММА 1. Each Z-module is injective if and on1i if it 
is full. 

In (4, Ch.VII, Section 1] the above mentioned lemma 
has Ъееn generalized on the integral domain, and in this pa­
per а generalization to the noncommutative rings was made Ъу 
the following theorem. 

ТНЕОRЕМ 2. Each R-module 9Y.f}"E. j;h~. ~ip._g R !Ј~. :t!J.J~. P~.i;n­

cipal left idea1s without ~ divisors !! injeotive 1t and 
only if .U. U. full. 

Proof. Let Q Ъе the injective R-module.. Since r·'r = 
, ~ 1 

=r"rl' if and on1y if r =r" for each r 1ro, the map :r:Rr1~Rx 
defined Ъу the equality f'(rr1 ) = rx for any rE R and х Е Q is 
R - homomorphism and may Ъе extended to the homomorphism 
g:R-.Q. Then x=f(r1 )=g(r1 )=r1g(l). Therefore r 1Q=Q for all 
r 11o, that is Q is ~he fu11 module. 

Reтersely, 1et Q Ъе the ful1 R-modu1e,and Rr1 arЫtra­
ry left ideal of the ring R and f : Rr1~Q arЫtrary R-homo­
morphiem. Tlien f(rr1)=rf'(r ). Since Q is the full modu1e, 
there ехiвtв gE Q во that :rtr1 )=r1g from which f(rr1 )=(rr1 )g 
ie obtained. Conвequently, R-module Q is injective. 

If' R1odu1e М iв вuЬmodu1e of R-modu1e N, the module N 
will Ъе ca1led the. extenвion of modu1e м. The modu1e м, ав 

eo-oalled trivial extenвion, Ъe1ongs to the веt of а11 exte­
neione of' modu1e м. Each modu1e М can Ъе embedded into an 
injectiтe modu1e N. Then we say that the modu1e N iв an in­
jeotive extenвion of' modu1e Ы. The module N is the minimal 
1nject1тe extenвion of' module М if it iв not а nontrivial 
injeotive exteneton of no one injective extenвion of mo­
dule I. 

The extenвion N of module, Ы wi11 Ъе called the 
essenttal extenвion if eaoh nonzero вuЪmodu1e of module N 
has а nonzero intereeotion with м. Then we еау that М iв the 
eвeenttal вuЬnodule of the module N. The notation N? :М вi­
gnifieв that the module N iв the esвential extenвion of the 
module И. Тhе module М, ав so-oalled trivial eввential ex­
tenвion of' the modu1e М, be1ongв to the веt of all eввential 
extensione of the modu1e М ав well. If the module М1 iв an 
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extens1on ot modu1.e :td, and 142 an extens1on ot м1 , then, ev1-
dently, М2 1s the essent1al extens1on ot the module :м, 1t 
and only 1! М2 1s the essent1al extens1on ot module li and 
М1 the essent1al extens1on ot modu1.e 11. 

Тhе essent1al extens1on N ot module М will Ье oalled 
maximal 1t N has no nontr1v1al essent1al extens1ons. !l!he set 
ot all essent1al extens1ons о! the module 11 has Ьееn part1-
ally ordered Ьу 1nolus1on. Тhе un1on V о! the asoendin~ oha­

in МС.:М:1с. ••• ot the essent1al extens1ons о! the module Jl 1s 
the essent1al extension beoause trom HCV and Hf\J[a() 1t to­
llows (Hf\M1 )AM...O, that 1в, НА:М1о:О and Но:О. In this way, 
in the set of all ee_sent1al extensions ot the module М there 
exiet the maximal eвeential extens1ons. 

1! N is an injective extenaion and N1 an eвsent1al ex­
tension о! the module 111, then the monomorph18JI ј::М:-N may Ье 

extended to the homomorphiSJI !:N1-+N. Sinoe N1 is the essen­
tial extension ot the module М and Ъ!ЛКеr{!)о:О, then Ker{!)o: 
=0, that iв, the module N1 is embedded into the ~odule N Ьу 
ј. Consequently, any essential extens1on ot the module М oan 
Ъе embedde~ into &ach 1njeot1ve extension о! the module м. 
When the module is injective, then it has no nontrivial 
esвential extensions. 

In [ll the following theorem hав been proved. 
тюх:нu:м: ~.. The following ~ statements ~ eguiva-

lent fo~ !!Ш. module :М: 

(а) М ig ~ injective module, 
(Ъ) Ы has no nontrivial essential extensions, 
(с) :М 1§. the direct sununand of ea~h extension. 
The maximal essential extension М of the module М has 

no nontrivial essential extension and therefore it is the 
injective module. Since 1\I is contained in each injective ex­
tension of the module м, then М is the minimal injective ex­
tension of the module :м. Consequently, the minimal injective 
extension of the module :м is Wlique to the isomorphism. 

Let 11 Ье the left module over the ring R. Let us mark 
wi th xR={r ~ ll: rx=O} the order of element х Е м. Evide11tly, { 
is the left ideal of the ring R. Using the left ideals х 
for х Е Ivl'\ we define the submodule Z(Ы) of the module lli Ъу 
equality Z(l:I)=txE.l\l:R '':Ј xR}• And so Z(Ы), evidently, is the 
А Ъelian gr?UP • .Atcording to the following proposi tion one can 
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conclude that the implication :х: Е Z(N) ==>r:x: Е Z(Ы) is vai'id 
for each rE R and х Е Z(I.:I), that is, that Z(M) is th!Э submo­
dule of the module м. 

PROPOSИION 4. If R') -:Jl, then Њ".) (r:x:)R for ~ rER. 

~. It is sufficiently to prove :x:R '";) (r:x:) • Let I 1 
Ье the arb.i trary ideal which is contained in :x:R. ~en the 
ideal I 1r has а nonzero intersection with the ideal xR. ~e-

R R R · R refore I{'(rx) ;.о. Consequently, :х: '::::> (r:x:) and R '-:> (r:x:) 
for eaoh rER because R '::> :x:R._ 

Evidently, Z(R) is an ideal of the ring R because it 
is the left ideal and (:x:r)R:>:x:R for each x,rE.R. 

~he ma:x:imal essential e:x:tension of the submodule of а 
module is not unique •. However, 1n Т-,, Lemma 2] it has been 
proved that all the suЬmodules of the module М with the pro­
perty Z(M)=O have their unique maximal essential e:x:tensions. 

Definition 2. The ring R can Ье oalled regular if the­
re exists xER for each rER, so that rxr=r. 

PROPOSIТION 5. If R ј.§ ~ regular .Dш:, .:tl.J..ш1 Z(R)=O. 
Proot. If e 2=eE.R and х~ е i'\Re, then х=:х:е=О. Therefo­

re eR~Re=O and Z(R) does not oontain.nonzero idempotents. 
It the ring R is regular, then for eaoh rE R there 

exists :x:ER, ао that rxr=r. ~en xr is nonzero idempotent 
Ьеоаuве (:x:r)(:x:r)=:x:(rxr)=xr. ~erefore each nonzero left ide­
al о+ the ring R oontainв an nonzero idempotent. Since Z(R) 
dоев not oontain nonzero idempotents then Z(R)=O. 

Жhе olassioal semisimple ringв have been characterized 
Ьу the following theorem. 

~Н:ООRЕМ 6. ~ !Ш. tln& R the following sta tements У§. 
equivalent: 

(а) R 1&i 01авв1оа1 вещ1вWlе D.A&, 
(Ь) R u seщisimple м ,]8Ј. lt!;t R-module, 
(о) .п.u:t left ideal .Ql Ш ring R 1s the direot .шm-

~. 
(d) П!П ~ lli.!1 of the ring R 1в injeotive .!!!! ,]8Ј. 

1§!1 R-111odцlo, 
(о) 111 1§t1 R-щodцles ~ вещ1в1щрlе, 
(+) WJ. йw. .uw_ вegueцges о-А '-А.-А"-0 Ql.. the 

1At1 R-mдdц1eg ~ diregt, 
(g) every left R-module 1в projeotive, 

(h) .п.G:I. :;J&.tt R-m.odule .!§. in:!ective, 
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( 1) ~ fin1tolv goneratesl ;J.tl.1 R-щodцlo 14 ЈШ.t-
я.:tШ,, 

(ј) П.1П. cyol10 ltfi R1odu1e U. in:!egtive, 
( k) П§П suЬgogule Q,l !!!§. arЪitrзry W! R"'110slu1e 14 

its direct ermmand, 
(1) the order o:t ~ nonzero element g! ~ arbitrary 

R-module .U .ih.§. interseotion g! Ш :t1n1.te number ~ ~ u.-
~ 1&i11dealв ~ Ш D.D.& R, · 

(m) the 1JLtt anдihilator 9.t. !Ш.9А nonвero eleщent g..t 
the .Ш R 14 Ш interв!!ction g,! .tЈ:ш :tinito nw:aЬer g:l. .il1s 
maximal ]&tt ideale Q.i Ш .Ш R, 

(n) §П.П. щaximal indepвnd§nt вYstp gJ.. eleщents .Q.t, 

the аrЫ trary .:L§fi module ,U. Ш W1D, 2t .iJUA module, 
(о) ~ max1mal 1ndependent eystp S21, еlощецtе g,t 

the ring R ј& Ш~ Q.i R, 
(р) ~ !initely generated le!t R-module ј& ~­

otive, 
(q) every oyclio ~ R~ogule ~ projeotiye. 
Proo!. (а) ~ (о) • Every le!t ideal о! the claseioal 

semisimple ring is generated Ъу an idempotent and therefore 
it is the direot summand of the ring R. 

(Ъ)~(о) and (e)~(k). Proved in ~' Ch.I, Proposi-

tion 4.:ff • 
(!)~(k). Trivial. 
(!)~(h). Proved in [4, Ch.I, Proposition 3.{). 
(h) =>(d). Trivial. 
(d) ·~(о). If the left ideal I of the ring R is inje­

otive, then the sequenoe О·- I-R ---R/I-+0 is exaot and 
direot. Therefci're the ideal I is the summand of the ring R. 

(с)=> (h). lf every left ideal I is the direot summand 
of the R-module R, then it is for every homomorphism/f:I-A, 
for the arЫtrary R-module А, and every rEI 

!(r)=f(re)=rt(e), 
where е is idempotent Ъу which the ideal I was generated. 
Aocording to [4, Ch.I, Theorem 3.2] the module А is injec-
tive. · 

(h)=>(i)·=>(j) and (g)=>(p)=>(q). Trivial. 
(q) ~(n). Let {а1} Ъе the maximal in<:iependent system 

of the 'elements of the R-module М. The system of elements 
{а1} gener~tes а submodule N of the module м. For eaoh х~:М 
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the sequence О -(x+N)R -R -R(·x+N)- О is exact and direct 
because the·cyclic s11bmodule R(x+N) of the module 'bl/N is 

R \ 
projective. Therefore the left ideal (x+N) is the direct 
summand of the ring R and was generated Ьу an idempotent е 

and also exE.N. lf rф(x+N)R, then rCx-ex)fN because'rx~N 
and r(ex)EN. Therefore R(x-ex)nN=O and the element х-ех is 
independent of the system {at}• Since {at} is the maximal 

independent system of elements, then. (x+N)R=R. Then r(x-ex)= 
=rx-(re)x=rx-rx=O, that is x=exEN. Consequently, the module 
М hae been generated Ьу the system of elements {а1}• 

(ј):::} (а). lf (ј) ie valid, then the ring R is selfin­
jective because. it ie generated Ьу the unity l.For the arbi­
trary aER the left ideal Ra ie injective. The ideal Ra is 
the direct ·aummand of the ring R and ie generated Ьу some 
idempotent е, that ie Ra=Re. Therefore e=r1a and aleo a=r2e 
for eome elements rl'r2 E R. Then a=r2e=Cr2e)e=ae=ar1a. Con­
sequently~ the ring R is regular and selfinjective. Every 
left ideal of the ring R contains а nonzero idempotent. If 
е Е J(R) is an idempotent, then R(l-e)=R becauee J(R) is qua­
ei-regular ideal of the ring R. Since Re~R(l-e)=O,then е=О. 
Therefore J(R)=O and the ring R is semisimple. According to 
[;, Lemma 5] the ring R does not contain an infinite set of 
orthogonal idempotents. Let r1 '::> 12 ) ••• Ье а descending cha­
in of left ideals. Every of idealв is finitely generated be­
cause it does not contain an infinite set of orthogonal ide­
mpotente. Thentore the ideals of the chain are injective 
and the equalitiee I1ci{+I2=I{+I2+I;=··· are valid. Since I 1 
oan Ье repreeented in the form of finite direct eum, then 
the desoending chain of left ideals muвt Ье finite. Therefo­
re, R ie the olaeвical вemiвimple ring. 

(1)==:) (m). Trivial. 
{m) ~(а). I! (m) ie valid,then R containв the maximal 

ideal Ј whioh ie not the eвsential вuЬmodule of the ring R 
beoauee R has the unity.The ideal Ј has no nontrivial essen­
tial exteneionв and therefore it iв injective.The ring R can 
Ье preвented 1n the !orm of direot sum RcJ+I. The ideal I iв 

eimple euЬmodule Ьеоаuве Ј 1в maximal one.Ьvery ideal diffe­
rent trom I, whioh containв I, has а nonzero intersection 
with Ј. Тhere!ore I hae no nontrivial eвsential extensi­
one. Тhе ring R 1в eelfinjeotive beoause it is presented in 
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the :f.'orш ot the d1reot sum R=J+I ot the 1n3eot1ve 1e:f.'t 1de­
a1s. Sinoe J(R) 1s contained 1n every marlma1 1ett 1dea1 o:f.' 
the r1ne R, the ring R has the un1 ty as we11, then the ring 

R 1s sem1s1Dp1e. R R 'R 

It х Е Z(R) e.nd 11' xt'O,then (1+х) &0 because х ~1+х)·-.. 
-=0. Жheretore R( 1 +х) -=-Ц 1s the d1reot sUDIDI8nd 1n R because 
R(1+:z:) 1s e.n 1njeot1тe modu1e. Evidently, xR is oontained 1n 

R( 1 +х) Ъeoause 11' re xR, then ro=r( 1 +х). !rheretore R( 1 +:z:)-=R, 
that is, х 1в а quasi-regular e1ement 1n R. Jlrom this we can 
cono1ude that Z(R) 1в а quasi-regular idea1 1n R e.nd there­
:f.'ore Z(R)=O. 

Let xt&o and х E.R. Тhen xR 1е not the eeвentia1 вuЬmo­
du1e in R beoause Z(R)=O. Тhere:f.'ore the maxima1 suЬmodu1e 

I~ ot the module R exiete whiCh hae а zero 1ntereection 
w1 th .z!l. Тh.en xR+I ie the eeeentia1 вuЬmcdu1e ot the modu1e 
R. R-homomorphiвm t: I -R de:f.'1ned with t(r)=rx 1в the mono­
morphiem. Let t-1: t( I)- I Ъе inveree to the 1eomorph1em t. 
Then t-1(r.x)=r and accord1ng to [4, Ch.I, Тheorem ;.2] 1n R 
exiete the e1ement r 1 вuch а one that t-1(rx) = rxr1 • Тhen 
rxr1=r and rn-1x=rx or r(xr1x-x)=O. Тhе laet equali ty ie ea­

tiefied :f.'or al1 re.xR+I. Theretore (xr1x-x)R is the eeeenti­
al.euЪmodule in R and there:f.'ore xr1x-x=O. Coneequently, R_1e 
а regular ring. 

The proo:f.' that the ring R ie olaeeical eemieimple ie 
derived in the same way as in the proof o:f.' the implication 
(ј)='>(а). 

(b)::!>(l). Let the module Ivi Ье the direot eum o:f.' eim­
ple modules { An ~· Then every element can Ъе presented 1n the 
form o:f.' the sum х=а + ••• +an (О~а- € An ) • Since An -:::::;R/anR , 

nl k ni i · 1 1 

then ~ are maximal ideals. In that oase xR=aR ./\ •• о AaR 
i nl nk 

с R . 
onsequently, х ie an interseotion o:f.' the :f.'inite number ot 

the maximal le:f.'t ideals o:f.' the ring R. 
(с) .~(n). For every submodule N of the module :М and 

for every. хЕМ the sequence o-(x-tii)R---+-R-R(x+N)-0 ie 
exact and direot Ъeoause the le:f.'t ideal (x+N)R is the direct 
suт:mand of,the ringR. In all the other oases the proo:f.' ot 
this implio~tion is identical to the proof o:f.' the imp11oat1-
on (q) ~(n). 

(n) ~(о). Trivial. 
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(о) ==> (о). Let I· Ье the a!'bi trary 1eft ideal of the 
ring R and {а1} the maxima1 independent ~ystem in I~. Let us 
~omp1ete this system with the e1ements {b:I} in suoh a'way to 
get а maxima1 independent system S in R. ~hen S is the basis 
of the ring R and R=~Ra1+L:Rьj. Let х Ье an arbitrary e1e­
ment in I. Тhе e1ement х is а 11near oomЫnation of e1ements 
from S in which comЫnation the e1ements from {Ьј} can not 
participate because in thie oase the sum whose summands are 
of the form rkbk of this 1inear comЫnation wou1d be1ong to 
the· idea1 I and the system ~а1) wotйd not Ье maxima1. There­
fore I is the direct summand of the ring R. 
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ON А CLASS OF BISYMИETRIC [n ,rЩ -GROUPOIDS 

Zoran Stojakovi6 

ABSTRACT. Bisymmetric [n rn]- groџpoids were introduced 
in [4] (as а generalization of cn+1-systerns [2], [З]) and they 
were also studied in [s]. In this paper а class of Ыsyrnrnetric 
[n,rn]- gr<:l!lpoids is considered. It is shown that if а cornponent 
operation of а Ыsyrnrnetric [n,rn] -groupoid is an n-groupoid with 
unity, then this carnponent is an n-sernigroup. It is also pro­
ved that this n-sernigroup is an n-group with unity if there is 
another carnponent operation which is an n-quasiqroup. The struc­
ture of а Ыsyrnrnetr ic [n ,rn]- groupoid the cornponents of which are 
either n-q.roupoids with unity or n-quasigroups is described. 

First we give sorne basic definitions. Notions fram the 

general theory of n-quasigroups can Ье found in [1]. 

Instead of х ,х +1 , ... ,х we shall write {x.}qi or 
р р q ~ =р 

х~. If р> q, then х~ will Ье considered ern11ty. The sequence 

х,х, ... ,х (n tirnes) will Ье denoted Ьу ~. 
Let Q (f) Ье an n-groupoid. An elernent е е Q is called а 

unity of Q(f) iff 

i-1 n-i 
f( е ,х, е ) =х, 

for all х е Q and every i=1, .. : ,n. 

An n-groupoid Q(f) is called (i,j)-associative iff the 

following identity holds 

f( i-1 f( i+n-1) 2n-1) _ ( ј-1 ( j+n-1 2n-1 
х1 , xi ,xn+i - f х 1 , f хј ) ,xj+n ) . 

If Q{f) is an (i,j)-associative n-groupoid for all 

i,j eNn = {1, ... ,n}, then it is called an n-sernigroup. 

An .n-quasigroup with unity is called an n-loop. 

An n-sernigroup which is an n-quasigroup is called an n-
group. 

An n-'-groupoid Q{f) is called cornrnutative iff the follo­

wing identity holds 
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f (х~>. = f(хФ (n) ) 
ф(l) ·.\ 

for any permU:tation ф of Nn. ' 

·Let Q Ье а nonempty set, n and m positive int;egers 

. and f: Qn+Qm. Then Q(f) is called an [n,m]-gr~upoid. The n­

ary operations defined Ьу 

n i-.1 m m f n fi(x1) =yi <=> (Зуi ,yi+1) (yl) = (х1), i=1, ... ,m, 

are.called the component operations of f and this is denoted 

Ьу f = ( f 1 , •• • , fm) • 

An [n,m] -groupoid Q (f) is cororr,utative ([б]) iff 

n ф(n) 
f(x 1) = f(хф( 1 )> 

holds for all х1 е Q, i=1, ... , n and any permutation ф of Nn. oь­

viously, an [n,m]-groupoid is commutative iff all its component 

operations are cammutative n-groupoids. 

Let Q(f} Ье an [n,m]-groupoid, f = (f1 , ••. ,f ) . If . m 
Х = [х1 ј1 is an n х р array of elements from Q, then. an m х р 

array cf (Х) = [у ij] is defined Ьу 

nj 
Yij = f 1 (x1 j>' i=1, ... ,m, ј=1, ... ,р. 

If Х = [х1 ј] is an r х n array of elements from Q, then an r х m 

array Rf (Х) = [z1 j] is defined Ьу 

in 
zij =. fj(x11 >, i=1, ... ,r, j=l, ... ,m. 

An [n,m]-groupoid Q(f) is said to Ье Ыsymmetric ([4]) iff for 

all n х n arrays Х = [х1ј] and every permutation Ф of Nn xNn 

CfRf(X} = CfRf(Xф} , 

where хФ = [хф(i,ј)Ј, holds. 

In [4] it is shown that there are Ыsymmetric [n,m]­

groupoids which are not commutative. But !n [s] it is proved 

that а Ьisynwnetric [n,m]-groupoid Q(f), f = (f1 , .•. ,fm), such 

that there is а canponent operation fk for which Rfk = Q must 

Ье cammutative (Ьу Rfk we denote the range of fk) . 
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ТНЕОRЕМ 1. 

f = (f1 , .•• ,fm). If 

Let O(f) Ье ~ bisyтmetric [n,m]-groupoid 

fk is an n-groupoid with unity, then fk 

is an n-semigroup. 

Proof. Since O(f) is bisymmetric it follows that for 

every permutation ф of N х N the following identi ty holds n n 

in n ф(i,n) } n 
fk({fk(XilJ} i=1) = fk({fk(xф(i,1)) i=1) · 

If е is а unity of fk' ј eNn' then 

n-1 n n-1 
••. , fk(x2n-1' е))= fk(fk(x1), fk(xn+1' е), 

n-1 
· · · ' fk (x2n-l' е ) ) ' 

i.e. 

which means that fk is (1,j)-associative for all ј eNn. неn­

се, fk is an n-semigroup. 

ТНЕОRЕМ 2. Let Q(f) Ье ~ bisymmetric [n,m]-groupoid, 

f = ( f 1 , ... , fm) • If f ј is an n-quasigroup and fk is an n­

groupoid with.unity, then fk is ~ n-group with unity and 

there exists an AЬelian group Q(+) such that 
1 ----

and n 
fJ.(x~) =а I х1 

i=1 

where а is ~ permutation of Q. 

Proo·f. 

operation: 

Ву the preceding theorem fk is an.associative 

Because of the bisymmetry of Q(f) we have 
\ n-1 
· n-1 n n n 

fj({fk(xj_, е)} i=1 ) =fj(fk(x1), {fk (е)}), 

where е is. а uni ty of fk, and 
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n n ' n-1 · 
fj(x1) = fj(fk(x 1), е.) 

n-1 If we define а. :х 1+ fj (х, е ) , then, since fj . is an 

n-q-uasigroup, а. is а permutation of Q. Hence, 

n fj(x 1) 

From the last equality 

so fk is an n-group 

group Q ( ·) such that 

n 
а fk (х1 ) . 
it follows 

with unity. 

that 

Then 
fk is an n-quasigroup, 

there exists ([1]) а 

But fk is an n-quasigroup and Rfk = Q, so Ьу Theorem 

1 from [5] we get that fk is а commutative n-group. If О is 

the unity of the group •, then 

and • is an AЬelian group. 

ТНЕОRЕМ з. Let Q(f) Ье а Ыsymmetric [n,m]-groupoid, 

f = (f 1 , •.• , fm) . If component operations f. , R. =1, •.. ,р are 
Ј R. . 

n-guasigroups, {ј 1 , .•• , ј р} 1= fJ, and fki, !=1, •.. ,q ~ n-groupo-

ids with unity, then all operations fk , i=1, •.. ,q are isomor­
i 

phic n-groups with unity and there exist ~ AЬelian group Q(+), 

elements а. , ~ eQ, R.=1, .•. ,p, i=l, •.• ,q and automorphisms 
JR. i 

a.jR.' R.=1, .•. ,p of the group + such that ----
n n /. fjR. (х 1 ) а.. х +а. R.=l, .•• ,p; 

JR. s=1 s Ј 

n 
\" х + а. , i= 1 , ••• , q • 
1. s к s=1 i 

Proof. From Theorem 2 it follows that every operati­

on fk , isl, ••• ,q is an n-group with unity, and from the sa-
i 

me theorem we get that they are all mutually isotopic. Since 

every n-loop which is isotopic to n-group with unity is iso -

morphic to that n-group <[1]), it follows that all operations 
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fk , 1=1, ••. ,q are 1somorphic n-groups w1th un1ty. 
1 

Ву Theorem 4 from [5] 1t follows that there ex1st an 

AЬel1an group 0(+), elements ај, ~ ео, 1=1, ••• ,р, 1=1, •.• 
1 1 

••• ,q, and automorph1sms ај 1 , ak1 , 1=1, ••• ,р, 1=1, .•• ,q of 

the group + such that 

n n /. f. (х 1 > а. х8 + ај , 1 =1, •.. ,q , 
t.~ Ј1 Ј1 s=1 

n n /. 1=1, ••• ,q fk (х1) ak xs +~ , 
1 1 s=1 

S1nce fk 1s an n-group w1th un1ty е from the pre-
1 

ced1ng equali t1es we obta1n that for all х е О 

ak (x+(n-1)e) + ak =х. 
1 1 

Putting here х =О (where О is the neutral element of the group 

+ ) gives ak. ( (n-1) е) + ak. =О, and this impl1es ak х =х for 
~ ~ 1 

all х е Q. Hence, ak , i=1, ... , q are identi ty mappings of Q. 
i 

1. 

2. 

з. 

4. 

5. 
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S-БАЗИС~ ДЛЯ ОДНОЙ МОДИФИНАЦИИ АЛГЕБРУ ЛОГИНИ 

Иван Сто~меновнч 

РЕЗЮМЕ. В работе определяются снмметрнчеснне фуннцнн для на-
ждого ат 9 типов алгебры ф 0 (одноймоднфннацин алгебры логннн). 
Наиден~ танже чнсла двухчленных, трехчленных н четырехчленных 
S-баэисов, состоящнхся нэ n-местных снмметричесннх · фуннцнй, 
н числа S-баэнсов, состоящнхся иэ фуннцнй, эавнсящнх ат не бо­
лее n аргументов. 

В.М.Глушнов предложил рассматрнвать алгебры, ноторые 

являются модифинациями алгебр Поста [2] и свяэаны с операцией 

номпоэицин 8, определяемо~ тождеством 

(feg) (x1 ,x2 , •.• 1Xm+n- 1) =f(g(x1 ,x21•••1xn) 1 

g (х 2 , х З 1 ••• , x n+ 1) , ••• , g ( xrn 1 хт+ 1 1 ••• , хт+ n-1) ) 

где f 1 g-проиэволяныв m-местная н n-мвстная фуннции. Эти алгвбры 

находят прнложвния при рассмотрвнии логичвсних струнтур ~ЦВМ, 

Пусть ф 0 алгвбра булввсних фуннций система операций ноторой в 
отличив от алгвбр Поста вмвсто супврпоэиции содвржит операци~ 8, 

Опрвдвлвнив. Нонечная. система фуннций Ks ф 0 • Наэывается бази-
сам, вели: 

1. Наждая фуннция иэ ф 0 получается иэ фуннций систвмы Н пу­
тем отождвствлвния аргумвнтов, их переьтановни, приписывания 

фиктивного аргумента и примвнвния опврац11и компоэиции 8. 

~. Никакая иэ вв подсистем не обћадавт свойством 1. 

Цвлью настоящв-й, сrатьИ являвтся исследование всех. баэисов 

алгвбры ф 0 , состоящих иэ симмвтричных функций. Подобную проблему 

для алгебры логини исЬледовал Р.Тошич /4/ •. 

Симметричные функции находят приложвния в теории контактных ехем. 

НЕНОТОРЫЕ ОбОЗНАЧЕНИЯ 

Дальше нам понадобЯтся нижеследующие множества: 

Т .. = {f ј f е ф0 1 f (О , ... , О) = i, f ( 1, ... , 1) = ј} 1 О < i 1 ј< 1 1 
~Ј . - -

V={f/f eф0 ,f(x 11 x2 , ... 1xn) =f'(x{,x2~ ... ,x~)}, · 
т.в. множ~ство всех самодвойстввнных булевских функций. 

м1,h{f/f еф0 1 V(а,Ь)а2Ь => f(a) 2f(b)}, где 

a=.ta 1 ,a2 ~ .. ~,an)l Ь.=<Ь 1 ~ь 2 ~ ... ,Ьn) и а<Ь еслиа12ь1 
(1 212 n) 1 
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м 2 ={fjf еф0 , f~ ем 1 }, 
т.е. множества ~сех иэотонных и антитонных буле~сних ф~ннций. 

А=т00 Uт01 uт 11 , в=т00 uт 11 uv, с=т00 uт 11 uм 1 uм;\, 
. D=To 1 Uт 10 U{0,1}. 

Для наждого К с;:ф 0 ' пустьк· = ф 0 '\ К •. 

TEDPEMA (Цейтлина ( [5] Ј Для того чтобы система фуннцийКс;: ф 0 

была баэой, необходимо и достаточно чтобы: 

1° в Н содержались/: 

-по нрайней мере одна фуннция, не принадлежащря А, 

·-по нрайней мере одна фуннция, не принадлежащая В, 

-по нрайней мере одна фуннция , не принадлежащая С, 

-по нрайней мере одна фуннция , не принадлежащря D. 

2° Нинаная из ве подсистем не обладала свойством 1°. 

HEHATDPYE СВОЙСТВА СИММЕТРИЧН~Х ФУННЦИЙ 

Определение: n-местная фуннцияf(х 1 , ••• ,хn) алгебры логини 

наэывается симметричесной вели f(xl, •.. ,xn) =f(y1 , ••• ,yn), где 

(у1 , ..• ,уn)-любая перестановна (x1 , ••. ,xn). 

ЛЕММА 1. ( [1] , п. 178. Ј Если среди членов диэьюннтивной совер­

шенной нормаль ной формы (ДСНФЈ n-местной симметрической ~­

ции ~ ~· _! который входя т т ~ Е_ отрицания ми, то _! ДСНФ 

обя эатель но входя т в се воэможные члены с т отрицаниями над ~­

вам и. 

Определение. Фундаментальной симметричесной фуннцией индекса 

т наЉiвается такая функция алгебры логини, у ноторой все члены, 

входяшне в ДСНФ этой фуннцнн, нмвют равно т буне без отрицания. 

Фундаментальную снмметрнчную n-местную фуннцию инденса т мы бу­

дем обоэначать как sn 
т 

ЛЕММА 2. ( [1 ],n. 178Ј ЛКХSая симметрнчная фуннция есть днэьюн-

нцня .ФУНдаментальных снмметрнчных фуннций, индекс ноторых опре­

деляется одноэначно эаданной симметричной функцией. 

Определенне. 

Оп р ед е ле нн е. 
L = {к 1 , ••• , кт } . 

Пусть Sn множество всех снмметрнчных n-местных функцнй алгебры 

логнкн. Еслн k(X) обоэначает чнсло всех функцнй множества Х• 

ТО k(S) = 2n+l, 
n 

Определенне. S-баэнсом алгебры логнкн наэывается баэнс, нота-
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рый содержит тольно симметрнчныв фуннцнн. 

ЛЕММА З. ([41) Чнсло n-местных снмметрнчных фуннцнй без фнн-
n•l 

тнвных nеременных равно 2 -2. Тольно фуннцнн О н 1 вырожден-

ные. 

ЛЕММА 4. Эслн H={l,2, ... ,n-1} н {k 1 , ... ,km}SH, то 

sn е т n s ; sn е т n sn 
k 1 , ••• , km О О n k 1 , ••• , km, n О 1 

sn е т n s ; son k е т n s n 
O,k1 , ••• ,km 10 n ,k1 , ••• , m'n 11 

n 
Донаэательство. ПycтьSL=f(x1 , ... ,xn) • Лемма следует нэ сле-

дуюшнх фантов: f(O, ... ,O) =1<=> О eL и f(1, ... ,1) =.l<=>neL. 

Иэ леммы 4 вытенает: 

ЛЕММА 5. k(т00 n Sn) =k(T01 n Sn) =k(T10 n Sn) =k(T11 n Sn) =2n-1 • 

Следуюшне две леммы донаэаны в 141. 
ЛЕММА 6. Эслн n четное ~· .!Е_ Sn n V = ф • 

ЛЕММА 7. Число n-местных нэотонных симметрчных фуннций равно 

n+2. Зто фуннцни Sn , Sn ; ••• ;Sn· Sфn =О. 
0,1, ••• ,n 1,2, ••• ,n n' 

~ четного n м1 n S n V =ф. ~ нечетного n= 2m+1 тольно фунн-
2m+1 n • 

Ция S + 1 2 2 + 1 нэотонна .!:!_ самодвоиственна. m , ••• , т, т n+1 

Зели n нечетное число (n=2m+1) , то k (S n V) = 2 2" ЛЕММА 8. 
- n 

и S n V = {Sk k 1 ••• rkm } , где равно одно нэ чисел i,n-i n о• , --- ----- ----
(0 ~ i ~m) nринадлежит множеству {k0 , ••• ;~}. 

Донаэательство содержится в донаэательстве теоремы 1 ( [4 Ј ) • 

ЛЕММА 9. Зели o_s_-k 1 ~n, L={k1 , ••• ,km} н L'={0,1, ... ,n}\L,тo 

cs~>, = s~, 
Донаэательство. Легно nроверить равенства S~:VS~,=1,S~Л SnL,=iO. 

ЛЕММА 1 о. s n м = sn =1, sn , sn 
---'---- · n 2 О , 1, ••• , n О, 1 , ••• , n-1 О , 1 , ••• , n-2, ••• 

s~,s~ =О , k(snn м2 > =n+2,snn м2 n v =!l для n=2m snn м2 n v = 

= {Sn } для n=2m+1. 
О ,1, 2, ••• ,т 

Донаэательство. Первое утверждение вытенает из определени~_м 2 , 

леммы 7 и,леммы 9, а последнее следует из леммы 8. 
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4. ТИПЬI СИММЕТРИЧНЬIХ ФУННЦИЙ АЛГЕБРЫ ф 0 

Зели фуннция f принадлвжит илассу Х (Х e{A,B,C,D}), бу­

дем говорить , что она имввт свойство Х. Зели ·фуннция обладавт, 

напримвр, свойствами А,С и нв обладавт свойствами B,D, будем 

говорить что это фуннция типа А,С и обоэначи~ вв чврвз /А,С/. 
Две фуннции, обладающив одними и теми жв свойствами б'удвм наз-

ывать фуннциями. од ного и тога же типа. 

Л ЕМ МА 11 • Число различных 
u о 

равно ~: '!!!.!!.Q.! фуннции~ ф 

t. /A,B,C,D/, 4. /A,C,D/, 7. /B,D/ , 
2. /А,В,С/, 5. /B,C,D/ , 8. /C,D/, 

з. /A,B,D/, б. /A,D/ , 9. /D/ . 
Лвмму доназал Р.Тошич rзl 

Пусть, напримвр, k/A,C,D/8 (n) число n-мвстн~х симмвтри­

чных фуннций типа /A,C,D/, е k/A,C,D/ 8 ( 2 n) ч исло симмвтричных 

фуннций типа /A,C,D/ , зависящих ат нв болев чем n аргументов. 
В силу слвдую~й теоремы наждый ат 9 типов содержит симмвтрич­

ныв фуннции. 

TEDPEMA 1. 

1 { 2 для n=2m 
1. k A,B,C,D/8 (n) = З для n=2m+ 1 .зтом типу принадлежат 

константы О и 1. Для n=2m+1 этом типу принадлежит и фуннция 
s2JD+I - -
m+1, ... ,2m+1 n 

2. k/A,B,C/8 (n)=2 -2.Зтом типу принадлежат фуннции Sn 
k1 , ... ,km 

и rf!0 k k n' { k1, ... ,k } SH, за иснлючением кона та нт О .!:!. 1. 
- ' 1 ' • •. ,.1n' m -

{ О для n=2m 
3 • k/A,B,D/ s (n) = n-1 -- Для n=2m+1 этот тип 

/ 2--r-1 для n=2m+1. 

содержит фуннции k 1 е {i,n-1}, 1 212m, за ис-

~ючением фуннции 

n=2m 
{ 

n для 

4, k/A,C,D/8 (n) = 
n-1 для n=2m+1 

i n n -- n S 2 , S 2 , S 3 ; ••• ; S • Дл я , , ••• ,n , •.• ,n , ••. ,n n --

Зтом типу принадлежат 

n=2m+1 иснолючается 
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самодвойственная фуннция 8 2m+l 
m+1, ••• ,2m+1 

{0 ДЛА 
5. k/B,C,D/ S (n) = -

n=2m 

n=2m+1 
• Эдинственная Фуннция ~ 

1 ДЛА 
I..1:1L1a.. SnO ДЛА n= 2ii\+ l . 

' ••• ,m 

Б. 
2 -n 1 для n=2m 

n- --k/A,D/8 (n) = { 
n-1 

2n-1- 2-~--n+1 для n=2m+1 • 

n 
держит фуннцнн Sk k n' {k1 , ••• ,k1 5Н, за нснлюченнем ~-

1' ... ' m' 11: -

нцнй sn ,;Sn ;Sn ; ••• ;Sn. ~ n=2m+1 нснлючаются 
1,2, ••• ,n 2, ••• ,n з, ... ,n n 

2m+1 
н фуннцнн sk k , k 1 е {1,n-1}, 

1'"""' m'n 
1 < 1 < m. 

r о 

7. k/B,D/ (n) = t n-1 s -
для n=2m 

n=:?m+1. Для нечетного n=2m+1 

2 2 -1 ..!!1!.!! n=2m+1. 

этом типу прннадлежат фуннцнн s 02m+k 1 k ; 
1 1 1 ••• 1 
n m 

.1~1~m, ~ нснлюченнем фуннцнн s 0 , 1 , ••• ,m. 

k 1 е {1,n-1}, 

8. { n 11л·я n=2m 
k/C,D/8 (n) = n-1 для n= 2m+ 1 • Этот ~ содержнт фунн-

sn ;Sn ; ••• ;Sn. Для n=2m+1 нснлючае-
0,1, ••• ,n-1 0,1, ••• ,n-2 О 

n 
Функцня s0 1 1 1 ••• ,т 

TCR 

9 • . k/D/ (n) = Ј 2n-1_n ~R n=2m 
s ] n-1 n-1 

Этом типу принад-

\ 2 -2-2--n+1 для n=2m+1 • 

~ функцнн s 0n k k {k 1 ,. ~k.} ::н, ~ нсключением ф у нн-
' 1, ••• , R.' х. 

ций sn ;Sn . ; ••• ;Sn sn 
0,1, ••• ,n-1 0,·1, ••• ,n-2 0,1 О 

2 S2m+l k {i '} ~ n= m+1 исключаютСfl .!:!_'функции k k. , . е· ,n-~ , 
0 ' 1''""' m ~ 

1 ·< i < m. 

Доназательство. В докаэательстве пользуются равенства между мно­

жествими доназаные в /З/. 

1. АПВПСПD=(т01 nvnм1 ) U{0,1}. Вытенает из лемм 4 н 7. 
, \.' 2. А ПВ ПСП D = (ТОО UT 11 ) {0,1}. Вытекает из леммы 4. 

З. АПВП·С'ПD = (т01 nV)\..M 1 • Вытекает из леммы Б ·для n=2m. 

Для n=.2m+1 вытенает из лемм. 8,9 и Б. 

4. АПВ'П'fПD = М 1 '\. ЏО,l} U (T01 n V)) • Следует из леммы 7. 
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s.11~ n в nc nо=т1С' nvnм2 
слвдует из лемм 4 и 1 О. 

,[lfiя n=2rп слвдувт из леммы 6, а для n=2m+-1 

6. Al1в~nc~no=т01 '\.((T01 nvJ Uм1 Ј. Слвдувт из лемм 4, 6 и 

7. Для n=2m+l пользуется и лемма В. 

7. A~nвnc~nD = (т 10 nvЈ\м2 . Для n=2m следует из леммь1 6. 

Для ~=2m+l следувт из лемм 4, В и 10. 

в. А'nв~псnо=м2 ' ({O,l} U(т 10 nvJ). Следувт из лемм 4 и 10. 

9. A~nв~nc~no=т10\((т 10 nvJ uм2 Ј. слвдувт из лвмм 4,10,6 ив. 

В силу теоремы 1 и леммы 3 суммируя соответственные выражения 

легно получается 

ТЕОРЕМА 2. 1. · n+S 
k/A,~,C,D/ s ( 2._ n) = /--у]. 

<n)= 2n+l_2 (n+l). 2. k/A,B,C/8 

3,7. k/A,B,D.§ 

[n;lJ . 
(<n) =k/B,D/8 (<n) =2 -[n;з] 

2 
4,8. k/A,C,D/8 ( 2. n) =k/C,D/8 ( <n) [ ~ Ј. 

5. k/B,C,D/8 ( <n) [ n;l Ј 
[n+1] n2 

6,9. k/A,D/8 ( 2_nJ =k/D/8 ( <n) 2n- 2 -у- - [ 2 Ј 

СИМЕТРИЧН~Е БАЗИС~ АЛГЕБР~ ф 0 

Тип наждого базиса алгвбры ф 0 определяется типами прина­
длежащих фуннций этого баэиса. Слвдующая лемма доказана в [3]. 

о 
ЛЕММА 12. Число раэличных ~ базисов ~ф равно В: 

I Двухчленные типы базисов: {/A,B,C/,/D/} . 

II Трехчленные ~ базисов: {/A,B,C/,/C,D/,/A,B,D/} , 

{/A,B,C/,/C,D/,/A,D/}, {/A,B,C/,/C,D/,/B,D/}, 

{/А,В,С/, /B,D/ ,/A,C,D/}, {/А.,В,С/, /B,D/ ,/A,D/}, 

{/A,B,C/,/A,D/,/B,C,D/} • 

III Четырехчленные типы базисов:{/А,В,С/,/А,В,D/,/А,С,D/, 
n --:-r< n) /B,C,D/}. Пусть N1 и N1 - чнсло в сех 1-членных S-базисов, 

состоя~хся тольно из n-местных фуннций, соответственно из фун­

нций завнся~х ат не более, чем ат n переменных. 

Используя теоремы 1 н 2 и лемму 12 можно легно провернть 

равенства в следующей теореме. 
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ТЕОРЕМА З. 
о о о 

1. N2 =Nз =N 4 =О. ~ остальных равенствах n> О. 

2. 
2 (2n- 1-1) (2n-1-n) ~ n=2m, 

n-1 
2(2n-1-1) (2n- 1-2-z--n+1) 

N~ = { 
n=2m+1 • 

r n-1 n-1 

з. 
2n(2 -1) (2 -n) для n=2m 

t n-1 n-1 n-1 
2(2n- 1-1) (З(n-1) (2~-1)+(2n- 1-2~-n+1) (n-1+2~) 

ГО ДЛА n=2m 
i n-1 

~ n ~1m. 

4. 

5. 

б. 

7. 

Nn 
4 

N(~n) 
2 

N(~n) 
з 

N(~n) 
4 

l n-1 ~ 2(2 -1) (2 -1) (n-1) ~ n=2m+1 
[ n+1 Ј 2 

(2n+ 1 -2(n+1)) (2n-2 2 - In2 ] ). 

2 [n+1 1 
(2n+ 1-2 (n+1)) (З}~ ](2 2 ·- [~Ј ) + 

2 ~ 

[ n+ 1 Ј 2 [ n+ 1 } 
+ ( 2n- 2 -г [ n2 Ј ) • ( 2 """'2 -1 + 

2 
[ n2 ] ) ) 

[ n+1 Ј 2 
( 2n+ 1_ 2 (n+ 1) ) ( 2 -г _ [ n~ З Ј ) [ n2 Ј [ n~ 1 ] 

СЛЕДСТВИЕ 1. 

8-баэис не может содержаться только иэ функций, эависящих 

от нв болвв двух пврвменных. 

СЛЕДСТВИЕ 2. N~ =О, N; =Зб, N~ =12, N~~З) =О, Nј~З)= 96 ,N~~З)=б4. 

Напримвр, функции трвх пврвмвнных опрвдвляют 12 чвтырвхчлвнных 

8-баэисов: 
з з з з з з з з 

{81, 8 1,з' 8 1,2,З' 8о,1}, {S1, 8 1,З' 8з, 8о,1} , 
з з з з з з з з 

{82' 8 1,З' ' 8 1,2,З' 8 о,1}, {82, 8 1,З' 8з, 80,1} , 

з з з з з з з з 
{81 2' 8 1,З' 8 1,2,З' 80,1}, {81 2' 8 1,З' 8з, 8о,1} , , , 

з 8з з ' з з з з з 
{ 8о,з' 1,З' 81,2,З' 8о,1}, {8о,з' 8 1,з' sз, 8 о,1} , 

з з з з з з з з 
{s0,1,З' 8 1,з' 8 1,2,З' 8о,1}, {s0,1,З' 8 1,з' 8з, 8о,1} , 

з з з з з з з з 
{80 2 З' 8 1,з' 8 1,2,З' 8о,1}, {s0,2,З' 8 1,З' sз, 8о,1} , , 

По аналогич\ному способу можно получить всв 8-баэисы каждого типа. 

СЛЕДСТВИЕ З~ Наимвньшвв n для которого сущвствуют двухчлвнныв 
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4 

баэисы состояLЈ.Ј,Ився из n-местных функций есть 4 (N2 = 56) , Пример 
' 4 4 

двухчленного баэиса: {s 1 , s0 , 2 J 

Л И Т Е Р А Т У Р А 

[1] v.H.Gluskov, Sin:teza cifarskih automata, Beograd, 1967. 

[2] А.И.Мальцев, Итеративные алгебры ~ многообраэия Поста, 

сб. "Алгебра и логика", Т.5, в п. 2, Новосибирск, 1965, 

[З] Р. Тошич, Типи баэисов для одной модификации алгебры логики, 

Zbornik radova PMF, serija za matematiku, 11(1981) 287-295. 

[4} R.Tosi6, S-bases of proposition.al algebra, РuЫ. rnst,Math. 

14 (28) (1972.), 139-148, Beograd. 
(5] Г .Е.Цейтлин, ВопрЬсы функциональной полноты для одной мо­

дификации алгебры логики, Нибернетика, 4(1969). 

Ivan Stojmenovi6 

Institut za matematiku 

dr Ilije Djurici6a 4, 

21000 Novi Sad 

Jugoslavija 



THIRD ALGEBRAIC CONFERENCE 
Beoqrad, 3-4 DecemЬer 1982 

МОNОrоМЕ МAWINGS OF OltDEIU!D SEТS 

Мlllzn R. 1/ukovil! 

1. Introduction. An map f of а partially ordered иt Р to itlelf hu а ftиd point if 
there exista an element ~ in Р such that f Ш"' ~. An ordered pair (11, v) 11 cllled a/fx«l «lge 
of f if f (u) = v and f(v) = u, where u <v(u, v е Р). ln а noted paper [ТАЈ Taпld hu shown 
that every order-preservin8 (ilotone or increasill!) map of а complete lattice into itself hu а 
fixed point. Davis [DAJ proved the converse: Every lattice, with the Љted point property ls 
complete. Order-reverslng (antitone or decreaвing) maps, on the other hand, may or may not 
have Љted points. ln а noted papen [КЈЈ Кlimel and [ТМЈ TaskovЮ has shown that every 
antitone msp of а complette lattice into itself has а fiXed edge. Тhе analogous problems for 
conditionally complete partially ordered sets has remained largely unexplored. 

l..et (Р,<) Ье partially ordered set. For х, у е Р and х< у, the set (х, у) is defmed Ьу 

(х, у) = [ t : t е Р and х< t <у Ј. 

We begin with а statements for conditionally complete sets (that is, every nonernpty 

subset of Р with upper bound has its supremum). 

Lemma 1.Let (Р,<) Ье а partially ordered set and f an isotone mappingfrom Р into Р 
such that: 

(А} f has а fork i.e. а< f(a) о;;; f(b) <Ь for some а, Ь е Р, and 

(В} Тhе set ( а, Ь ) (or Р) is а conditionally complete. 

Тhеп the set Р (f) : = [хе Р: f (х) =х] is nonempty. 

l..emma 2. (Fixed Edge Lemma)Let (Р, <) Ье а conditionally complete partially 
ordered set and f an antitone mapping from Р into Р such that f has а fork type 

1 (С) a<f(b)o;;;f(a)<bformme a,bFP. 

Тhen there exists afixed edge (и, v) o[f and there exists an и with the least element in 
Р such that (и, f(u)) is thefixed edge o[f. · 

2. Тhе main results and corollaries. With the help of Lemmas we n(jloЬtain the main 
results of this paper: 

Тheorem 1. Let (Р, <) Ье а partially ordered set. For set ( а, Ь) or Р to Ье 
conditionally complete it is necessary and sufficient that every isotone function f:P-+ Р with 
fork have а fixed point. 
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Theorem 2. Let (Р, ..;) Ье а partially ordered set"' For set ( а, Ь ) or Р to Ье 
conditionillly complete. it is, necessary and sufficient that every antitone function f:P-+ Р 
withfork(C) haveaГvced edge. 

Special cases of Theorem 1. have been discussed Ьу Davis [DA] and some others. 

Corollary 1. (А. Davis [DA])iFG>r а /attice (L, ..;) to Ье complete it is necessary and 
sufficient that every isotone function f: L-+ L have а fixed point. 

Corollary 2. Let (Р,..;) Ье а partially ordered set. Fora maximal chain L=(a, Ь) С Р 
to Ье conditionally complete it is necessary and sufficient that every increasing function f:P 
-+Р such that (А) have а Гvced point. 

Corollary 3. If (Р, ..;) is а partially ordered sets and if every isotone function f:P-+ Р 
has а fixed point, then every maximal chain ofP is а complete set. 

the proofs of these results with к more detailed discussion and some examp1es wil1 Ье 
published in [ТМ]. 

But tht main question is open. 
ProЬlem: Let Р Ье а nonempty ordered set and f:P -+ Р. Solve the following 

functional equation f (х): = f(f(x)) = g (х), where g:P-+ Р is given arЬitrary function. 
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Deograd, 3-4 DecemЬer 1982 

ON А OUASIIDENTITY IN n-ARY OUASIGROUPS 

J.U§an, K.Stojmenovski 

AЬstract. А generalization of the Reidemeister condition 
for n-ary quasigroups is considered. (А generalization of this 
condition for ternary nets is given !n [1].) 

First we will give some definitions. 

Let О Ье а nonempty set, On the Cartesian n-th power of О 

and А: On + О а mapping. The ordered pair (О,А) is called an 

n-g~~§~S!Q~E if for any (a,, .•. ,a1 _ 1 ,a1+ 1 , ••• ,an,b)8 On and 

!Е {1, ... ,n} the equation 

ь ( 1) 

has а unique solution. 

Further on we will denote the sequence (a 1 , ••• ,an) Е On 

shortly Ьу а, and the sequence (а,, •.• ,а. ,ai+ , ... ,а) Ьу 
~-1 , n 

i(a). 

If1 а is any fixed element of On and i f { 1, .•. , n}, then 

the rnapping 

L1 (а) :х + А(а 1 , ••• ,а1_, ,x,ai+,, ... ,an) 

is called а ~E~~§!~~!Q~ of the n-quasigroup (О,А) [2]. We note 

that any translation of (Q,A) is а perrnutation of the set Q. 

The n-ary operation В on Q, defined Ьу: 
_, -1 

B(x 1 , ... ,xn) ~A(L 1 (a)x 1 , ... ,Ln(a)xn)' (2) 

where а is а given elernent of Qn, is called an LP-!§Q~QE of 

the n-quasigroup (Q,A). So, any fixed element (а , ... ,а)~ Qn 
1 n 

deterrnines an LP-isotop of (Q,A) Ьу (2). 

It can Ье shown that (Q,B) is an n-quasigroup with an 

identity element е= A(a 1 , ••• ,an), i.e. (Q,B) is an n-loop. 

We can write the equality (2) in the ~ollowing form: 

А (х 1 , ••• ,xn) = в (L 1 (а) х 1 , ... ,Ln С,а) xn) . (2 ') 

We wi'~l investigate sorne properties of LP-_isotops when 

the n-quasigroup (Q,A) satisfies а special condition. 
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Let (Q,A) Ье an n-quasigroup. Consider the quasiidentity 

(З) 

where x 1 , ... ,xn are variaЬles. If n=2, i.e. А is а binary ope­

ration, then (З) is the Reiderneister condition [1]. 

THEOREM. The condition (З) in an n-guasigroup (Q,A) holds 

if and only if any two LP-isotops of _(Q,A) with ~ (given in 

advance) cornrnon ·identi-ty elernent are egual. 

Proof. Let (Q,C) and (Q,D) Ье LP-isotops of an n-quasi­

group (Q,A). Ву (2') we obtain 

A(x1 , ... ,xn) 

А (х 1 , ••• ,xn) 

С (L1 (х) х1, ... ,Ln (х) xn), 

D(L 1 (у)х1 , •.. ,Ln(y)xn), 

(4) 

(5) 

1 1 - з з where х (x 1 , ... ,xn) and у (x 1 , ••• ,xn) are fixed elernents 

of Qn, А(х) adn А(у) are identity elernents of (Q,C) and (Q,D) 

respectively. 

Let the following condition 

ес = е0 => с = D (б) 

Ье satisfied. Ву the hypothesis ес=е0 it follows that 

А(х~, ... ,х~) = А(х~, ..• ,х~). 

Substituing x 1 =x~, ... ,xn=x~ in (4), x 1 =x~, •.. ,xn=x~ in (5) and 

using the assurnption that the condition on the left-hand side 

of the irnplication (З) holds and C=D, we obtain 

2 2 ~ ~ 
А(х , .... ,х) = А(х , .. ,х), 

1 n 1 n 

which rneans that (З) is satisfied. 

Conversely, suppose that (З) holds in an n-quasigroup 

(Q,A) and let ес=е0 Ье an identity element of the LP-isotops 

of (Q,A), defined Ьу (4) and (5). It is necessary to show that 

C=D. Ву the equalities 
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А( 2 1 1 1) х, ,х2 ,хэ' ... ,xn t, 1 

А(х~,х;,хј, •.. ,х 1 ) • n (7) 

А(х:, ... ,х~_ 1 ,х:) = А(х~, ... ,х:_, ,х:) = tn' 

where t 1 , ••• ,t are arЫtrarily chosen elernents of Q, we con-
n · 2 2 " " clude that the elernents x1 , ••• ,xn,x1 , ••• ,xn are uniquele deter-

rnined. Ву (З), (4), (5) it follows that 

C(t 1 , ••• ,tn) ==,А(х~, ... ,х~) =А(х~, .•.. ,х:) D(t1 , ••• ,t2), 

!.е. C=D. The proof of the Theorern is cornpleted. 

COROLLARY 1. If an n-quasigroup (Q,A) satisfies condition 

(З), then the nurnЬer of their LP-isotops is not greater than 

lol. 
Narnely, let а ~ Q. For any sol ution of the equa tion 

A(x 1 , ••• ,xn) =а we obtain an LP-isotop of (Q,A), deterrnined 

Ьу (2). All of thern have а cornrnon identity elernent е=а, and 

thus they are equal. 

Let (Q,A) Ье an n-quasigroup. If we substitute the vari­

aЬles х1 , ... ,х1 Ьу arЫtrary fixed elernents of Q, then we 
1 n-2 

will obtain а Ыnary quasigroup (а Ыnary retract) (Q,•) of 

the n-quasigroup (Q,A). 

COROLLARY 2. If an n-quasigroup (Q,A) satisfies (З) then 

any of i ts Ыna.ry retracts is isotopic wi th ~ group. 

Narnely, if n-2 variaЬles in (З) are fixed, then the Reide­

meister condition for the Ы~аrу retracts of the n-quasigroup 

(Q,A) is satisfied, and thus any Ыnary retract is isotopic 

with а group [з]. 
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