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▼❛st❡r r❛❞
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▼❡♥t♦r✿

❞r ▼✐r❥❛♥❛ ✝♦r✐✎✱ r❡❞♦✈❛♥ ♣r♦❢❡s♦r

❯♥✐✈❡r③✐t❡t ✉ ❇❡♦❣r❛❞✉✱ ▼❛t❡♠❛t✐q❦✐ ❢❛❦✉❧t❡t

◗❧❛♥♦✈✐ ❦♦♠✐s✐❥❡✿

❞r ■✈❛♥ ❉✐♠✐tr✐❥❡✈✐✎✱ ❞♦❝❡♥t

❯♥✐✈❡r③✐t❡t ✉ ❇❡♦❣r❛❞✉✱ ▼❛t❡♠❛t✐q❦✐ ❢❛❦✉❧t❡t

❞r ▼✐❧♦① ✝♦r✐✎✱ ❛s✐st❡♥t s❛ ❞♦❦t♦r❛t♦♠

❯♥✐✈❡r③✐t❡t ✉ ❇❡♦❣r❛❞✉✱ ▼❛t❡♠❛t✐q❦✐ ❢❛❦✉❧t❡t
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❙❛❞r✙❛❥

✶ ❯✈♦❞ ✸

✷ ❊✉❦❧✐❞s❦❛ ✐ ♥❡❡✉❦❧✐❞s❦❛ ❣❡♦♠❡tr✐❥❛ ✺

✷✳✶ ❊✉❦❧✐❞s❦❛ ✐ ❤✐♣❡r❜♦❧✐q❦❛ ❣❡♦♠❡tr✐❥❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺
✷✳✷ ❙❛❦❡r✐ ✐ ▲❛♠❜❡rt ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
✷✳✸ ▲❛♠❜❡rt✱ ●❛✉s ✐ ❇♦✠❛❥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✸ ❑r✐✈✐♥❡ ♣♦✈r①✐ ✶✹

✸✳✶ ❖❥❧❡r♦✈ r❛❞ ♦ ♣♦✈r①✐♠❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺
✸✳✷ ●❛✉s♦✈♦ ♣r❡s❧✐❦❛✈❛✟❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶
✸✳✸ ●❛✉s♦✈❛ ❦r✐✈✐♥❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼
✸✳✹ ❖❜✐♠ ✐ ♣♦✈r①✐♥❛ ❦r✉❣❛ ♥❛ s❢❡r✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹
✸✳✺ ●❛✉s♦✈❛ ❧❡♠❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✸✳✻ ❇❡❧tr❛♠✐❥❡✈❛ t❡♦r❡♠❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✹ ❑✉❞❛ ❞❛✠❡❄✦ ✻✽

✺ ❩❛❤✈❛❧♥✐❝❛ ✼✵

✻ ▲✐t❡r❛t✉r❛ ✼✶

✷



✶ ❯✈♦❞

❯ ①❡st♦♠ ✈❡❦✉ st❛r❡ ❡r❡ ♥❛❥✈❡✎✉ ✉❧♦❣✉ ✉ ❦✉❧t✉r✐ ✐ ♥❛✉❝✐ ✐♠❛❧✐ s✉ ●r❝✐✳
❚❛❞❛ ✐ ❣❡♦♠❡tr✐❥❛ ♣♦q✐✟❡ ❞❛ s❡ r❛③✈✐❥❛ ✉ ♣♦t♣✉♥♦ ♥♦✈♦♠ s♠❡r✉✳ ●rq❦✐
♠❛t❡♠❛t✐q❛r✐ t♦❣ ❞♦❜❛ ♦t❦r✐❧✐ s✉ ♥♦✈✉ ♠❡t♦❞✉ ✐③❣r❛❞✟❡ ❣❡♦♠❡tr✐❥❡✱
❦♦❥❛ s❡ ❞❛♥❛s ♥❛③✐✈❛ ❞❡❞✉❦t✐✈♥❛ ♠❡t♦❞❛✳ ◆❛r❛✈♥♦✱ ♦✈❛ ♠❡t♦❞❛ ♥✐❥❡ ♥❛st❛✲
❧❛ ♦❞❥❡❞♥♦♠✱ ✈❡✎ ❥❡ r❡③✉❧t❛t ❞✉❣♦❣♦❞✐①✟❡❣ ♣r❡❞❛♥♦❣ r❛❞❛ ♠❛t❡♠❛t✐q❛r❛
t♦❣ ✈r❡♠❡♥❛✳ Pr✈❡ ♥❛❣♦✈❡①t❛❥❡ ❛❦s✐♦♠❛ts❦♦❣ ③❛s♥✐✈❛✟❛ ❣❡♦♠❡tr✐❥❡ sr❡✎✲
❡♠♦ ✉ P❧❛t♦♥♦✈♦❥ ❛❦❛❞❡♠✐❥✐✳ P❧❛t♦♥ ❥❡ ♣r✈✐ ✉❦❛③❛♦ ♥❛ r❛③❧✐❦✉ ✐③♠❡✍✉
♥❛✉q♥♦❣ ③❛❦✠✉q✐✈❛✟❛ ✐ ✐s❦✉st✈❡♥✐❤ s❛③♥❛✟❛✳ ❚❡♦r✐❥s❦❡ ♦s♥♦✈❡ ❞❡❞✉❦t✐✲
✈♥❡ ♠❡t♦❞❡ r❛③✈✐♦ ❥❡ P❧❛t♦♥♦✈ ✉q❡♥✐❦✱ ❆r✐st♦t❡❧✳ ❖s♥♦✈♥❛ t✈r✍❡✟❛ ♥❛
❦♦❥✐♠❛ s❡ ③❛s♥✐✈❛ ❞❡❞✉❦t✐✈♥❛ ♠❡t♦❞❛ ❆r✐st♦t❡❧ ❥❡ s✈rst❛✈❛♦ ✉ ❛❦s✐♦♠❡
✐ ♣♦st✉❧❛t❡✳ ■ ❛❦s✐♦♠ ✐ ♣♦st✉❧❛t s✉ ♦s♥♦✈♥❛ t✈r✍❡✟❛✱ ❦♦❥❛ ✈❛✙❡ ❜❡③
❞♦❦❛③✐✈❛✟❛✱ s t✐♠ ①t♦ ♣♦st✉❧❛t tr❡❜❛ ❞❛ ✈❛✙✐ ✐s❦✠✉q✐✈♦ ③❛ ❥❡❞♥✉
♦❞r❡✍❡♥✉ ♥❛✉q♥✉ ♦❜❧❛st✱ ❛ ❛❦s✐♦♠ ✈❛✙✐ ✉ ✈✐①❡ ♥❛✉q♥✐❤ ♦❜❧❛st✐✳

❉❛❧❡❦♦ ♥❛❥♣♦③♥❛t✐❥❡ ✐ ♥❛❥q✐t❛♥✐❥❡ ❞❡❧♦ t♦❣ ✈r❡♠❡♥❛ s✉ ❊✉❦❧✐❞♦✈✐
❊❧❡♠❡♥t✐ ✭✸✵✵✳ ❣♦❞✐♥❛ st❛r❡ ❡r❡✮ ♦ ❦♦♠❡ ✎❡ ❜✐t✐ ✈✐①❡ r❡q✐ ✉ ✷✳✶✳
❚♦❦♦♠ ♥✐③❛ ✈❡❦♦✈❛✱ ✐ ❜❡③❜r♦❥ ♣♦❦✉①❛❥❛✱ ♥✐❦♦ ♥✐❥❡ ✉s♣❡♦ ❞❛ ✉♥❛♣r❡❞✐
❣❡♦♠❡tr✐❥✉ ❦❛♦ ♥❛✉❦✉ ♦❞ ♦♥♦❣❛ ①t♦ ❥❡ ❊✉❦❧✐❞ ✉r❛❞✐♦ ✉ ❊❧❡♠❡♥t✐♠❛✳
◆❛r❛✈♥♦✱ ✐♠❛❧♦ ❥❡ ✐ ♥❡❦✐❤ s❥❛❥♥✐❤ ♦t❦r✐✎❛✱ ❛❧✐ ♥✐①t❛ s❡ s✉①t✐♥s❦✐
✈❡❦♦✈✐♠❛ ♣♦s❧❡ ❊✉❦❧✐❞❛ ♥✐❥❡ ♣r♦♠❡♥✐❧♦✳ ❯♣r❛✈♦ ✎❡♠♦ s❡ ♦✈✐♠ ❜❛✈✐t✐ ✉
❞r✉❣♦♠ ♣♦❣❧❛✈✠✉ ♦✈♦❣ r❛❞❛✳

❘❛③✈♦❥ ❣❡♦♠❡tr✐❥❡ ♦❞ ❊✉❦❧✐❞❛✱ ♣r❡❦♦ ❖❥❧❡r❛✱ ❞♦ ▲♦❜❛q❡✈s❦♦❣✱ ❇♦✠❛❥❛✱
●❛✉s❛ ✐ ❘✐♠❛♥❛ ❥❡ ❥❡❞♥❛ ♣r✐q❛ ♣♦❞❡✠❡♥❛ ♥❛ ✈✐①❡ ❞❡❧♦✈❛ ✲ ❡✉❦❧✐❞s❦❛
❣❡♦♠❡tr✐❥❛✱ ♥❡❡✉❦❧✐❞s❦❛ ❣❡♦♠❡tr✐❥❛ ✐ ❞✐❢❡r❡♥❝✐❥❛❧♥❛ ❣❡♦♠❡tr✐❥❛✳ ❯
♦✈♦♠ r❛❞✉ ♣♦❦✉①❛♥♦ ❥❡ ❞❛ s❡ ❞❡❧♦✈✐ ✉❥❡❞✐♥❡ s❛ s✈♦❥✐♠ ♠❡✍✉♦❞♥♦s✐♠❛✱
♠♦t✐✈✐s❛♥✐ ✐st♦r✐❥♦♠ ✐ ♣r♦❜❧❡♠♦♠ P❡t♦❣ ❊✉❦❧✐❞♦✈♦❣ ♣♦st✉❧❛t❛✳

◆❛❥✐st❛❦♥✉t✐❥❛ ❧✐q♥♦st tr❡✎❡❣ ♣♦❣❧❛✈✠❛ ♦✈♦❣ r❛❞❛ ❜✐✎❡ ●❛✉s✱ ✟❡❣♦✈
r❛❞ ♥❛ ♣♦✈r①✐♠❛ ❝❡♥tr❛❧♥✐ ❞❡♦✱ ❛ ✟❡❣♦✈❛ ❜r✐✠❛♥t♥❛ t❡♦r❡♠❛ ✭t❡♦r❡♠❛
Egregium✮ ③✈❡③❞❛ ✈♦❞✐✠❛✳ ❋♦❦✉s ❥❡ ♥❛ ●❛✉s♦✈♦❥ ❦r✐✈✐♥✐ ❦♦❥❛ ♦❞r❡✍✉❥❡
♣r✐r♦❞✉ ❣❡♦♠❡tr✐❥❡ ❦♦❥❛ ♦♣✐s✉❥❡ ♣♦✈r①✳ ●❛✉s♦✈❛ ❜r✐✠❛♥t♥❛ t❡♦r❡♠❛
t✈r❞✐ ❞❛ s❡ ●❛✉s♦✈❛ ❦r✐✈✐♥❛ ♣♦✈r①✐ s♠❡①t❡♥❡ ✉ tr♦❞✐♠❡♥③✐♦♥✐ ♣r♦st♦r
♠♦✙❡ r❛③✉♠❡t✐ ❦❛♦ ✉♥✉tr❛①✟❛ ❦❛r❛❦t❡r✐st✐❦❛ ♣♦✈r①✐✳ ✧❙t❛♥♦✈♥✐❝✐✧
♥❡❦❡ ♣♦✈r①✐ ♠♦❣✉ ✐③✉q❛✈❛t✐ ●❛✉s♦✈✉ ❦r✐✈✐♥✉ ♣♦✈r①✐ ✐ ❜❡③ s❛③♥❛✟❛ ✉
❦♦♠ s✉ tr♦❞✐♠❡♥③✐♦♥♦♠ ♣r♦st♦r✉ s♠❡①t❡♥✐✳ ❖♥♦ ♦ q❡♠✉ ✎❡ ❜✐t✐ r❡q✐ ❥❡

✸



✐ t♦ ❞❛ s❡ ●❛✉s♦✈❛ ❦r✐✈✐♥❛ ♠♦✙❡ ♠❡r✐t✐ ♣r♦✈❡r❛✈❛✟❡♠ ❦♦❧✐❦♦ s❡ ♦❜✐♠
♠❛❧❡ ❦r✉✙♥✐❝❡ r❛③❧✐❦✉❥❡ ♦❞ 2rπ✱ t❥✳ ♦❞ ✈r❡❞♥♦st✐ ❦♦❥✉ ❜✐ t❛❥ ♦❜✐♠ ✐♠❛♦ ✉
❡✉❦❧✐❞s❦♦♠ ♣r♦st♦r✉✳ ❚✐♠❡ ✎❡♠♦ s❡ ❜❛✈✐t✐ ✉ tr❡✎❡♠ ♣♦❣❧❛✈✠✉✱ ❚✈r✍❡✟❡
✼✳ ✧❙t❛♥♦✈♥✐❝✐✧ ♥❡❦❡ ♣♦✈r①✐ ❜✐ ♠❡r❡✟❡♠ ●❛✉s♦✈❡ ❦r✐✈✐♥❡ ✉ ♥❡❦♦❥ t❛q❦✐
♥❛ ♣♦✈r①✐ ③♥❛❧✐ ♥❛ ❦❛❦✈♦❥ s❡ ♣♦✈r①✐ ♥❛❧❛③❡✱ ❞❛ ❧✐ ❥❡ ♦♥❛ r❛✈❛♥ ♣r♦st♦r✱
s❢❡r♥♦❣ ♦❜❧✐❦❛ ✐❧✐ ✐♣❛❦ ♥❡①t♦ ❞r✉❣♦✳

✹



✷ ❊✉❦❧✐❞s❦❛ ✐ ♥❡❡✉❦❧✐❞s❦❛ ❣❡♦♠❡tr✐❥❛

❉✐❢❡r❡♥❝✐❥❛❧♥❛ ❣❡♦♠❡tr✐❥❛ ♣r❡❞st❛✈✠❛ ♣r✐♠❡♥✉ r❛q✉♥❛ ♥❛ ❣❡♦♠❡tr✐❥✉
♣r♦st♦r❛ ❦♦❥✐ s❡ ❦r✐✈✐✳ ❉❛ ❜✐s♠♦ r❛③✉♠❡❧✐ ♣r♦st♦r ❦♦❥✐ s❡ ❦r✐✈✐✱
♠♦r❛♠♦ ♣r✈♦ r❛③✉♠❡t✐ ♣r♦st♦r ❦♦❥✐ ❥❡ r❛✈❛♥✳

▼✐ ✙✐✈✐♠♦ ✉ s✈❡t✉ ♣r♦✙❡t♦♠ ③❛❦r✐✈✠❡♥✐♠ ♦❜❥❡❦t✐♠❛✱ ✐ ❛❦♦ ❜✐ ♥❛s
♥❡❦♦ ♣✐t❛♦ ③❛ ③♥❛q❡✟❡ r❡q✐ ✧r❛✈❛♥✧✱ ✈❡r♦✈❛t♥♦ ❜✐s♠♦ ♦❞❣♦✈♦r✐❧✐ ✉ s♠✐✲
s❧✉ ♦❞s✉st✈❛ ❦r✐✈✐♥❡❀ ❣❧❛t❦❛ ♣♦✈r① ❜❡③ ✐❦❛❦✈✐❤ ✐③❜♦q✐♥❛ ✐ ✉❞✉❜✠❡✟❛✳

■♣❛❦ ♠♥♦❣✐ r❛♥✐ ♠❛t❡♠❛t✐q❛r✐ s✉ ✐③❣❧❡❞❛ ✈♦❧❡❧✐ ❥❡❞♥♦st❛✈♥♦st ✐
✉♥✐❢♦r♠♥♦st r❛✈♥❡ r❛✈♥✐✱ ♣❛ s✉ ✐ ❜✐❧✐ ♥❛❣r❛✍❡♥✐ ③❛ ♦t❦r✐✈❛✟❡ ✈❡♦♠❛
❧❡♣✐❤ ✐ ✈❛✙♥✐❤ q✐✟❡♥✐❝❛ ♦ ❢✐❣✉r❛♠❛ ✉ ✟♦❥✳ ❏❡❞♥❛ ♦❞ ♥❛❥r❛♥✐❥✐❤ ✐
♥❛❥❞✉❜✠✐❤ t❛❦✈✐❤ q✐✟❡♥✐❝❛ ❜✐❧❛ ❥❡ P✐t❛❣♦r✐♥❛ t❡♦r❡♠❛✳ ■❛❦♦ ❥❡ P✐t❛❣♦✲
r❛ ✙✐✈❡♦ ✉ ●rq❦♦❥ ♦❦♦ ✺✵✵✳ ❣♦❞✐♥❡ st❛r❡ ❡r❡✱ t❡♦r❡♠❛ ❦♦❥❛ ♥♦s✐ ✟❡❣♦✈♦
✐♠❡✱ ♣♦❥❛✈✐❧❛ s❡ ♠♥♦❣♦ r❛♥✐❥❡✱ ♥❛ ❱❛✈✐❧♦♥s❦♦❥ ❣❧✐♥❡♥♦❥ ♣❧♦q✐ ✲ P❧✐♠♣t♦♥
✸✷✷ ✭❙❧✐❦❛ ✶✮✱ ❦♦❥❛ ❞❛t✐r❛ ✐③ ✶✽✵✵✳ ❣♦❞✐♥❡ st❛r❡ ❡r❡✳ ◆❛ ✟♦❥ s✉ ✉r❡③❛♥❡
P✐t❛❣♦r✐♥❡ tr♦❥❦❡✳ ❉❛ ❜✐ s❡ ♣r♦♥❛①❛♦ ❞♦❦❛③ ♦ ♠♦❞❡r♥♦♠✱ ❧♦❣✐q❦♦♠✱
❞❡❞✉❦t✐✈♥♦♠ ♣r✐st✉♣✉ ♠❛t❡♠❛t✐❝✐ ♠♦r❛♠♦ ✧s❦♦q✐t✐✧ ✉ ✻✵✵✳ ❣♦❞✐♥✉
st❛r❡ ❡r❡✱ ❦❛❞ ❥❡ ✙✐✈❡♦ ❚❛❧❡s ✐③ ▼✐❧❡t❛✳ ◆❡❦✐ ♥❛✉q♥✐❝✐ s♠❛tr❛❥✉ ❞❛
❥❡ ♦♥ ❜✐♦ ♣r✈✐ ❦♦❥✐ ❥❡ ♣♦st❛✈✐♦ ✐❞❡❥❡ ♦ ✐③✈♦✍❡✟✉ ♥♦✈✐❤ ③❛❦✠✉q❛❦❛ ✐③
♣r❡t❤♦❞♥♦ ✉st❛♥♦✈✠❡♥✐❤✳

❙❧✐❦❛ ✶✿ P❧✐♠♣t♦♥ ✸✷✷

✷✳✶ ❊✉❦❧✐❞s❦❛ ✐ ❤✐♣❡r❜♦❧✐q❦❛ ❣❡♦♠❡tr✐❥❛

Pr✈✐ ♣♦❦✉①❛❥✐ st✈❛r❛✟❛ ❞❡❞✉❦t✐✈♥❡ t❡♦r✐❥❡ ❞❛t✐r❛❥✉ ❥♦① ✐③ ✺✳ ✈❡❦❛
st❛r❡ ❡r❡✳ ❊❧❡♠❡♥t✐ ❍✐♣♦❦r❛t❛ s❛ ❍✐♦s❛ ♥❛♣✐s❛♥✐ sr❡❞✐♥♦♠ ✺✳ ✈❡❦❛

✺



st❛r❡ ❡r❡ ♣r✈✐ ❥❡ ♣♦❦✉①❛❥ s✐st❡♠❛t✐③❛❝✐❥❡ ❣❡♦♠❡tr✐❥s❦✐❤ ③♥❛✟❛✳ ◆❛
♥❡sr❡✎✉✱ ✟❡❣♦✈ r✉❦♦♣✐s ❞♦ ❞❛♥❛s ♥✐❥❡ s❛q✉✈❛♥✱ ♠❡✍✉t✐♠ ❙✐♠♣❧✐❦✐❥❡ ✭✻✳
✈❡❦ ♥♦✈❡ ❡r❡✮✱ ✉ s✈♦❥✐♠ ❦♦♠❡♥t❛r✐♠❛ ❆r✐st♦t❡❧♦✈❡ ❋✐③✐❦❡ ♣r❡♥❡♦ ❥❡ ❥❡❞❛♥
❞❡♦ ❊✉❞❡♠♦✈❡ ✐st♦r✐❥❡ ❣❡♦♠❡tr✐❥❡ ✐③ ❞r✉❣❡ ♣♦❧♦✈✐♥❡ ✹✳ ✈❡❦❛ st❛r❡ ❡r❡✱ ✉
❦♦❥♦❥ ♦♥ ❦♦♠❡♥t❛r✐①❡ ❍✐♣♦❦r❛t♦✈❡ ❊❧❡♠❡♥t❡✳ ❘❡q ❊❧❡♠❡♥t✐ s❡ ✉ ❛♥t✐q❦♦
❞♦❜❛ ♦❜✐q♥♦ ♦❞♥♦s✐❧❛ ♥❛ ❞❡❞✉❦t✐✈♥♦ ③❛s♥♦✈❛♥✉ ❣❡♦♠❡tr✐❥✉✳

◆❛❥q✉✈❡♥✐❥✉✱ ♥❛❥q✐t❛♥✐❥✉ ✐ ♥❛❥✉t✐❝❛❥♥✐❥✉ r❛s♣r❛✈✉ ♣♦❞ ♥❛③✐✈♦♠ ❊❧❡♠❡♥t✐
♥❛♣✐s❛♦ ❥❡ ♦❦♦ ✸✵✵✳ ❣♦❞✐♥❡ st❛r❡ ❡r❡ ❊✉❦❧✐❞✱ ✉q❡♥✐❦ P❧❛t♦♥♦✈❡ ❛❦❛❞❡♠✐❥❡
✐ ♦s♥✐✈❛q ❣❡♦♠❡tr✐❥s❦❡ ①❦♦❧❡ ✉ ❆❧❡❦s❛♥❞r✐❥✐✳ ◆✐❥❡❞♥❛ ♦❞ ❦✟✐❣❛ ♦
❣❡♦♠❡tr✐❥✐ ♥❛♣✐s❛♥✐❤ ♣r❡ ❊✉❦❧✐❞❛ ♥✐❥❡ ♠♦❣❧❛ ❞❛ s❡ ♦❞r✙✐✱ ♥✐t✐ ❥❡
✈❡❦♦✈✐♠❛ ♣♦s❧❡ ✟❡❣❛ ♣♦❦✉①❛♥♦ ❞r✉❣❛q✐❥❡ ③❛s♥✐✈❛✟❡ ❣❡♦♠❡tr✐❥❡✳

❊✉❦❧✐❞♦✈✐ ❊❧❡♠❡♥t✐ s✉ s❡ s❛st♦❥❛❧✐ ✐③ ✷✸ ❞❡❢✐♥✐❝✐❥❡✱ ❦♦❥❡ s✉ ♣r❡❞st❛✲
✈✠❛❧❡ ❦r❛t❦❛ ♦❜❥❛①✟❡✟❛ ♦ ♦s♥♦✈♥✐♠ ❣❡♦♠❡tr✐❥s❦✐♠ ♣♦❥♠♦✈✐♠❛✳ ❖s♥♦✈♥❡
st❛✈♦✈❡ ❣❡♦♠❡tr✐❥❡ ❊✉❦❧✐❞ ❥❡ ♣♦❞❡❧✐♦ ♥❛ ❛❦s✐♦♠❡ ✐ ♣♦st✉❧❛t❡✱ ✺ ♣♦st✉❧❛t❛
✐ ✾ ❛❦s✐♦♠❛ ✭❜r♦❥ ✈❛r✐r❛ ✉ r❛③❧✐q✐t✐♠ ♣r❡♣✐s✐♠❛✮✳ Pr✈♦ s✉ ♥❛✈❡❞❡♥✐
♣♦st✉❧❛t✐✳

P♦ s✈♦❥♦❥ s❧♦✙❡♥♦st✐ ✐st✐q❡ s❡ P❡t✐ ❊✉❦❧✐❞♦✈ ♣♦st✉❧❛t✳

❚✈r✍❡✟❡ ✶ ✭P❡t✐ ❊✉❦❧✐❞♦✈ ♣♦st✉❧❛t✮ ❆❦♦ ❥❡❞♥❛ ♣r❛✈❛ ✉ ♣r❡s❡❦✉ s❛
❞r✉❣✐♠ ❞✈❡♠❛ ♣r❛✈❛♠❛ ♦❜r❛③✉❥❡ s❛ ✐st❡ str❛♥❡ ❞✈❛ ✉♥✉tr❛①✟❛ ✉❣❧❛ q✐❥✐
❥❡ ③❜✐r ♠❛✟✐ ♦❞ ❞✈❛ ♣r❛✈❛ ✉❣❧❛✱ t❡ ❞✈❡ ♣r❛✈❡ ✎❡ s❡ s❡✎✐ ✐ t♦ s❛ ♦♥❡ str❛♥❡
s❛ ❦♦❥❡ s✉ ♦✈✐ ✉❣❧♦✈✐ ♠❛✟✐ ♦❞ ❞✈❛ ♣r❛✈❛✳

❙❧✐❦❛ ✷✿ P❡t✐ ❊✉❦❧✐❞♦✈ ♣♦st✉❧❛t

◆❛ ♣r✈✐ ♣♦❣❧❡❞ ✐ ♥❛❥❞✉✙✐ ♦❞ s✈✐❤ ♦st❛❧✐❤✱ ✐③❛③✐✈❛♦ ❥❡ ♠✐①✠❡✟❛ ❞❛
♥❡ tr❡❜❛ ❞❛ ❜✉❞❡ ❥❡❞❛♥ ♦❞ ♦s♥♦✈♥✐❤ ♣♦st✉❧❛t❛✱ ❞❛ ❣❛ tr❡❜❛ ✐③✈❡st✐ ✐③

✻



♦st❛❧✐❤✳

■s♣✐t✐✈❛✟❛ ✐③ t❡♦r✐❥❡ ♣❛r❛❧❡❧♥✐❤ ❧✐♥✐❥❛ ❦♦❥❛ s❡ ♦❞♥♦s❡ ♥❛ P❡t✐ ♣♦st✉✲
❧❛t ✐③❞✈❛❥❛❥✉ s❡ ❦❛♦ ✈❛✙❛♥ ♣♦❣❧❡❞ ♥❛ ♦s♥♦✈❡ ❣❡♦♠❡tr✐❥❡✳ ◆❛❦♦♥ ❜❡③❜r♦❥
♥❡✉s♣❡❧✐❤ ♣♦❦✉①❛❥❛ ❞❛ s❡ P❡t✐ ♣♦st✉❧❛t ✐③✈❡❞❡ ✐③ ♦st❛❧✐❤✱ r❛③r❡①❡♥♦ ❥❡
♣✐t❛✟❡ ❞❛ ❥❡ t❛❥ ♣♦st✉❧❛t ♥❡③❛✈✐s❛♥ ♦❞ ♦st❛❧✐❤✳ ❚❛❦♦ s❡ ❞♦s♣❡❧♦ ❞♦ ♣r✈♦❣
③♥❛q❛❥♥♦❣ r❡③✉❧t❛t❛ ♦❞ ❊✉❦❧✐❞♦✈♦❣ ✈r❡♠❡♥❛✱ ❦♦❥✐ ❥❡ ③♥❛t♥♦ ✉♥❛♣r❡❞✐♦
♦s♥♦✈❡ ❣❡♦♠❡tr✐❥❡✳

❯ ❞❡❧✉ ◆✐❦♦❧❛❥❛ ▲♦❜❛q❡✈s❦♦❣ ✐ ❏❛♥♦①❛ ❇♦✠❛❥❛ ♣r✈✐ ♣✉t ❥❡ ✐③r❛✙❡♥❛
♠✐s❛♦ ❞❛ ❥❡ P❡t✐ ❊✉❦❧✐❞♦✈ ♣♦st✉❧❛t ♥❡③❛✈✐s❛♥ ♦❞ ♦st❛❧✐❤ ♣♦st✉❧❛t❛✱
♣❛ s❡ ✐③ ✟✐❤ ♥❡ ♠♦✙❡ ♥✐ ✐③✈❡st✐✳ ❚❛❞❛ ❥❡ ③❛❦♦r❛q❡♥♦ ✉ ❥❡❞❛♥ ♥♦✈✐ s✈❡t
❣❡♦♠❡tr✐❥❡✳ ❘❡③✉❧t❛t✐ ▲♦❜❛q❡✈s❦♦❣ ✐ ❇♦✠❛❥❛ ♣♦st❛❧✐ s✉ s❛s✈✐♠ ❥❛s♥✐ t❡❦
❦r❛❥❡♠ ✶✾✳ ✈❡❦❛✱ ❦❛❞❛ ❥❡ ❦♦♥❛q♥♦ ❢♦r♠✐r❛♥ ♣♦❣❧❡❞ ♥❛ ❧♦❣✐q❦❡ ♣r✐♥❝✐♣❡
③❛s♥✐✈❛✟❛ ❣❡♦♠❡tr✐❥❡✳

❱❡❦♦✈✐♠❛✱ ♣❛r❛❧❡❧♥❡ ♣r❛✈❡ s♠❛tr❛♥❡ s✉ ❦❛♦ ♣r❛✈❡ ✧❦♦❥❡ s❡ ♥❛❧❛③❡
✉ ✐st♦❥ r❛✈♥✐ ✐ ❦♦❥❡ s❡ ♣r♦st✐r✉✎✐ s❡ ♥❡♦❣r❛♥✐q❡♥♦ ✉ ♦❜❛ ♣r❛✈❝❛ ♥❡
s❡❦✉ ♥✐ ✉ ❥❡❞♥♦❥ t❛q❦✐✧✳ ❊s❡♥❝✐❥❛❧♥♦ ♥♦✈ ♥❛q✐♥ ♣♦✐♠❛✟❛ ♣❛r❛❧❡❧♥♦st✐
♣r❡❞❧♦✙✐♦ ❥❡ ▲♦❜❛q❡✈s❦✐✱ ❛ ③❛ ✟✐♠ ✐ ❇♦✠❛❥✳ ❩❛❤✈❛✠✉❥✉✎✐ ✟✐♠❛✱ ③❛s♥♦✲
✈❛♥❛ ❥❡ ❤✐♣❡r❜♦❧✐q❦❛ ❣❡♦♠❡tr✐❥❛ ✉ ❦♦❥♦❥ ♥❡ ✈❛✙✐ P❡t✐ ♣♦st✉❧❛t✳ ❯
❥❡❞♥♦♠ ♦❞ s✈♦❥✐❤ ❞❡❧❛ ▲♦❜❛q❡✈s❦✐ ♥❛ s❛♠♦♠ ♣♦q❡t❦✉ ❞♦❦❛③✉❥❡ ❞❛ ✧s✈❡
♣r❛✈❡ ❧✐♥✐❥❡ ❦♦❥❡ ♣♦❧❛③❡ ✉ ❥❡❞♥♦❥ r❛✈♥✐ ✐③ ❥❡❞♥❡ t❛q❦❡✱ ♠♦❣✉ s❡ ✉ ♦❞♥♦s✉
♥❛ ❥❡❞♥✉ ❞❛t✉ ♣r❛✈✉ ✉ ✐st♦❥ r❛✈♥✐ ♣♦❞❡❧✐t✐ ✉ ❞✈❡ ❦❧❛s❡✱ ✐ t♦ ✉ ❧✐♥✐❥❡
❦♦❥❡ s❡ s❡❦✉ ✐ ❧✐♥✐❥❡ ❦♦❥❡ s❡ ♥❡ s❡❦✉✧✳ ❙❧✐q♥♦✱ ❏❛♥♦① ❇♦✠❛❥ ❥❡ ♥❛ s❛♠♦♠
♣♦q❡t❦✉ s✈♦❣ ❞❡❧❛ ”Appendix” ♥❛♣✐s❛♦ ✿ ✧❆❦♦ BN ♥❡ s❡q❡✱ ❛ s✈❛❦❛ ❞r✉❣❛
♣r❛✈❛ BP ✉❣❧❛ ∠ABN s❡q❡ AM ✱ ♣✐s❛✎❡♠♦ BN ∥ AM✧✳

●❡♦♠❡tr✐❥❛ ③❛s♥♦✈❛♥❛ ♥❛ ❛❦s✐♦♠❛♠❛ ❜❡③ P❡t♦❣ ♣♦st✉❧❛t❛ ♥❛③✐✈❛ s❡
❛♣s♦❧✉t♥❛ ❣❡♦♠❡tr✐❥❛✳

❆❦s✐♦♠❛ ♣❛r❛❧❡❧♥♦st✐✿ ❑r♦③ ❜✐❧♦ ❦♦❥✉ t❛q❦✉ P ✈❛♥ ♣r❛✈❡ l✱ ♣♦st♦❥✐
t❛q♥♦ ❥❡❞♥❛ ♣r❛✈❛ p ❦♦❥❛ ❥❡ ♣❛r❛❧❡❧♥❛ s❛ l✳

■❧✉str❛❝✐❥❛ ❆❦s✐♦♠❡ ♣❛r❛❧❡❧♥♦st✐ ❞❛t❛ ❥❡ ♥❛ ❙❧✐❦❛ ✸✳
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❙❧✐❦❛ ✸✿ ❆❦s✐♦♥❛ ♣❛r❛❧❡❧♥♦st✐

P♦❦✉①❛❥✐ ❞❛ s❡ ❞♦❦❛✙❡ ❞❛ s❡ P❡t✐ ❡✉❦❧✐❞♦✈ ♣♦st✉❧❛t ♠♦✙❡ ✐③✈❡st✐
✐③ ♦st❛❧✐❤✱ ❞♦✈❡❧✐ s✉ ❞♦ ❦♦r✐s♥✐❤ ❡❦✈✐✈❛❧❡♥❛t❛ ❛❦s✐♦♠✐ ♣❛r❛❧❡❧♥♦st✐✳
◆❛ ♣r✐♠❡r✿ ✧P♦st♦❥❡ s❧✐q♥✐ tr♦✉❣❧♦✈✐ r❛③❧✐q✐t✐❤ ✈❡❧✐q✐♥❛ ✭ ❱♦❧✐s
✶✻✻✸✳ ❣♦❞✐♥❛✮✧✳ ❆❧✐ ♣r✈✐ ❡❦✈✐✈❛❧❡♥t ❥❡ ♣r❡❞st❛✈✠❡♥ ❥♦① ❦♦❞ ❊✉❦❧✐❞❛✿
✧❯❣❧♦✈❡ ✉ tr♦✉❣❧✉ s❛❜❡r✐t❡ ❞♦ ❞✈❛ ♣r❛✈❛ ✉❣❧❛✧ ✭❙❧✐❦❛ ✹✮✳

❙❧✐❦❛ ✹✿ ❊❦✈✐✈❛❧❡♥t ❛❦s✐♦♠✐ ♣❛r❛❧❡❧♥♦st✐

❑❛❦♦ ❥❡ ✐ r❛♥✐❥❡ r❡q❡♥♦✱ ♦❜❥❛①✟❡✟❡ ♦✈✐❤ ♥❡✉s♣❡❤❛✱ ❞♦①❧♦ ❥❡ t❡❦
♦❦♦ ✶✽✸✵✳ ❣♦❞✐♥❡✳ ❩❛✈r①❛✈❛❥✉✎✐ ♣✉t♦✈❛✟❡ ❦♦❥❡ ❥❡ ♣♦q❡❧♦ ♣r❡ ♦❦♦ ✹✵✵✵
❣♦❞✐♥❛✱ ♥❡③❛✈✐s♥♦ ❥❡❞❛♥ ♦❞ ❞r✉❣♦❣✱ ◆✐❦♦❧❛❥ ▲♦❜❛q❡✈s❦✐ ✐ ❏❛♥♦① ❇♦✠❛❥✐
♦❜❥❛✈✐❧✐ s✉ ♦t❦r✐✎❡ ♣♦t♣✉♥♦ ♥♦✈❡ ❢♦r♠❡ ❣❡♦♠❡tr✐❥❡ ✲ ❤✐♣❡r❜♦❧✐q❦❡
❣❡♦♠❡tr✐❥❡✱ ❦♦❥❛ s❡ ❞❡①❛✈❛ ✉ ♥♦✈♦❥ r❛✈♥✐ ✲ ❤✐♣❡r❜♦❧✐q❦♦❥ r❛✈♥✐✳
❯ ♦✈♦❥ ❣❡♦♠❡tr✐❥✐ ♣r✈❡ q❡t✐r✐ ❊✉❦❧✐❞♦✈❡ ❛❦s✐♦♠❡ ✈❛✙❡✱ ❛❧✐ ♣❡t❛ ♥❡✳
❯♠❡st♦ ✟❡ s❧❡❞❡✎❛ ❛❦s✐♦♠❛ ✈❛✙✐✳

❍✐♣❡r❜♦❧✐q❦❛ ❛❦s✐♦♠❛ ✿ ❉❛t❛ ❥❡ ♣r❛✈❛ l ✐ t❛q❦❛ P ✈❛♥ ✟❡✳ ❚❛❞❛
♣♦st♦❥❡ ❜❛r❡♠ ❞✈❡ ♣r❛✈❡ ❦r♦③ P ❦♦❥❡ s✉ ♣❛r❛❧❡❧♥❡ s❛ l✳
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✷✳✷ ❙❛❦❡r✐ ✐ ▲❛♠❜❡rt

▲♦❜❛q❡✈s❦✐ ✐ ❇♦✠❛❥✐ s✉ ✐str❛✙✐✈❛❧✐ ❧♦❣✐q♥❡ ♣♦s❧❡❞✐❝❡ ❤✐♣❡r❜♦❧✐q❦❡
❛❦s✐♦♠❡✱ ✐ q✐st♦ ❛♣str❛❦t♥✐♠ r❛③♠✐①✠❛✟❡♠ ❞♦①❧✐ ❞♦ ♥❡✈❡r♦✈❛t♥✐❤
r❡③✉❧t❛t❛ ✉♥✉t❛r ♥♦✈❡✱ ❢❛s❝✐♥❛♥t♥❡ ❣❡♦♠❡tr✐❥❡ ❦♦❥❛ s❡ ♠♥♦❣♦ r❛③❧✐❦✉❥❡
♦❞ ❊✉❦❧✐❞♦✈❡✳

▼♥♦❣✐ ♣r❡ ✟✐❤✱ ♣♦s❡❜♥♦ ❙❛❦❡r✐ ✐ ▲❛♠❜❡rt✱ ♦t❦r✐❧✐ s✉ ♥❡❦❡ ♣♦s❧❡❞✐❝❡
❤✐♣❡r❜♦❧✐q❦❡ ❛❦s✐♦♠❡✳ �✐❤♦✈ ❝✐✠ ❥❡ ❜✐♦ ❞❛ ♥❛✍✉ ❦♦♥tr❛❞✐❦❝✐❥✉✱ ③❛ ❦♦❥✉
s✉ ✈❡r♦✈❛❧✐ ❞❛ ✎❡ ❦♦♥❛q♥♦ ❞♦❦❛③❛t✐ ❊✉❦❧✐❞s❦✉ ❣❡♦♠❡tr✐❥✉ ❦❛♦ ❥❡❞✐♥✉
♣r❛✈✉ ❣❡♦♠❡tr✐❥✉✳

❯ s✈♦♠ ❞❡❧✉ ”Euclides ab omni naevo vindicatus” ❙❛❦❡r✐ ❥❡ ♣r❡❞st❛✈✐♦
♦♥♦ ①t♦ ✉ ❞❛♥❛①✟❡ ✈r❡♠❡ ③♦✈❡♠♦ ❙❛❦❡r✐❥❡✈ q❡t✈♦r♦✉❣❛♦✳ ❚♦ ❥❡ q❡t✈♦r♦✲
✉❣❛♦ q✐❥❡ ❞✈❡ ♥❛s♣r❛♠♥❡ str❛♥✐❝❡ s✉ ❥❡❞♥❛❦❡ ♣♦ ❞✉✙✐♥✐ ✐ ♥♦r♠❛❧♥❡
♥❛ s✉s❡❞♥❡✳ Pr✈♦ ❥❡ ♣♦❦❛③❛♦✱ ❦♦r✐st❡✎✐ s❛♠♦ ♣r✈❛ q❡t✐r✐ ♣♦st✉❧❛t❛
✭❛♣s♦❧✉t♥❛ ❣❡♦♠❡tr✐❥❛✮ ❞❛ s✉ ✉❣❧♦✈✐ ✟❡❣♦✈♦❣ q❡t✈♦r♦✉❣❧❛ ❥❡❞♥❛❦✐✳ ▼♦❣✉
❜✐t✐ ♣r❛✈✐ ✭❡✉❦❧✐❞s❦✐ s❧✉q❛❥✮✱ t✉♣✐ ✭❙❛❦❡r✐ ❥❡ ❞♦①❛♦ ❞♦ ❦♦♥tr❛❞✐❦❝✐❥❡✮
✐ ♦①tr✐✳ ❖✈❛❥ tr❡✎✐ s❧✉q❛❥ ♣♦③♥❛t ❥❡ ✐ ❦❛♦ ❤✐♣♦t❡③❛ ♦ ♦①tr♦♠ ✉❣❧✉✳
◆♦✈❛ r❛✈❛♥ ❥❡ r❛✈❛♥ ✉ ❦♦❥♦❥ ✈❛✙❡ ♣r✈❛ q❡t✐r✐ ♣♦st✉❧❛t❛✱ ❛ ✉♠❡st♦ ♣❡t♦❣
✈❛✙✐ ❤✐♣♦t❡③❛ ♦ ♦①tr♦♠ ✉❣❧✉✳ ❙❛❦❡r✐❥❡✈ ❝✐✠ ❥❡ ❜✐♦ ❞❛ ♣r♦♥❛✍❡ ❦♦♥tr❛❞✐✲
❦❝✐❥✉ ✉ ♦✈♦❥ ♥♦✈♦❥ r❛✈♥✐ ✐ st♦❣❛ ♣♦❦❛✙❡ ❞❛ ❥❡ P❡t✐ ♣♦st✉❧❛t ✉st✈❛r✐
t❡♦r❡♠❛ ❊✉❦❧✐❞♦✈❡ ❣❡♦♠❡tr✐❥❡✳ ❖♥ ❦❛✙❡✿ ✧❍✐♣♦t❡③❛ ♦ ♦①tr♦♠ ✉❣❧✉ ❥❡
❛♣s♦❧✉t♥♦ ♣♦❣r❡①♥❛✱ ❥❡r ❥❡ ✉ s✉♣r♦t♥♦st✐ s❛ ♣r✐r♦❞♦♠ ♣r❛✈❡ ❧✐♥✐❥❡✧✳
●r❡①❦❛ ❦♦❥✉ ❥❡ ♥❛♣r❛✈✐♦ ❜✐❧❛ ❥❡ t❛ ①t♦ ❥❡ s♠❛tr❛♦ t❛q❦❡ ✉ ❜❡s❦♦♥❛q♥♦st✐
③❛ ♦❜✐q♥❡ t❛q❦❡ ✉ ♥♦✈♦❥ r❛✈♥✐✳

▲❛♠❜❡rt ❥❡ ✉ s✈♦❥♦❥ ”Theorie der Parallellinien” r❛③✈✐♦ t❡♦r✐❥✉ ♥❛
s❧✐q❛♥ ♥❛q✐♥ ❦❛♦ ❙❛❦❡r✐✱ ❛❧✐ ❜❡③ t✈r❞✟✐ ❞❛ ❥❡ ❞♦①❛♦ ❞♦ ❦♦♥tr❛❞✐❦❝✐❥❡✳
▲❛♠❜❡rt ❥❡ ❦♦r✐st✐♦ ♦♥♦ ①t♦ ♠✐ ❞❛♥❛s ③♦✈❡♠♦ ▲❛♠❜❡rt♦✈ q❡t✈♦r♦✉❣❛♦✳
❚♦ ❥❡ q❡t✈♦r♦✉❣❛♦ s❛ tr✐ ♣r❛✈❛ ✉❣❧❛✳ ◗❡t✈rt✐ ♠♦✙❡ ❜✐t✐ ♣r❛✈ ✭❡✉❦❧✐❞s❦✐
s❧✉q❛❥✮✱ t✉♣ ✭❞♦①❛♦ ❞♦ ❦♦♥tr❛❞✐❦❝✐❥❡✮ ✐❧✐ ♦①t❛r✳ ❖♥ ❥❡ ✐st♦ ❞♦①❛♦
❞♦ ♠♥♦❣✐❤ ✐♥t❡r❡s❛♥t♥✐❤ r❡③✉❧t❛t❛✱ ❛❧✐ ✟❡❣♦✈ ③❛❦✠✉q❛❦ ❥❡ ❜✐♦✿ ✧❯
✐s❦✉①❡✟✉ s❛♠ ❞❛ ③❛❦✠✉q✐♠ ❞❛ tr❡✎❛ ❤✐♣♦t❡③❛ ✈❛✙✐ ③❛ ♥❡❦✉ ✐♠❛❣✐♥❛r♥✉
s❢❡r✉✧✳

■s♣♦st❛✈✐❧♦ s❡ ❞❛ ❥❡ ✐❞❡❥❛ r❛③♠❛tr❛✟❛ s❢❡r❡ ✐♠❛❣✐♥❛r♥♦❣ ♣♦❧✉♣r❡q♥✐❦❛
✐ ✟❡♥❡ ❛♥❛❧♦❣✐❥❡ s❛ ♦❜✐q♥♦♠ s❢❡r♦♠ ♥❛❥✈❛✙♥✐❥❡ ♦r✉✍❡ ③❛ ♦t❦r✐✎❡ ♥❡❡✉❦❧✐✲
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❞s❦❡ ❣❡♦♠❡tr✐❥❡✳ ❖✈❞❡✱ ❛♥❛❧♦❣✐❥❛ ♥❛♠ ♣r❡❞st❛✈✠❛ ♠❡t♦❞ ❦♦❥✐♠ ③❛♠❡✟✉❥❡♠♦
R s❛ ✐♠❛❣✐♥❛r♥✐♠ ❜r♦❥❡♠ Ri ✉ s✈✐♠ ❢♦r♠✉❧❛♠❛ ❦♦❥❡ s❡ ♣♦❥❛✈✠✉❥✉ ✉
❣❡♦♠❡tr✐❥✐ s❢❡r❡ ♣♦❧✉♣r❡q♥✐❦❛ R✳ ❚❛❦♦ ❞♦❜✐❥❡♥❡ ❢♦r♠✉❧❡ ✈❛✙✐✎❡ ✉
♦✈♦❥ ♥♦✈♦❥ r❛✈♥✐✳

■♣❛❦✱ ▲♦❜❛q❡✈s❦✐ ✐ ❇♦✠❛❥ ③❛s❧✉✙✉❥✉ s❧❛✈✉ ❦❛♦ ♣r✈✐ ❦♦❥✐ s✉ ♣r❡♣♦③♥❛❧✐
✐ ✉ ♣♦t♣✉♥♦st✐ ♣r✐❣r❧✐❧✐ ✐❞❡❥✉ ❞❛ s✉ ♦t❦r✐❧✐ ♣♦t♣✉♥♦ ♥♦✈✉ ♥❡❡✉❦❧✐❞s❦✉
❣❡♦♠❡tr✐❥✉✳ ❆❧✐ ①t❛ ❥❡ ♦✈❛ ♥♦✈❛ ❣❡♦♠❡tr✐❥❛ ③♥❛q✐❧❛✱ ✐ q❡♠✉ ❥❡ s❧✉✙✐❧❛✱
♥✐ ✟✐❤ ❞✈♦❥✐❝❛ ♥✐s✉ ♠♦❣❧✐ ❞❛ ❦❛✙✉✳

■③♥❡♥❛✍✉❥✉✎❡✱ ♦❞❣♦✈♦r ♥❛ t♦ ♣✐t❛✟❡ ❞❛❧❛ ❥❡ ❉✐❢❡r❡♥❝✐❥❛❧♥❛ ❣❡♦♠❡tr✐✲
❥❛ ③❛❦r✐✈✠❡♥✐❤ ♣♦✈r①✐✳ ✶✽✻✽✳ ❣♦❞✐♥❡ ✐t❛❧✐❥❛♥s❦✐ ♠❛t❡♠❛t✐q❛r ❊✉❣❡♥✐♦
❇❡❧tr❛♠✐ ❦♦♥❛q♥♦ ❥❡ ✉s♣❡♦ ✉ t♦♠❡ ❞❛ ❤✐♣❡r❜♦❧✐q❦♦❥ ❣❡♦♠❡tr✐❥✐ ❞❛ ❦♦♥❦r❡✲
t♥✉ ✐♥t❡r♣r❡t❛❝✐❥✉✱ ♣♦st❛✈✠❛❥✉✎✐ ❥❡ ♥❛ q✈rst t❡♠❡✠✱ s❛ ❦♦❣ ✎❡ s❡ s❛♠♦
①✐r✐t✐ ✐ ❝✈❡t❛t✐✳ ◆❛✙❛❧♦st✱ ♥✐ ▲♦❜❛q❡✈s❦✐✱ ♥✐ ❇♦✠❛❥✐ ♥✐s✉ ❞♦✙✐✈❡❧✐
❞❛ ♦✈♦ ✈✐❞❡✳

❇❡❧tr❛♠✐ ❥❡ ✉ s✈♦♠ ❞❡❧✉ ”Saggio di interpretacione della geometria
non−euclidea” ✐③ ✶✽✻✽✳ ♣r♦✉q❛✈❛♦ ♣♦✈r① ❞❡❢✐♥✐s❛♥✉ ❥❡❞✐♥✐q♥✐♠ ❞✐s❦♦♠
✐ s♥❛❜❞❡✈❡♥✉ ❡❧❡♠❡♥t♦♠ ❞✉✙✐♥❡✱ ❦♦❥✐ ♦♥ ❞❛❥❡ ❡❦s♣❧✐❝✐t♥♦✱ ✉ ♦❞♥♦s✉
♥❛ ❦♦❥✉ ❥❡ ❦r✐✈✐♥❛ ❦♦♥st❛♥t♥❛ ✐ ♥❡❣❛t✐✈♥❛✳ �❡❣♦✈ Saggio s❡ ♠♦✙❡
q✐t❛t✐ ❦❛♦ ❦♦♥str✉❦❝✐❥❛ ♠♦❞❡❧❛ ♥♦✈❡ r❛✈♥✐✳ �❡♥❡ t❛q❦❡ s✉ t❛q❦❡ ✉♥✉t❛r
❦r✉❣❛ ✉ ❊✉❦❧✐❞♦✈♦❥ r❛✈♥✐✱ r❛st♦❥❛✟❡ ♠❡✍✉ ✟✐♠❛ ❥❡ ♦❞r❡✍❡♥♦ ❡❧❡♠❡♥t♦♠
❞✉✙✐♥❡ ❞❡❢✐♥✐s❛♥✐♠ ❛♥❛❧♦❣✐❥♦♠ s❛ ❡❧❡♠❡♥t♦♠ ❞✉✙✐♥❡ ♦❜✐q♥❡ s❢❡r❡✱
✟❡♥❡ ❧✐♥✐❥❡ s✉ t❡t✐✈❡✱ ❛ ♣❛r❛❧❡❧♥❡ ❧✐♥✐❥❡ s✉ t❡t✐✈❡ ❦♦❥❡ s❡ s❡❦✉ ♥❛
♦❜♦❞✉ ❦r✉❣❛✳ ◆❛ ♦✈❛❥ ♥❛q✐♥ s❡ ❞♦❜✐❥❛ ❣❡♦♠❡tr✐❥❛ ❦♦❥❛ ③❛❞♦✈♦✠❛✈❛ s✈❡
❊✉❦❧✐❞♦✈❡ ♣♦st✉❧❛t❡✱ s❡♠ P❡t♦❣ ♣♦st✉❧❛t❛ ✐ ♥❛③✈❛♥❛ ❥❡ ♥❡❡✉❦❧✐❞s❦❛
❣❡♦♠❡tr✐❥❛✴❤✐♣❡r❜♦❧✐q❦❛ ❣❡♦♠❡tr✐❥❛✳

✷✳✸ ▲❛♠❜❡rt✱ ●❛✉s ✐ ❇♦✠❛❥

✧✳✳✳P✐t❛✟❡ ❥❡✱ ❞❛ ❧✐ ♠♦✙❡ P❡t✐ ♣♦st✉❧❛t ❜✐t✐ ✐s♣r❛✈♥♦ ✐③✈❡❞❡♥ ✐③ ♦st❛❧✐❤
❊✉❦❧✐❞♦✈✐❤ ♣♦st✉❧❛t❛ ✐ ❛❦s✐♦♠❛✳ ■❧✐✱ ❛❦♦ ♦♥❡ ♥✐s✉ ❞♦✈♦✠♥❡✱ ♠♦❣✉ ❧✐
❞r✉❣✐ ♣♦st✉❧❛t✐ ✐❧✐ ❛❦s✐♦♠❡ ✐❧✐ ✐ ❥❡❞♥♦ ✐ ❞r✉❣♦ ❞❛ ❜✉❞✉ ❞❛t❡ t❛❦♦
❞❛ ✐♠❛❥✉ ✐st❡ ❞♦❦❛③❡ ❦❛♦ ❡✉❦❧✐❞s❦❡ ✐ ✐③ q❡❣❛ ❜✐ ♣❡t✐ ♣♦st✉❧❛t ♠♦❣❛♦
❜✐t✐ ❞♦❦❛③❛♥❄✦ ❩❛ ♣r✈✐ ❞❡♦ ♦✈♦❣ ♣✐t❛✟❛✱ ♠♦✙❡ s❡ ❛♣str❛❤♦✈❛t✐ ✐③ s✈❡❣❛
♣r❡t❤♦❞♥♦❣ ①t♦ s❛♠ ♥❛③✈❛♦ ♣r❡❞st❛✈✠❛✟❡ st✈❛r✐✳✳✳ ✧✳ ✭▲❛♠❜❡rt ✶✼✽✻✳✮

✶✵



❱r❧♦ ❥❡ ♠♦❣✉✎❡ ❞❛ ❥❡ ●❛✉s ♣♦③♥❛✈❛♦ ▲❛♠❜❡rt♦✈ r❛❞ ✈❡♦♠❛ ❞♦❜r♦✳ ❏❡❞❛♥
♦❞ ♥❛❥❜♦✠✐❤ ❡❦s♣❡r❛t❛ ▲❛♠❜❡rt♦✈♦❣ r❛❞❛ ❜✐♦ ❥❡ ❑❧✉❣❡❧✱ ❜❧✐③❛❦ ♣r✐❥❛t❡✠
●❛✉s♦✈♦❣ s❛✈❡t♥✐❦❛ ❏♦❤❛♥❛ P❢❛❢❛✳ ◆❡❦❡ ♣r❡♣✐s❦❡ ▲❛♠❜❡rt❛ ✐ ❑❧✉❣❡❧❛
♣♦st♦❥❡ ③❛❜❡❧❡✙❡♥❡✳ ❑❧✉❣❡❧ ❥❡ ✉ s✈♦❥♦❥ t❡③✐ ✐③ ✶✼✻✸✳ ❣♦❞✐♥❡ ❦r✐t✐q❦✐
❛♥❛❧✐③✐r❛♦ ❞♦t❛❞❛①✟❡ ♣♦❦✉①❛❥❡ ❞❛ s❡ ❞♦❦❛✙❡ P❡t✐ ♣♦st✉❧❛t✳ ❖♥ ❥❡
✈❡r♦✈❛♦ ✉ ♥❡③❛✈✐s♥♦st P❡t♦❣ ♣♦st✉❧❛t❛✳ ■③❥❛✈✐♦ ❥❡ ❞❛ s✉ ❙❛❦❡r✐❥❡✈✐
r❡③✉❧t❛t✐ ❞♦✈❡❧✐ ❞♦ ❦♦♥tr❛❞✐❦❝✐❥❡ ✐s❦✉st✈❛✱ ❛❧✐ ♥❡ ✐ ❛❦s✐♦♠❛✳ ◆❛
♣r✐♠❡r✱ ❦❛❞❛ ❣♦✈♦r✐ ♦ ❡❦✈✐❞✐st❛♥t✐ ♣r❛✈✐❤ ❧✐♥✐❥❛✱ ❑❧✉❣❡❧ ❦❛✙❡✿ ✧Pr✐✲
❧✐q♥♦ ❥❡ ❥❛s♥♦ ❞❛ ♦✈❞❡ ❦♦r✐st✐♠♦ ❞❛ ❧✐♥✐❥❛✱ ❦♦❥❛ ❥❡ ♥❛ ✐st♦♠ r❛st♦❥❛✟✉ ♦❞
♣r❛✈❡ ❧✐♥✐❥❡ ❥❡ ✐ s❛♠❛ ♣r❛✈❛ ❧✐♥✐❥❛✳ ❖✈♦ s❡ ♠♦✙❡ ③❛❦✠✉q✐t✐ ✐s❦✉st✈♦♠
✐ ♣♦s♠❛tr❛✟❡♠✱ ♥❡ ✐③ ♣r✐r♦❞❡ ♣r❛✈✐❤ ❧✐♥✐❥❛✧✳ ▼❛❧♦ ❥❡ ✈❡r♦✈❛t♥♦ ❞❛
●❛✉s ♥✐❥❡ q✉♦ ③❛ ▲❛♠❜❡rt♦✈ r❛❞ ♥❛ t❡♦r✐❥✐ ♣r❛✈✐❤✳

❉❡❝❡♠❜r❛ ✶✽✶✽✳ ❣♦❞✐♥❡ ♦ ♥❡❡✉❦❧✐❞s❦♦❥ ❣❡♦♠❡tr✐❥✐✱ ❋❡r❞✐♥❛♥❞ ❳✈❛❥❦❛rt
❥❡ r❡❦❛♦✿ ✧❙✉♠❛ tr✐ ✉❣❧❛ ✉ ♥❡❡✉❦❧✐❞s❦♦♠ tr♦✉❣❧✉ ♣♦st❛❥❡ s✈❡ ♠❛✟❛✱ ①t♦
❥❡ ✈❡✎✐ tr♦✉❣❛♦✳✧✳ ❖✈✉ ❜❡❧❡①❦✉ ❥❡ ●❛✉s✉ ♣♦s❧❛♦ ❑r✐st✐❥❛♥ ●❡r❧✐♥❣✳ ❯
s✈♦♠ ♦❞❣♦✈♦r✉ ●❡r❧✐♥❣✉✱ ●❛✉s ❦❛✙❡✿ ✧◆❡❞♦st❛t❛❦ ❞♦ 180◦ ✉ s✉♠✐ ✉❣❧♦✈❛
✉ r❛✈❛♥s❦♦♠ tr♦✉❣❧✉ ♥✐❥❡ s❛♠♦ ✈❡✎✐ ❦❛❦♦ ❥❡ ♣♦✈r①✐♥❛ ✈❡✎❛✱ ✈❡✎ ❥❡ ♣r♦♣♦✲
r❝✐♦♥❛❧❛♥ t♦♠❡✳✧ ▼♦❣✉✎❡ ❥❡ ❞❛ ❥❡ ♦✈♦ ●❛✉s ♥❛✉q✐♦ ✐③ ▲❛♠❜❡rt♦✈✐❤ r❡③✉✲
❧t❛t❛✳

❯ q✐st♦❥ ❛♥❛❧♦❣✐❥✐ s❛ s❢❡r♥♦♠ ❣❡♦♠❡tr✐❥♦♠✱ ▲❛♠❜❡rt ♥❛✈♦❞✐✱ ❞❛
✧✐♠❛❣✐♥❛r♥❛ s❢❡r❛✧ ✐♠❛ t✉ ♦s♦❜✐♥✉ ❞❛ ❥❡ ♥❛ ✟♦❥ ③❜✐r ✉❣❧♦✈❛ ✉ tr♦✉❣❧✉
♠❛✟✐ ♦❞ π✳ ❉♦❦❛③ ♦✈❡ ♦s♦❜✐♥❡ ♠♦✙❡t❡ ♣♦tr❛✙✐t✐ ✉ ❬✻❪✳

❱❡③❛ ✐③♠❡✍✉ ●❛✉s♦✈✐❤ ”Disquisitiones” ✐ ♥❡❡✉❦❧✐❞s❦❡ ❣❡♦♠❡tr✐❥❡ ♠♦✙❡
s❡ ❛♥❛❧✐③✐r❛t✐ ❦♦r✐st❡✎✐ ♥❛r❡❞♥❡ ✷ ❤✐♣♦t❡③❡✱ ❦♦❥❡ ♦♠♦❣✉✎❛✈❛❥✉ ❞❛ s❡
♦❞❣♦✈♦r✐ ♥❛ ♦❞r❡✍❡♥❛ ♣r✐r♦❞♥♦ ♥❛♠❡t♥✉t❛ ♣✐t❛✟❛✳

✶✳ ●❛✉s ❥❡ ❜✐♦ s✈❡st❛♥ ❞❛ r❡①❡✟❡ ♣r♦❜❧❡♠❛ ✈❡③❛♥♦❣ ③❛ ❤✐♣♦t❡③✉ ♦
♦①tr♦♠ ✉❣❧✉ ♥✐❥❡ ♠♦❣✉✎❡ ♣♦❦❛③❛t✐ ♣♦♠♦✎✉ t❛q❛❦❛✱ ♣r❛✈✐❤ ✐ r❛✈♥✐✳
■③ t♦❣ r❛③❧♦❣❛✱ ●❛✉s ❥❡ ✉s✈♦❥✐♦ ▲❛♠❜❡rt♦✈ ❆♥❛❧✐t✐q❦✐ ♣r♦❣r❛♠ ❦❛♦
❦♦r❡❦t❛♥ ♠❡t♦❞ ③❛ ❞❡❢✐♥✐t✐✈♥♦ r❡①❡✟❡ ♣r♦❜❧❡♠❛✳

✷✳ ●❛✉s ❥❡ ❜✐♦ ♦❞❧✉q❛♥ ✉ t♦♠❡ ❞❛ ♥❛✍❡ ♣♦✈r① ❦♦❥❛ ✎❡ ✐❣r❛t✐ ✉❧♦❣✉
▲❛♠❜❡rt♦✈❡ ✐♠❛❣✐♥❛r♥❡ s❢❡r❡✳

❯ ●❛✉s♦✈✐♠ s♣✐s✐♠❛ ✐③♠❡✍✉ ✶✽✷✸✳ ✐ ✶✽✷✼✳ ❣♦❞✐♥❡✱ ♥❛✈♦❞✐ s❡ ❞❛ ❥❡ ③❛
❦r✐✈❡ (x(s), y(s)) q✐❥❛ r♦t❛❝✐❥❛ ❣❡♥❡r✐①❡ s✉♣r♦t♥♦st s❢❡r✐ ③❛❞♦✈♦✠❡♥♦✿

✶✶



y = R sinϕ

x = R cosϕ+ log tanϕ

s = R log
1

sinϕ

■③ ♦✈♦❣❛ ❥❡ ♦q✐❣❧❡❞♥♦ ❞❛ ❥❡ ❦r✐✈✐♥❛ − 1

R2
✱ ❥❡r ❥❡ ❦r✐✈✐♥❛ ♣♦✈r①✐ ❦♦❥❛ ❥❡

♥❛st❛❧❛ r♦t❛❝✐❥♦♠ ❦r✐✈❡ (x(s), y(s)) ♦❦♦ x−♦s❡✱ ❞❛t❛ s❛ K = −1

y

d2y

ds2
✳

❑♦❥✉ t♦ ♣♦✈r① ✐♠❛❣✐♥❛r♥❛ s❢❡r❛ ♣r❡❞st❛✈✠❛❄✦ ❑❛❦♦ s✉ tr♦✉❣❧♦✈✐ ♥❛ ✟♦❥
♣r❡❞st❛✈✠❡♥✐ ✐ ❦♦❧✐❦✐ ❥❡ ③❜✐r ✟✐❤♦✈✐❤ ✉❣❧♦✈❛❄✦ ▼♦✙❞❛ ❥❡ ❜❛① ♥❛❞❛ ③❛
♣r♦♥❛❧❛s❦♦♠ t❛❦✈❡ ♣♦✈r①✐ ✐ ❜✐❧❛ r❛③❧♦❣ ❞❛ ●❛✉s ♥❛♣✐①❡ ”Disquisitiones”✳
❚r❛❣❛❥✉✎✐ ③❛ ✐♠❛❣✐♥❛r♥♦♠ s❢❡r♦♠✱ ●❛✉s ❥❡ ♣r♦♥❛①❛♦ ✉♥✉tr❛①✟✉ ❦❛r❛❦t❡✲
r✐st✐❦✉ ♣♦✈r①✐✳ ❖✈♦ ♥❡✈❡r♦✈❛t♥♦ ♦t❦r✐✎❡ ❥❡ ✟❡❣♦✈❛ t❡♦r❡♠❛ Egregium✳

❯ ●❛✉s♦✈♦♠ ♣✐s♠✉ ❳✉♠❛❤❡r✉ ✐③ ✶✽✸✶✳ ❣♦❞✐♥❡ ❦♦❥❡ s❡ t✐q❡ t❡♦r✐❥❡
♣r❛✈✐❤✱ ♣♦s❡❜♥♦ ♦❦♦ ❡❦✈✐✈❛❧❡♥❛t❛ P❡t♦❣ ♣♦st✉❧❛t❛✱ ♣✐s❛❧♦ ❥❡✿ ✧P♦s❧❡✲
❞✟✐❤ ♥❡❦♦❧✐❦♦ ♥❡❞❡✠❛ s❛♠ ♣♦q❡♦ ❞❛ ③❛♣✐s✉❥❡♠ ♥❡❦❡ s✈♦❥❡ ♠❡❞✐t❛❝✐❥❡✳
◆❡❦❡ ♦❞ ✟✐❤ s✉ st❛r❡ ✐ ♦❦♦ ✹✵ ❣♦❞✐♥❛✳ Pr♦❧❛③✐♦ s❛♠ ❦r♦③ ✟✐❤ ❜❛r ✸ ✐❧✐ ✹
♣✉t❛✱ ♦s✈❡✙❛✈❛❥✉✎✐ ✐❤ ✉ ♠♦❥♦❥ ❣❧❛✈✐✳ ◆✐s❛♠ ✙❡❧❡♦ ❞❛ ♣r♦♣❛❞♥✉ s❛ ♠♥♦♠✳✧
◆❡❦♦❧✐❦♦ ♠❡s❡❝✐ ❦❛s♥✐❥❡✱ ●❛✉s ❥❡ ♣r♦q✐t❛♦ ❇♦✠❛❥❡✈ Appendix ✐ ♦❞❧✉q✐♦
❞❛ ✈✐①❡ ♥✐①t❛ ♥❡ ❦❛✙❡ ♥❛ t✉ t❡♠✉✳ ❯ ♣✐s♠✉ ●❡r❧✐♥❣✉ st♦❥✐✿ ✧P♦s❧❡❞✟✐❤
❞❛♥❛ s❛♠ ♣r✐♠✐♦ ❦r❛t❛❦ r❛❞ ✐③ ▼❛✍❛rs❦❡ ♥❛ t❡♠✉ ♥❡❡✉❦❧✐❞s❦❡ ❣❡♦♠❡tr✐❥❡
✉ ❦♦❥❡♠ ♥❛❧❛③✐♠ s✈❡ s✈♦❥❡ ✐❞❡❥❡ ✐ r❡③✉❧t❛t❡ ③❛♣✐s❛♥❡ s❛ ❡❧❡❣❛♥❝✐❥♦♠✱
♠❛❞❛ ✉ ❢♦r♠✐ ❦♦❥❛ ❥❡ t❡①❦♦ r❛③✉♠✠✐✈❛ ♥❡❦♦♠❡ ❦♦ ♥✐❥❡ ✉♣♦③♥❛t s❛ t❡♠♦♠✳
❆✉t♦r ❥❡ ✈❡♦♠❛ ♠❧❛❞✱ ❛✉str✐❥s❦✐ ♦❢✐❝✐r✱ s✐♥ ♠♦❣ ♣r✐❥❛t❡✠❛ ✐③ ♠❧❛❞♦st✐✱
s❛ ❦♦❥✐♠ s❛♠ q❡st♦ r❛③❣♦✈❛r❛♦ ♥❛ ♦✈✉ t❡♠✉✳✳✳❙♠❛tr❛♠ ❞❛ ❥❡ ♦✈❛❥ ♠❧❛❞✐✎✱
❇♦✠❛❥ ❣❡♥✐❥❡ ♣r✈❡ ❦❧❛s❡✳✧ ❯ ♣✐s♠✉ ❇♦✠❛❥❡✈♦♠ ♦❝✉✱ ♥❛✈♦❞✐ ❞❛ ❛❦♦ ❜✐
♣♦❤✈❛❧✐♦ ✟❡❣♦✈♦❣ s✐♥❛✱ ❜✐❧♦ ❜✐ ❦❛♦ ❞❛ ❤✈❛❧✐ s❡❜❡✱ ❥❡r ❥❡ ✟❡❣♦✈ s✐♥
③❛♣✐s❛♦ s✈❡ ♦♥♦ ♦ q❡♠✉ ❥❡ ♦♥ s❛♠ r❛③♠✐①✠❛♦ ♣♦s❧❡❞✟✐❤ tr✐❞❡s❡t❛❦
❣♦❞✐♥❛ ✐ ♠❛❧♦ ①t❛ st❛✈✐♦ ♥❛ ♣❛♣✐r✳✳✳

❯ ❇♦✠❛❥❡✈♦♠ Appendix✲✉ ♥❛❧❛③✐ s❡ ✐③♠❡✍✉ ♦st❛❧♦❣ ✐ ❢♦r♠✉❧❛ ③❛ ♦❜✐♠
❦r✉❣❛ ❞❛t❛ ♣r❡❦♦ ♣♦❧✉♣r❡q♥✐❦❛ r ✭♦ ✟♦❥ ✎❡♠♦ ♥❡①t♦ ✈✐①❡ r❡✎✐ ✉ ✸✳✹✮✿

L(r) = 2πR sinh
r

R

✶✷



❉❛ ❧✐ ❥❡ ●❛✉s ♣r♦q✐t❛♦ ❇♦✠❛❥❡✈ Appendix❄ ◆❡ ♠♦✙❡♠♦ ❜✐t✐ s✐❣✉r♥✐✱
❛❧✐ ♠♦✙❡♠♦ ♥❛s❧✉t✐t✐ ❞❛ ❥❡ ♦❞❣♦✈♦r ♣♦t✈r❞❛♥✱ s ♦❜③✐r♦♠ ❞❛ ❥❡ ♥❡♦♣❤♦❞♥♦
③♥❛✟❡ ❞✐❢❡r❡♥❝✐❥❛❧♥❡ ❣❡♦♠❡tr✐❥❡ ③❛ ♦❜❛✈✠❛✟❡ ♦✈✐❤ ♣r♦r❛q✉♥❛✱ ❛ ✐ ③❜♦❣
t♦❣❛ ①t♦ ❥❡ ♣r❡st❛♦ ❞❛ ♣✐①❡ s✈♦❥❡ ❜❡❧❡①❦❡ ♦ ♥❡❡✉❦❧✐❞s❦♦❥ ❣❡♦♠❡tr✐❥✐
♥❛❦♦♥ q✐t❛✟❛ ❇♦✠❛❥❡✈♦❣ r❛❞❛✳

✶✸



✸ ❑r✐✈✐♥❡ ♣♦✈r①✐

P♦③♥❛t♦ ❥❡ ❞❛ s✉ ❦r✐✈✐♥❛ ✐ t♦r③✐❥❛ ❦r✐✈❡ ❜✐❧❡ ❦✠✉q♥❡ ✉ ❣r❛✍❡✟✉ ❣❡♦♠❡tr✐✲
❥❡ ❦r✐✈✐❤✳ Pr✐❦❛✙✐♠♦ ❛♥❛❧♦❣✐❥✉ ③❛ ♣♦✈r①✐ ✉ R

3✳

P♦st❛✈✠❛♠♦ ♣✐t❛✟❡ ❦❛❦♦ s❡ t♦ ♣♦✈r① ✧❦r✐✈✐✧ ✉ t❛q❦✐✳ ❯ ♦✈♦♠
❞❡❧✉✱ ♣♦❦❛③❛✎❡♠♦ ❞✈❛ ♣r✐st✉♣❛✳ Pr✈✐✱ ❦♦❥✐ ❥❡ ❞❛♦ ❖❥❧❡r✱ ❛ ✐❞❡❥❛ ❥❡
✉ r❛③♠❛tr❛✟✉ ❦r✐✈✐♥❡ ❦r✐✈❡ ❦♦❥❛ ♥❛st❛❥❡ ❦❛♦ ♣r❡s❡❦ r❛✈♥✐ ✐ ♣♦✈r①✐✳
■ ❞r✉❣✐✱ ❦♦❥✐ s❡ ♣r✐♣✐s✉❥❡ ●❛✉s✉✱ ❛ ♣r❡❞st❛✈✠❛ ♣r❡s❧✐❦❛✈❛✟❡ ✐③♠❡✍✉
♣♦✈r①✐ ✐ s❢❡r❡ ❦♦❥❡ ❥❡ ♦❞r❡✍❡♥♦ ♥♦r♠❛❧♥✐♠ ♣r❛✈❝❡♠ ✉ s✈❛❦♦❥ t❛q❦✐✳
❖✈❛ ❞✈❛ ♣r✐st✉♣❛ s❡ r❛③❧✐❦✉❥✉ ✐ ♣♦ ✈r❡♠❡♥✉ ✉ ❦♦♠ s✉ ♣r♦♥❛✍❡♥✐✳ Pr✈✐
❦♦r✐st✐ ♣r♦♠❡♥✉ ❦♦♦r❞✐♥❛t❛✱ s❡❦❝✐❥❛ ✸✳✶✳ ❉r✉❣✐ ③❛❤t❡✈❛ t❡❤♥✐❦✉ r❛③✈✐❥❡✲
♥✉ ③❛ ✐③✉q❛✈❛✟❡ ♣♦✈r①✐ ✭♣♦q❡t❛❦ ❞✐❢❡r❡♥❝✐❥❛❧♥❡ ❣❡♦♠❡tr✐❥❡✮✱ s❡❦❝✐❥❛
✸✳✷✳

Pr❡ ♥❡❣♦ ①t♦ ♣r❡✍❡♠♦ ✉ r❛③♠❛tr❛✟❡ ❦r✐✈✐♥❛ ♥❛ ♣♦✈r①✐✱ ❞❛✎❡♠♦ ♥❡❦❡
✈❛✙♥❡ ❞❡❢✐♥✐❝✐❥❡ ✐ ❧❡♠✉ ❦♦❥❡ ✎❡ ♥❛♠ ❞❛✠❡ ✉ r❛❞✉ ❜✐t✐ ③♥❛q❛❥♥❡✳

❉❡❢✐♥✐❝✐❥❛ ✶ P♦❞s❦✉♣ S ⊂ R
3 ❥❡ r❡❣✉❧❛r♥❛ ♣♦✈r①✱ ❛❦♦ ✉ s✈❛❦♦❥ t❛q❦✐

p ♥❛ S ♣♦st♦❥✐ ♦t✈♦r❡♥ s❦✉♣ V ⊂ R
3 ✐ ❢✉♥❦❝✐❥❛ x : U → V ∩ S✱ ❣❞❡ ❥❡ U

♦t✈♦r❡♥ s❦✉♣ ✉ R
2 ❦♦❥❛ ③❛❞♦✈♦✠❛✈❛ s❧❡❞❡✎❡ ✉s❧♦✈❡✿

✶✮ x ❥❡ ❞✐❢❡r❡♥❝✐❥❛❜✐❧♥❛ ❢✉♥❦❝✐❥❛✱ t❥✳ ❛❦♦ ♥❛♣✐①❡♠♦ x(u, v) =
(f1(u, v), f2(u, v), f3(u, v))✱ ❣❞❡ ❥❡ (u, v) ∈ U ✱ ❦♦♦r❞✐♥❛t♥❡ ❢✉♥❦❝✐❥❡ f1, f2, f3
✐♠❛❥✉ ♣❛r❝✐❥❛❧♥❡ ✐③✈♦❞❡ s✈✐❤ r❡❞♦✈❛✳

✷✮ x ❥❡ ❤♦♠❡♦♠♦r❢✐③❛♠✳ ◆❡♣r❡❦✐❞♥❛ ❥❡✱ ♣♦ ♣r✈♦♠ ✉s❧♦✈✉✱ ♣❛ ✐♠❛
♥❡♣r❡❦✐❞❛♥ ✐♥✈❡r③ x−1 : V ∩ S → U ✳ ❚♦ ③♥❛q✐ ❞❛ ❥❡ x−1 r❡str✐❦❝✐❥❛
♥❛ V ∩S ♥❡♣r❡❦✐❞♥❡ ❢✉♥❦❝✐❥❡ ✐③ W ✉ R

2✱ ❣❞❡ ❥❡ W ♦t✈♦r❡♥✐ ♣♦❞s❦✉♣ ♦❞
R

3 ❦♦❥✐ s❛❞r✙✐ V ∩ S✳

✸✮ ❏❛❦♦❜✐❥❡✈❛ ♠❛tr✐❝❛

✶✹



J (x)(u, v) =













∂f1
∂u

(u, v)
∂f1
∂v

(u, v)

∂f2
∂u

(u, v)
∂f2
∂v

(u, v)

∂f3
∂u

(u, v)
∂f3
∂v

(u, v)













✐♠❛ r❛♥❣ ✷✳ ❚❥✳ ③❛ s✈❛❦♦ (u, v) ∈ U ✱ J (x)(u, v) : R2 → R
3 ❥❡ 1 − 1 ❦❛♦

❧✐♥❡❛r♥♦ ♣r❡s❧✐❦❛✈❛✟❡✳ ❖✈❛❥ ✉s❧♦✈ ♣r❡❞st❛✈✠❛ r❡❣✉❧❛r♥♦st ③❛ x✳

▲❡♠❛ ✶ ❆❦♦ ❥❡ f : U → R ❞✐❢❡r❡♥❝✐❥❛❜✐❧♥❛ ❢✉♥❦❝✐❥❛ ♥❛ ♦t✈♦r❡♥♦♠
s❦✉♣✉ U ⊂ R

2✱ ♦♥❞❛ ❥❡ ❣r❛❢✐❦ ❢✉♥❦❝✐❥❡ f ❦♦❥✐ ❥❡ ♣♦❞s❦✉♣ ♦❞ R
3 ❞❛t s❛

(u, v, f(u, v)) ③❛ (u, v) ∈ U r❡❣✉❧❛r♥❛ ♣♦✈r①✳

❉❡❢✐♥✐❝✐❥❛ ✷ ❏❡❞✐♥✐q♥✐ ♥♦r♠❛❧♥✐ ✈❡❦t♦r ♥❛ ♣♦✈r① S ✉ t❛q❦✐ p =

x(u, v) ❥❡ N(p) =
xu × xv

||xu × xv||
✳

✸✳✶ ❖❥❧❡r♦✈ r❛❞ ♦ ♣♦✈r①✐♠❛

P♦❣❧❡❞❛❥♠♦ s❧❡❞❡✎✉ s❧✐❦✉✳

✶✺



Pr❡t♣♦st❛✈✐♠♦ ❞❛ ❥❡ p t❛q❦❛ ♥❛ ♣♦✈r①✐ S ✐ N(p) ❥❡❞✐♥✐q♥❛ ♥♦r♠❛❧❛
✉ p✳ ◆❡❦❛ ❥❡ v ❥❡❞✐♥✐q♥✐ t❛♥❣❡♥t♥✐ ✈❡❦t♦r t❛♥❣❡♥t♥❡ r❛✈♥✐ Tp(S) ♥❛ S ✉
t❛q❦✐ p✳ P❛r {v, N(p)} ♦❞r❡✍✉❥❡ r❛✈❛♥ ✉ R

3✳ ❚r❛♥s❧✐r❛✎❡♠♦ ♦✈✉ r❛✈❛♥
t❛❦♦ ❞❛ ❦♦♦r❞✐♥❛t♥✐ ♣♦q❡t❛❦ ❜✉❞❡ ✉ p✳ Pr❡s❡❦ ♦✈❡ r❛✈♥✐ ✐ ♣♦✈r①✐ S
❞❛❥❡ ❦r✐✈✉ ♥❛ S ✉ ❜❧✐③✐♥✐ p✳

◆❡❦❛ c(s) ♣r❡❞st❛✈✠❛ ♣❛r❛♠❡tr✐③❛❝✐❥✉ ❦r✐✈❡ ❥❡❞✐♥✐q♥❡ ❜r③✐♥❡ t❛❦♦
❞❛ ❥❡ c′(0) = v✳ ✧❯♦♣①t❡♥❛✧ ❦r✐✈✐♥❛ kc(s) ❥❡ ❦r✐✈✐♥❛ ❦r✐✈❡ c(s)✱ ❦❛❞
❥❡ s = 0✱ ✉ r❛✈♥✐ ❦r♦③ p✱ ♣❛r❛❧❡❧♥♦❥ s❛ r❛✈♥✐ r❛③❛♣❡t♦❥ ✈❡❦t♦r✐♠❛ v

✐ N(p)✳ ❉❡❢✐♥✐①❡♠♦ ♥♦r♠❛❧♥✉ ❦r✐✈✐♥✉ kn(v) ♣♦✈r①✐ S ✉ t❛q❦✐ p ✐
♣r❛✈❝✉ v ❦❛♦ kc(s)✳ ❑❛❞❛ ❜✐s♠♦ ❢✐❦s✐r❛❧✐ t❛q❦✉ p✱ kn✭v✮ ❥❡ ❢✉♥❦❝✐❥❛
♣r❛✈❛❝❛ ✉ t❛♥❣❡♥t♥♦❥ r❛✈♥✐✳ ❯ Recherches sur la courbure des surfaces
✶✼✻✵✳ ❣♦❞✐♥❡ ❖❥❧❡r ❥❡ ❞♦❦❛③❛♦ s❧❡❞❡✎✉ t❡♦r❡♠✉✳

❚❡♦r❡♠❛ ✶ ❆❦♦ ♥♦r♠❛❧♥❛ ❦r✐✈✐♥❛ kn(v) ♥✐❥❡ ❦♦♥st❛♥t♥❛ ❢✉♥❦❝✐❥❛ ♣♦
v✱ ♦♥❞❛ ♣♦st♦❥❡ t❛q♥♦ ❞✈❛ ❥❡❞✐♥✐q♥❛ t❛♥❣❡♥t♥❛ ✈❡❦t♦r❛ X1 ✐ X2✱ t❛❦♦
❞❛ ❥❡ kn(X1) = k1 ♠❛❦s✐♠❛❧❛♥ ✐ kn(X2) = k2 ♠✐♥✐♠❛❧❛♥✳ ◗❛❦ ①t❛ ✈✐①❡✱
X1 ⊥ X2✳

❉♦❦❛③✿ ❉❛✎❡♠♦ ●❛✉s♦✈ ❞♦❦❛③ ❖❥❧❡r♦✈❡ t❡♦r❡♠❡✳

◆❡❦❛ ❥❡ p = (0, 0, 0) ✐ Tp(S) ❥❡ xy r❛✈❛♥✳ P♦ t❡♦r❡♠✐ ♦ ✐♠♣❧✐❝✐t♥♦❥
❢✉♥❦❝✐❥✐ ♣♦st♦❥✐ ♦t✈♦r❡♥ s❦✉♣ U ♥❛ S ❦♦❥✐ s❛❞r✙✐ p ✐ ✐♠❛ ❢♦r♠✉
❣r❛❢✐❦❛ ❢✉♥❦❝✐❥❡✱ t❥✳ U = {(x, y, z)|z = f(x, y)}✳ ❖❞❛✈❞❡ ♠✐ ✐♠❛♠♦
♣❛r❛♠❡tr✐③❛❝✐❥✉ ③❛ S ✉ ❜❧✐③✐♥✐ p ❞❛t✉ s❛ x(u, v) = (u, v, f(u, v))✳ ❘❡s❦❛✲
❧✐r❛✟❡♠✱ ❛❦♦ ❥❡ ♣♦tr❡❜♥♦✱ ♠♦✙❡♠♦ ✉③❡t✐✿

xu|(0,0) = (1, 0, 0) ✐ xv|(0,0) = (0, 1, 0) t❥✳ ❦♦♦r❞✐♥❛t♥❡ ❧✐♥✐❥❡

f(0, 0) = 0✱
∂f

∂x

∣
∣
∣
∣
(0,0)

= 0 ✐
∂f

∂y

∣
∣
∣
∣
(0,0)

= 0✳

❏♦① ❥❡❞♥❛ ♣r♦♠❡♥❛ ❥❡ ♣♦tr❡❜♥❛✳ ❚♦ ❥❡ r♦t❛❝✐❥❛ xy r❛✈♥✐ ❞♦❦

∂2f

∂x∂y

∣
∣
∣
∣
(0,0)

= 0✳

❘♦t❛❝✐❥❡ s✉ ❞❛t❡ ❢♦r♠✉❧♦♠✿

✶✻



ρθ(x, y) = (x cos θ − y sin θ, x sin θ + y cos θ)✳

◆❡❦❛ ❥❡ fθ = f ◦ ρθ✳
❖♥❞❛ ✈❛✙✐✿

∂fθ
∂y

= − sin θ
∂f

∂x
+ cos θ

∂f

∂y
✱

∂fθ
∂x

= cos θ
∂f

∂x
+ sin θ

∂f

∂y
✐

∂2fθ
∂x∂y

= − sin θ

(

cos θ
∂2f

∂x2
+ sin θ

∂2f

∂x∂y

)

+ cos θ

(

cos θ
∂2f

∂x∂y
+ sin θ

∂2f

∂y2

)

▼♥♦✙❡✟❡♠ ✐ sr❡✍✐✈❛✟❡♠ ❞♦❜✐❥❛♠♦✿

∂2fθ
∂x∂y

=

(

cos2 θ − sin2 θ

)
∂2f

∂x∂y
+ sin θ cos θ

(
∂2f

∂y2
− ∂2f

∂x2

)

❑❛❦♦ ❥❡ cos2 θ − sin2 θ = cos 2θ ✐ 2 sin θ cos θ = sin 2θ✱ s❧❡❞✐ ❞❛ ❥❡✿

∂2fθ
∂x∂y

= cos 2θ
∂2f

∂x∂y
+

sin 2θ

2

(
∂2f

∂y2
− ∂2f

∂x2

)

❉❛ ❜✐
∂2fθ
∂x∂y

= 0 ♠♦r❛ cos 2θ
∂2f

∂x∂y
+

sin 2θ

2

(
∂2f

∂y2
− ∂2f

∂x2

)

= 0✳

❑❛❞ ❥❡
∂2f

∂x2
̸= ∂2f

∂y2
✱ θ tr❛✙✐♠♦ ❦❛♦ r❡①❡✟❡ s❧❡❞❡✎❡ ❥❡❞♥❛q✐♥❡✿

tan 2θ =

2
∂2f

∂x∂y

∂2f

∂x2
− ∂2f

∂y2

∣
∣
∣
∣
(0,0)

✳

✶✼



❆❦♦ ❥❡
∂2f

∂x2
=
∂2f

∂y2
✱ ♥❡❦❛ ❥❡ θ =

π

4
✳ ❘♦t✐r❛♠♦ xy r❛✈❛♥ ③❛ θ ✐ ♣♦st❛✈✐♠♦

❞❛ f ❜✉❞❡ fθ ❦❛❦♦ ❥❡ ✐ ❦♦♥str✉✐s❛♥♦✳

❑❛❞❛ S s❡q❡ xz r❛✈❛♥✱ r❡③✉❧t✉❥✉✎❛ ❦r✐✈❛ ❥❡ ♣❛r❛♠❡tr✐③♦✈❛♥❛ (♥❡
♥✉✙♥♦ ❥❡❞✐♥✐q♥❡ ❜r③✐♥❡)✱ ✉ Oxz r❛✈♥✐ s❛ cxz(t) = (t, f(t, 0))✳ ❑❛❦♦ ❥❡

x ✉ t ♣r❛✈❝✉✱ x′ = 1 ✐ z′ =
∂f

∂x
= 0✳ ✧❯♦♣①t❡♥❛✧ ❦r✐✈✐♥❛ kcxz ❞❛t❛ ❥❡ s❛✿

k1 =
x′z′′ − x′′z′

[(x′)2 + (z′)2]
3

2

=
∂2f

∂x2
(0, 0)✳

❙❧✐q♥♦ ♣r❡s❡❦ s❛ yz r❛✈♥✐ ❞❛❥❡ ❦r✐✈✉ cyz(t) = (t, f(0, t)) s❛ ✧✉♦♣①t❡♥♦♠✧

❦r✐✈✐♥♦♠ kcyz(t) =
∂2f

∂y2
= k2✳

❆❦♦ ❥❡ v ✈❡❦t♦r ❥❡❞✐♥✐q♥❡ ❞✉✙✐♥❡ ✉ r❛✈♥✐ xy✱ ♦♥❞❛ v ♠♦✙❡ ❜✐t✐
♥❛♣✐s❛♥ ❦❛♦ (cosϕ, sinϕ)✳ ❑r✐✈❛ ❞❡❢✐♥✐s❛♥❛ ♣r❡s❡❦♦♠ S ✐ r❛✈♥✐ r❛③❛♣❡✲
t♦❥ ✈❡❦t♦r✐♠❛ v ✐ e3 ♠♦✙❡ ❜✐t✐ ♣❛r❛♠❡tr✐③♦✈❛♥❛ ❜❧✐③✉ p s❛ c(t) =
(t, f(t cosϕ✱ t sinϕ))✳ ◆♦r♠❛❧♥❛ ❦r✐✈✐♥❛ ❥❡ ❞❛t❛ ❢♦r♠✉❧♦♠✿

kn✭v✮=
d2

dt2
f(t cosϕ, t sinϕ)

∣
∣
∣
∣
(0,0)

= cos2 ϕ
∂2f

∂x2
(0, 0) + sin2 ϕ

∂2f

∂y2
(0, 0) t❥✳

kn✭v✮= k1 cos
2 ϕ+ k2 sin

2 ϕ✳

kn✭v✮ ❞♦st✐✙❡ s✈♦❥✉ ♠✐♥✐♠❛❧♥✉ ✈r❡❞♥♦st k2 = kcyz(0) ③❛ ϕ = π
2
✱ ❛ s✈♦❥✉

♠❛❦s✐♠❛❧♥✉ ✈r❡❞♥♦st k1 = kcxz(0) ③❛ ϕ = 0✳

△

❱r❡❞♥♦st✐ k1 ✐ k2 ♥❛③✐✈❛❥✉ s❡ ❣❧❛✈♥❡ ❦r✐✈✐♥❡ ♣♦✈r①✐ S ✉ t❛q❦✐
p✱ ❛ ♣r❛✈❝✐ X1 ✐ X2 ❣❧❛✈♥✐ ♣r❛✈❝✐✳ ❩❛❥❡❞♥♦✱ ❣❧❛✈♥❡ ❦r✐✈✐♥❡ ❞❛❥✉
❦✈❛❧✐t❛t✐✈♥✉ s❧✐❦✉ ♣♦✈r①✐ ✉ ♦❦♦❧✐♥✐ t❛q❦❡✳ ■③ ●❛✉s♦✈♦❣ ❞♦❦❛③❛ ❖❥❧❡r♦✲
✈❡ t❡♦r❡♠❡✱ ♠♦✙❡♠♦ ♥❛♣✐s❛t✐ ❥❡❞♥❛q✐♥✉ ♣♦✈r①✐ S ✉ ♦❦♦❧✐♥✐ p ❦❛♦ ❣r❛❢✐❦
❢✉♥❦❝✐❥❡ z = f(x, y)✿

z = k1x
2 + k2y

2 +R(x, y)✱ ❣❞❡ ❥❡ lim
x,y→0

R(x, y)

x2 + y2
= 0✳

✶✽



❙t♦❣❛✱ ♣♦✈r① ❥❡ ✉ ♦❦♦❧✐♥✐ t❛q❦❡ p ❛♣r♦❦s✐♠✐r❛♥❛ ♣♦✈r①✐ ❞r✉❣♦❣ r❡❞❛
z = k1x

2 + k2y
2✳

❖❥❧❡r ❥❡ ♥❛♣✐s❛♦ s❧❡❞❡✎❡✿ ✧■ t❛❦♦ s❡ ♠❡r❡✟❡ ❦r✐✈✐♥❡ ♣♦✈r①✐✱ ♠❛
❦♦❧✐❦♦ ❦♦♠♣❧✐❦♦✈❛♥♦ ❜✐❧♦✱ s✈♦❞✐ ✉ s✈❛❦♦❥ t❛q❦✐ ♥❛ ♣♦③♥❛✈❛✟❡ ❞✈❛ r❛❞✐❥✉✲
s❛ ❦r✐✈✐♥❡✱ ❥❡❞❛♥ ♥❛❥✈❡✎✐ ✐ ❥❡❞❛♥ ♥❛❥♠❛✟✐✳ ❚❡ ❞✈❡ st✈❛r✐ ♣♦t♣✉♥♦
♦❞r❡✍✉❥✉ ♣r✐r♦❞✉ ❦r✐✈✐♥❡ ✐ ♠✐ ♠♦✙❡♠♦ ♦❞r❡❞✐t✐ ❦r✐✈✐♥❡ s✈✐❤ ♠♦❣✉✎✐❤
♣r❡s❡❦❛ ♥♦r♠❛❧♥✐❤ ✉ ❞❛t♦❥ t❛q❦✐✳✧

❳t❛ ♥❛♠ ③♥❛❝✐ ❣❧❛✈♥✐❤ ❦r✐✈✐♥❛ ❦❛✙✉❄

✶✳ k1, k2 > 0 ✐❧✐ k1, k2 < 0 ✿

❚❛❦✈❛ t❛q❦❛ s❡ ♥❛③✐✈❛ ❡❧✐♣t✐q❦❛ t❛q❦❛✳ P♦✈r① ❞r✉❣♦❣ r❡❞❛ ❦♦❥❛
❛♣r♦❦s✐♠✐r❛ ❞❛t✉ ♣♦✈r① ✉ t❛q❦✐ p ❥❡ ♣❛r❛❜♦❧♦✐❞✿

z = ±((ax)2 + (by)2)✳

❑♦♥st❛♥t♥♦ z ♥❛♠ ❞❛❥❡ s❦✉♣♦✈❡ ❡❧✐♣s✐✳ ■③ ♦✈❡ ❥❡❞♥❛q✐♥❡ ③❛ S✱ ❛❦♦
s✉ x ✐ y ❞♦✈♦✠♥♦ ♠❛❧✐✱ z = f(x, y) ❥❡ ♥❡♥✉❧❛ ✐ ✉✈❡❦ ♣♦③✐t✐✈♥♦ ✐❧✐
✉✈❡❦ ♥❡❣❛t✐✈♥♦✳ ❯ ♦✈♦♠ s❧✉q❛❥✉✱ ❜❧✐③✉ t❛q❦❡ p✱ S ❧❡✙✐ s❛ ❥❡❞♥❡
str❛♥❡ t❛♥❣❡♥t♥❡ r❛✈♥✐✳ P♦❣❧❡❞❛❥♠♦ ♥❛ s❧✐❝✐ ✐s♣♦❞ ✐❧✉str❛❝✐❥✉
♦✈♦❣ s❧✉q❛❥❛✳

✶✾



✷✳ k1 > 0, k2 < 0 ✿

❖✈❛❦✈❛ t❛q❦❛ ③♦✈❡ s❡ ❤✐♣❡r❜♦❧✐q❦❛ t❛q❦❛✱ ❛ ♣♦✈r① ❞r✉❣♦❣ r❡❞❛
❦♦❥❛ ❛♣r♦❦s✐♠✐r❛ S ✉ p ❥❡ ❤✐♣❡r❜♦❧✐q❦✐ ♣❛r❛❜♦❧♦✐❞✱ q✐❥❛ ❥❡
❥❡❞♥❛q✐♥❛✿

z = ±((ax)2 − (by)2)✳

❑♦♥st❛♥t♥♦ z ♥❛♠ ❞❛❥❡ s❦✉♣ ❤✐♣❡r❜♦❧❛✳ ❯ ♦✈♦♠ s❧✉q❛❥✉ ♣♦st♦❥❡
t❛q❦❡ ❦♦❥❡ s✉ s❛ ❥❡❞♥❡ str❛♥❡ t❛♥❣❡♥t♥❡ r❛✈♥✐✱ ❛❧✐ ✐ t❛q❦❡ ❦♦❥❡ s✉
✐st♦✈r❡♠❡♥♦ s❛ ❞r✉❣❡ str❛♥❡ t❛♥❣❡♥t♥❡ r❛✈♥✐✳ ■❧✉str❛❝✐❥❛ ♦✈♦❣
s❧✉q❛❥❛ ❥❡ ♥❛ s❧✐❝✐ ✐s♣♦❞✳

✸✳ k1 > 0, k2 = 0 ✐❧✐ k1 = 0, k2 < 0 ✿

❖✈❛❦✈❛ t❛q❦❛ ♥❛③✐✈❛ s❡ ♣❛r❛❜♦❧✐q❦❛ t❛q❦❛✳ P♦✈r① ❞r✉❣♦❣ r❡❞❛
❦♦❥❛ ❛♣r♦❦s✐♠✐r❛ S ✉ p ❥❡ ❝✐❧✐♥❞❛r✿

y = k1x
2 ✐❧✐ z = k2y

2✳

✷✵



❯ ❜❧✐③✐♥✐ p s✈❡ t❛q❦❡ ❧❡✙❡ s❛ ✐st❡ str❛♥❡ t❛♥❣❡♥t♥❡ r❛✈♥✐✳

✹✳ k1 = k2 = 0 ✿

❚❛❦✈❡ t❛q❦❡ ♥❛③✐✈❛❥✉ s❡ ♣❧❛♥❛r♥❡ t❛q❦❡✳ Pr✐♠❡r✐ ❦❛♦ ①t♦ ❥❡ ♥♣r
f(x, y) = x3✱ ♣♦❦❛③✉❥✉ ❞❛ ♣♦♥❛①❛✟❡ S ✉ ♦❞♥♦s✉ ♥❛ t❛♥❣❡♥t♥✉ r❛✈❛♥
✉ p ♠♦✙❡ ✈❛r✐r❛t✐✳

✺✳ k1 = k2 ̸= 0 ✿

❚♦ s✉ ✉♠❜✐❧✐q❦❡ t❛q❦❡ ✐ s✈✐ ♣r❛✈❝✐ ✉ t✐♠ t❛q❦❛♠❛ s✉ ❣❧❛✈♥✐
♣r❛✈❝✐✳ ▼♦✙❡♠♦ ✉③❡t✐ ❜✐❧♦ ❦♦❥✐ ♣❛r ♦rt♦❣♦♥❛❧♥✐❤ ♣r❛✈❛❝❛ ✉
t♦❥ t❛q❦✐ ③❛ ❣❧❛✈♥❡ ♣r❛✈❝❡✳ ◆❛ ♣r✐♠❡r s✈❡ t❛q❦❡ ♥❛ s❢❡r✐ s✉
✉♠❜✐❧✐q❦❡ t❛q❦❡✳

✸✳✷ ●❛✉s♦✈♦ ♣r❡s❧✐❦❛✈❛✟❡

❩❛ r❛✈❛♥s❦❡ ❦r✐✈❡✱ ❦r✐✈✐♥❛ ♠❡r✐ ♣r♦♠❡♥✉ ✉ t❛♥❣❡♥t♥♦♠ ✈❡❦t♦r✉ t❥✳ ♥♦r✲
♠❛❧♥♦♠ ✈❡❦t♦r✉✳ ❯♦♣①t❡✟❡ ♣♦❥♠❛ ❦r✐✈✐♥❡ ♥❛ ♣♦✈r①✐♠❛ ✉✈❡♦ ❥❡ ●❛✉s ✉
s✈♦♠ ❞❡❧✉Disquisitiones generales circa superficies curvas ✭✶✽✷✽✳✮✳ ■♥s♣✐r❛✲
❝✐❥✉ ❥❡ ♥❛①❛♦ ✉ ❛str♦♥♦♠✐❥✐ ✐ ✐❞❡❥✐ ♥❡❜❡s❦❡ s❢❡r❡✳ Pr❡s❧✐❦❛✈❛✟❡✱ ♥❛③✈❛♥♦
●❛✉s♦✈♦ ♣r❡s❧✐❦❛✈❛✟❡✱ ❥❛✈✐❧♦ s❡ ✐ r❛♥✐❥❡✱ ✶✽✶✺✳❣♦❞✐♥❡✱ ❦♦❞ ❘♦❞r✐❣❡③❛✳

❉❡❢✐♥✐❝✐❥❛ ✸ ◆❡❦❛ ❥❡ S ♦r✐❥❡♥t❛❜✐❧♥❛ ♣♦✈r① ✐ S2 ❥❡❞✐♥✐q♥❛ s❢❡r❛
✉ R

3 s❛ ❝❡♥tr♦♠ ✉ ❦♦♦r❞✐♥❛t♥♦♠ ♣♦q❡t❦✉✳ ●❛✉s♦✈♦ ♣r❡s❧✐❦❛✈❛✟❡ ❥❡
♣r❡s❧✐❦❛✈❛✟❡ N : S → S2✱ ❦♦❥❡ s✈❛❦♦❥ t❛q❦✐ p s❛ S ♣r✐❞r✉✙✉❥❡ ❥❡❞♥✐q♥✐
✈❡❦t♦r N(p)✳

✷✶



▲♦❦❛❧♥♦ ✐♠❛♠♦ ❢♦r♠✉❧✉ N(p) =
xu × xv

∥ xu × xv ∥
✳ Pr✐♠❡t✐♠♦ ❞❛ ♦✈❛❥

✐③r❛③ ③❛✈✐s✐ ♦❞ ✐③❜♦r❛ ❦♦♦r❞✐♥❛t❛✳ ◆❛ ♣r✐♠❡r✱ ❛❦♦ ③❛♠❡♥✐♠♦ u ✐ v✱
♥♦r♠❛❧❛ s❡ ♣r♦♠❡♥✐ ✐③ N(p) ✉ −N(p)✳ ❱❛✙♥❛ ♦❞❧✐❦❛ ♠❡r❡✟❛ ❦r✐✈✐♥❡
❜❛③✐r❛♥❛ ♥❛ ●❛✉s♦✈♦♠ ♣r❡s❧✐❦❛✈❛✟✉ ❥❡ ①t♦ ♥❡ ③❛✈✐s✐ ♦❞ ✐③❜♦r❛ ❦♦♦r❞✐♥❛✲
t❛✳

❩❛ r❡❣✉❧❛r♥❡ ♣♦✈r①✐ N : S → S2 ❥❡ ❞✐❢❡r❡♥❝✐❥❛❜✐❧♥♦✳

❙t♦❣❛✱ ♣♦st♦❥✐ ♣r❡s❧✐❦❛✈❛✟❡ dNp(S) : Tp(S) → TN(p)(S
2)✳ ●❛✉s♦✈♦ ♣r❡s❧✐✲

❦❛✈❛✟❡ ❥❡ ♥❡♦❜✐q♥♦✱ ❥❡r t❛♥❣❡♥t♥❛ r❛✈❛♥ ♥❛ S ✉ p ❥❡ ♥♦r♠❛❧♥❛ ♥❛ N(p)✳
❙✈♦❥st✈♦ s❢❡r❡ S2 ❥❡ ❞❛ ❥❡ Tq(S

2) ♥♦r♠❛❧♥♦ ♥❛ q✱ ❥❡r s✉ t❛♥❣❡♥t❡ r❛✈♥✐
♣❛r❛❧❡❧♥❡ ✉ ♦✈♦♠ s❧✉q❛❥✉✳ ❖♥❞❛ ❥❡ Tp(S) = TN(p)(S

2) ✐ ♠♦✙❡♠♦ ✉③❡t✐ ❞❛
❥❡ dNp ❧✐♥❡❛r♥♦ ♣r❡s❧✐❦❛✈❛✟❡ dNp(S) : Tp(S) → Tp(S)✳

❉❛ ❜✐s♠♦ sr❛q✉♥❛❧✐ dNp ♠♦✙❡♠♦ ❦♦r✐st✐t✐ ❦r✐✈❡ ♥❛ S ❦r♦③ p✳ ❘❛③♠♦✲
tr✐♠♦ t❛♥❣❡♥t♥✐ ✈❡❦t♦r v∈ Tp(S) ✉ p✱ ❦❛♦ t❛♥❣❡♥t♥✐ ✈❡❦t♦r ♥❛ ❦r✐✈✉
α : (−ϵ, ϵ) → S ❞❛t✉ s❛ α′(0) =v✳ ❉❛✠❡ dNp(v) = (N ◦ α)′(0)✳ ❖✈❛❥ ✐③r❛③
♥❛♠ ❞❛❥❡ ❞❛ ❥❡ dNp(v) ❜r③✐♥❛ ♣r♦♠❡♥❡ r❡str✐❦❝✐❥❡ ♥♦r♠❛❧♥♦❣ ✈❡❦t♦r❛ ♥❛
❦r✐✈✉ α(t)✳

❍❛❥❞❡ ❞❛ ♣♦❣❧❡❞❛♠♦ s❧❡❞❡✎❡ ♣r✐♠❡r❡✿

✷✷



✶✳ ◆❡❦❛ ❥❡ ❞❛t❛ r❛✈❛♥ P : ax + by + cz + d = 0 ✐ p ∈ P✳ ❏❡❞✐♥✐q♥❛

♥♦r♠❛❧❛ ✉ p ❥❡ N(p) =
(a, b, c)√
a2 + b2 + c2

✳ ❚♦ ❥❡ ❦♦♥st❛♥t❛♥ ✈❡❦t♦r✱ ♣❛

❥❡ dNp ≡ 0✳

✷✳ ◆❡❦❛ ❥❡ S2 ❥❡❞✐♥✐q♥❛ s❢❡r❛ ✉ R
3✳ ❩❛ ❦r✐✈✉ s❛ s❢❡r❡ ✉③♠❡♠♦✿

α(t) = (x(t), y(t), z(t))✱ ❣❞❡ ❥❡ x2(t) + y2(t) + z2(t) = 1✳

❖♥❞❛ ❥❡ 2xx′ + 2yy′ + 2zz′ = 0✱ ♣❛ ❥❡ α′(t) ⊥ α(t)✳

N(x, y, z) = (x, y, z) ❥❡ ✐③❜♦r ③❛ ❥❡❞✐♥✐q❛♥ ♥♦r♠❛❧❛♥ ✈❡❦t♦r ♥❛ S2 ✉
(x, y, z)✳ ❙❧❡❞✐ ❞❛ ❥❡ dNp = id✳

✸✳ ◆❡❦❛ ❥❡ ♣♦✈r① s❡❞❧♦ x(u, v) = (u, v, u2 − v2)✳ ❉❛✠❡✿

xu = (1, 0, 2u), xv = (0, 1,−2v)✳

◆♦r♠❛❧❛ ♥❛ ♣♦✈r① ❥❡ ❞❛t❛ s❛✿

N(p) = N(x(u0, v0)) =
(−2u0, 2v0, 1)
√

4u20 + 4v20 + 1

❥❡r xu × xv =

∣
∣
∣
∣
∣
∣

i j k
1 0 2u
0 1 −2v

∣
∣
∣
∣
∣
∣

= (−2u, 2v, 1)✳

❉❛ ❜✐s♠♦ ❞♦❜✐❧✐ ✐③r❛③ ③❛ dNp ✉ (0, 0, 0)✱ ♥❡❦❛ α : (−ϵ, ϵ) → S ❜✉❞❡
❦r✐✈❛ ❥❡❞✐♥✐q♥❡ ❜r③✐♥❡ ✐ α(0) = (0, 0, 0)✳ ❖♥❞❛ ✈❛✙✐✿

α(t) = (u(t), v(t), u2(t)− v2(t)), ♣❛ s❧❡❞✐

(N ◦ α)(t) = (−2u(t), 2v(t), 1)
√

4u2(t) + 4v2(t) + 1
✳

❘❛q✉♥❛❥✉✎✐ ✐③✈♦❞ ✉ t❛q❦✐ t = 0 ❞♦❜✐❥❛♠♦✿

(N ◦ α)′(0) = (−2u′(0), 2v′(0), 0)✳

✷✸



❑❛❦♦ ❥❡

α′(0) = (u′(0), v′(0), 2u(0)u′(0)− 2v(0)v′(0)) = (u′(0), v′(0), 0)

♦♥❞❛ ✐♠❛♠♦

dN(0,0,0)(v) = dN(0,0,0)(u
′(0), v′(0), 0) = (−2u′(0), 2v′(0), 0)✳

▼❛tr✐q♥♦ ③❛♣✐s❛♥♦ dNp ✉ ❜❛③✐ {xu, xv} ✿

dN(0,0,0) =

[
−2 0
0 2

]

✳

❯ ♦♣①t❡♠ s❧✉q❛❥✉✱ ♣r❡s❧✐❦❛✈❛✟❡ dNp ✐♠❛ ✐③✉③❡t♥♦ s✈♦❥st✈♦ ✉ ♦❞♥♦s✉
♥❛ ♣r✈✉ ❢✉♥❞❛♠❡♥t❛❧♥✉ ❢♦r♠✉✳

❚✈r✍❡✟❡ ✷ dNp : Tp(S) → Tp(S) ❥❡ s✐♠❡tr✐q♥♦ ♣r❡s❧✐❦❛✈❛✟❡ ✉ ♦❞♥♦s✉
♥❛ ♣r✈✉ ❢✉♥❞❛♠❡♥t❛❧♥✉ ❢♦r♠✉✳

❉♦❦❛③✿ Pr✈♦ ❞❛ ❦❛✙❡♠♦ ①t❛ ❥❡ t♦ s✐♠❡tr✐q♥♦ ♣r❡s❧✐❦❛✈❛✟❡✳ ◆❡❦❛ ❥❡ ❱
r❡❛❧♥✐ ✈❡❦t♦rs❦✐ ♣r♦st♦r s❛ s❦❛❧❛r♥✐♠ ♣r♦✐③✈♦❞♦♠ <,> : V × V → R

✐ A : V → V ❧✐♥❡❛r♥♦ ♣r❡s❧✐❦❛✈❛✟❡✳ A ❥❡ s✐♠❡tr✐q❛♥✱ ❛❦♦ ③❛ s✈❛❦♦
v, w ∈ V ✈❛✙✐✿

⟨A(v), w⟩ = ⟨v, A(w)⟩✳

❉❛ ❜✐s♠♦ ❞♦❦❛③❛❧✐ ♦✈♦ s✈♦❥st✈♦ ❦♦r✐st✐✎❡♠♦ ✐❞❡❥✉ ✐③ ❧✐♥❡❛r♥❡ ❛❧❣❡❜r❡✳
❙❦❛❧❛r♥✐ ♣r♦✐③✈♦❞ Ip(u, v) ❧✐♥❡❛r❛♥ ❥❡ ♣♦ ♦❜❡ ♣r♦♠❡♥✠✐✈❡✳ ◆❡❦❛ ❥❡
p = x(u0, v0) ✉ ❜❛③✐ {xu, xv}✳ ▼♦✙❡♠♦ ♦❞r❡❞✐t✐ dNp(xu) ✐ dNp(xv)✿

dNp(xu) = (N ◦ x(u, v0))′(u0) =
∂N

∂u

∣
∣
∣
∣
(u0,v0)

= Nu ✐

dNp(xv) = (N ◦ x(u0, v))′(v0) =
∂N

∂v

∣
∣
∣
∣
(u0,v0)

= Nv✳

❩♥❛♠♦ ❞❛ ❥❡ Ip(N, xv) = 0 = Ip(xu, N)✳ ❯③✐♠❛❥✉✎✐ ♣❛r❝✐❥❛❧♥❡ ✐③✈♦❞❡ ♣♦ u
✐ v r❡❞♦♠✱ ❞♦❜✐❥❛♠♦✿

✷✹



Ip(Nu, xv) + Ip(N, xvu) = 0 = Ip(Nv, xu) + Ip(N, xuv)✳

❑❛❦♦ ❥❡ ✐ xuv = xvu ✐♠❛♠♦✿

Ip(dNp(xu), xv) = Ip(Nu, xv) = −Ip(N, xvu) = Ip(xu, Nv) = Ip(xu, dNp(xv))✳

△

✯ ❩❛①t♦ ❥❡ ③❛♥✐♠✠✐✈♦ s✐♠❡tr✐q♥♦ ♣r❡s❧✐❦❛✈❛✟❡❄

❙✈♦❥st✈♦ ✶✿ A : V → V ❥❡ ♥❡♥✉❧❛ s✐♠❡tr✐q❛♥ ♦♣❡r❛t♦r ✉ ♦❞♥♦s✉ ♥❛ <,>✳
❖♣❡r❛t♦r A ✐♠❡ ❞✈❡ r❡❛❧♥❡✱ ♥❡ ♥✉✙♥♦ r❛③❧✐q✐t❡✱ s♦♣st✈❡♥❡ ✈r❡❞♥♦st✐✳

❙✈♦❥st✈♦ ✷✿ ◆❡❦❛ ❥❡ A : V → V s✐♠❡tr✐q❛♥ ♦♣❡r❛t♦r ❦♦❥✐ ✐♠❛ ❥❡❞✐♥✐q♥❡
s♦♣st✈❡♥❡ ✈❡❦t♦r❡ e1 ✐ e2✳ ❆❦♦ s♦♣st✈❡♥❡ ✈r❡❞♥♦st✐ ♦❞ A ♥✐s✉ ❥❡❞♥❛❦❡✱
♦♥❞❛ ❥❡ e1 ⊥ e2✳

❙✈♦❥st✈♦ ✸✿ ◆❡❦❛ ❥❡ A : V → V s✐♠❡tr✐q❛♥ ♦♣❡r❛t♦r s❛ s♦♣st✈❡♥✐♠
✈r❡❞♥♦st✐♠❛ λ1 > λ2 ✐ ♣r✐❞r✉✙❡♥✐♠ s♦♣st✈❡♥✐♠ ✈❡❦t♦r✐♠❛ e1 ✐ e2✳
❯③♠✐♠♦ ❞❛ s✉ s♦♣st✈❡♥✐ ✈❡❦t♦r✐ ❥❡❞✐♥✐q♥✐✳ ◆❡❦❛ ❥❡ v ∈ V t❛❦♦✍❡
❥❡❞✐♥✐q♥✐ ✈❡❦t♦r✳ ▼♦✙❡♠♦ ♥❛♣✐s❛t✐ v = cos(θ)e1+sin(θ)e2 ✐< A(v), v >=
λ1 cos

2(θ) + λ2 sin
2(θ)✳ ❉❛✠❡✱ < A(v), v > ❞♦st✐✙❡ ♠❛❦s✐♠✉♠ λ1 ❦❛❞ θ = 0

✐❧✐ θ = π✱ ❛ s✈♦❥ ♠✐♥✐♠✉♠ λ2 ❦❛❞ ❥❡ θ =
π

2
✐❧✐ θ = −π

2
✳

❖st❛❧❛ s✈♦❥st✈❛✱ ❦❛♦ ✐ ❞♦❦❛③✐✱ ♠♦❣✉ s❡ ♣r♦♥❛✎✐ ✉ ❦✟✐③✐ ❬✻❪✱ str❛♥❛
✶✻✷ ✐ ✶✻✸✳

❉❡❢✐♥✐❝✐❥❛ ✹ ◆❡❦❛ ❥❡ p t❛q❦❛ s❛ ♣♦✈r①✐ S✳ ❉r✉❣❛ ❢✉♥❞❛♠❡♥t❛❧♥❛
❢♦r♠❛ ♥❛ S ✉ p ❥❡ ❦✈❛❞r❛t♥❛ ❢♦r♠❛ IIp(v) : Tp(S) → R ❞❡❢✐♥✐s❛♥❛ s❛✿

IIp( v) = −Ip(dNp(v),v)✳

❖✈❞❡ ✐♠❛♠♦ ✐ ❣❡♦♠❡tr✐❥s❦✉ ✐♥t❡r♣r❡t❛❝✐❥✉ ❞r✉❣❡ ❢✉♥❞❛♠❡♥t❛❧♥❡ ❢♦r♠❡
IIp(v) ❦❛❞ ❥❡ v ❥❡❞✐♥✐q♥✐ ✈❡❦t♦r✳ ❑❛♦ ✉ ❞♦❦❛③✉ ❚❡♦r❡♠❡ ✶✱ ♥❡❦❛ ❥❡ c(s)
❦r✐✈❛ ❥❡❞✐♥✐q♥❡ ❜r③✐♥❡ ❞❛t❛ s❛ c(0) = p ✐ c′(0) =v✳ ❚r❛❣ ♦✈❡ ❦r✐✈❡ ❥❡
♣r❡s❡❦ s❛ r❛✈♥✐ ❦♦❥❛ ❥❡ ♣❛r❛❧❡❧♥❛ r❛✈♥✐ r❛③❛♣❡t♦❥ ✈❡❦t♦r✐♠❛ v ✐ N(p) ✐
♣r♦❧❛③✐ ❦r♦③ p ♥❛ S✳ ◆♦r♠❛❧♥✉ ❦r✐✈✐♥✉ ✉ p ♥❛ S ✉ ♣r❛✈❝✉ v ♦❜❡❧❡✙❛✈❛♠♦
s❛ kn(v) ✐ ♦♥❛ ③❛❞♦✈♦✠❛✈❛ ❥❡❞♥❛q✐♥✉✿

c′′(v) = kn(v)N(p) ✭✶✮

✷✺



❚❡♦r❡♠❛ ✷ ◆❡❦❛ ❥❡ v ∈ Tp(S) ❥❡❞✐♥✐q♥✐ ✈❡❦t♦r✳ ❚❛❞❛ ❥❡ IIp(v) = kn(v).

❉♦❦❛③✿

❑❛❦♦ ❥❡ Nc(s) ⊥ c′(s) ③❛ s✈❛❦♦ s✱ s❧❡❞✐✿

Ic(s)(Nc(s), c(s)) = 0✳

❯③✐♠❛❥✉✎✐ ♣r✈✐ ✐③✈♦❞ ❞♦❜✐❥❛♠♦✿

Ic(s)((N ◦ c)′(s), c′(s)) + Ic(s)(N(c(s)), c′′(s)) = 0

❩❛ s = 0 ♠♦✙❡♠♦ ♥❛♣✐s❛t✐✿

Ic(0)((N ◦ c)′(0), c′(0)) + Ic(0)(N(c(0)), c′′(0)) = 0

❑❛❦♦ ❥❡ c(0) = p ✐ c′(0) =v✱ s❧❡❞✐✿

Ip(dNp(v),v) + Ip(N(p), c′′(0)) = 0 t❥✳

−Ip(dNp(v),v) = Ip(N(p), c′′(0))✳

❉❛✠❡✱

IIp(v) = −Ip(dNp(v),v) = Ip(N(p), c′′(0))

❛ ✐③ ✭✶✮ s❧❡❞✐✿

IIp(v) = Ip(N(p), kn(v)N(p)) = kn(v)✳

△

✷✻



✸✳✸ ●❛✉s♦✈❛ ❦r✐✈✐♥❛

◆❡❦❛ ❥❡ {X1, X2} ♦rt♦♥♦r♠✐r❛♥✐ s❦✉♣ ❣❧❛✈♥✐❤ ♣r❛✈❛❝❛ ✉ p ♥❛ S✳ ❚❛❞❛ ❥❡
tr❛♥s❢♦r♠❛❝✐❥❛ dNp ✉ ♦✈♦❥ ❜❛③✐ ❞❛t❛ ♠❛tr✐❝♦♠✿

dNp =

(
−k1 0
0 −k2

)

❙❛❞❛ ✎❡♠♦ ✈✐❞❡t✐ ❦❛❦♦ ❥❡ ●❛✉s ✭✶✽✷✺✳✮ ♣r❡❞st❛✈✐♦ ✧♠❡r✉ ❦r✐✈✐♥❡ ✉
t❛q❦✐✳✧

❉❡❢✐♥✐❝✐❥❛ ✺ ●❛✉s♦✈❛ ❦r✐✈✐♥❛ ♣♦✈r①✐ S ✉ t❛q❦✐ p ❞❡❢✐♥✐s❛♥❛ ❥❡ s❛✿

K(p) = k1 · k2 = det(dNp)✳

Pr✐♠❡t✐♠♦ ❞❛ ❥❡K(p) > 0 ✉ ❡❧✐♣t✐q❦✐♠ t❛q❦❛♠❛✱K(p) < 0 ✉ ❤✐♣❡r❜♦✲
❧✐q❦✐♠✱ ❛ K(p) = 0 ✉ ♣❛r❛❜♦❧✐q❦✐♠ ✐ ♣❧❛♥❛r♥✐♠ t❛q❦❛♠❛✳

Pr✐r♦❞❛ ❛♣r♦❦s✐♠✐r❛❥✉✎❡ ♣♦✈r①✐ ❞r✉❣♦❣ r❡❞❛ ♦❞r❡✍❡♥❛ ❥❡ ③♥❛❦♦♠
●❛✉s♦✈❡ ❦r✐✈✐♥❡✳ ❏♦① ❥❡❞♥♦ ✈❛✙♥♦ ③❛♣❛✙❛✟❡ ❥❡ ❞❛ ●❛✉s♦✈❛ ❦r✐✈✐♥❛ ♥❡
③❛✈✐s✐ ♦❞ ✐③❜♦r❛ ❦♦♦r❞✐♥❛t❛ ✉ ♦❦♦❧✐♥✐ p✳ ❙✈❛❦❛ ♣r♦♠❡♥❛ ❦♦♦r❞✐♥❛t❛
✈♦❞✐ ❦❛ ♣r♦♠❡♥✐ ❜❛③❡ t❛♥❣❡♥t♥❡ r❛✈♥✐ ✉ p✱ ❛❧✐ K(p) ♦st❛❥❡ ✐st❛ ❥❡r ❥❡
❞❡t❡r♠✐♥❛♥t❛✳

❉❛ ❜✐s♠♦ r❛③✈✐❧✐ ✐ ♣r✐♠❡✟✐✈❛❧✐ ●❛✉s♦✈✉ ❦r✐✈✐♥✉✱ ③❛ ✟✉ ♥❛♠ ❥❡
♣♦tr❡❜❛♥ ✐③r❛③ ❦♦❥✐ ♠♦✙❡♠♦ sr❛q✉♥❛t✐✳ ◆❡❦❛ ❥❡ p ∈ S t❛q❦❛ ♥❛ x : (U ⊂
R

2) → S✳ ❖♥❞❛ ❥❡ N(p) =
xu × xv

|| xu × xv ||
✳ ❆❦♦ ❥❡ w = α′(0) ∈ Tp(S)✱ ③❛ ♥❡❦♦

α : (−ϵ, ϵ) → S✱ ♦♥❞❛✿

w = α′(0) =
d

dt
(x(u(t), v(t)))

∣
∣
∣
∣
t=0

= u′(0)xu + v′(0)xv, ✭✷✮

dNp(w) =
d

dt
N ◦ x(u(t), v(t))

∣
∣
∣
∣
t=0

= u′(0)Nu + v′(0)Nv. ✭✸✮

❑❛❦♦ Nu ✐ Nv ❧❡✙❡ ✉ Tp(S)✱ ♠♦✙❡♠♦ ✐❤ ✐③r❛③✐t✐ ✉ ❜❛③✐ {xu, xv}✿

✷✼



Nu = a11xu + a12xv, ✭✹✮

Nv = a21xu + a22xv ✭✺✮

❆❦♦ ③❛♣✐①❡♠♦ s❦r❛✎❡♥♦ u′ = u′(0) ✐ v′ = v′(0)✱ ♦♥❞❛ dNp : Tp(S) → Tp(S)
♠♦✙❡♠♦ ③❛♣✐s❛t✐ ♠❛tr✐q♥♦✿

dNp

(
u′

v′

)

=

(
a11 a21
a12 a22

) (
u′

v′

)

✱ ✉ ❜❛③✐ {xu, xv}✳

Pr❡❞st❛✈✐✎❡♠♦ aij ♣r❡❦♦ ❞r✉❣❡ ❢✉♥❞❛♠❡♥t❛❧♥❡ ❢♦r♠❡✳ ❘❛❞✐ ❧❛❦①❡❣
③❛♣✐s❛ ❦♦r✐st✐✎❡♠♦ I(w,v) = ⟨w,v⟩✳

❑❛❦♦ ✈❛✙✐ ✭✷✮ ✐ ✭✸✮✱ s❧❡❞✐✿

II(w) = −⟨dNp(w),w⟩ = −⟨u′Nu + v′Nv, u
′xu + v′xv⟩✳

❘❛q✉♥❛❥✉✎✐ ♦✈❛❥ s❦❛❧❛r♥✐ ♣r♦✐③✈♦❞ ❞♦❜✐❥❛♠♦✿

II(w) = −⟨Nu, xu⟩ (u′)2 − (⟨Nu, xv⟩+ ⟨Nv, xu⟩)u′v′ − ⟨Nv, xv⟩ (v′)2✳

❉❡❢✐♥✐①✐♠♦ s❧❡❞❡✎❡ ❢✉♥❦❝✐❥❡ ♥❛ U ✿

e = −⟨Nu, xu⟩ = ⟨N, xuu⟩
f = −⟨Nu, xv⟩ = ⟨N, xuv⟩ = ⟨N, xvu⟩ = −⟨Nv, xu⟩
g = −⟨Nv, xv⟩ = ⟨N, xvv⟩✳

❖❞❛✈❞❡ s❧❡❞✐✱

II(w) = e(u′)2 + 2fu′v′ + g(v′)2✳

❑♦r✐st❡✎✐ ❜❛③✉ {xu, xv} ✐ ♠♥♦✙❡✟❡ ♠❛tr✐❝❛✱ ❞❛✎❡♠♦ ❧♦❦❛❧♥❡ ✐③r❛③❡
③❛ ♣r✈✉ ✐ ❞r✉❣✉ ❢✉♥❞❛♠❡♥t❛❧♥✉ ❢♦r♠✉✳

✷✽



Ip

((
u′1
v′1

)

,

(
u′2
v′2

))

= (u′1 v
′
1)

(
E F
F G

)(
u′2
v′2

)

✐

IIp

((
u′

v′

))

= (u′ v′)

(
e f
f g

)(
u′

v′

)

. ✭✻✮

❉❛✠❡✱ ❦❛❦♦ ❥❡

−IIp
((

u′

v′

))

= ⟨dNp(u
′xu + v′xv), u

′xu + v′xv⟩ ✭✼✮

❦♦r✐st❡✎✐ ✭✻✮ ✐ ✭✼✮ ❞♦❜✐❥❛♠♦✿

−IIp
((

u′

v′

))

= (a11u
′ + a21v

′, a12u
′ + a22v

′)

(
E F
F G

)(
u′

v′

)

= (u′ v′)

(
a11 a12
a21 a22

)(
E F
F G

)(
u′

v′

)

✭✽✮

❆❦♦ ✉♣♦r❡❞✐♠♦ ✭✻✮ ✐ ✭✽✮ ❞♦❜✐❥❛♠♦✿

−
(
e f
f g

)

=

(
a11 a12
a21 a22

)(
E F
F G

)

▼♥♦✙❡✟❡♠✱ s❛ ❞❡s♥❡ str❛♥❡✱ s❛

(
E F
F G

)−1

=
1

EG− F 2

(
G −F
−F E

)

❞♦❜✐❥❛♠♦✿

(
a11 a12
a21 a22

)

= − 1

EG− F 2

(
e f
f g

)(
G −F
−F E

)

✭✾✮

❙❧❡❞❡✎❛ t❡♦r❡♠❛ ♥❛♠ ❞❛❥❡ ❡❦s♣❧✐❝✐t♥❡ ❢♦r♠✉❧❡ ③❛ ❦♦❡❢✐❝✐❥❡♥t❡ aij✳

❚❡♦r❡♠❛ ✸ ❑♦❡❢✐❝✐❥❡♥t✐ aij ✐③ ✭✹✮ ✐ ✭✺✮ s✉ ❥❡❞♥❛❦✐✿

a11 =
fF − eG

EG− F 2
, a12 =

eF − fE

EG− F 2
, a21 =

gF − fG

EG− F 2
✐ a22 =

fF − gE

EG− F 2
✳

✷✾



❉♦❦❛③✿

P♦❦❛③❛✎❡♠♦ s❛♠♦✱ ♥❛ ♣r✐♠❡r✱ a11✱ ♦st❛❧❡ s❡ ❛♥❛❧♦❣♥♦ ❞♦❜✐❥❛❥✉✳

■③ ✭✾✮ ♠♥♦✙❡✟❡♠ ♠❛tr✐❝❛ ❞♦❜✐❥❛♠♦✿

(
a11 a12
a21 a22

)

= − 1

EG− F 2

(
eG− fF fE − eF
fG− gF gE − fF

)

t❥✳✱

(
a11 a12
a21 a22

)

=






fF − eG

EG− F 2

eF − fE

EG− F 2

gF − fG

EG− F 2

fF − gE

EG− F 2






♣❛ ❥❡ a11 =
fF − eG

EG− F 2
✳

△

P♦s❧❡❞✐❝❛ ✶ K(p) = det dNp = det

(
a11 a21
a12 a22

)

=
eg − f 2

EG− F 2
✳

❉♦❦❛③✿

det

(
a11 a21
a12 a22

)

= det






fF − eG

EG− F 2

gF − fG

EG− F 2

eF − fE

EG− F 2

fF − gE

EG− F 2






=
1

(EG− F 2)2
· det

(
fF − eG eF − fE
gF − fG fF − gE

)

=
1

(EG− F 2)2
· (f 2F 2−fFeG−gefF +geEG−eFgF +

eFfG+ fEgF − f 2EG)

=
1

(EG− F 2)2
· (−F 2(eg − f 2) + EG(eg − f 2))

✸✵



=
1

(EG− F 2)2
· (eg − f 2)(EG− F 2)

=
eg − f 2

EG− F 2
✳

P❛ s❧❡❞✐ ❞❛ ❥❡ K(p) =
eg − f 2

EG− F 2
✳

△

Pr✐♠❡r ✶ ●❛✉s♦✈❛ ❦r✐✈✐♥❛ r♦t❛❝✐♦♥❡ ♣♦✈r①✐✳

Pr❡t♣♦st❛✈✐♠♦ ❞❛ ❥❡ c(t) = (λ(t), µ(t)) : (a, b) → R
2 r❡❣✉❧❛r♥❛ ❦r✐✈❛ ✉

yz r❛✈♥✐✳◆❡❦❛ c(t) ♥❡ ♣r❡s❡❝❛ s❛♠✉ s❡❜❡✱ ♥✐ z✲♦s✉✱ t❥✳ ✈❛✙✐ λ(t) > 0, ∀t ∈
(a, b) ✐ µ′(t) > 0, ∀t ∈ (a, b)✳

P♦✈r① ❦♦❥✉ ❞♦❜✐❥❛♠♦ r♦t✐r❛❥✉✎✐ ♦✈✉ ❦r✐✈✉ ♦❦♦ z✲♦s❡ ❥❡✿

x(u, v) = (λ(u) cos v, λ(u) sin v, µ(u))✱ a < u < b✱ 0 < v < 2π✳

Pr✈♦ r❛q✉♥❛♠♦ ❜❛③♥❡ ✈❡❦t♦r❡ t❛♥❣❡♥t♥♦❣ ♣r♦st♦r❛ xu ✐ xv✳ ❘❛❞✐ ❧❛❦①❡❣
r❛q✉♥❛ ❦♦r✐st✐✎❡♠♦ ③❛♣✐s λ(u) = λ ✐ µ(u) = µ✳

xu = (λ′ cos v, λ′ sin v, µ′)✱ xv = (−λ sin v, λ cos v, 0)✳

✸✶



xu × xv =





i j k
λ′ cos v λ′ sin v µ′

−λ sin v λ cos v 0





◆❛❦♦♥ ❦r❛✎❡❣ r❛q✉♥❛ ❞♦❜✐❥❛♠♦✿

xu × xv = (−µ′λ cos v,−µ′λ sin v, λ′λ)✳

❙❛❞❛ tr❛✙✐♠♦ ❦♦❡❢✐❝✐❥❡♥t❡ ♣r✈❡ ❢♦r♠❡✿

E = ⟨xu, xu⟩ = (λ′)2 cos2 v + (λ′)2 sin2 v + (µ′)2 = (λ′)2 + (µ′)2

F = ⟨xu, xv⟩ = −λ′λ cos v sin v + λ′λ cos v sin v + 0 = 0

G = ⟨xv, xv⟩ = λ2 sin2 v + λ2 cos2 v + 0 = λ2✳

❉❛✠❡✱

det

(
E F
F G

)

= EG− F 2 = λ2((λ′)2 + (µ′)2)

❑❛❦♦ ❥❡ ||xu × xv|| =
√
EG− F 2✱ ♦♥❞❛ ❥❡ ||xu × xv|| = λ

√

(λ′)2 + (µ′)2✳

❚❛❦♦✍❡✱

N =
xu × xv

||xu × xv||
=

1

λ
√

(λ′)2 + (µ′)2
(−µ′λ cos v,−µ′λ sin v, λ′λ)✱

xuu = (λ′′ cos v, λ′′ sin v, µ′′)✱

xuv = (−λ′ sin v, λ′ cos v, 0)✱

xvv = (−λ cos v,−λ sin v, 0)✱

♣❛ s✉ ❦♦❡❢✐❝✐❥❡♥t✐ ❞r✉❣❡ ❢♦r♠❡ ♥❛❦♦♥ ❦r❛✎❡❣ r❛q✉♥❛✿

e = ⟨N, xuu⟩ =
λ′µ′′ − λ′′µ′

√

(λ′)2 + (µ′)2

f = ⟨N, xuv⟩ = 0

✸✷



g = ⟨N, xvv⟩ =
λµ′

√

(λ′)2 + (µ′)2
✳

❯ ❜❛③✐ {xu, xv} ❥❡ dNx(u,v) =

(
a11 a21
a12 a22

)

a11 =
fF − eG

EG− F 2
=

− λ′µ′′ − λ′′µ′

√

(λ′)2 + (µ′)2
λ2

λ2((λ′)2 + (µ′)2)
= − λ′µ′′ − λ′′µ′

((λ′)2 + (µ′)2)3/2

❙❧✐q♥♦✱

a21 = a12 = 0

a22 =
−µ′

λ
√

(λ′)2 + (µ′)2
✳

❖❞❛✈❞❡ ❥❡✿

dNx(u,v) =







− λ′µ′′ − λ′′µ′

((λ′)2 + (µ′)2)3/2
0

0
−µ′

λ
√

(λ′)2 + (µ′)2






,

♣❛ s✉ ❣❧❛✈♥❡ ❦r✐✈✐♥❡ ❥❡❞♥❛❦❡✿

k1 =
λ′µ′′ − λ′′µ′

((λ′)2 + (µ′)2)3/2
✐ k2 =

µ′

λ
√

(λ′)2 + (µ′)2
,

❛ ♦♥❞❛ ❥❡ ●❛✉s♦✈❛ ❦r✐✈✐♥❛

K(p) = k1 · k2 =
µ′λ′µ′′ − λ′′(µ′)2

λ((λ′)2 + (µ′)2)2
✳

❑❛❞❛ ❥❡ (λ′)2+(µ′)2 = 1✱ ♦♥❞❛ ♥❛❦♦♥ ✉③✐♠❛✟❛ ✐③✈♦❞❛ ♣♦ t ❞♦❜✐❥❛♠♦ ❞❛
✈❛✙✐ λ′λ′′ = −µ′µ′′✳ ■③ ♦✈♦❣❛ s❧❡❞✐ ❥❡❞♥♦st❛✈♥✐❥❛ ❢♦r♠✉❧❛ ③❛ ●❛✉s♦✈✉
❦r✐✈✐♥✉✿

K(p) =
λ′µ′µ′′ − λ′′(λ′)2

λ

= −λ
′λ′λ′′ + λ′′(µ′)2

λ

= −(λ′)2λ′′ + λ′′(µ′)2

λ

✸✸



= −λ
′′((λ′)2 + (µ′)2)

λ

= −λ
′′

λ

■ s❢❡r❛ ❥❡ r♦t❛❝✐♦♥❛ ♣♦✈r①✳ ❘♦t✐r❛♠♦ ❦r✉✙♥✐❝✉ c(t) = (R cos t, R sin t)✱

t ∈ (−π
2
,−π

2
)✳ ❩♥❛q✐ λ(u) = R cosu✱ ❛ µ(u) = R sin u✳ ❚❛❦♦✍❡✱ λ′ =

−R sin u✱ λ′′ = −R cosu✱ µ′ = R cosu ✐ µ′′ = −R sin u✳ P❛ ❥❡ ●❛✉s♦✈❛
❦r✐✈✐♥❛ s❢❡r❡ ♣♦❧✉♣r❡q♥✐❦❛ R ❥❡❞♥❛❦❛✿

K(p) =
R cosu(−R sin u)(−R sin u) +R cosuR2 cos2 u

R cosu((−R sin u)2 + (R cosu)2)2

=
R3 cosu(sin2 u+ cos2 u)

R cosu(R2(sin2 u+ cos2 u))2
=
R3

R5
=

1

R2
✳

❩❛ s❢❡r✉ S2 ♣♦❧✉♣r❡q♥✐❦❛ R = 1✱ K(p) =
1

12
= 1✳

❙❛ ❞r✉❣❡ str❛♥❡ ❦r✐✈❛ c(t) = (cos t, sin t), t ∈ (−π
2
,−π

2
) ❥❡ ❦r✉✙♥✐❝❛

♣♦❧✉♣r❡q♥✐❦❛ R = 1✳ P♦✈r① ❦♦❥❛ s❡ ❞♦❜✐❥❛ r♦t❛❝✐❥♦♠ ♦✈❡ ❦r✐✈❡ ❥❡
s❢❡r❛ S2✳ ❑❛❦♦ ❥❡ λ(t) = cos t ✐ µ(t) = sin t✱ ♦♥❞❛ ❥❡ (λ′)2 + (µ′)2 =

(cos t)2 + (sin t)2 = 1✳ P❛ ❥❡ ●❛✉s♦✈❛ ❦r✐✈✐♥❛ K(p) = −λ
′′

λ
= −− cos t

cos t
= 1✳

❖✈❛ ❢♦r♠✉❧❛ ❥❡ ✐ ❞r✉❣✐ ❞♦❦❛③ ❞❛ ❥❡ K(p) = 1, ∀p ∈ S2✳

P♦✈r① ♦❞ ✈❡❧✐❦♦❣ ③♥❛q❛❥❛ ❥❡ r♦t❛❝✐♦♥❛ ♣♦✈r① ❞♦❜✐❥❡♥❛ r♦t❛❝✐❥♦♠
tr❛❦tr✐s❡✳ ◆❡❦❛ ❥❡ y✲♦s❛ ❢✐❦s♥❛ ♦s❛✱ ❛ ❢✐❦s♥❛ ❞✉✙✐♥❛ ♥❡❦❛ ❥❡ a ✐ ♥❡❦❛
❦r✐✈❛ ♣♦q✐✟❡ ✉ (a, 0) ♥❛ x✲♦s✐✳

✸✹



❚r❛❦tr✐s❛ Θ = (x(t), y(t)) ③❛❞♦✈♦✠❛✈❛ ❥❡❞♥❛q✐♥✉✿

dy

dx
=
y′

x′
= −

√
a2 − x2

x
✭✶✵✮

❉❛ ❜✐s♠♦ ❞♦❜✐❧✐ ♣❛r❛♠❡tr✐③❛❝✐❥✉ tr❛❦tr✐s❡ ❦❛♦ ❣r❛❢✐❦ ❢✉♥❦❝✐❥❡ ♠♦✙❡✲

♠♦ ✐♥t❡❣r❛❧✐t✐
dy

dx
♣♦ x✿

y(x) =

∫

−
√
a2 − x2

x
dx✳

❘❡①❛✈❛✟❡ ♦✈♦❣ ✐♥t❡❣r❛❧❛ ③❛❤t❡✈❛ ♣♦❣♦❞♥✉ tr✐❣♦♥♦♠❡tr✐❥s❦✉ s♠❡♥✉ ✱ ①t♦
♥❛s ❞♦✈♦❞✐ ❞♦ ❞r✉❣❛q✐❥❡ ♣❛r❛♠❡tr✐③❛❝✐❥❡✳ ◆❡❦❛ ❥❡ x = a cos θ✳

∫

−
√
a2 − x2

x
dx =

∫
a sin θ

−a cos θ (a sin θ)dθ

= a

∫
sin2 θ

cos θ
dθ

= a

∫
1− cos2 θ

cos θ
dθ

= a

∫

sec θdθ − a

∫

cos θdθ

P❛ ❥❡ ♣❛r❛♠❡tr✐③❛❝✐❥❛ ♦✈❡ ❦r✐✈❡ ❞❛t❛ ❥❡ ❢♦r♠✉❧♦♠✿

Θ(t) = (a cos t, a ln | sec t+ tan t| − a sin t)

❑❛❞❛ ❥❡ a = 1✱ ♣❛r❛♠❡tr✐③❛❝✐❥❛ tr❛❦tr✐s❡ ❥❡✿

Θ(t) = (cos t, ln | sec t+ tan t| − sin t)

❉❛❦❧❡✱ λ(u) = cos u ✐ µ(u) = ln | secu+ tan u| − sin u✳

Pr✈✐ ✐ ❞r✉❣✐ ✐③✈♦❞✐ λ(u) = λ ✐ µ(u) = µ s✉✿

✸✺



λ′ = − sin u✱ λ′′ = − cosu✱

µ′ =
(secu+ tan u)′

secu+ tan u
− cosu =

sin u

cos2u
+

1

cos2 u
1 + sin u

cosu

− cosu = ... =
1

cosu
− cosu =

secu− cosu,

µ′′ = (secu− cosu)′ =
sin u

cos2 u
+ sin u = secu tan u+ sin u.

❩❛♠❡♥♦♠ ♦✈✐❤ ✈r❡❞♥♦st✐ ✉ ❢♦r♠✉❧✉ ●❛✉s♦✈❡ ❦r✐✈✐♥❡ ❞♦❜✐❥❛♠♦✿

K(p) =
(− sin u)(secu− cosu)(secu tan u+ sin u) + cos u(secu− cosu)2

cosu(sin2u+ (secu− cosu)2)2

◆❛❦♦♥ sr❡✍✐✈❛✟❛ ❞♦❜✐❥❛♠♦ ❞❛ ❥❡ K(p) = −1✳

❉❛❦❧❡✱ r♦t✐r❛✟❡ tr❛❦tr✐s❡ ✈♦❞✐ ❞♦ ♣♦✈r①✐ ❦♦♥st❛♥t♥❡ ♥❡❣❛t✐✈♥❡ ●❛✉s♦✈❡
❦r✐✈✐♥❡✳ ❚❛ ♣♦✈r① ♥❛③✐✈❛ s❡ ♣s❡✉❞♦s❢❡r❛✳

P❛r❛♠❡tr✐③❛❝✐❥❛ ♣s❡✉❞♦s❢❡r❡ ❞❛t❛ ❥❡ ❢♦r♠✉❧♦♠✿

x(u, v) =
(

a cosu sin v, a sin u sin v, a cos v + a log
(

tan
v

a

))

✭✶✶✮

✸✻



▼♦✙❡ s❡ sr❛q✉♥❛t✐ ✟❡♥❛ ●❛✉s♦✈❛ ❦r✐✈✐♥❛✱ ✐ ♦♥❛ ✐③♥♦s✐ − 1

a2
✳ ❱✐❞✐♠♦

❞❛ ❥❡ ❦♦♥st❛♥t♥❛ ✐ ♥❡❣❛t✐✈♥❛✳

△

Pr✐♠❡r ✷ ❉❛✎❡♠♦ ❥♦① ❥❡❞♥✉ ♣❛r❛♠❡tr✐③❛❝✐❥✉ ♣s❡✉❞♦s❢❡r❡✱ ❞♦❜✐❥❡♥✉ r♦✲
t❛❝✐❥♦♠ ♦❦♦ z− ♦s❡ tr❛❦tr✐s❡ ✉ xz− r❛✈♥✐✿

r(u, v) =

(
cos v

cosh u
,
sin v

cosh u
, u− tanh u

)

✱ u ∈ R, v ∈ (0, 2π) ✳

P♦❦❛③❛✎❡♠♦ ❞❛ ❥❡ ❢♦r♠✉❧❛♠❛ x = v, y = cosh u ❞❛t❛ ❧♦❦❛❧♥❛ ✐③♦♠❡tr✐✲
❥❛ ♣s❡✉❞♦s❢❡r❡ ✐ ♣♦✈r①✐ h(x, y) q✐❥✐ s✉ ❦♦❡❢✐❝✐❥❡♥t✐ ♣r✈❡ ❢♦r♠❡ E =

G =
1

y2
✐ F = 0✳

y =
ex + e−x

2
=
ex +

1

ex

2

(ex)2 − 2yex + 1 = 0

ex =
2y ±

√

4y2 − 4

2
t❥✳ ex = y ±

√

y2 − 1

sinh u =
√

y2 − 1✱ ♣❛ ❥❡ tanh u =
sinh u

cosh u
=

√

y2 − 1

y
✳

Φ(u, v) = (v, cosh u),Φ−1(x, y) = (arccosh y, x)✳

◆❡❦❛ ❥❡ h = r ◦ Φ✳

h =

(

cos x

y
,
sin x

y
, arccosh y −

√

y2 − 1

y

)

✳

❉❛✠❡✱

hx =

(− sin x

y
,
cos x

y
, 0

)

✳

✸✼



hy =








− cos x

y2
,
− sin x

y2
, ln(y +

√

y2 − 1)′ −

y2
√

y2 − 1
−
√

y2 − 1

y2







✳

hy =







− cos x

y2
,
− sin x

y2
,

1 +
y

√

y2 − 1

y +
√

y2 − 1
− 1

y2
√

y2 − 1






✳

hy =

(

− cos x

y2
,
− sin x

y2
,

1
√

y2 − 1
− 1

y2
√

y2 − 1

)

✳

hy =

(

− cos x

y2
,
− sin x

y2
,

√

y2 − 1

y2

)

✳

❚❛❞❛ s✉✿

E =
〈
hx, hx

〉
=

1

y2
✱

F =
〈
hx, hy

〉
= 0✱

G =
〈
hy, hy

〉
=

1

y2
✳

❳t♦ ❥❡ ✐ tr❡❜❛❧♦ ♣♦❦❛③❛t✐✳

△

❙ ♦❜③✐r♦♠ ❞❛ s♠♦ ✉ ♣r❡t❤♦❞♥♦♠ ♣r✐♠❡r✉ ♣♦❦❛③❛❧✐ ❞❛ ❥❡ ♣s❡✉❞♦s❢❡r❛
❧♦❦❛❧♥♦ ✐③♦♠❡tr✐q♥❛ s❛ ♣♦✈r①✐ h(x, y) q✐❥✐ s✉ ❦♦❡❢✐❝✐❥❡♥t✐ ♣r✈❡ ❢♦r♠❡

E = G =
1

y2
, F = 0✱ ♠♦✙❡♠♦ ✐ ♥❛ ❞r✉❣✐ ♥❛q✐♥ ♣r♦♥❛✎✐ ●❛✉s♦✈✉ ❦r✐✈✐♥✉

♣s❡✉❞♦s❢❡r❡✱ t❛❦♦ ①t♦ ✎❡♠♦ ♣r♦♥❛✎✐ ●❛✉s♦✈✉ ❦r✐✈✐♥✉ ✟♦❥ ✐③♦♠❡tr✐q♥❡
♣♦✈r①✐ h✳

◆❛✐♠❡✱ ❦❛❦♦ s✉

E =
1

y2
✱

✸✽



F = 0 ✐

G =
1

y2
✱

❑r✐st♦❢❡❧♦✈✐ s✐♠❜♦❧✐ ♣♦s❧❡ ❦r❛✎❡❣ r❛q✉♥❛ ✐③♥♦s❡✿

Γ1
11 = Γ2

12 = −Γ1
22 = 0

Γ2
22 = Γ1

12 = −Γ2
11 = −1

y

Pr✈❡ ❞✈❡ ●❛✉s♦✈❡ ❥❡❞♥❛q✐♥❡ s❡ ♥❛❦♦♥ r❛q✉♥❛ s✈♦❞❡ ♥❛✿

1

y2
K = −

(

−1

y

)

y

1

y2
K = −

(
1

y2

)

P❛ ❥❡ ●❛✉s♦✈❛ ❦r✐✈✐♥❛ K = −1✳

❚❡♦r❡♠❛ ✹ ✭P♦✈r①✐ ❦♦♥st❛♥t♥❡ ♥❡❣❛t✐✈♥❡ ●❛✉s♦✈❡ ❦r✐✈✐♥❡✮ ✿ ◆❡❦❛ ❥❡
M r♦t❛❝✐♦♥❛ ♣♦✈r① q✐❥❛ ❥❡ ●❛✉s♦✈❛ ❦r✐✈✐♥❛ ❦♦♥st❛♥t♥❛ ✐ ♥❡❣❛t✐✈♥❛

− 1

a2
✳ ❖♥❞❛ ❥❡ M ♣♦✈r① ♣❛r❛♠❡tr✐③♦✈❛♥❛ s❛✿

x(u, v) = (ϕ(v) cosu, ϕ(v) sin u, ψ(v))

❣❞❡ ❥❡ ♣r♦❢✐❧♥❛ ❦r✐✈❛ α(v) = (ϕ, ψ) ❥❡❞♥❛ ♦❞ s❧❡❞❡✎✐❤✿

✶✳ ✭♣s❡✉❞♦s❢❡r❛✮

✭❛✮ α(v) =

(

ae−v/a,
v∫

0

√
1− e−2t/adt

)

③❛ 0 ≤ v <∞

✭❜✮ α(v) =

(

aev/a,
v∫

0

√
1− e2t/adt

)

③❛ −∞ < v ≤ 0

✷✳ ✭❤✐♣❡r❜♦❧♦✐❞♥✐ t✐♣✮

✸✾



α(v) =



b cosh
v

a
,

v/a∫

0

√

a2 − b2 sinh2 tdt



✱ ③❛ ♥❡❦♦ ❦♦♥st❛♥t♥♦ b ✐

−a arcsinh a
b
≤ v ≤ −a arcsinh a

b
✳

✸✳ ✭❦♦♥✉s♥✐ t✐♣✮

α(v) =



b sinh
v

a
,

v/a∫

0

√

a2 − b2 cosh2 tdt



✱ ③❛ ♥❡❦♦ ❦♦♥st❛♥t♥♦ b ∈

(0, a] ✐ −a arcsinh
√
a2 − b2

b
≤ v ≤ −a arcsinh

√
a2 − b2

b
✳

✹✵



△

Pr✐♠❡r ✸ ❏♦① ♥❡❦❡ ♣♦✈r①✐ ❦♦♥st❛♥t♥❡ ❦r✐✈✐♥❡✳

❯ ♦✈♦♠ ♣r✐♠❡r✉ ♥❛✈❡①✎❡♠♦ ❞✈❡ ♣♦✈r①✐ ❦♦❥❡ ♥✐s✉ r♦t❛❝✐♦♥❡✱ ❛ ✐♠❛❥✉
❦♦♥st❛♥t♥✉ ♥❡❣❛t✐✈♥✉ ●❛✉s♦✈✉ ❦r✐✈✐♥✉✳ ❚♦ s✉ ❉✐♥✐❥❡✈❛ ✐ ❑✉❡♥♦✈❛ ♣♦✈r①✳

❉✐♥✐❥❡✈❛ ♣♦✈r①✿

❯✈r♥✉t❛ ♣s❡✉❞♦s❢❡r❛ ❥❡ ♣♦③♥❛t❛ ♣♦❞ ✐♠❡♥♦♠ ❉✐♥✐❥❡✈❛ ♣♦✈r①✳

❊❦s♣❧✐❝✐t♥❛ ♣❛r❛♠❡tr✐③❛❝✐❥❛ ❉✐♥✐❥❡✈❡ ♣♦✈r①✐ ❞❛t❛ ❥❡ ❢♦r♠✉❧♦♠✿

x(u, v) =
(

a cosu sin v, a sin u sin v, a
(

cos v + log
(

tan
v

a

))

+ cu
)

❑✉❡♥♦✈❛ ♣♦✈r①✿

❉♦st❛ ❦♦♠♣❧✐❦♦✈❛♥✐❥❛ ♣♦✈r① ♥❡❣❛t✐✈♥❡ ❦♦♥st❛♥t♥❡ ●❛✉s♦✈❡ ❦r✐✈✐♥❡
❥❡ ❑✉❡♥♦✈❛ ♣♦✈r①✳ ●❛✉s♦✈❛ ❦r✐✈✐♥❛ ❥♦❥ ❥❡ K = −4✳

✹✶



▼♦✙❡ ❜✐t✐ ♣❛r❛♠❡tr✐③♦✈❛♥❛ s❛✿

(
(cosu+ u sin u) sin v

1 + u2 sin2 v
,
(sin u+ u cosu) sin v

1 + u2 sin2 v
,
1

2
log
(

tan
v

a

)

+
cosu

1 + u2 sin2 v

)

△
P♦r❡❞ ✐♥t❡r♣r❡t❛❝✐❥❡ ●❛✉s♦✈❡ ❦r✐✈✐♥❡ ✉ ♦❞♥♦s✉ ♥❛ ❣❧❛✈♥❡ ♣r❛✈❝❡✱

❞❛✎❡♠♦ ❥♦① ❥❡❞♥✉ ❣❡♦♠❡tr✐❥s❦✉ ✐♥t❡r♣r❡t❛❝✐❥✉✱ ♦♥✉ ❦♦❥✉ ❥❡ ●❛✉s ♣r❡❞st❛✈✐♦✳

❚✈r✍❡✟❡ ✸ ◆❡❦❛ ❥❡ p t❛q❦❛ ♥❛ ♣♦✈r①✐ S✱ s❛ ●❛✉s♦✈♦♠ ❦r✐✈✐♥♦♠ K(p) ̸=
0✳ ❖♥❞❛ ❥❡✿

K(p) = lim
A→p

P(N(A))

P(A)

❣❞❡ ❥❡ A ♣♦✈❡③❛♥❛ ♦❜❧❛st ♦❦♦ p ✐ ❧✐♠❡s ❥❡ ✉③❡t ❦r♦③ ♥✐③ t❛❦✈✐❤
♦❜❧❛st✐ ❦♦❥❡ ❦♦♥✈❡r❣✐r❛❥✉ ❦❛ p✳

❉♦❦❛③✿

❩♥❛♠♦ ❞❛ ✈❛✙❡ ✭✹✮ ✐ ✭✺✮✳

■③ ♦s♦❜✐♥❛ ✈❡❦t♦rs❦♦❣ ♣r♦✐③✈♦❞❛ ✈❡❦t♦r❛ s❧❡❞✐✿

✹✷



Nu ×Nv = (a11xu + a12xv)× (a21xu + a22xv)
= (a11a22 − a12a21)(xu × xv) = K(xu × xv)✳

❉❛❦❧❡✱ Nu ×Nv = K(xu × xv)✳

❯ ❞♦✈♦✠♥♦ ♠❛❧♦♠ r❡❣✐♦♥✉✱ ♣♦✈r①✐♥❛ ♦❜❧❛st✐ A ✉ ♦❦♦❧✐♥✐ p ❞❛t❛ ❥❡
❢♦r♠✉❧♦♠✿

P(A) =

∫∫

x−1(A)

||xu × xv||dudv✳

Pr❡s❧✐❦❛✈❛✟❡ ♦✈❡ ♦❜❧❛st✐ ♥❛ S2 ●❛✉s♦✈✐♠ ♣r❡s❧✐❦❛✈❛✟❡♠ ❞♦❜✐❥❛♠♦✿

P(N(A)) =

∫∫

x−1(A)

||Nu ×Nv||dudv =

∫∫

x−1(A)

K||xu × xv||dudv✳

■s♣r❛✈♥✐❥❡ ❜✐ ❜✐❧♦ ❞❛ s♠♦ ♥❛♣✐s❛❧✐ |K|||xu×xv||✳ ❆❦♦ ❥❡ p ❡❧✐♣t✐q❦❛
t❛q❦❛✱ ♦♥❞❛ ❥❡ K > 0 ♣❛ ♥❛♠ ♥❡ tr❡❜❛ ❛♣s♦❧✉t♥❛ ✈r❡❞♥♦st✳ ❯ ❤✐♣❡r❜♦❧✐✲
q❦✐♠ t❛q❦❛♠❛ ●❛✉s♦✈♦ ♣r❡s❧✐❦❛✈❛✟❡ ♠❡✟❛ ♦r✐❥❡♥t❛❝✐❥✉✱ ✐ ③❛t♦ ❞❛ ❜✐s♠♦
❞♦❜✐❧✐ ♣♦✈r①✐♥✉ N(p)✱ ♠♦r❛♠♦ ♣♦♠♥♦✙✐t✐ s❛ ✲✶✳

❙❛❞❛✱ ♣r✐♠❡✟✉❥✉✎✐ t❡♦r❡♠✉ sr❡❞✟❡ ✈r❡❞♥♦st✐ ③❛ ❞✈♦str✉❦❡ ✐♥t❡❣r❛❧❡
❞♦❜✐❥❛♠♦✿

lim
A→p

P(N(A))

P(A)
= lim

A→p

∫∫

x−1(A)

K||xu × xv||dudv

∫∫

x−1(A)

||xu × xv||dudv

= lim
A→p

1

P(A)

∫∫

x−1(A)

K||xu × xv||dudv

1

P(A)

∫∫

x−1(A)

||xu × xv||dudv

= lim
A→p

K||xu × xv||
||xu × xv||

∣
∣
∣
∣
t∈A

= K(p)

❣❞❡ ❥❡ t ♥❡❦❛ t❛q❦❛ ✉ A✳

△

✹✸



✸✳✹ ❖❜✐♠ ✐ ♣♦✈r①✐♥❛ ❦r✉❣❛ ♥❛ s❢❡r✐

❩❛①t♦ ❥❡ ●❛✉s♦✈❛ ❦r✐✈✐♥❛ t❛❦♦ ❜✐t♥❛❄

◆❡❦❛ ❥❡ ❞❛t❛ s❢❡r❛ ♣♦❧✉♣r❡q♥✐❦❛ R✳ P♦s♠❛tr❛✎❡♠♦ ❦r✉❣ ♣♦❧✉♣r❡q♥✐✲
❦❛ r s❛ ❝❡♥tr♦♠ ✉ c✳ ✑❡❧✐♠♦ ❞❛ ✐③r❛q✉♥❛♠♦ ✟❡❣♦✈ ♦❜✐♠✳ ❯③❡✎❡♠♦ ❦r❛❥✟✉
t❛q❦✉ p ❣❡♦❞❡③✐❥s❦♦❣ s❡❣♠❡♥t❛ cp ✐ ③❛♦❦r❡♥✉t✐ ❥❡ s❦r♦③ ♦❦♦ c✳ ❖❜✐♠

♦✈❛❦✈♦❣ ❦r✉❣❛ ❥❡ ❞❛t s❛ O(r) = 2πR sin
( r

R

)

✳ P♦❣❧❡❞❛❥♠♦ ③❛①t♦✿

❱✐❞✐♠♦ ❞❛ ❥❡
ρ = R sinϕ

✐
ϕ =

r

R
✭✶✷✮

♣❛ ❥❡ O(r) = 2πρ = 2πR sin
( r

R

)

✳

❑❛❦♦ ✈❛✙✐✿

sinϕ = ϕ− 1

3!
ϕ3 +

1

5!
ϕ5 − ...

♦♥❞❛ ❥❡✿

ϕ− sinϕ ≈ 1

6
ϕ3✳

❑❛♦ ①t♦ ③❛❦r✐✈✠❡♥♦st ❞♦✈♦❞✐ ❞♦ ♦❞st✉♣❛✟❛ ✉ ③❜✐r✉ ✉❣❧♦✈❛ tr♦✉❣❧❛
♥❛ s❢❡r✐ ♦❞ ♣r❡❞✈✐✍❡♥✐❤ π ✐③ ❡✉❦❧✐❞s❦❡ ❣❡♦♠❡tr✐❥❡✱ t❛❦♦ ❞♦✈♦❞✐ ✐ ❞♦

✹✹



♦❞st✉♣❛✟❛ ✉ ♦❜✐♠✉ ❦r✉❣❛ ♦❞ ♣r❡❞✈✐✍❡♥✐❤ 2πr✳ P❛ s❧❡❞✐✿

2πr −O(r) = 2πr − 2πR sin
( r

R

)

= 2πR
( r

R
− sin

( r

R

))

t❥✳ ❦❛❦♦ ✈❛✙✐ ✭✶✷✮✱ ♦♥❞❛ ❥❡

2πr −O(r) = 2πR(ϕ− sinϕ) ≈ 2πR · 1
6
ϕ3 = 2πR · 1

6

r3

R3
✳

❑❛❞❛ sr❡❞✐♠♦ ❞♦❜✐❥❛♠♦✿

2πr −O(r) ≈ πr3

3R2
✳

❑❛❦♦ ❥❡ K(p) =
1

R2
❦♦❞ s❢❡r❡✱ ♦♥❞❛ ❥❡✿

2πr −O(r) ≈ π

3
r3K(p)✳

❖❞❛✈❞❡ s❧❡❞✐✿

K(p) ≈ 3

π

(
2πr −O(r)

r3

)

q✐♠❡ s♠♦ ❞♦❦❛③❛❧✐ s❧❡❞❡✎❡ t✈r✍❡✟❡✳

❚✈r✍❡✟❡ ✹ ❆❦♦ ❥❡ O(r) ♦❜✐♠ ❦r✉❣❛ ❞❛t♦❣ ♥❛ s❢❡r✐✱ ♦♥❞❛ ③❛ ●❛✉s♦✈✉
❦r✐✈✐♥✉ s❢❡r❡ ✉ ❜✐❧♦ ❦♦❥♦❥ t❛q❦✐ ✈❛✙✐✿

K(p) ≈ 3

π

(
2πr −O(r)

r3

)

❚✈r✍❡✟❡ ✺ ❆❦♦ ❥❡ P(r) ♣♦✈r①✐♥❛ ❞❡❧❛ s❢❡r❡ ♦❣r❛♥✐q❡♥❡ ❦r✉❣♦♠ s❛ ❝❡✲
♥tr♦♠ ✉ c ♣♦❧✉♣r❡q♥✐❦❛ r✱ ♦♥❞❛ ③❛ ●❛✉s♦✈✉ ❦r✐✈✐♥✉ s❢❡r❡ ✉ ❜✐❧♦ ❦♦❥♦❥
t❛q❦✐ ✈❛✙✐✿

✹✺



K(p) ≈ 12

π

(
πr2 − P(r)

r4

)

❉♦❦❛③✿

❖♣❡t✱ ❦r✐✈✐♥❛ ♥❛♠ ❦❛✙❡ ❦♦❧✐❦♦ ♦✈❛ ♣♦✈r①✐♥❛ ♦❞st✉♣❛ ♦❞ ♣r❡❞✈✐✍❡♥❡
r2π✳ ❙t♦❣❛ ♣♦s♠❛tr❛♠♦ ♣♦♥♦✈♦ s❧✐❦✉✿

❱✐❞✐♠♦ ❞❛ ❥❡ cosϕ =
R− h

R
✱ t❥✳ h = R − R cosϕ✳ ❩♥❛♠♦ ❞❛ ✈❛✙✐ ✐ ✭✶✷✮✳

P❛ s❧✐q♥♦ ❦❛♦ ✐ ③❛ ♦❜✐♠ ♣♦s♠❛tr❛♠♦ r❛③❧✐❦✉✿

r2π − P(r) = r2π − 2Rπh = 2R2π

(
r2

2R2
− h

R

)

❉❛✠❡✱

r2π − P(r) = 2R2π

(
ϕ2

2
− R−R cosϕ

R

)

= 2R2π

(
ϕ2

2
− 1 + cosϕ

)

❑❛❦♦ ❥❡ 1−cosϕ ≈ 1−
(

1− ϕ2

2
+
ϕ4

24

)

=
ϕ2

2
− ϕ4

24
✱ ③❛♠❡✟✉❥✉✎✐ ✉ ♣r❡t❤♦❞♥✐

r❡❞ ❞♦❜✐❥❛♠♦✿

r2π − P(r) ≈ 2R2π

(
ϕ2

2
− ϕ2

2
+
ϕ4

24

)

= 2R2π
ϕ4

24
= 2R2π

r4

24R4

✹✻



❙r❡✍✐✈❛✟❡♠ s❧❡❞✐✿

r2π − P(r) ≈ r4π

12R2

❑❛❦♦ ❥❡ K(p) =
1

R2
✱ s❧❡❞✐

r2π − P(r) ≈ r4πK(p)

12

P❛ s❧❡❞✐ ❞❛ ❥❡

K(p) ≈ 12

π

(
r2π − P(r)

r4

)

✳

△

✸✳✺ ●❛✉s♦✈❛ ❧❡♠❛

❉✈❛ t✈r✍❡✟❛ ✐③ ♣♦❣❧❛✈✠❛ ✸✳✹ ✈❛✙❡ ✐ ③❛ ❞r✉❣❡ ♣♦✈r①✐✱ ♥❡ s❛♠♦ ③❛ s❢❡r✉✳
❉❛ ❜✐s♠♦ t♦ ♣♦❦❛③❛❧✐ ♣♦tr❡❜♥❛ ♥❛♠ ❥❡ ❞♦❞❛t♥❛ ❛♣❛r❛t✉r❛✳

❉❡❢✐♥✐❝✐❥❛ ✻ ❊❦s♣♦♥❡♥❝✐❥❛❧♥♦ ♣r❡s❧✐❦❛✈❛✟❡ expp : Bϵp(p) → S ❥❡ ❞❡❢✐✲
♥✐s❛♥♦ s❛✿

expp(w) = γw/||w||(||w||)✱

t❛❦♦ ❞❛ ❥❡ expp(w) t❛q❦❛ ♥❛ S ❞♦❜✐❥❡♥❛ ♣♦♠❡r❛✟❡♠ ③❛ ❞✉✙✐♥✉ ||w|| ❞✉✙
❥❡❞✐♥st✈❡♥❡ ❣❡♦❞❡③✐❥s❦❡ ❦r♦③ p ✉ ♣r❛✈❝✉ w/||w||✳

Pr❡t♣♦st❛✈✐♠♦ ❞❛ ❥❡ p ♥❡❦❛ t❛q❦❛ ♥❛ ♣r♦✐③✈♦✠♥♦❥ ♣♦✈r①✐ S✳ ❘❛③♠♦✲
tr✐♠♦ ♣r❛♠❡♥ ❣❡♦❞❡③✐❥s❦✐❤ ❧✐♥✐❥❛ ❦r♦③ t❛q❦✉ p✳ ❊❦s♣♦♥❡♥❝✐❥❛❧♥♦ ♣r❡s❧✐✲
❦❛✈❛✟❡ ♠♦✙❡ ❜✐t✐ ✉♣♦tr❡❜✠❡♥♦ ❞❛ s❡ ❞❡❢✐♥✐①❡ ♣❛r❛♠❡tr✐③❛❝✐❥❛✿ ❢✐❦s✐✲
r❛❥♠♦ ❥❡❞✐♥✐q♥✐ ✈❡❦t♦r w ✉ Tp(S)✳ ◆❡❦❛ ❥❡ a : (−π, π) → Tp(S) ❣❧❛t❦❛
❢✉♥❦❝✐❥❛ ❦♦❥❛ ③❛❞♦✈♦✠❛✈❛ ||a(θ)|| = 1 ✐ Ip(w, a(θ)) = cos θ ③❛ ∀θ ∈
(−π, π)✳ ❙❧✐❦❛ ♦❞ a ❥❡ ❥❡❞✐♥✐q♥✐ ❦r✉❣ ✉ Tp(S) ✭❜❡③ ❥❡❞♥❡ t❛q❦❡✮ ✐ a(θ)
♣❛r❛♠❡tr✐③✉❥❡ ❦r✉❣ ♣r❡♠❛ ✉❣❧✉ ❦♦❥✐ ❣r❛❞✐ s❛ ❢✐❦s✐r❛♥✐♠ ✈❡❦t♦r♦♠ w✳

✹✼



❚❡♦r❡♠❛ ✺ ❩❛ s✈❛❦✉ t❛q❦✉ p ∈ S ♣♦st♦❥✐ ϵp > 0 t❛❦♦ ❞❛ ❡❦s♣♦♥❡♥❝✐❥❛✲
❧♥❛ ❢✉♥❦❝✐❥❛ expp : Bϵp(p) → S ❜✉❞❡ ❞✐❢❡♦♠♦r❢✐③❛♠ ❦♦❥✐ s❧✐❦❛ Bϵp(p) ⊂
Tp(S) ✉ ♥❡❦✉ ♦❦♦❧✐♥✉ t❛q❦❡ p✳ ❚❛ ♦❦♦❧✐♥❛ ♥❛③✐✈❛ s❡ ♥♦r♠❛❧♥❛ ♦❦♦❧✐♥❛ ✳

❖✈✉ t❡♦r❡♠✉ ♠♦✙❡t❡ ♣r♦♥❛✎✐ ✉ ❦✟✐③✐ ❬✻❪✱ ♥❛ str❛♥✐ ✶✾✺✳

❉❡❢✐♥✐❝✐❥❛ ✼ ●❡♦❞❡③✐❥s❦❡ ♣♦❧❛r♥❡ ❦♦♦r❞✐♥❛t❡ s✉ ❞❛t❡ s❧❡❞❡✎♦♠
♣❛r❛♠❡tr✐③❛❝✐❥♦♠✿

x : (0, ϵp)× (−π, π) → S✱ ❞❡❢✐♥✐s❛♥♦ s❛ x(r, θ) = expp(ra(θ)).

●❡♦❞❡③✐❥s❦❛ ❦r✉✙♥✐❝❛ ♣♦❧✉♣r❡q♥✐❦❛ r < ϵp s❛ ❝❡♥tr♦♠ ✉ p ❥❡ ❣❡♦♠❡tr✐✲
❥s❦♦ ♠❡st♦ t❛q❛❦❛ ♥❛ S ❦♦❥❡ s✉ ♥❛ r❛st♦❥❛✟✉ r ♦❞ p✳ ❉r✉❣✐♠ r❡q✐♠❛✱ t♦ ❥❡
s❧✐❦❛ s❦✉♣❛ {u ∈ Tp(s) | ||u|| = r} ♣r✐ ❡❦s♣♦♥❡♥❝✐❥❛❧♥♦♠ ♣r❡s❧✐❦❛✈❛✟✉✳
❩❛ ❢✐❦s✐r❛♥✐ ✉❣❛♦ θ0✱ ❣❡♦❞❡③✐❥s❦❛ ❧✐♥✐❥❛ ❞❛t❛ s❛ γ : (0, r] → S, γ(s) =
expp(sa(θ0)) ③♦✈❡ s❡ ❣❡♦❞❡③✐❥s❦✐ ♣♦❧✉♣r❡q♥✐❦ ❣❡♦❞❡③✐❥s❦♦❣ ❦r✉❣❛ ♣♦❧✉♣r❡✲
q♥✐❦❛ r✳

❚❡♦r❡♠❛ ✻ ✭●❛✉s♦✈❛ ❧❡♠❛✮✿ ●❡♦❞❡③✐❥s❦❡ ❦r✉✙♥✐❝❡ ♥♦r♠❛❧♥❡ s✉ ♥❛
s✈♦❥❡ ❣❡♦❞❡③✐❥s❦❡ ♣♦❧✉♣r❡q♥✐❦❡✳

❉♦❦❛③✿

❋✐❦s✐r❛❥♠♦ t❛q❦✉ p ♥❛ S✳ ❩♥❛♠♦ ❞❛ ♣♦st♦❥✐ ♦t✈♦r❡♥❛ ❦✉❣❧❛ Bϵp(p) ⊂
Tp(S) ♥❛ ❦♦❥♦❥ ❥❡ ❡❦s♣♦♥❡♥❝✐❥❛❧♥♦ ♣r❡s❧✐❦❛✈❛✟❡ ❞✐❢❡♦♠♦r❢✐③❛♠✳
Pr❡t♣♦st❛✈✐♠♦ ❞❛ ❥❡ α : (I ⊂ R) → Tp(S) ❦r✐✈❛ ✉ t❛♥❣❡♥t♥♦❥ r❛✈♥✐ ❦♦❥❛
③❛❞♦✈♦✠❛✈❛ ||α(t)|| = r < ϵp ③❛ s✈❡ t ∈ I✳ ❑r✐✈❛ β(t) = expp(α(t)) ❥❡ ❞❡♦
❣❡♦❞❡③✐❥s❦❡ ❦r✉✙♥✐❝❡ ♣♦❧✉♣r❡q♥✐❦❛ r✳ ❉❡❢✐♥✐①❡♠♦ ❢❛♠✐❧✐❥✉ ❦r✐✈✐❤✿

✹✽



σt(s) = expp(sα(t))✱ 0 ≤ t ≤ 1✳

❖♥❞❛ σt(1) = β(t), ✐ ③❛ ❢✐❦s✐r❛♥♦ t0 ∈ I, σt0(s) ❥❡ ❣❡♦❞❡③✐❥s❦❛ ❧✐♥✐❥❛✳
◆❛① ❝✐✠ ❥❡ ❞❛ ❞♦❦❛✙❡♠♦ ❞❛ ③❛ ∀t0 ∈ I ✈❛✙✐✿

〈

d

dt
σt(1)

∣
∣
∣
∣
t=t0

,
d

ds
σt0(s)

∣
∣
∣
∣
s=1

〉

= 0✳

❯ ♦✈♦♠ ❞♦❦❛③✉ s♠❛tr❛♠♦ ❞❛ ❥❡ ❢❛♠✐❧✐❥❛ ❦r✐✈✐❤ σt(s) ✈❛r✐❥❛❝✐❥❛ ❣❡♦❞❡③✐✲
❥s❦❡ ❧✐♥✐❥❡ σt0(s)✳ ❘❛③♠♦tr✐✎❡♠♦ ✈❛r✐❥❛❝✐❥✉ ❢✉♥❦❝✐❥❡ ❞❡❢✐♥✐s❛♥✉ s❛✿

E(t) =

1∫

0

〈
dσt
ds
,
dσt
ds

〉

ds

❖✈❛ ❢✉♥❦❝✐❥❛ ❥❡ ❦♦♥st❛♥t♥❛ ❥❡r ❥❡ r ❞✉✙✐♥❛ ❣❡♦❞❡③✐❥s❦♦❣ ♣♦❧✉♣r❡q♥✐❦❛
♦❞ p ❞♦ β(t)✳ ❯③✐♠❛❥✉✎✐ ✐③✈♦❞ ♣♦ t ❞♦❜✐❥❛♠♦✿

0 = E ′(t0) =
d

dt





1∫

0

〈
dσt
ds
,
dσt
ds

〉

ds





∣
∣
∣
∣
∣
t=t0

=

1∫

0

∂

∂t

〈
dσt
ds
,
dσt
ds

〉

ds

∣
∣
∣
∣
∣
t=t0

=

1∫

0

2

〈
∂2σt
∂t∂s

,
dσt
ds

〉

ds

∣
∣
∣
∣
∣
t=t0

=

1∫

0

(

d

ds

〈
dσt
dt
,
dσt
ds

〉
∣
∣
∣
∣
∣
t=t0

−
〈
∂σt
∂t

,
∂2σt
∂s2

〉
∣
∣
∣
∣
∣
t=t0

)

ds

= 2

〈
dσt
dt
,
dσt
ds

〉
∣
∣
∣
∣
∣
t=t0

∣
∣
∣
∣
∣

s=1

s=0

− 2

1∫

0

〈
∂σt
∂t

,
∂2σt
∂s2

〉
∣
∣
∣
∣
∣
t=t0

ds

︸ ︷︷ ︸

I1

❆❦♦ r❛s♣✐①❡♠♦ ♣r✈✐ s❛❜✐r❛❦ ✐③ ♣r❡t❤♦❞♥♦❣ r❡❞❛ ❞♦❜✐❥❛♠♦✿
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〈
dσt
dt
,
dσt
ds

〉
∣
∣
∣
∣
∣
t=t0

∣
∣
∣
∣
∣

s=1

s=0

=

〈

d

dt
σt(1)

∣
∣
∣
∣
∣
t=t0

,
dσt0
ds

(1)

〉

−
〈

d

dt
σt(0)

∣
∣
∣
∣
∣
t=t0

,
dσt0
ds

(0)

〉

︸ ︷︷ ︸

=0

❑❛❦♦ ❥❡ σt(0) ✉✈❡❦ t❛q❦❛ p✱ ❞r✉❣✐ s❛❜✐r❛❦ ♥❛♠ ❥❡ ✵✳ Pr✈✐ s❛❜✐r❛❦ ♥❛♠ ❥❡
s❦❛❧❛r♥✐ ♣r♦✐③✈♦❞ ❦♦❥✐ ✙❡❧✐♠♦ ❞❛ ✐③r❛q✉♥❛♠♦✳ ❉♦✈♦✠♥♦ ❥❡ ♣♦❦❛③❛t✐ ❞❛
❥❡ ✐♥t❡❣r❛❧ ❦♦❥✐ s♠♦ ♦❜❡❧❡✙✐❧✐ s❛ I1 ❥❡❞♥❛❦ 0✳

●❡♦❞❡③✐❥s❦❛ ❧✐♥✐❥❛ σt0(s) ❥❡ ❦♦♥st❛♥t♥❡ ❜r③✐♥❡ ✐ ③❛❞♦✈♦✠❛✈❛✿

d2σt0
ds2

= lN

❖✈♦ ❥❡ ✉❜r③❛✟❡ ❦r✐✈❡ σt0(0) ✉s♠❡r❡♥♦ ✉ s♠❡r✉ ♥♦r♠❛❧❡ ♥❛ ♣♦✈r①✳ ❑❛❦♦

❥❡
dσt
dt

t❛♥❣❡♥t♥✐ ✈❡❦t♦r ♥❛ ❦r✐✈✉ σt(s0) ✱ ♦♥ ❧❡✙✐ ✉ t❛♥❣❡♥t♥♦❥ r❛✈♥✐ ♥❛

♣♦✈r① ✐ ♦♥❞❛ ③❛❦✠✉q✉❥❡♠♦ ❞❛ ❥❡

〈
∂σt
∂t

,
∂2σt
∂s2

〉
∣
∣
∣
∣
∣
t=t0

= 0✳ ❖❞❛✈❞❡ s❧❡❞✐ ❧❡♠❛✳

△

❘❛③♠♦tr✐♠♦ ❧✐♥✐❥s❦✐ ❡❧❡♠❡♥t ③❛ ❣❡♦❞❡③✐❥s❦❡ ♣♦❧❛r♥❡ ❦♦♦r❞✐♥❛t❡✳
❑♦♦r❞✐♥❛t♥❡ ❦r✐✈❡ ❞❛t❡ s✉ ❣❡♦❞❡③✐❥s❦✐♠ ❦r✉✙♥✐❝❛♠❛ ❦❛❞ ❥❡ r ❦♦♥st❛✲
♥t♥♦✱ ❛ ❣❡♦❞❡③✐❥s❦✐ ③r❛❝✐ ✐③❧❛③❡ ✐③ p ❦❛❞ ❥❡ θ ❦♦♥st❛♥t♥♦✳ ■③ ❞❡❢✐♥✐❝✐❥❡
♦ ❡❦s♣♦♥❡♥❝✐❥❛❧♥♦♠ ♣r❡s❧✐❦❛✈❛✟✉✱ ❦r✐✈❡ ❦♦❞ ❦♦❥✐❤ ❥❡ θ ❦♦♥st❛♥t♥♦ s✉
❣❡♦❞❡③✐❥s❦❡ ❥❡❞✐♥✐q♥❡ ❜r③✐♥❡✱ ♣❛ ❥❡ E = 1✳ P♦ ●❛✉s♦✈♦❥ ❧❡♠✐ ❦♦♦r❞✐♥❛t♥❡
❦r✐✈❡ s❡ s❡❦✉ ♣♦❞ ♣r❛✈✐♠ ✉❣❧♦♠ ✐ ③❛t♦ ❥❡ F = 0✳ ❖❞❛✈❞❡ s❧❡❞✐✿

ds2 = dr2 +G(r, θ)dθ2✳

❋✉♥❦❝✐❥❛ G(r, θ) ✐♠❛ r❡str✐❦❝✐❥❡✳ ◆❛✐♠❡✱ tr❡❜❛✎❡ ♥❛♠ ❞❛ s❡ ♦❞r❡✍❡♥♦
s✈♦❥st✈♦ ♣♦❧❛r♥✐❤ ❦♦♦r❞✐♥❛t❛ ♥❛R2✿ ❑♦♦r❞✐♥❛t♥✐ ♣♦q❡t❛❦ ❥❡ s✐♥❣✉❧❛r♥❛
t❛q❦❛✳ ❚♦ ❥❡ ♠❡✍✉t✐♠ ❧❛✙♥❛ s✐♥❣✉❧❛r♥♦st✱ ❦❛♦ ①t♦ ♥✐ ♣r♦♠❡♥❛ ♣r❛✈♦✉❣❛✲
♦♥✐❤ ❦♦♦r❞✐♥❛t❛ ♥❡♠❛ s✐♥❣✉❧❛r♥♦st ✉ ❦♦♦r❞✐♥❛t♥♦♠ ♣♦q❡t❦✉✳ ❆❦♦ r❛③♠♦✲
tr✐♠♦ s❦✉♣ (0, ϵp)× (−π, π) ❦❛♦ ♣♦❞s❦✉♣ ♦❞ R

2 ✉ ♣♦❧❛r♥✐♠ ❦♦♦r❞✐♥❛t❛♠❛✱
♦♥❞❛ ♠♦✙❡♠♦ ♠❡✟❛t✐ ♣r♦♠❡♥✠✐✈❡ ✐③ ♣r❛✈♦✉❣❛♦♥✐❤ ❦♦♦r❞✐♥❛t❛✿

X : (Bϵp(p)− {0} ⊂ R
2) → (0, ϵp)× (−π, π)

X(x, y) =
(√

x2 + y2, arctan
y

x

)

✳

✺✵



❑❛❦♦ ❣♦❞✱ ❦♦♦r❞✐♥❛t♥✐ ♣♦q❡t❛❦ ✉ ♣r❛✈♦✉❣❛♦♥✐♠ ❦♦♦r❞✐♥❛t❛♠❛ ♥✐❥❡ s✐♥❣✉✲
❧❛r✐t❡t✱ ✐ ♠♦✙❡♠♦ ♣r♦✎✐ ❧✐♠❡s♦♠ ❦❛❞ r → 0+ ✐ ✐s❦♦r✐st✐t✐ ♣r❛✈♦✉❣❛♦♥❡
❦♦♦r❞✐♥❛t❡ ❞❛ ✐③❣❧❛❞✐♠♦ s✐♥❣✉❧❛r♥♦st✳

❑❛❦♦ ❥❡ ♣r♦♠❡♥❛ ❦♦♦r❞✐♥❛t❛ ❞❛t❛ s❛ X ✐③♦♠❡tr✐❥❛✱ ♠♦✙❡♠♦ ❞❛ ♣♦♥♦✈♦

✐③r❛q✉♥❛♠♦ ds2 ♣♦ x ✐ y✳ ❩♥❛♠♦ ❞❛ dr =
xdx+ ydy

r
✐ dθ =

xdy − ydx

r2
✳

P❛ ❥❡ ds2✿

ds2 = dr2 +G(r, θ)dθ2

=

(
xdx+ ydy

r

)2

+G(r, θ)

(
xdy − ydx

r2

)2

=
x2dx2

r2
+

2xydxdy

r2
+
y2dy2

r2
+G(r, θ)

(
x2dy2

r4
− 2xydxdy

r4
+
y2dx2

r4

)

●r✉♣✐s❛✟❡♠ ✉③ dx2, dxdy ✐ dy2 ❞♦❜✐❥❛♠♦✿

ds2 =

(
x2

r2
+
G(r, θ)y2

r4

)

dx2+2

(

1− G(r, θ)

r2

)
xy

r2
dxdy+

(
y2

r2
+
G(r, θ)x2

r4

)

dy2

= Edx2 + 2Fdxdy +Gdy2

■③ ♦✈♦❣❛ ✐ q✐✟❡♥✐❝❡ ❞❛ ❥❡ x2 + y2 = r2 s❧❡❞✐✿

E − 1 =
x2

r2
+
G(r, θ)y2

r4
− 1

=
x2

r2
+
G(r, θ)y2

r4
− r2

r2

=
x2

r2
+
G(r, θ)y2

r4
− x2 + y2

r2

=
−y2
r2

+
G(r, θ)y2

r4

=
y2

r2

(
G(r, θ)

r2
− 1

)

❙❧✐q♥♦✱ G− 1 =
x2

r2

(
G(r, θ)

r2
− 1

)

✺✶



❖❞❛✈❞❡ s❧❡❞✐ x2(E − 1) = y2(G− 1)✳

❑❛❦♦ ♦✈❛ ❢♦r♠✉❧❛ ✈❛✙✐ ③❛ s✈❡ (x, y) ✉ ♦❜❧❛st✐ ❞❡❢✐♥✐s❛♥♦st✐✱ s❧❡❞✐✿

E − 1 = my2 + ...

G− 1 = mx2 + ...

❩❛♠❡✟✉❥✉✎✐ ♦✈❡ r❡❧❛❝✐❥❡ ✉ ❢♦r♠✉❧❡ ③❛ E − 1 ✐ G− 1✱ ❞♦❜✐❥❛♠♦✿

G(r, θ)

r2
= 1 +mr2 + ....

❖❞❛✈❞❡ s❧❡❞✐ ❞❛ ❥❡✿

√

G(r, θ) = r +
m

2
r3 + .... ✭✶✸✮

❚❛❦♦ ❞❛ ❞♦❧❛③✐♠♦ ❞♦ s❧❡❞❡✎✐❤ ✉s❧♦✈❛ ③❛ G✳

❚✈r✍❡✟❡ ✻ ❩❛ ❣❡♦❞❡③✐❥s❦❡ ♣♦❧❛r♥❡ ❦♦♦r❞✐♥❛t❡ ❞❛t❡ s❛ ds2 = dr2 +
G(r, θ)dθ2 ✐ ❜✐❧♦ ❦♦❥✐ ✉❣❛♦ θ0 ∈ (−π, π) ✈❛✙✐✿

lim
r→ 0+

G(r, θ0) = 0 ✐ lim
r→ 0+

∂
√

G(r, θ0)

∂r
= 1

❑❛❞❛ ❥❡ F = 0✱ ③❛ ●❛✉s♦✈✉ ❦r✐✈✐♥✉ ♦♥❞❛ ✈❛✙✐✿

K = − 1

2
√
EG

(
∂

∂v

(
Ev√
EG

)

+
∂

∂u

(
Gu√
EG

))

.

P♦❣❧❡❞❛t✐ ❑♦❞❛❝✐✲▼❛❥♥❛r❞✐❥❡✈❡ ❢♦r♠✉❧❡ ✉ ❦✟✐③✐ ❬✻❪ ♥❛ str❛♥✐ ✶✽✷✳

❑❛❦♦ ❥❡ ✉ ♥❛①❡♠ s❧✉q❛❥✉ F = 0✱ E = 1 ✐ G = G(r, θ)✱ ♦♥❞❛ ❥❡ ●❛✉s♦✈❛
❦r✐✈✐♥❛✿

K = − 1
√

G(r, θ)

∂2
√

G(r, θ)

∂r2
✭✶✹✮

❚r❡❜❛ ♥❛♠ ❚❡❥❧♦r♦✈ r❛③✈♦❥
√

G(r, θ) ♦❦♦ r = 0✳ ❑♦r✐st❡✎✐ ✭✶✸✮ ✐ ✭✶✹✮
❞♦❜✐❥❛♠♦ s❛ ❥❡❞♥❡ str❛♥❡✿

✺✷



−K
√
G = −K

(

r +
m

2
r3 + ...

)

❛ s❛ ❞r✉❣❡ str❛♥❡✿

−K
√
G =

∂2
√
G

∂r2
= 3mr + ...

P❛ ✉ ♦❦♦❧✐♥✐ r = 0 ♥❛♠ ❥❡ −K = 3m✳ ❉❛❦❧❡✱

√

G(r, θ) = r −K(p)
r3

6
+ ...

K(p) ♥❛♠ ❥❡ ●❛✉s♦✈❛ ❦r✐✈✐♥❛ ✉ t❛q❦✐ p✳ ❚❛❦♦✍❡✱ ♦✈❛ ❢♦r♠✉❧❛ ♥❡ ③❛✈✐s✐
♦❞ ✐③❜♦r❛ θ ✉ q✐❥♦❥ ❜❧✐③✐♥✐ r ✐❞❡ ✉ ♥✉❧✉✳

❯ ❣❡♦❞❡③✐❥s❦✐♠ ♣♦❧❛r♥✐♠ ❦♦♦r❞✐♥❛t❛♠❛ ❥❡ ❣❡♦❞❡③✐❥s❦❛ ❦r✉✙♥✐❝❛✱ ♣♦✲
❧✉♣r❡q♥✐❦❛ r0 < ϵp✱ ❦♦♦r❞✐♥❛t♥❛ ❦r✐✈❛ x(r0, θ)✱ θ ∈ (−π, π)✳ ❉✉✙✐♥❛ ♦✈❡
❦r✉✙♥✐❝❡ ❥❡✿

O(r0) =

π∫

−π

√

G(r0, θ)dθ =

π∫

−π

(

r0 −K(p)
r30
6
+ ...

)

dθ = 2πr0−
πK(p)

3
r30+ ...

✭✶✺✮
❇❡rtr❛♥❞ ✐ P✉✐s❡ s✉ ✶✽✹✽✳ ❣♦❞✐♥❡ ❞❛❧✐ s❧❡❞❡✎✉ ❣❡♦♠❡tr✐❥s❦✉ ✐♥t❡r♣r❡✲

t❛❝✐❥✉ ●❛✉s♦✈❡ ❦r✐✈✐♥❡✳

❚✈r✍❡✟❡ ✼ ❆❦♦ ❥❡ O(r) ♦❜✐♠ ❣❡♦❞❡③✐❥s❦♦❣ ❦r✉❣❛ ♣♦❧✉♣r❡q♥✐❦❛ r s❛ ❝❡♥✲
tr♦♠ ✉ p ♥❛ ♣♦✈r①✐ S✱ ♦♥❞❛✿

K(p) = lim
r→0+

3

π

(
2πr −O(r)

r3

)

❉♦❦❛③✿

❋♦r♠✉❧❛ ❞✐r❡❦t♥♦ s❧❡❞✐ ✐③ ✭✶✺✮✳

△

❚✈r✍❡✟❡ ✽ ❆❦♦ ❥❡ P(r) ♣♦✈r①✐♥❛ ❣❡♦❞❡③✐❥s❦♦❣ ❦r✉❣❛ ♣♦❧✉♣r❡q♥✐❦❛ r s❛
❝❡♥tr♦♠ ✉ p ♥❛ ♣♦✈r①✐ S✱ ♦♥❞❛ ❥❡✿

✺✸



K(p) = lim
r→0+

12

π

(
πr2 − P(r)

r4

)

❉♦❦❛③✿

P(r) =

π∫

−π

r∫

0

(

r −K(p)
r3

6
+ ...

)

drdθ

=

π∫

−π

(
r2

2
−K(p)

r4

24
+ ...

)

dθ

=
2r2π

2
− 2K(p)

r4π

24
+ ...

= r2π −K(p)
r4π

12
+ ...

❉♦❦❛③ t✈r✍❡✟❛ s❧❡❞✐ ♦❞❛✈❞❡✳

△

◆❡❦❛ ❥❡ ♥❛ ♣♦✈r①✐ S ❞❛t❛ t❛q❦❛ p ❝❡♥t❛r ❦r✉❣❛ ♥❛ S✳ ◆❡❦❛ ❥❡ q
♣♦✈❡③❛♥❛ s❛ p ❣❡♦❞❡③✐❥s❦✐♠ s❡❣♠❡♥t♦♠✳ ❚❛❥ s❡❣♠❡♥t ❥❡ ✉❥❡❞♥♦ ✐ ♣♦❧✉♣r❡✲
q♥✐❦ t♦❣ ❦r✉❣❛ ♥❛ S✳ ❑❛❞❛ ❥❡ ❡❦s♣♦♥❡♥❝✐❥❛❧♥♦ ♣r❡s❧✐❦❛✈❛✟❡ ❞❡❢✐♥✐s❛♥♦
♥❛ Br(0p) ⊂ Tp(S)✱ ❣❞❡ ❥❡ r > d(p, q)✱ ♠♦✙❡♠♦ ❦♦♥str✉✐s❛t✐ ❣❡♦❞❡③✐❥s❦✐
❦r✉❣ s❛ ❝❡♥tr♦♠ ✉ p✱ ♣♦❧✉♣r❡q♥✐❦❛ pq✳ ❯ ♦♣①t❡♠ s❧✉q❛❥✉✱ ♦✈❛❦✈❛ ❦♦♥str✉✲
❦❝✐❥❛ ❥❡ r❡str✐❦♦✈❛♥❛ ♥❛ ♠❛❧✐ r❛❞✐❥✉s ♣♦ t❡♦r✐❥✐ ❞✐❢❡r❡♥❝✐❥❛❧♥✐❤ ❥❡❞♥❛✲
q✐♥❛ ♥❛ ♣♦✈r①✐♠❛✳

❯ s✐♥t❡t✐q❦♦❥ ❣❡♦♠❡tr✐❥✐✱ ❊✉❦❧✐❞✱ ✐ ❦❛s♥✐❥❡ ❆r❤✐♠❡❞✱ ●❛✉s✱ ▲♦❜❛✲
q❡✈s❦✐ ✐ ❇♦✠❛❥✐ s✉ s♠❛tr❛❧✐ ❦r✉❣♦✈❡✱ s❛ ❞❛t✐♠ ♣r❡q♥✐❝✐♠❛✱ ❦♦♥❣r✉❡✲
♥t♥✐♠✳ ❑❛❦♦ ❚✈r✍❡✟❡ ✼ ❦❛✙❡✱ ♥❛ ❜✐❧♦ ❦♦❥♦❥ ♣♦✈r①✐✱ ♦❜✐♠ ❦r✉❣❛ s❛
❝❡♥tr♦♠ ✉ p ♣♦❧✉♣r❡q♥✐❦❛ r ③❛✈✐s✐ ♦❞ ●❛✉s♦✈❡ ❦r✐✈✐♥❡ ✉ ❝❡♥tr✉✳ ❖✈❛❦✈♦
♣♦s♠❛tr❛✟❡ ♥❛s ✈♦❞✐ ❞♦ ❞❛✠✐❤ ♣r❡t♣♦st❛✈❦✐ ♦ ♣♦✈r①✐♠❛ ❦♦❥❡ ♠♦❣✉ ❜✐t✐
♠♦❞❡❧✐ ♥❡✲❊✉❦❧✐❞s❦❡ ❣❡♦♠❡tr✐❥❡✳ ❚❛❦✈❛ ♣♦✈r① ♠♦r❛ ✐♠❛t✐ ❦♦♥st❛♥t♥✉
●❛✉s♦✈✉ ❦r✐✈✐♥✉✳

❚❡♦r❡♠❛ ✼ ✭●❛✉s✮ ❖❜✐♠ ❦r✉❣❛ ♣♦❧✉♣r❡q♥✐❦❛ r ✉ ❤✐♣❡r❜♦❧✐q❦♦❥ r❛✈♥✐ ❥❡

O(R) = 2πk sinh
( r

k

)

✳

✺✹



Pr✐♠❡t✐♠♦✱ ♦✈❛ ❢♦r♠✉❧❛ ♥❛s ✈♦❞✐ ❞♦ r❛③✈♦❥❛✿

O(R) = 2πk sinh
( r

k

)

= 2πk

(
r2

k
+

r3

6k3
+

r5

120k5
+ ...

)

= 2πr +
πr3

3k2
+ ...

✭✶✻✮

■③ ✭✶✻✮ ✐ ✭✶✺✮ ♠♦✙❡♠♦ ❞❛ ❞❛♠♦ ✐♥t❡r♣r❡t❛❝✐❥✉ ❦♦♥st❛♥t❡ k ✉ ♥❡❡✉❦❧✐✲
❞s❦♦❥ ❣❡♦♠❡tr✐❥✐✱ ❦♦❥❛ ❥❡ ♣r♦♥❛✍❡♥❛ ✉ r❛❞♦✈✐♠❛ ●❛✉s❛✱ ▲♦❜❛q❡✈s❦♦❣ ✐
❇♦✠❛❥❛✿

2πk sinh
( r

R

)

= 2πr +
πr3

3k2
+ ... = 2πr − πK(p)

6
r3 + ...

■ t❛❦♦ ❥❡
2

k2
= −K(p) = −K✳ ❙t♦❣❛ ♣♦✈r① ❦♦❥❛ ❥❡ ♠♦❞❡❧ ♥❡❡✉❦❧✐❞s❦❡

❣❡♦♠❡tr✐❥❡ ♠♦r❛ ✐♠❛t✐ ❦♦♥st❛♥t♥✉ ♥❡❣❛t✐✈♥✉ ❦r✐✈✐♥✉✳

❩❛❞❛t❛❦ ✶ ■③✈❡❞✐♠♦ ❥❡❞❛♥ ❡❦s♣❡r✐♠❡♥t✳ ❩❛ ♣♦q❡t❛❦ ✉③♠✐t❡ ♥❡❦♦ ✈♦✎❡
s❢❡r♥♦❣ ♦❜❧✐❦❛✱ ♣♦❧✉♣r❡q♥✐❦❛ R✱ ♥❛ ♣r✐♠❡r ❞✐✟✉✳ ❩❛❜♦❞✐t❡ q❛q❦❛❧✐❝✉ ✉
s❡✈❡r♥✐ ♣♦❧ ❞✐✟❡ ✐ ❥❡❞❛♥ ❦r❛❥ ❦♦♥❝❛ ③❛ ③✉❜❡ ♦❜♠♦t❛❥t❡ ♦❦♦ t❡ q❛q❦❛❧✐❝❡✳
❩❛t❡❣♥✐t❡ q✈rst♦ ❦♦♥❛❝ ♣r❡❦♦ ❞✐✟❡ ❞♦ t❛q❦❡ ❦♦❥❛ ❥❡ ♦t♣r✐❧✐❦❡ ♥❛ ♣♦❧❛
♣✉t❛ ❞♦ ❡❦✈❛t♦r❛✳ ❉r✙❡✎✐ ♦❧♦✈❦✉ ♥❛ ❦r❛❥✉ t♦❣ s❡❣♠❡♥t❛ ❞✉✙✐♥❡ r✱
♣♦❧❛❦♦ ❥❡✱ ③❛t❡✙✉✎✐ ❦♦♥❛❝ ♣♦✈❧❛q✐t❡ ♣r❡❦♦ ❞✐✟❡ st✈❛r❛❥✉✎✐ ❦r✉✙♥✐❝✉
❞✉✙✐♥❡ O(r)✳ ❩❛❜♦❞✐t❡ q❛q❦❛❧✐❝❡ ♥❛ ✶✻ ♠❡st❛ ❞✉✙ t❡ ❦r✉✙♥✐❝❡✳
❙❛❞❛ ♦❜♠♦t❛❥t❡ ❦♦♥❛❝ ♦❦♦ q❛q❦❛❧✐❝❛ ❞✉✙ t❡ ❦r✉✙♥✐❝❡ ✐ st❡❣♥✐t❡ ❞❛
❜✐ ❦r✉✙♥✐❝❛ ♦❞ ❦♦♥❝❛ ♣r❛t✐❧❛ ❦r✉✙♥✐❝✉ ♥❛ ♣♦✈r①✐♥✐ ❞✐✟❡✳ ❖❧♦✈❦♦♠
♦③♥❛q✐t❡ ♣♦q❡t❛❦ ✐ ❦r❛❥ ❦r✉✙♥✐❝❡ ♦❞ ❦♦♥❝❛ ✭♠❡st♦ ❣❞❡ s❡ s♣❛❥❛❥✉✮✳
P❛✙✠✐✈♦ ♦❞♠♦t❛❥t❡ ✐ r❛①✐r✐t❡ ❦♦♥❛❝ ❞✉✙ ❧❡✟✐r❛✳ ■③♠❡r✐t❡ ❞✉✙✐✲
♥✉ O(r) ✐③♠❡✍✉ ♦③♥❛q❡♥✐❤ t❛q❛❦❛✳

✺✺



❑♦r✐st❡✎✐ ❢♦r♠✉❧✉ ③❛ K ♣r❡❦♦ ♦❜✐♠❛ ❦r✉❣❛✱ ♣r♦❝❡♥✐t❡ K✳ ❙r❛q✉♥❛❥t❡
R ♣r❡❦♦ K✳ ❯♣♦r❡❞✐t❡ t❛❦♦ ❞♦❜✐❥❡♥♦ R s❛ st✈❛r♥✐♠ R✳

❳t❛ ③❛❦✠✉q✉❥❡t❡❄ ❉❛ ❧✐ ❥❡ ❣r❡①❦❛ ♠❛❧❛ ✐❧✐ ✈❡❧✐❦❛❄

❚❡♦r❡♠❛ ✽ ✭●❛✉s♦✈❛ t❡♦r❡♠❛ Egregium✮ ●❛✉s♦✈❛ ❦r✐✈✐♥❛ ❥❡ ✉♥✉tr❛①✟❛
❦❛r❛❦t❡r✐st✐❦❛ ♣♦✈r①✐✳ ❉r✉❣✐♠ r❡q✐♠❛✱ ❛❦♦ ❥❡ f : S → S ✐③♦♠❡tr✐❥❛
✐③♠❡✍✉ ❞✈❡ r❡❣✉❧❛r♥❡ ♣♦✈r①✐✱ ♦♥❞❛ ❥❡ K(p) = K(f(p))✱ ③❛ s✈❛❦♦ p ∈ S✳

❖✈❛ t❡♦r❡♠❛ ❦❛✙❡✱ ❞❛ ❛❦♦ st❛♥♦✈♥✐❝✐ ♥❡❦♦❣ ❞✈♦❞✐♠❡♥③✐♦♥♦❣ ♣r♦st♦r❛
③♥❛❥✉ ❞❛ ❥❡ ✟✐❤♦✈ s✈❡t ✐❞❡♥t✐❢✐❦♦✈❛♥ s❛ ♥❡❦♦♠ ♣♦✈r①✐✱ ♦♥❞❛ ♦♥✐ ♠♦❣✉
✐③♠❡r✐t✐ ●❛✉s♦✈✉ ❦r✐✈✐♥✉ s✈♦❣ s✈❡t❛ s❛♠♦ ♣♦③♥❛✈❛❥✉✎✐ ♠❡r❡✟❡ ❞✉✙✐♥❡
❦r✐✈✐❤✳ ■③♥❡♥❛✍✉❥✉✎❡ ❥❡ ❞❛ ❥❡ ❞♦✈♦✠♥♦ ❞❛ s❡ ♠❡r✐ ❦❛❦♦ s❡ ♣♦✈r① ❦r✐✈✐
✉ R

3✱ s ♦❜③✐r♦♠ ♥❛ t♦ ❞❛ s✉ st❛♥♦✈♥✐❝✐ ❞✈♦❞✐♠❡♥③✐♦♥✐❤ ♣r♦st♦r❛ ❥❡❞✈❛
♠♦❣❧✐ ❞❛ ❞♦❦✉q❡ ✐ R

3✳

❉❛ ❧✐ ✈❛✙✐ ♦❜r❛t ❚❡♦r❡♠❡ ✽❄

Pr✐♠❡r ✹ ❉❛t❡ s✉ ♣❛r❛♠❡tr✐③♦✈❛♥❡ ♣♦✈r①✐ r(u, v) = (u cos v, u sin v,✲
a ln u), u > 0, v ∈ (0, 2π), a > 0 ✐ x(s, t) = (s cos t, s sin t, at), s > 0, t ∈

✺✻



(0, 2π), a > 0✳ ❉♦❦❛③❛t✐ ❞❛ ♣♦st♦❥✐ ❞✐❢❡♦♠♦r❢✐③❛♠ ✐③♠❡✍✉ ♦✈✐❤ ♣♦✈r①✐
❦♦❥✐ q✉✈❛ ●❛✉s♦✈✉ ❦r✐✈✐♥✉✱ ❛❧✐ ❞❛ ♥❡ ♣♦st♦❥✐ ✐③♦♠❡tr✐❥❛ ✐③♠❡✍✉ ❞❛t✐❤
♣♦✈r①✐✳

ru(u, v) =
(

cos v, sin v,
a

u

)

rv(u, v) = (−u sin v, u cos v, 0)

ruu(u, v) =
(

0, 0,− a

u2

)

ruv(u, v) = (− sin v, cos v, 0)

rvv(u, v) = (−u cos v,−u sin v, 0)

ru × rv(u, v) = (−a cos v,−a sin v, u)

||ru × rv(u, v)|| =
√
a2 + u2

N =
(−a cos v,−a sin v, u)√

a2 + u2

Er =
a2 + u2

u2

Fr = 0

Gr = u2

er = − a

u
√
a2 + u2

fr = 0

gr =
au√
a2 + u2

●❛✉s♦✈❛ ❦r✐✈✐♥❛ ♣♦✈r①✐ r ❥❡ Kr = − a2

(a2 + u2)2
✳

◆❛ s❧✐q❛♥ ♥❛q✐♥ ❞♦❧❛③✐♠♦ ✐ ❞♦ ●❛✉s♦✈❡ ❦r✐✈✐♥❡ ♣♦✈r①✐ x✿

Kx = − a2

(a2 + s2)2
✳

✺✼



❯s❧♦✈ ❥❡❞♥❛❦♦st✐ ●❛✉s♦✈✐❤ ❦r✐✈✐♥❛ ♦✈✐❤ ♣♦✈r①✐ s✈♦❞✐ s❡ ♥❛ u = s✱ ❥❡r
u, s > 0✳ Pr❡♠❛ t♦♠❡ s✈❛❦♦ ♣r❡s❧✐❦❛✈❛✟❡ ♦❜❧✐❦❛

Φ(u, v) = (u, h(u, v))✱ ❣❞❡ ❥❡ h ❣❧❛t❦❛ ❢✉♥❦❝✐❥❛

❞❛❥❡ ❞✐❢❡♦♠♦r❢✐③❛♠ Φ ✐③♠❡✍✉ ♦✈✐❤ ♣♦✈r①✐ ❦♦❥✐ q✉✈❛ ●❛✉s♦✈✉ ❦r✐✈✐♥✉✱
t❥✳ ✈❛✙✐ Kr = Kx✱ ❣❞❡ ❥❡

x(u, v) = (u cosh, u sinh, ah), h = h(u, v), u > 0, v ∈ (0, 2π)✳

❉❛ ❜✐ ♥❡❦♦ ♣r❡s❧✐❦❛✈❛✟❡ ❜✐❧♦ ✐③♦♠❡tr✐❥❛ ♣♦tr❡❜♥♦ ❥❡ ❞❛ ❜✉❞❡ ♦✈♦❣
♦❜❧✐❦❛ ❦♦❥✐ s♠♦ ✉♣r❛✈♦ ♦❞r❡❞✐❧✐✳ ▼❡✍✉t✐♠ t❛❥ ✉s❧♦✈ ♥✐❥❡ ✐ ❞♦✈♦✠❛♥✳

❉❛ ❜✐ Φ ❜✐❧❛ ✐③♦♠❡tr✐❥❛✱ ♠♦r❛ Ir = Ix✱ st♦❣❛ ❦❛❦♦ ❥❡✿

xu = (cosh− u sinhhu, sinh+ u coshhu, ahu)✱

xv = (−u sinhhv, u coshhv, ahv)✱

Ex = 1 + (u2 + a2)h2u✱ Fx = (u2 + a2)huhv ✐ Gx = (u2 + a2)h2v

♠♦r❛ ✈❛✙✐t✐✿

1 + (u2 + a2)h2u =
u2 + a2

u2
✭✶✼✮

(u2 + a2)huhv = 0 ✭✶✽✮

(u2 + a2)h2v = u2 ✭✶✾✮

■③ ✭✶✽✮ ✐❧✐ ❥❡ hu = 0 ✐❧✐ hv = 0✳ ▼❡✍✉t✐♠✱ ✉ t❛q❦❛♠❛ ❣❞❡ ❥❡ hu = 0
❞♦❜✐❥❛♠♦ ❦♦♥tr❛❞✐❦❝✐❥✉ ✉ r❡❧❛❝✐❥✐ ✭✶✼✮✱ ❞♦❦ hv = 0 ❞❛❥❡ ❦♦♥tr❛❞✐❦❝✐❥✉
✉ ✭✶✾✮✳ Pr❡♠❛ t♦♠❡ ✐③♦♠❡tr✐❥❛ ✐③♠❡✍✉ ♦✈✐❤ ♣❛r❛♠❡tr✐③♦✈❛♥✐❤ ♣♦✈r①✐
♥❡ ♣♦st♦❥✐✦

❖❜r❛t t✈r✍❡♥❛ ♦ q✉✈❛✟✉ ●❛✉s♦✈❡ ❦r✐✈✐♥❡ ♣r✐ ✐③♦♠❡tr✐❥❛♠❛ ♥❡ ✈❛✙✐✱
❛❧✐ ✈❛✙✐ ♥❡①t♦ s❧❛❜✐❥❡ t✈r✍❡✟❡✳ ❙✈❛❦❡ ❞✈❡ ♣♦✈r①✐ ❦♦❥❡ ✐♠❛❥✉ ✐st✉
❦♦♥st❛♥t♥✉ ●❛✉s♦✈✉ ❦r✐✈✐♥✉ ❥❡s✉ ✐③♦♠❡tr✐q♥❡✳

△

✺✽



✸✳✻ ❇❡❧tr❛♠✐❥❡✈❛ t❡♦r❡♠❛

✧✳✳✳❯ ♣♦s❧❡❞✟❡ ✈r❡♠❡✱ ♠❛t❡♠❛t✐q❦❛ ❥❛✈♥♦st ♣♦q❡❧❛ ❥❡ ❞❛ s❡ ❜❛✈✐ ♥❡❦✐♠
♥♦✈✐♠ ❦♦♥❝❡♣t✐♠❛ ❦♦❥✐ s✉ s✉✍❡♥✐✱ ❛❦♦ ♣r❡♦✈❧❛❞❛❥✉✱ ❞❛ ❞✉❜♦❦♦ ♣r♦♠❡♥❡
❝❡♦ ♣♦r❡❞❛❦ ❦❧❛s✐q♥❡ ❣❡♦♠❡tr✐❥❡✳✧ ✭❇❡❧tr❛♠✐✮

✧✳✳✳❆❦♦ ♠✐ ✉s✈♦❥✐♠♦ ♦✈❡ ❞❡❢✐♥✐❝✐❥❡✱ t❡♦r❡♠❡ ▲♦❜❛q❡✈s❦♦❣ ❜✐✎❡ ✐st✐♥✐t❡✱
t♦ ❥❡st s✈❡ t❡♦r❡♠❡ ❦❧❛s✐q♥❡ ❣❡♦♠❡tr✐❥❡ s❡ ♠♦❣✉ ♣r✐♠❡♥✐t✐ ♥❛ ♦✈❡ ♥♦✈❡
✈❡❧✐q✐♥❡✱ ♦s✐♠ ♥❛r❛✈♥♦ ♦♥✐❤ ❦♦❥❡ s✉ ♣♦s❧❡❞✐❝❛ ♣❡t♦❣ ❊✉❦❧✐❞♦✈♦❣ ♣♦st✉❧❛✲
t❛✳✧ ✭P♦❡♥❦❛r❡✮

❇❡❧tr❛♠✐ ❥❡ ✶✽✻✺✳ ♣♦st❛✈✐♦ ♣✐t❛✟❡✿ ❚r❛✙✐♦ ❥❡ ❧♦❦❛❧♥❡ ✉s❧♦✈❡ ♥❛
❞✈❡♠❛ ♣♦✈r①✐♠❛✱ S1 ✐ S2✱ ❦♦❥✐ ❣❛r❛♥t✉❥✉ ❞❛ ♣♦st♦❥✐ ❧♦❦❛❧♥✐ ❞✐❢❡♦♠♦r❢✐✲
③❛♠ S1 → S2✱ ❦♦❥✐ ✎❡ ❣❡♦❞❡③✐❥s❦❡ ❧✐♥✐❥❡ s❛ S1 s❧✐❦❛t✐ ✉ ❣❡♦❞❡③✐❥s❦❡ ♥❛
S2✳ ❚❛❦✈♦ ♣r❡s❧✐❦❛✈❛✟❡ ♥❛③✐✈❛ s❡ ❣❡♦❞❡③✐❥s❦♦ ♣r❡s❧✐❦❛✈❛✟❡✳ ❇❡❧tr❛♠✐
❥❡ r❡①✐♦ ♣r♦❜❧❡♠ ✉ s❧✉q❛❥✉ ❞❛ ❥❡ S2 ❡✉❦❧✐❞s❦❛ r❛✈❛♥✳ ❉❛♦ ❥❡ ✉s❧♦✈❡ ③❛
♣♦st♦❥❛✟❡ ♣r❡s❧✐❦❛✈❛✟❛ ❦♦❥❡ ❣❡♦❞❡③✐❥s❦❡ s❛ ♥❡❦❡ ♣♦✈r①✐ S s❧✐❦❛ ✉ ♣r❛✈❡
❧✐♥✐❥❡ ✭❣❡♦❞❡③✐❥s❦❡ ✉ r❛✈♥✐✮✳

◆❛✐♠❡✱ ♣♦st♦❥✐ ❣❡♦❞❡③✐❥s❦♦ ♣r❡s❧✐❦❛✈❛✟❡ s✈❛❦♦❣ ♦❞ ❧♦❦❛❧♥✐❤ ♠♦❞❡❧❛
♣♦✈r①✐ ❦♦♥st❛♥t♥❡ ●❛✉s♦✈❡ ❦r✐✈✐♥❡ ✉ r❛✈❛♥✳ ❙❧✉q❛❥ ❦♦♥st❛♥t♥❡ ♥✉❧❛
❦r✐✈✐♥❡ ❥❡ ✐❞❡♥t✐q❦♦ ♣r❡s❧✐❦❛✈❛✟❡ r❛✈♥✐✳ ❯ s❧✉q❛❥✉ s❢❡r❡✱ ✉ ♣♦❣❧❛✈✠✉
✼ ❦✟✐❣❡ ❬✻❪✱ ♠♦✙❡♠♦ ✈✐❞❡t✐ ❞❛ ❝❡♥tr❛❧♥❛ ♣r♦❥❡❦❝✐❥❛ ♣r❡s❧✐❦❛✈❛ ✈❡❧✐❦❡
❦r✉❣♦✈❡ ✉ ♣r❛✈❡ ❧✐♥✐❥❡✳

❚❡♦r❡♠❛ ✾ ✭❇❡❧tr❛♠✐✮ ❆❦♦ ♣♦st♦❥✐ ❣❡♦❞❡③✐❥s❦♦ ♣r❡s❧✐❦❛✈❛✟❡ s❛ ♣♦✲
✈r①✐ S ♥❛ ❡✉❦❧✐❞s❦✉ r❛✈❛♥✱ ♦♥❞❛ ❥❡ ●❛✉s♦✈❛ ❦r✐✈✐♥❛ ♣♦✈r①✐ S ❦♦♥st❛✲
♥t♥❛✳

Pr❡ s❛♠♦❣ ❞♦❦❛③❛✱ ❞❡❢✐♥✐s❛✎❡♠♦ ❑r✐st♦❢❡❧♦✈❡ s✐♠❜♦❧❡ Γk
ij(u, v)✱ ❦♦❥✐

♥❛♠ s❡ ♣♦♠✐✟✉ ✉ ❞♦❦❛③✉ t❡♦r❡♠❡✳ ✭✈✐❞❡t✐ ✐ ♣♦❣❧❛✈✠❡ ✷✳✹ ✉ ❬✸❪✮

❉❡❢✐♥✐❝✐❥❛ ✽ ◆❡❦❛ ❥❡ S r❡❣✉❧❛r♥❛ ♣♦✈r①✳ ❑r✐st♦❢❡❧♦✈✐ s✐♠❜♦❧✐
Γk
ij = Γk

ij(u, v) ♣♦✈r①✐ S ❞❡❢✐♥✐①✉ s❡ ❦❛♦ ❦♦♠♣♦♥❡♥t❡ ❞r✉❣✐❤ ✐③✈♦❞❛
♣❛r❛♠❡tr✐③❛❝✐❥❡ ✉ ❜❛③✐ [xu, xv, N ]✱ ❦♦❥❡ st♦❥❡ ✉③ t❛♥❣❡♥t♥❡ ✈❡❦t♦r❡✿

✺✾



xuu = Γ1
11xu + Γ2

11xv + eN, ✭✷✵✮

xuv = Γ1
12xu + Γ2

12xv + fN, ✭✷✶✮

xvv = Γ1
22xu + Γ2

22xv + gN. ✭✷✷✮

❙❦❛❧❛r♥✐♠ ♠♥♦✙❡✟❡♠ s❛ xu ✐ xv ❥❡❞♥❛q✐♥❛ ✭✷✵✮✱ ✭✷✶✮ ✐ ✭✷✷✮✱ ✉③ ♠❛❧♦
r❛q✉♥❛ ❞♦❜✐❥❛♠♦✿

Γ1
11 =

GEu − 2FFu + FEv

2(EG− F 2)

Γ2
11 =

2EFu − EEv + FEu

2(EG− F 2)

Γ1
12 =

GEv − FGu

2(EG− F 2)

Γ2
12 =

EGu − FEv

2(EG− F 2)

Γ1
22 =

2GFv −GGu + FGv

2(EG− F 2)

Γ2
22 =

EGv − 2FFv + FGu

2(EG− F 2)

✐ Γ1
21 = Γ1

12✱ Γ
2
21 = Γ2

12✳

❉♦❦❛③ ❚❡♦r❡♠❡ ✾✿

Pr❡t♣♦st❛✈✐♠♦ ❞❛ ❥❡ f : (W ⊂ S) → R
2 ❣❡♦❞❡③✐❥s❦♦ ♣r❡s❧✐❦❛✈❛✟❡✱

❧♦❦❛❧♥✐ ❞✐❢❡♦♠♦r❢✐③❛♠ ❞❡❢✐♥✐s❛♥ ♥❛ ♦t✈♦r❡♥♦♠ s❦✉♣✉ W ⊂ S✳ ◆❡❦❛
U ⊂ R

2 ♦t✈♦r❡♥ s❦✉♣ ❦♦❥✐ ❧❡✙✐ ♥❛ s❧✐❝✐ ♦❞ f ✐ ✉③♠✐♠♦ ❞❛ x : (U ⊂
R

2) → S ❜✉❞❡ ♣❛r❛♠❡tr✐③❛❝✐❥❛ ♣♦✈r①✐✱ t❥✳ ❦❛rt❛ ❞❛t❛ s❛ x = f−1✳ ❑❛❦♦
❥❡ f ❣❡♦❞❡③✐❥s❦♦ ♣r❡s❧✐❦❛✈❛✟❡✱ ♣r❛✈❡ ❧✐♥✐❥❡ ♥❛ U s❡ s❧✐❦❛❥✉ ✉ ❣❡♦❞❡③✐❥s❦❡
♥❛ S✳ ◆❛♣✐①✐♠♦ ds2 = Edu2 + 2Fdudv + Gdv2 ③❛ ♠❡tr✐❦✉ ♣♦✈❡③❛♥✉ s❛
x✳ Pr❡t♣♦st❛✈✐♠♦ ❞❛ s❡ γ(t) = (u(t), v(t)) ♣r❡s❧✐❦❛✈❛ ♥❛ ❣❡♦❞❡③✐❥s❦✉
x ◦ γ(t) = f−1 ◦ γ(t) ♥❛ S✳ P♦ ♣r❡t♣♦st❛✈❝✐✱ γ(t) ❥❡ ❞❡♦ ❡✉❦❧✐❞s❦❡ ♣r❛✈❡✱
♣❛ ❥❡ au(t) + bv(t) + c = 0✱ ❣❞❡ ♥✐ a ♥✐ b ♥✐s✉ ♥✉❧❛✳ ❑❛❦♦ ❥❡ au′ + bv′ = 0
✐ au′′ + bv′′ = 0✱ ✐♠❛♠♦✿

✻✵



(
u′ v′

u′′ v′′

)(
a
b

)

=

(
0
0

)

✱ u′v′′ − u′′v′ = 0.

❑r✐✈❛ γ(t) = (u(t), v(t)) ❥❡ ❣❡♦❞❡③✐❥s❦❛✱ ❛❦♦ ✈❛✙✐ s❧❡❞❡✎❡✿

0 = det

(
u′ u′′ + (u′)2Γ1

11 + 2u′v′Γ1
12 + (v′)2Γ1

22

v′ v′′ + (u′)2Γ2
11 + 2u′v′Γ2

12 + (v′)2Γ2
22

)

❩❛ ❞♦❦❛③ ♣♦❣❧❡❞❛t✐ ❚❡♦r❡♠❡ ✷✳✷✶ ✐ ✷✳✷✷ ✉ ❬✸❪✳

❚♦ ❥❡st✱

Γ2
11(u

′)3 + (2Γ2
12 − Γ1

11)(u
′)2v′ + (Γ2

22 − 2Γ1
12)u

′(v′)2 − Γ1
22(v

′)3 = 0. ✭✷✸✮

❑❛❦♦ ❥❡ U ♦t✈♦r❡♥ ♣♦❞s❦✉♣ ♦❞ R
2✱ ♣♦st♦❥✐ ♦t✈♦r❡♥✐ ❞✐s❦ ♥❡❦♦❣ r❛❞✐❥✉s❛✱

s❛ ❝❡♥tr♦♠ ✉ ❜✐❧♦ ❦♦❥♦❥ t❛q❦✐ ♥❛ U ✱ ❦♦❥✐ ❥❡ ❝❡♦ s❛❞r✙❛♥ ✉ U ✳ ❚❛❦♦
♣♦st♦❥❡ ❧✐♥✐❥❡ ❜✐❧♦ ❦♦❣ ♥❛❣✐❜❛ ✉ ❜✐❧♦ ❦♦❥♦❥ t❛q❦✐✳ ❑♦♥❦r❡t♥♦✱ ♣♦st♦❥✐
❣❡♦❞❡③✐❥s❦❛ ❧✐♥✐❥❛ γ2(t) = (u2, v2(t))✱ ❣❞❡ ❥❡ u′ = 0 ✐ v′ ̸= 0✱ ✐ ❣❡♦❞❡③✐❥s❦❛
γ1(t) = (u1(t), v1)✱ ❣❞❡ ❥❡ u′ ̸= 0 ✐ v′ = 0✳ ❩❛♠❡♥♦♠ γ2 ✉ ❣❡♦❞❡③✐❥s❦✉
❥❡❞♥❛q✐♥✉ ❞♦❜✐❥❛♠♦ ❞❛ ❥❡ Γ2

11 = 0✳ ❙❧✐q♥♦✱ ③❛♠❡♥♦♠ γ1 ❞♦❜✐❥❛♠♦ ❞❛ ❥❡
Γ1
22 = 0✳ ❑♦r✐st❡✎✐ ♣❛r ♣r❛✈❛❝❛ (u(t), v(t)) ③❛ ❦♦❥❡ ❥❡ 2u(t)−v(t)+c = 0 ✐
u0(t)− v0(t) + c+0 = 0 ❞♦❜✐❥❛♠♦ 2u′ = v′ ✐ u′0 = v′0✳ ❙❛❞❛✱ ❦♦r✐st❡✎✐ ✭✷✸✮
❞♦❧❛③✐♠♦ ❞♦ Γ2

22 − 2Γ1
12 = 0✳ ❙❧✐q♥♦✱ 2Γ2

12 − Γ1
11 = 0✳ P❛ ✈❛✙✐ s❧❡❞❡✎❡✿

Γ2
11 = 0 = Γ1

22✱ Γ
2
22 = 2Γ1

12 ✐ 2Γ2
12 = Γ2

11✳

●❛✉s♦✈❡ ❢♦r♠✉❧❡ ♣♦✈❡③✉❥✉ ●❛✉s♦✈✉ ❦r✐✈✐♥✉ ✐ ❑r✐st♦❢❡❧♦✈❡ s✐♠❜♦❧❡ ✭✈✐✲
❞❡t✐ ✐ str❛♥✉ ✶✼✽ ✉ ❬✻❪✮✿

✭❛✮ (Γ1
11)v − (Γ1

12)u + Γ1
11Γ

2
12 + Γ2

11Γ
1
22 − Γ1

12Γ
2
11 − Γ2

12Γ
2
12 = EK

✭❜✮ (Γ1
12)u − (Γ1

11)v + Γ2
12Γ

1
12 − Γ2

11Γ
1
22 = FK

✭✈✮ (Γ1
22)u − (Γ1

12)v + Γ1
22Γ

1
11 + Γ2

22Γ
1
12 − Γ1

12Γ
1
12 − Γ2

12Γ
1
22 = GK

✭❣✮ (Γ2
12)v − (Γ2

22)u + Γ1
12Γ

2
12 − Γ1

22Γ
2
11 = FK

✻✶



P♦①t♦ ♠✐ ❣♦✈♦r✐♠♦ ♦ ❣❡♦❞❡③✐❥s❦♦♠ ♣r❡s❧✐❦❛✈❛✟✉ ♥❛ r❛✈❛♥✱ ✐♠❛♠♦ ♣♦❥❡❞♥♦✲
st❛✈✠❡✟❛✿

✭❛✮ EK = Γ2
12Γ

2
12 − (Γ1

12)u

✭❜✮ FK = (Γ1
12)u − (2Γ2

12)v + Γ2
12Γ

1
12

✭✈✮ GK = Γ1
12Γ

1
12 − (Γ1

12)v

✭❣✮ FK = (Γ2
12)v − (2Γ1

12)u + Γ1
12Γ

2
12

❖❞✉③✐♠❛❥✉✎✐ ✭❣✮ ♦❞ ✭❜✮ ❞♦❜✐❥❛♠♦ (Γ1
12)u = (Γ2

12)v ✱ ♣❛ ♠♦✙❡♠♦ ③❛♣✐s❛t✐ ✭❜✮
✐ ✭❣✮ ❦❛♦✿

✭❜✮ FK = Γ1
12Γ

2
12 − (Γ2

12)v

✭❣✮ FK = Γ1
12Γ

2
12 − (Γ1

12)u✳

❙ ♦❜③✐r♦♠ ❞❛ s✉ Γij ❣❧❛t❦❡ ❢✉♥❦❝✐❥❡✱ ✐♠❛♠♦✿

(Γ1
12)uv = (Γ1

12)vu

(Γ2
12)uv = (Γ2

12)vu✳

❆❦♦ ✉③♠❡♠♦ ♣❛r❝✐❥❛❧♥❡ ✐③✈♦❞❡ ♦❞ ✭❛✮ ♣♦ v ✐ ✭❜✮ ♣♦ u✱ ❞♦❜✐❥❛♠♦✿

∂(EK)

∂v
= EvK + EKv = 2Γ2

12(Γ
2
12)v − (Γ2

12)uv

∂(FK)

∂v
= FuK + FKv = Γ1

12(Γ
2
12)u + Γ2

12(Γ
1
12)u − (Γ2

12)vu

❑♦♠❜✐♥✉❥✉✎✐ ♦✈❡ r❡❧❛❝✐❥❡✱ ♥❛❧❛③✐♠♦✿

EKv − FKu +K(Ev − Fu) = 2Γ2
12(Γ

2
12)v − Γ1

12(Γ
2
12)u − Γ2

12(Γ
1
12)u

❩❛♠❡♥❛ ✐③ ✭❛✮✱ ✭❜✮ ✐ ✭❣✮ ❞❛❥❡✿

✻✷



EKv − FKu = −K(Ev − Fu) + 2Γ2
12(Γ

1
12Γ

2
12 − FK) − Γ1

12(Γ
2
12Γ

2
12 − EK) −

Γ2
12(Γ

1
12Γ

2
12 − FK)

◆❛❦♦♥ sr❡✍✐✈❛✟❛✱ ❞♦❜✐❥❛♠♦✿

EKv − FKu = −K(Ev − Fu) +K(Γ1
12E − Γ2

12F ) ✳

■③ ❞❡❢✐♥✐❝✐❥❡ ❑r✐st♦❢❡❧♦✈✐❤ s✐♠❜♦❧❛✱ ✐♠❛♠♦✿

Γ1
12E + Γ2

12F =
1

2
Ev ✐ Γ1

11F + Γ2
11G = Fu −

1

2
Ev✳

❘❡❧❛❝✐❥❡ Γ2
11 = 0 ✐ Γ1

11 = 2Γ2
12 ✐♠♣❧✐❝✐r❛❥✉ s❧❡❞❡✎❡✿

Γ1
12E − Γ2

12F = Γ1
12E + Γ2

12F − 2Γ2
12F − Γ2

11G

t❥✳✱

Γ1
12E − Γ2

12F = Γ1
12E + Γ2

12F − (Γ1
11F + Γ2

11G

①t♦ ❥❡ ✐st♦ ①t♦ ✐✿

Γ1
12E − Γ2

12F =
1

2
Ev − (Fu −

1

2
Ev) = Ev − Fu ✳

Pr❡♠❛ t♦♠❡ EKv − FKu = 0✳ ❙♣r♦✈♦✍❡✟❡♠ s❧✐q♥♦❣ ✐③✈♦✍❡✟❛ ③❛
∂(FK)

∂v
− ∂(GK)

∂u
❞♦❜✐❥❛♠♦ ❞❛ ❥❡ FKv −GKu = 0✳ ▼❛tr✐q♥♦ ♦✈❡ ❢♦r♠✉❧❡

✐③❣❧❡❞❛❥✉ ♦✈❛❦♦✿
(
E F
F G

)(
Kv

−Ku

)

=

(
0
0

)

♣❛ ❦❛❦♦ ❥❡ EG− F 2 ̸= 0✱ ♦♥❞❛ ❥❡ Ku = 0 = Kv✱ t❥✳ K ❥❡ ❦♦♥st❛♥t❛✳

△

❚✈r✍❡✟❡ ✾ ■♥✈❡r③♥♦ ♣r❡s❧✐❦❛✈❛✟❡ ❝❡♥tr❛❧♥❡ ♣r♦❥❡❦❝✐❥❡ ❦♦❥❡ s❧✐❦❛ ❞♦✲
✟✉ ❤❡♠✐s❢❡r✉ s❢❡r❡ ♣♦❧✉♣r❡q♥✐❦❛ R✱ s❛ ❝❡♥tr♦♠ ✉ ❦♦♦r❞✐♥❛t♥♦♠ ♣♦q❡✲
t❦✉✱ ✉ t❛♥❣❡♥t♥✉ r❛✈❛♥ ✉ ❥✉✙♥♦♠ ♣♦❧✉ (0, 0,−R) ❥❡ ♦❜❧✐❦❛✿

x(u, v) =
R√

R2 + u2 + v2
(u, v,−R)

✻✸



❉♦❦❛③✿

(0, 0, 0) = OP ×OQ = (−Rs− tv, Rr + tu, rv − su)

❖❞❛✈❞❡ s❧❡❞✐ ❞❛ ❥❡ r = −tu
R

✐ s = −tv
R
✳

❑❛❦♦ ❥❡ s2 + r2 + t2 = R2✱ s❧❡❞✐ t =
−R2

√
R2 + u2 + v2

✐ t✈r✍❡✟❡ ✈❛✙✐✳

△

■③ ✐♥✈❡r③❛ ❝❡♥tr❛❧♥❡ ♣r♦❥❡❦❝✐❥❡ ✈✐❞✐♠♦ ❞❛ s❡ ♠♦✙❡ r❛✈❛♥ ♦❜♦❣❛t✐t✐
❣❡♦♠❡tr✐❥♦♠ s❢❡r❡ S2

R✱ ✉✈♦✍❡✟❡♠ ❘✐♠❛♥♦✈❡ ♠❡tr✐❦❡ ♥❛R2 ♣r❡s❧✐❦❛✈❛✟❡♠
x : R2 → S2

R✳ ❑❛❦♦ ❥❡ s❢❡r❛ ♣♦✈r① ✉ R3✿

xu =
R

(R2 + u2 + v2)3/2
(R2 + v2,−uv,Ru)

xv =
R

(R2 + u2 + v2)3/2
(−uv,R2 + u2, Rv)

❖✈✐ ❦♦♦r❞✐♥❛t♥✐ ✈❡❦t♦r✐ ♦❞r❡✍✉❥✉ ❧✐♥✐❥s❦✐ ❡❧❡♠❡♥t ✉ r❛✈♥✐✱ ✐♥❞✉❦♦✈❛♥
❣❡♦♠❡tr✐❥♦♠ s❢❡r❡✿

ds2 = R2 (R
2 + v2)du2 − 2uvdudv + (R2 + u2)dv2

(R2 + u2 + v2)2

✻✹



❇❡❧tr❛♠✐ ♥❛♠ ❥❡ ♣r❡❞st❛✈✐♦ ♣r✈✐ ♠♦❞❡❧ ♥❡❡✉❦❧✐❞s❦❡ r❛✈♥✐✱ ③❛♠❡♥✐✈①✐
R2 s❛ −R2 ❞❛ ❞♦❜✐❥❡ ❧✐♥✐❥s❦✐ ❡❧❡♠❡♥t✿

ds2 = −R2 (−R2 + v2)du2 − 2uvdudv + (−R2 + u2)dv2

(−R2 + u2 + v2)2

t❥✳✱

ds2 = R2 (R
2 − v2)du2 + 2uvdudv + (R2 − u2)dv2

(R2 − u2 − v2)2

❖✈✐♠ ❥❡ ❞♦①❛♦ ❞♦ ③❛❦✠✉q❦❛ ❞❛ ❥❡ ❦r✐✈✐♥❛ ❦♦♥st❛♥t♥❛ ✐ ❥❡❞♥❛❦❛ − 1

R2
✳

❉❛✠❡✱ ❦❛❦♦ ❥❡ ♣r♦♠❡✟❡♥❛ s❛♠♦ ❦♦♥st❛♥t❛ R2✱ s❧❡❞❡✎❡ r❡❧❛❝✐❥❡ ✐ ❞❛✠❡
✈❛✙❡✿

Γ2
11 = 0 = Γ1

22✱

2Γ2
12 = Γ1

11✱

2Γ1
12 = Γ2

22✳

❚❛❦♦ s✉ ♦♥❞❛ ❣❡♦❞❡③✐❥s❦❡ ❧✐♥✐❥❡ ✉st✈❛r✐ ❡✉❦❧✐❞s❦❡ ♣r❛✈❡✳ ❩❜♦❣ ♦✈♦❣❛
♥❛♠ ❥❡ ❜✐❧♦ ♣♦tr❡❜♥♦ ❣❡♦❞❡③✐❥s❦♦ ♣r❡s❧✐❦❛✈❛✟❡✳

◆❡❦❛ ❥❡ R = 1✳ P♦✈r① ❦♦❥✉ t❛❞❛ ❞♦❜✐❥❛♠♦ ❥❡ ✉♥✉tr❛①✟♦st ❥❡❞✐♥✐q♥♦❣
❞✐s❦❛✿

D = {(u, v) ∈ R
2|u2 + v2 < 1}

❖③♥❛q✐✎❡♠♦ ♠❡tr✐❦✉ s❛ ✐♥❞❡❦s♦♠ B ♣♦ ❇❡❧tr❛♠✐❥✉✿

ds2B =
(1− v2)du2 + 2uvdudv + (1− u2)dv2

(1− u2 − v2)2
✭✷✹✮

◆❡❦❛ DB = (D, dsB) ♦③♥❛q❛✈❛ ❇❡❧tr❛♠✐❥❡✈ ♠♦❞❡❧✳

P❡t✐ ❊✉❦❧✐❞♦✈ ♣♦st✉❧❛t ♦✈❞❡ ♥❡ ♣r♦❧❛③✐✳ P♦❣❧❡❞❛❥♠♦ s❧✐❦✉ ✐s♣♦❞✳

✻✺



❉❛t❛ ❥❡ t❛q❦❛ P ❦♦❥❛ ♥✐❥❡ ♥❛ ❞❛t♦❥ ♣r❛✈♦❥ l✳ ❉❛t❛ ❥❡ ❜❡s❦♦♥❛q♥❛
❢❛♠✐❧✐❥❛ ❧✐♥✐❥❛ ✭❣❡♦❞❡③✐❥s❦✐❤✮ ❦r♦③ P ✱ ♦❞ ❦♦❥✐❤ ♥✐❥❡❞♥❛ ♥❡ s❡q❡ l✳ P❛r❛✲
❧❡❧♥❡ ♣r❛✈❡ ♣r❛✈♦❥ l s✉ s✈❡ ♣r❛✈❡ ❦♦❥❡ ♣r♦❧❛③❡ ❦r♦③ t❛q❦✉ P ✐ t❛q❦❡ ♥❛
❥❡❞✐♥✐q♥♦❥ ❦r✉✙♥✐❝✐ ❣❞❡ ❥❡ l s❡q❡✳ ❑❛❦♦ t❡ t❛q❦❡ ♥❡ ♣r✐♣❛❞❛❥✉ DB✱ ♦✈❡
♣r❛✈❡ ♥❡ s❡❦✉ ♣r❛✈✉ l✳

❆❦♦ ✉✈❡❞❡♠♦ ♣♦❧❛r♥❡ ❦♦♦r❞✐♥❛t❡✱ ♥❛① ❞✐s❦ ♣♦st❛❥❡ DB = {(r, θ)|0 ≤
r < 1}✳ ❉❛ ❜✐s♠♦ ♣r♦♠❡♥✐❧✐ ♠❡tr✐❦✉ ♠♦r❛ u = r cos θ✱ v = r sin θ ✐
du = cos θdr − r sin θdθ✱ dv = sin θdr + r cos θdθ✳

❏❡❞♥❛q✐♥❛ ✭✷✹✮ ♠♦✙❡ ❜✐t✐ r❛s♣✐s❛♥❛ ✐ ♦✈❛❦♦✿

ds2B =
(1− u2 − v2)(du2 + dv2) + (udu+ vdv)2

(1− u2 − v2)2

t❥✳✱ ✉ ♣♦❧❛r♥✐♠ ❦♦♦r❞✐♥❛t❛♠❛✿

ds2B =
(1− r2)(dr2 + r2dθ2) + r2dr2

(1− r2)2
=

dr2

(1− r2)2
+
r2dθ2

1− r2

P♦r❡❞ ❇❡❧tr❛♠✐❥❡✈♦❣ ♠♦❞❡❧❛ ③♥❛q❛❥♥✐ s✉ ✐ P♦❡♥❦❛r❡♦✈ ❞✐s❦ ♠♦❞❡❧ ✐
P♦❡♥❦❛r❡♦✈ ♣♦❧✉r❛✈❛♥s❦✐ ♠♦❞❡❧✳

◆❡❦❛ s✉ (u, v) st❛♥❞❛r❞♥❡ ❦♦♦r❞✐♥❛t❡ ♥❛ ❞✐s❦✉ ♣♦❧✉♣r❡q♥✐❦❛ a✿

D2(a) = {(u, v) ∈ R
2|u2 + v2 < a2}✳

✻✻



❉❡❢✐♥✐①❡♠♦ P♦❡♥❦❛r❡♦✈✉ ♠❡tr✐❦✉ ♥❛ ❞✐s❦✉ s❛✿

ds2 =
4a4

(a2 − u2 − v2)2
(du2 + dv2) ✭✷✺✮

③❛ (u, v) s❛ ❞✐s❦❛D2(a)✳ ▼♦✙❡ s❡ ✐③r❛q✉♥❛t✐ ●❛✉s♦✈❛ ❦r✐✈✐♥❛ ♦✈❡ ♠❡tr✐❦❡

✐ ♦♥❛ ✐③♥♦s✐ − 1

a2
✳

◆❡❦❛ s✉ (x, y) st❛♥❞❛r❞♥❡ ❦♦♦r❞✐♥❛t❡ ❣♦r✟❡ ♣♦❧✉r❛✈♥✐✿

R
2
+ = {(x, y) ∈ R

2|y > 0},
❣❞❡ ❥❡ a ♣♦③✐t✐✈♥❛ ❦♦♥st❛♥t❛✳

❉❡❢✐♥✐①❡♠♦ P♦❡♥❦❛r❡♦✈✉ ♠❡tr✐❦✉ ♣♦❧✉r❛✈♥✐ s❛✿

ds2 =
a2

y2
(dx2 + dy2). ✭✷✻✮

❇❛① ❦❛♦ ✭✷✺✮ ✐ ✭✷✻✮ ♠❡tr✐❦❛ ✐♠❛ ❦♦♥st❛♥t♥✉ ♥❡❣❛t✐✈♥✉ ●❛✉s♦✈✉ ❦r✐✈✐♥✉

− 1

a2
✳

❯ Pr✐♠❡r✉ ✹ r❡❦❧✐ s♠♦ ❞❛ ✉❦♦❧✐❦♦ ♣♦✈r①✐ ✐♠❛❥✉ ❦♦♥st❛♥t♥❡ ●❛✉s♦✈❡
❦r✐✈✐♥❡ ❥❡❞♥❛❦❡✱ ♦♥❞❛ s✉ t❡ ♣♦✈r①✐ ❧♦❦❛❧♥♦ ✐③♦♠❡tr✐q♥❡✳ ❙❛♠✐♠ t✐♠✱
✈✐❞✐♠♦ ❞❛ s✉ ♣s❡✉❞♦s❢❡r❛ ✭✶✶✮ ✐ ♣♦✈r①✐ ❦♦❥❡ ✐♠❛❥✉ ♠❡tr✐❦✉ P♦❡♥❦❛r❡♦✈❡
♣♦❧✉r❛✈♥✐ ❧♦❦❛❧♥♦ ✐③♦♠❡tr✐q♥❡✳

P♦❣❧❡❞❛❥♠♦ ❣❡♦❞❡③✐❥s❦❡ ❧✐♥✐❥❡ ✉ P♦❡♥❦❛r❡♦✈♦♠ ♣♦❧✉r❛✈❛♥s❦♦♠ ♠♦❞❡❧✉✳

◆❡❦❛ ❥❡ E = G =
a2

v2
✐ F = 0✳

v2 + (u−D)2 =
a2

C2
✱ C, D const

●❡♦❞❡③✐❥s❦❡ ✉ P♦❡♥❦❛r❡♦✈♦❥ ♣♦❧✉r❛✈♥✐ s✉ ♣r❛✈❡ ❦❛❞ ❥❡ C = 0 ✐❧✐ ❦r✉✙♥✐❝❡
♥♦r♠❛❧♥❡ ♥❛ ❤♦r✐③♦♥t❛❧♥❡ ♦s❡✳ ❩❜♦❣ ✐③♦♠❡tr✐❥❡✱ ♦✈♦ ✈❛✙✐ ✐ ♥❛ ♣s❡✉❞♦s❢❡r✐✳

❉❛✠❡ ✐③✉q❛✈❛✟❡ ♦✈✐❤ ♠♦❞❡❧❛ ♣r❡✈❛③✐❧❛③✐ ♦❦✈✐r❡ ♦✈♦❣ r❛❞❛✳

✻✼



✹ ❑✉❞❛ ❞❛✠❡❄✦

✧✳✳✳P♦r❡❞ ❊✉❦❧✐❞❛✱ ❦♦❥✐ ❥❡ ✐ ❞❛✠❡ ❜r♦❥ ❥❡❞❛♥✱ ▲♦❜❛q❡✈s❦✐ ✐ ❘✐♠❛♥ s✉
♦❞✐❣r❛❧✐ ③♥❛q❛❥♥✉ ✉❧♦❣✉ ✉ ✐str❛✙✐✈❛✟✐♠❛ ♦s♥♦✈❛ ❣❡♦♠❡tr✐❥❡✱ ❛❧✐ ❘✐♠❛♥
❥❡ ❞♦①❛♦ ♣r❡ ♦st❛❧✐❤✳✳✳✧ ✭▲✐✮

❚♦❦♦♠ ✶✾✳ ✈❡❦❛ r❛③✈♦❥ ❛♥❛❧✐③❡ ✐ ♠❡❤❛♥✐❦❡ ❞♦✈❡♦ ❥❡ ♠❛t❡♠❛t✐q❛r❡
✉ ♣♦③✐❝✐❥✉ ❞❛ ❦♦r✐st❡ r❛③❧✐q✐t❡ ✐③r❛③❡ s❛ ✈❡❧✐❦✐♠ st❡♣❡♥♦♠ s❧♦❜♦❞❡✳
❋♦r♠✉❧❛❝✐❥❛ ♣♦❥♠♦✈❛✱ ♥❛ ♣r✐♠❡r ❦✐♥❡t✐q❦❡ ❡♥❡r❣✐❥❡ ❦❛♦ ❦✈❛❞r❛t♥❡ ❢♦✲
r♠❡ ✐❧✐ ♣r✐♥❝✐♣❛ ♥❛❥♠❛✟❡ ❛❦❝✐❥❡ ❦❛♦ ✈❛r✐❥❛❝✐♦♥♦❣ ♣r♦❜❧❡♠❛✱ ♣♦✈❡✎❛❧♦
❥❡ ♠♦❣✉✎♥♦st ♣r✐♠❡♥❡ ❣❡♦♠❡tr✐❥s❦✐❤ ♠❡t♦❞❛ ♥❛ ♠❡❤❛♥✐q❦❡ ♣r♦❜❧❡♠❡ ✉
✈✐①✐♠ ❞✐♠❡♥③✐❥❛♠❛✳ ❑❛♦ ①t♦ s✉ t✈r❞✐❧✐ ❳♦❧❝ ✐ ▲✉❝❡♥✱ ♣r✐❤✈❛t❛✟❡
♥❡❡✉❦❧✐❞s❦❡ ❣❡♦♠❡tr✐❥❡ ✉ ❞r✉❣♦❥ ♣♦❧♦✈✐♥✐ ✶✾✳ ✈❡❦❛✱ ③❛❥❡❞♥♦ s❛ ♣♦❥❛✈♦♠
✈✐①❡❞✐♠❡♥③✐♦♥✐❤ ❢❡♥♦♠❡♥❛ ✉ ♠❡❤❛♥✐❝✐ ✐ ♣r♦❥❡❦t✐✈♥♦❥ ❣❡♦♠❡tr✐❥✐✱ ❜✐❧♦
❥❡ ✉✈♦❞ ✉ ✈✐①❡❞✐♠❡♥③✐♦♥✉ ❣❡♦♠❡tr✐❥✉ ❦❛♦ ♦❦✈✐r❛ ③❛ ♣r❡❞st❛✈✠❛✟❡ ✐
r❡①❛✈❛✟❡ ♣r✐r♦❞♥♦ ♥❛st❛❧✐❤ ♣r♦❜❧❡♠❛✳ ❖s❧♦❜❛✍❛✟❡♠ ❣❡♦♠❡tr✐❥❡ ♦❞
✟❡♥✐❤ ❡✉❦❧✐❞s❦✐❤ ❦♦r❡♥❛✱ ❜✐❧♦ ❥❡ ♠♦❣✉✎❡ ③❛♠✐s❧✐t✐ ✉q❡✟❡ ❣❡♦♠❡tr✐❥s❦✐❤
♦❜❥❡❦❛t❛ ✉ ❜✐❧♦ ❦♦❥✐♠ ❞✐♠❡♥③✐❥❛♠❛ ✉ ❦♦♠❡ s❡ ♠❡❤❛♥✐q❦✐ s✐st❡♠✐ ❦r❡✎✉
♣♦ ❞♦❜r♦ ♣♦③♥❛t✐♠ ♣r✐♥❝✐♣✐♠❛✳

❏✉♥❛ ✶✾✺✹✳✱ ❘✐♠❛♥ ❥❡ ♦❞r✙❛♦ ♣r❡❞❛✈❛✟❡ ♥❛ ❋✐❧♦③♦❢s❦♦♠ ❢❛❦✉❧t❡t✉
❯♥✐✈❡r③✐t❡t❛ ✉ ●♦t✐♥❣❡♥✉✱ ❞❛ ❜✐ ✐s♣✉♥✐♦ ③❛❤t❡✈❡ ③❛ ✉♥❛♣r❡✍❡✟❡ ✉ ✈❛♥r❡✲
❞♥♦❣ ♣r♦❢❡s♦r❛✳ ❘✐♠❛♥ ❥❡ ♣r❡❞❧♦✙✐♦ tr✐ ♠♦❣✉✎❡ t❡♠❡ ③❛ s✈♦❥❡ ♣r❡❞❛✈❛✲
✟❡✳ Pr✈❡ ❞✈❡ s✉ s❡ ♦❞♥♦s✐❧❡ ♥❛ s❛♠✉ ❤❛❜✐❧✐t❛❝✐❥✉✱ ❞♦❦ ❥❡ tr❡✎❛ ❜✐❧❛
✈❡③❛♥❛ ③❛ ♦s♥♦✈❡ ❣❡♦♠❡tr✐❥❡✳ ●❛✉s ❥❡✱ ❦❛♦ q❧❛♥ ✟❡❣♦✈❡ ❦♦♠✐s✐❥❡✱ ♣r♦t✐✈
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❧♥❡ ❣❡♦♠❡tr✐❥❡✳

❚❡❦st ❘✐♠❛♥♦✈♦❣ ♣r❡❞❛✈❛✟❛ ♥✐❥❡ s❡ ♣♦❥❛✈✐♦ ③❛ ✈r❡♠❡ ✟❡❣♦✈♦❣ ✙✐✈♦t❛✳
P♦st❤✉♠♥♦ ❥❡ ♦❜❥❛✈✠❡♥ ✶✽✻✽✳ ❣♦❞✐♥❡✳ ❚❡ ✐st❡ ❣♦❞✐♥❡ ♣♦❥❛✈✠✉❥❡ s❡ ❇❡❧tr❛✲
♠✐❥❡✈ Essay on the interpretation of non✲Euclidean geometry✱ ✉ ❦♦♠ ❥❡
♦♥ ♣r❡❞st❛✈✐♦ s✈♦❥ ❉✐s❦ ♠♦❞❡❧✳ P♦s✈❡t✐♦ ❥❡ ♣❛✙✟✉ ♥❡❡✉❦❧✐❞s❦♦❥ r❛✈♥✐✱
♦st❛✈✠❛❥✉✎✐ ♥❡r❡①❡♥ ♣r♦❜❧❡♠ s❤✈❛t❛✟❛ tr♦❞✐♠❡♥③✐♦♥♦❣ ♥❡❡✉❦❧✐❞s❦♦❣
♣r♦st♦r❛ ▲♦❜❛q❡✈s❦♦❣ ✐ ❇♦✠❛❥❛✳ ❳t❛ ✈✐①❡✱ ❇❡❧tr❛♠✐ ❥❡ ❜✐♦ ♠✐①✠❡✟❛
❞❛ ❥❡ t❛❦❛✈ ♣r♦st♦r ♥❡♠♦❣✉✎✳ P✐s❛♦ ❥❡✿ ✧❱❡r✉❥❡♠♦ ❞❛ s♠♦ ❞♦st✐❣❧✐
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❞❛✠❡✳✧ ▼❛❧♦ ♥❛❦♦♥ ①t♦ s❡ ❘✐♠❛♥♦✈♦ ♣r❡❞❛✈❛✟❡ ♣♦❥❛✈✐❧♦✱ ❇❡❧tr❛♠✐
❥❡ ♦❜❥❛✈✐♦ ❛♥❛❧✐③✉ ♣r♦st♦r❛ ❦♦♥st❛♥t♥❡ ❦r✐✈✐♥❡ ✉ ♠♥♦❣♦ ❞✐♠❡♥③✐❥❛ ♥❛
♦s♥♦✈✉ ❘✐♠❛♥♦✈✐❤ ✐❞❡❥❛ ❦♦❥❡ ✉❦✠✉q✉❥✉ ❞❡t❛✠♥✉ ✈❡r③✐❥✉ tr♦❞✐♠❡♥③✐♦♥♦❣
♥❡❡✉❦❧✐❞s❦♦❣ ♣r♦st♦r❛✳ ❩❛ ✈✐①❡ ❞❡t❛✠❛✱ ♣♦❣❧❡❞❛t✐ ❙t✐❧✈❡❧♦✈✉ ❦✟✐❣✉
Sources of Hyperbolic Geometry✱ ❦♦❥❛ s❡ s❛st♦❥✐ ♦❞ ❦♦♠❡♥t❛r❛ ♥❛ r❛❞♦✈❡
❇❡❧tr❛♠✐❥❛ ✐ ♦st❛❧✐❤✳

❯ ❘✐♠❛♥♦✈♦♠ ♣r❡❞❛✈❛✟✉ ♠♦✙❡ s❡ ♣r♦♥❛✎✐ ❞♦✈♦✠♥♦ ❞❡t❛✠❛ ❞❛ ❞❛❥✉
♣r❛✈❛❝ ♥❛r❡❞♥✐♠ ❣❡♥❡r❛❝✐❥❛♠❛ ❣❡♦♠❡t❛r❛✳ ❏❡❞♥❛ ♦❞ ❦✠✉q♥✐❤ t❛q❛❦❛ ❥❡
❜✐❧❛ ♦❞✈❛❥❛✟❡ ♦s♦❜✐♥❛ s❦✉♣❛ t❛q❛❦❛ ✈✐①❡❞✐♠❡♥③✐♦♥♦❣ ♣r♦st♦r❛✱ ✟❡❣♦✈❡
t♦♣♦❧♦❣✐❥❡✱ ♦❞ ♠♦❣✉✎✐❤ ♠❡tr✐q❦✐❤ s✈♦❥st❛✈❛✳ ❘✐♠❛♥ ❥❡ ✉✈✉❦❛♦ s❡❜❡ ✉
●❛✉s♦✈✉ t❡♦r✐❥✉ ♣♦✈r①✐ ✐ ✈❡♦♠❛ ❥❡ ❝❡♥✐♦ ✉♥✉tr❛①✟✐ ♣♦❣❧❡❞✱ ①t♦ ❥❡ ✐
❦❛♠❡♥ t❡♠❡✠❛❝ ✟❡❣♦✈♦❣ ♣r✐st✉♣❛✳ ❉❛✠❡ r❛s♣r❛✈❡ ♦ ♦✈♦❥ t❡♠✐ ♣r❡✈❛③✐❧❛③❡
♦❦✈✐r❡ ♦✈♦❣ r❛❞❛ ✐ ♠♦❣✉ s❡ ♥❛✎✐✱ ♥❛ ♣r✐♠❡r✱ ✉Geschichte des Mannigfalt✲
igkeitsbegriffs von Riemann bis Poincare ✭❳♦❧❝✮ ✐❧✐ Linear differen✲
tial equations and group theory from Riemann to Poincare ✭●r❡❥✮✳
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✑❡❧❡❧❛ ❜✐❤ ♥❛ ♣r✈♦♠ ♠❡st✉ ❞❛ ✐③r❛③✐♠ ✈❡❧✐❦✉ ③❛❤✈❛❧♥♦st s✈♦♠ ♠❡♥t♦r✉
♣r♦❢✳ ❞r✳ ▼✐r❥❛♥✐ ✝♦r✐✎ ❦♦❥❛ ❥❡ ✉✈❡❦ ❜✐❧❛ t✉ ③❛ ♠❡♥❡ ❦❛♦ ♣r♦❢❡s♦r✱
❦❛♦ ♠❡♥t♦r ✐ ❦❛♦ q♦✈❡❦✳ ❯✈❡❦ ♥❛s♠❡❥❛♥❛✱ s♣r❡♠♥❛ ❞❛ ♣♦♠♦❣♥❡ ✐ ♣r✉✙✐
♣♦❞r①❦✉ ❦❛❞ ❥❡ ❜✐❧♦ t❡①❦♦✳ ◆❡✐③♠❡r♥❛ ③❛❤✈❛❧♥♦st ③❛ s✈❡ ①t♦ ❥❡ ✉q✐♥✐❧❛✱
③❛ tr✉❞✱ ✐③❞✈♦❥❡♥♦ ✈r❡♠❡ ✐ s❛✈❡t❡ ❦♦❥❡ ♥✐❦❛❞❛ ♥❡✎✉ ③❛❜♦r❛✈✐t✐✳ P♦s❡❜♥♦
s❛♠ ③❛❤✈❛❧♥❛ ♥❛ str♣✠❡✟✉ ❞❛ ♦✈❛❥ r❛❞ ✉❣❧❡❞❛ s✈❡t❧♦st ❞❛♥❛✳

❚❛❦♦✍❡✱ ♥❛❥✐s❦r❡♥✐❥❡ s❡ ③❛❤✈❛✠✉❥❡♠ q❧❛♥♦✈✐♠❛ ❑♦♠✐s✐❥❡✱ ❞r✳ ▼✐❧♦①✉
✝♦r✐✎✉ ✐ ❞r✳ ■✈❛♥✉ ❉✐♠✐tr✐❥❡✈✐✎✉ ♥❛ s✈✐♠ s✉❣❡st✐❥❛♠❛ ✐ s❛✈❡t✐♠❛✳

■✱ ♥❛ ❦r❛❥✉✱ ③❛❤✈❛✠✉❥❡♠ s❡ ♠♦❥♦❥ ♣♦r♦❞✐❝✐✱ ♠♦❥♦❥ s✐❣✉r♥♦❥ ❧✉❝✐✱ ♥❛
♣♦❞r①❝✐✱ ♥❡✐③♠❡r♥♦❥ ✠✉❜❛✈✐ ✐ str♣✠❡✟✉✳
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